


Constitution of India

Fundamental Duties

It shall be the duty of every citizen of India —

(a) to abide by the Constitution and respect its ideals and institutions, the

National Flag and the National Anthem;

(b) to cherish and follow the noble ideals which inspired our national struggle

for freedom;

(c) to uphold and protect the sovereignty, unity and integrity of India;

(d) to defend the country and render national service when called upon to

do so;

(e) to promote harmony and the spirit of common brotherhood amongst all

the people of India transcending religious, linguistic and regional or

sectional diversities; to renounce practices derogatory to the dignity of

women;

(f) to value and preserve the rich heritage of our composite culture;

(g) to protect and improve the natural environment including forests, lakes,

rivers, wildlife and to have compassion for living creatures;

(h) to develop the scientific temper, humanism and the spirit of inquiry and

reform;

(i) to safeguard public property and to abjure violence;

(j) to strive towards excellence in all spheres of individual and collective

activity so that the nation constantly rises to higher levels of endeavour

and achievement;

*(k) who is a parent or guardian, to provide opportunities for education to

his child or, as the case may be, ward between the age of six and

fourteen years.

Note: The Article 51A containing Fundamental Duties was inserted by the Constitution

(42nd Amendment) Act, 1976 (with effect from 3 January 1977).

*(k) was inserted by the Constitution (86th Amendment) Act, 2002 (with effect from

1 April 2010).

Part IV A (Article 51 A)



à!îï˛
~Ü˛yò¢ ˆ◊!îÓ̊ ˛õyë˛ƒÓ•z

çyï˛#Î˚ !¢«˛y àˆÏÓ£Ïîy G ≤Ã!¢«˛î ˛õ£Ï≈òñ lï%˛l !ò!Õ‘
xl%Óyò G x!Ë˛ Ï̂Îyçl

Ó˚yçƒ !¢«˛y àˆÏÓ£Ïîy G ≤Ã!¢«˛î ˛õ£Ï≈ò
!e˛õ%Ó˚y §Ó˚Ü˛yÓ˚

≤Ã›ï˛Ü˛Ó˚î



~l !§ •z xyÓ˚ !ê˛
xl%̂ ÏÙy!òï˛

≤ÃÌÙ ÓyÇ°y §ÇflÒÓ˚î

≤ÃÌÙ ≤ÃÜ˛y¢ ı

Ùyã≈˛ñ 2019

˛õ%lÙ%≈oî ı
Ùyã≈̨ ñ 2020

≤ÃÜ˛y¢Ü˛ ı Ó˚yçƒ !¢«˛y àˆÏÓ£Ïîy
G ≤Ã!¢«˛î ˛õ£Ï≈ò
!e˛õ%Ó˚y–

≤ÃFSÈò ı ≤Ã§yò fl∫Ó˚)˛õ Ó˚yÎ˚

å~l !§ •z xyÓ˚ !ê˛ÈüÈÓ˚ à!îï˛
˛õyë˛ƒÓ•zˆÏÎ˚Ó˚ 2017 §yˆÏ°Ó˚ xl)!òï˛ §ÇflÒÓ˚îä

~l !§ •z xyÓ˚ !ê˛ Ü˛ï,˛≈Ü˛ §Ó≈fl∫c §ÇÓ˚!«˛ï˛
à!îï˛

~Ü˛yò¢ ˆ◊!îÓ˚ ˛õyë˛ƒÓ•z

xÇþîû !îlÄy¤

≤Ã§yò fl∫Ó˚)˛õ Ó˚yÎ˚
˛õ#Î)£Ï ̨ õy°
Ó˚yly Ó!lÜ˛
§%ò#˛õ òy§

Ù)°ƒ ı 210É00

Ù%oî ı §ï˛ƒÎ%à ~Ù≤’!Î̊ç ̂ Ü˛yÈüÈx˛õy Ï̂Ó̊!ê˛Ë˛
•zu˛y!fiê ∆̨Î̊y° ̂ §y§y•z!ê˛ !°!Ù Ï̂ê˛í˛
13 ≤ÃÊ%˛Õ‘ §Ó˚Ü˛yÓ˚ !fiê˛∆ê˛ñ
Ü˛°Ü˛yï˛yÈüÈ72



í z̨_Ù Ü%̨ ÙyÓ˚ ã˛yÜ˛Ùy
x!ôÜ˛ï≈˛y

Ó˚yçƒ !¢«˛y à Ï̂Ó£Ïîy G ≤Ã!¢«˛î ˛õ£Ï≈ò

xyàÓ˚ï˛°y
Ùyã≈̨ ñ 2020

2006 §y° ˆÌ Ï̂Ü˛ Ó˚yçƒ !¢«˛y à Ï̂Ó£Ïîy G ≤Ã!¢«˛î ˛õ£Ï≈ò ≤ÃÌÙ ˆÌ Ï̂Ü˛
xT˛Ù ˆ◊!î ˛õÎ≈hs˝ ≤ÃyÌ!ÙÜ˛ G í z̨Fã˛≤ÃyÌ!ÙÜ˛ hflÏ̂ ÏÓ˚Ó˚ ˛õyë˛ƒ˛õ%hflÏ̂ ÏÜ˛Ó˚ Ù%oî
G ≤ÃÜ˛y Ï̂¢Ó˚ òy!Î˚c ˛õy°l Ü˛ Ï̂Ó˚ xy§ Ï̂SÈ–

Ó˚y Ï̂çƒÓ˚ !Óòƒy°Î˚hflÏ̂ ÏÓ˚ í z̨ß¨ï˛ G §Ù,Âôï˛Ó˚ ˛õyë˛ƒÜ ̨ Ù ã˛y°% Ü˛Ó˚yÓ˚
° Ï̂«˛ƒ !e˛õ%Ó˚y Ó˚yçƒ !¢«˛y òÆ Ï̂Ó˚Ó˚ ≤Ã Ï̂ã˛T˛yÎ˚ ≤ÃÌÙ ˆÌ Ï̂Ü˛ xT˛Ùñ lÓÙ
G ~Ü˛yò¢ ˆ◊!îÓ˚ çlƒ 2019 !¢«˛yÓ£Ï≈ ˆÌ Ï̂Ü˛ çyï˛#Î˚ !¢«˛y à Ï̂Ó£Ïîy
G ≤Ã!¢«˛î ˛õ£Ï≈̂ ÏòÓ˚ å~l !§ •z xyÓ˚ !ê˛ä ˛õyë˛ƒ˛õ%hflÏÜ˛§Ù)• @˝Ã•î Ü˛Ó˚yÓ˚
!§Âôyhs˝ ˆlGÎ˚y •Î˚–

ÓyÇ°y !Ó£ÏÎ˚ SÈyí˛¸y xlƒylƒ !Ó£ÏÎ˚à%ˆÏ°yÓ˚ çlƒ çyï˛#Î˚ !¢«˛y
àˆÏÓ£Ïîy G ≤Ã!¢«˛î ˛õ£Ï≈ˆÏòÓ˚ ≤ÃÜ˛y!¢ï˛ ˛õ%hflÏÜ˛à%ˆÏ°yÓ˚ xl)!òï˛ G
x!Ë˛ˆÏÎy!çï˛ §ÇflÒÓ˚î 2019 §yˆÏ° ≤ÃÌÙ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ~ÓÇ ~
ÓSÈÓ˚ G•z§Ó ˛õ%hflÏÜ˛à%̂ Ï°yÓ˚ ˛õ%lÙ%≈oî Ü˛Ó˚y •°– ˛õy¢y˛õy!¢ ò¢Ù G myò¢
ˆ◊!îÓ˚ ÓyÇ°y !Ó£ÏÎ˚ SÈyí˛¸y xlƒylƒ !Ó£ÏÎ˚à%ˆÏ°yÓ˚ çlƒ çyï˛#Î˚ !¢«˛y
àˆÏÓ£Ïîy G ≤Ã!¢«˛î ˛õ£Ï≈ˆÏòÓ˚ ≤ÃÜ˛y!¢ï˛ ˛õ%hflÏÜ˛à%ˆÏ°yÓ˚ xl)!òï˛ G
x!Ë˛ Ï̂Îy!çï˛ §ÇflÒÓ˚î 2020 !¢«˛yÓ Ï̂£Ï≈ ≤ÃÌÙ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– ~áy Ï̂l
í ẑ̨ ÏÕ‘áƒ ̂ Îñ ÓyÇ°y !Ó£Ï̂ ÏÎ˚ ̨ õyë˛ƒ˛õ%hflÏÜ˛ Ó˚ã˛ly G ≤ÃÜ˛y¢lyÓ˚ òy!Î˚cG Ó˚yçƒ
!¢«˛y à Ï̂Ó£Ïîy G ≤Ã!¢«˛î ˛õ£Ï≈ò ˛õy°l Ü˛ Ï̂Ó˚ xy§ Ï̂SÈ–

!Ó¢y° ~•z Ü˛Ù≈Ü˛yˆ Ï[˛  ˆÎ§Ó !¢«˛Ü˛ Èü È !¢!«˛Ü˛yñ
xôƒy˛õÜ˛ÈüÈxôƒy!˛õÜ˛yñ !¢«˛y!Óòñ xl%ÓyòÜ˛ñ xl%ˆÏ°áÜ˛ñ Ù%oîÜ˛Ù#≈ G
!¢“#Ó˚y xyÙyˆÏòÓ˚ §ˆÏAà ˆÌˆÏÜ˛ !lÓ˚°§Ë˛yˆÏÓ xÜœ˛yhs˝ ˛õ!Ó˚◊ˆÏÙ ~•z
í ẑ̨ Ïòƒyà ÓyhflÏÓy!Î˚ï˛ Ü˛ Ï̂Ó˚̂ ÏSÈl ï˛y Ï̂òÓ˚ §Óy•ẑ ÏÜ˛ §Ü,̨ ï˛K˛ ôlƒÓyò çyly!FSÈ–

≤ÃÜ˛y!¢ï˛ ~•z ˛õyë˛ƒ˛õ%hflÏÜ˛!ê˛Ó˚ í˛zÍÜ˛£Ï≈ G ˆ§Ô®Î≈ Ó,!ÂôÓ˚ çlƒ
!¢«˛yl%Ó˚yà# G à%î#ç Ï̂lÓ˚ Ùï˛yÙï˛ G ˛õÓ˚yÙ¢≈ !Ó Ï̂Ó!ã˛ï˛ • Ï̂Ó–

Ë)̨!ÙÜ˛y



í˛É xî≈Ó ˆ§lñ §•È xôƒy˛õÜ˛ñ ~l •z xyÓ˚ xy•z •z å~l !§ •z xyÓ˚ !ê˛äñ  !¢°Ç
í˛É xÓ)̨̊ õ Ü%̨ ÙyÓ˚ §y•yñ §•È xôƒy˛õÜ˛ñ xyÓ˚ xy•z •z å~l !§ •z xyÓ˚ !ê˛äñ Ë%̨ Ó Ï̂lŸªÓ˚

í z̨̨ õ Ï̂òT˛y

xl%ÓyòÜ˛
♦ Ù,îy° Ü˛y!hs˝ ̃ Óòƒñ åfl¨yï˛ Ï̂Ü˛y_Ó˚ !¢«˛Ü˛ä

♦ çÎ˚ò#˛õ ̂ ã˛Ôô%Ó˚#ñ  åfl¨yï˛ Ï̂Ü˛y_Ó˚ !¢«˛Ü˛ä

♦ x!Ùï˛yË˛ Ùç%ÙòyÓ˚ñ  åfl¨yï˛ Ï̂Ü˛y_Ó˚ !¢«˛Ü˛ä

♦ Ùô%!Ùï˛y ̂ ã˛Ôô%Ó˚#ñ  åfl¨yï˛ Ï̂Ü˛y_Ó˚ !¢!«˛Ü˛yä

♦ xî≈Ó Ü%̨ ÙyÓ˚ Ó˚yÎ˚ñ åfl¨yï˛ Ï̂Ü˛y_Ó˚ !¢«˛Ü˛ä

♦ Ù,îy° Ü˛y!hs˝ Ó˚yÎ˚ñ  åfl¨yï˛ Ï̂Ü˛y_Ó˚ !¢«˛Ü˛ä

♦ í˛É ¢%̂ ÏË˛®% Ó!îÜ˛ñ å§• Ï̂Îyà# xôƒy˛õÜ˛ä

♦ çÎ˚ò#˛õ Ë˛Ryã˛yÎ≈ñ  å§•Ü˛yÓ˚# xôƒy˛õÜ˛ ä

≤Ã%Ê˛ !Ó̊!í˛Ç

D ¢%Üœ̨ y !§Ç• å!¢!«˛Ü˛yä

D ˆ§Ô!Ùe !Ü˛ Ï̂¢yÓ˚ §Ó˚Ü˛yÓ˚ å!¢«˛Ü˛ä

D ˆ§y°yl# Ë˛Ryã˛yÎ≈ƒ å!¢!«˛Ü˛yä

D !ÓŸªlyÌ Ó˚yÎ˚ å!¢«˛Ü˛ä

D ≤ÃÓ%Âô §%®Ó˚ Ü˛Ó˚ å!¢«˛Ü˛ä

D •z®% ÙyôÓ ã˛Ü ̨ Óï˛#≈ å!¢«˛Ü˛ä



≤ÃyÜ‰˛Ü˛Ìl

çyï˛#Î˚ ˛õyë˛ƒÜ ˛ˆÏÙÓ˚ Ó˚)˛õˆÏÓ˚áy å2005äÈüÈ~Ó˚ !lˆÏò≈¢ xl%ÎyÎ˚#ñ !¢¢%ˆÏòÓ˚ fl%Ò°ç#Ól G
fl%Ò Ï̂°Ó˚ Óy•ẑ ÏÓ˚Ó˚ ç#Ó Ï̂lÓ˚ Ù Ï̂ôƒ ~Ü˛!ê˛ !Ó Ï̂¢£Ï §¡õÜ≈̨  ÌyÜ˛y á%Ó ≤Ã Ï̂Î˚yçl– ï˛yÓ˚ Ü˛yÓ˚îñ
!¢¢%ˆÏòÓ˚ !¢«˛y Î!ò ¢%ô%Ùye fl%Ò° ~ÓÇ ˛õyë˛ƒÓ•zˆÏÎ˚Ó˚ à![˛Ó˚ ÙˆÏôƒ §#!Ùï˛ ÌyˆÏÜ˛ñ ï˛y•ˆÏ°
ˆ§•z§Ó !¢¢%ˆÏòÓ˚ fl%Ò°ñ Óy!í˛¸ ~ÓÇ §¡±òyÎ˚ÈüüüÈ ~•z !ï˛l çyÎ˚àyÓ˚ !¢«˛yÎ˚ ~Ü˛!ê˛ ÓˆÏí˛¸y
ÊÑ̨ yÜ˛ ÌyÜ˛yÓ˚ §Ω˛yÓly Ó˚̂ ÏÎ˚ ÎyÎ˚– Ù)°ï˛ ~•z ¢)lƒfiÌylê˛y Ï̂Ü˛ ˛õ)Ó˚î Ü˛Ó˚yÓ˚ ° Ï̂«˛ƒ•z çyï˛#Î˚
˛õyë˛ƒÜ ̨ Ï̂ÙÓ˚ Ó)̨̊ õ Ï̂Ó˚áyÓ˚ í z̨̨ õÓ˚ !Ë˛!_ Ü˛ Ï̂Ó˚ lï%̨ l ˛õyë˛ƒÜ ̨ Ù G lï%̨ l ôÓ˚̂ ÏlÓ˚ ˛õyë˛ƒÓ•z ˜ï˛!Ó˚
Ü˛Ó˚yÓ˚ í˛zˆÏòƒyà ˆlGÎ˚y •ˆÏÎ˚ˆÏSÈÉ ~Ó˚ Ê˛ˆÏ° !¢¢%ˆÏòÓ˚ Ù%áfiÌ Ü˛Ó˚y ~ÓÇ !¢«˛yÓ˚ !Ó!Ë˛ß¨
!Ó£ÏÎ˚à%ˆÏ°yˆÏÜ˛ ≤ÃˆÏÜ˛y¤˛ÓÂô Ü˛Ó˚yÓ˚ ˛≤ÃÓîï˛y Órô •ˆÏÓ ÓˆÏ° ÙˆÏl Ü˛Ó˚y •ˆÏFSÈ– ˛õy¢y˛õy!¢
~ê˛yG xy¢y Ü˛Ó˚y •ˆÏFSÈ ˆÎñ ~•z ˛õ!Ó˚Óï≈˛l çyï˛#Î˚ !¢«˛yl#!ï˛Ó˚ å1986ä !¢¢%ˆÏÜ˛!wÜ˛
!¢«˛yÓ˚ °«˛ƒˆÏÜ˛ í˛zˆÏÕ‘áˆÏÎyàƒË˛yˆÏÓ ~!àˆÏÎ˚ !lˆÏÎ˚ ÎyˆÏÓ–

ï˛ˆÏÓ ~•z ôÓ˚ˆÏlÓ˚ ≤ÃˆÏã˛T˛yÓ˚ §yÊ˛°ƒ xˆÏlÜ˛ê˛y•z !lË≈˛Ó˚ Ü˛Ó˚ˆÏSÈ fl%ÒˆÏ°Ó˚ ≤Ãôyl !¢«˛Ü˛
~ÓÇ xlƒylƒ !¢«˛Ü˛‡!¢!«˛Ü˛yˆÏòÓ˚ í˛z˛õˆÏÓ˚ñ ÎÑyÓ˚y !¢¢%ˆÏòÓ˚ !¢ál §¡õˆÏÜ≈˛ ≤ÃŸ¿ Ü˛Ó˚ˆÏï˛
~ÓÇ !Ó!Ë˛ß¨ Ü˛yˆÏç !¢¢%ˆÏòÓ˚ Ü˛“ly¢!=˛Ó˚ ≤ÃˆÏÎ˚yà Ü˛Ó˚ˆÏï˛ í˛zÍ§y!•ï˛ Ü˛Ó˚ˆÏÓl– xyÙyˆÏòÓ˚
~ê˛y ÙˆÏl Ó˚yáy á%Ó çÓ˚%!Ó˚ñ !¢¢%Ó˚y Î!ò §ÙÎ˚ñ fiÌyl ~ÓÇ fl∫yô#lË˛yˆÏÓ Ü˛yç Ü˛Ó˚yÓ˚
§%ˆÏÎyà ˛õyÎ˚ñ ï˛y•ˆÏ° ÓˆÏí˛¸yˆÏòÓ˚ Ü˛ySÈ ˆÌˆÏÜ˛ ≤ÃyÆ K˛yl !lˆÏÎ˚ ï˛yÓ˚y lï%˛l xˆÏlÜ˛ !Ü˛S%È
§,!T˛ Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓ– ~Ü˛Ùye ˛õyë˛ƒÓ•z ˛õˆÏí˛¸•z ˛õÓ˚#«˛yÎ˚ ˛õy§ Ü˛Ó˚y ÎyÎ˚ ÈüÈ Ù)°ï˛ ~•z
ôyÓ˚îyÓ˚ Ê˛ Ï̂°•z !¢«˛yÓ˚ xlƒylƒ !òÜ˛à%̂ Ï°y §Ó≈òy í ẑ̨ Į̈ õ!«˛ï˛ • Ï̂Î˚ Ìy Ï̂Ü˛– xyÙy Ï̂òÓ˚ Ë%̨ Ï̂°
ˆàˆÏ° ã˛°ˆÏÓ lyñ !¢¢%ˆÏòÓ˚ ÙˆÏôƒ §,çl¢#°ï˛yÓ˚ !ÓÜ˛y¢ ï˛ál•z §Ω˛Óñ Îál xyÙÓ˚y
GˆÏòÓ˚ ~•z ˆàyê˛y !¢ál ≤Ã!Ü ˛Î˚yÓ˚ ˆÜ˛Ó°Ùye @˝Ã•#ï˛y ly ˆË˛ˆÏÓ ~Ü˛ê˛y ˛õ)î≈ xÇ¢#òyÓ˚
ÙˆÏl Ü˛Ó˚Ó–

ï˛ˆÏÓ ~•z °«˛ƒ˛õ)Ó˚î Ü˛Ó˚ˆÏï˛ ˆàˆÏ° fl%ÒˆÏ°Ó˚ ˜òl!®l Ü˛yÎ≈§)!ã˛ G ÓƒÓfiÌy˛õlyÎ˚
xˆÏlÜ˛ ôÓ˚ˆÏlÓ˚ ˛õ!Ó˚Óï≈˛l xy¢y x!lÓyÎ≈– fl%ÒˆÏ°Ó˚ ˜òl!®l §ÙÎ˚ §)!ã˛ ˆÎÙl lÙl#Î˚
•GÎ˚y í˛z!ã˛ï˛ñ !ë˛Ü˛ ˆï˛Ùl•z Óy!£Ï≈Ü˛ Ü˛yÎ≈§)!ã˛ ~ÙlË˛yˆÏÓ ˜ï˛!Ó˚ •GÎ˚y ≤ÃˆÏÎ˚yçl ÎyˆÏï˛
!¢«˛yòyˆÏlÓ˚ !òlà%ˆÏ°yÓ˚ §ÇáƒyÎ˚ ˆÜ˛yˆÏly ˛õ!Ó˚Óï≈˛l ly xyˆÏ§– ï˛ˆÏÓ ÓyhflÏˆÏÓ ~•z lï%˛l
˛õyë˛ƒÓ•z !¢¢%ˆÏòÓ˚ Ü˛ï˛ê%˛Ü%˛ Ü˛yˆÏç °yàˆÏÓñ GˆÏòÓ˚ fl%Ò°ç#Ól Ü˛ï˛ê˛y §Ù,Âô Ü˛Ó˚ˆÏÓ !Ü˛ÇÓy
G Ï̂òÓ˚ fl%Ò°ç#Ól Ï̂Ü˛ ò%!Ó≈£Ï• Ü˛ Ï̂Ó˚ ï%̨ ° Ï̂Ó !Ü˛lyñ §Óê˛y•z !lË≈̨ Ó˚ Ü˛Ó˚̂ ÏSÈ !¢«˛Ü˛‡!¢!«˛Ü˛yÓ˚y
Ü˛# ˛õÂô!ï˛ xÓ°¡∫l Ü˛ Ï̂Ó˚ ~•z Ó•z!ê˛ fl%Ò Ï̂° ˛õí ¸̨y Ï̂Ól ~ÓÇ Ü˛#Ë˛y Ï̂Ó ˆ§•z ˛õí ¸̨yÓ˚ Ù)°ƒyÎ˚l



Ü˛Ó˚ˆÏÓl– !Óàï˛ !òlà%ˆÏ°yÓ˚ lƒyÎ˚ !¢¢%ˆÏòÓ˚ ÎyˆÏï˛˛ ˛õyë˛ƒÓ•zˆÏÎ˚Ó˚ ˆÓyV˛y Ó•zˆÏï˛ ly •Î˚ñ ~•z
lï%˛l ˛õyë˛ƒÜ ˛Ù ˜ï˛!Ó˚ Ü˛Ó˚yÓ˚ §ÙÎ˚ ~•z Óƒy˛õyˆÏÓ˚ !ÓˆÏ¢£Ï lçÓ˚ ˆòGÎ˚y •ˆÏÎ˚ˆÏSÈ– ï˛yÓ˚ çlƒ
!¢«˛yòyˆÏlÓ˚ ≤Ãò_ §ÙÎ˚ ~ÓÇ !¢¢%ˆÏòÓ˚ Ùyl!§Ü˛ !ÓÜ˛yˆÏ¢Ó˚ Ü˛Ìy ÙyÌyÎ˚ ˆÓ˚ˆÏá ≤Ã!ï˛!ê˛
hflÏ̂ ÏÓ˚Ó˚ ˛õyë˛ƒÓ•ẑ ÏÎ˚ xhs˝Ë%≈̨ =˛ !¢«˛yÓ˚ !Ó£ÏÎ˚Ó›à%̂ Ï°y ~Ü˛ lï%̨ l ò,!T˛Ë˛!Aà !l Ï̂Î˚ ˛õ%là≈ë˛l Ü˛Ó˚y
•ˆÏÎ˚ˆÏSÈ– ~•z ≤ÃˆÏã˛T˛yˆÏÜ˛ xyˆÏÓ˚y ~!àˆÏÎ˚ !lˆÏÎ˚ ÎyÓyÓ˚ çlƒ ~•z ˛õyë˛ƒÓ•zˆÏÎ˚Ó˚ ÙyôƒˆÏÙ
!¢¢%̂ ÏòÓ˚ lylyÓ˚Ü˛Ù ≤ÃŸ¿ Ü˛Ó˚yñ lï%̨ l !Ó£ÏÎ˚ !l Ï̂Î˚ Ë˛yÓlyÈüÈ!ã˛hs˝yñ ï˛Ü≈̨ ÈüÈ!Óï˛Ü≈̨ ñ ˆSÈy Ï̂ê˛y ˆSÈy Ï̂ê˛y
@˝Ã%˛õ Óy!lˆÏÎ˚ xyˆÏ°yã˛ly Ü˛Ó˚y ~ÓÇ •yˆÏï˛ÈüÈÜ˛°ˆÏÙ !¢«˛y ~•z§Ó !Ü˛S%ÈÓ˚ í˛z˛õÓ˚ à%Ó˚%c xyˆÏÓ˚y˛õ
Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ–

˛õyë˛ƒÓ•z í˛zß¨Î˚l Ü˛!Ù!ê˛Ó˚ òy!Î˚c≤ÃyÆ §Ü˛° Óƒ!=˛Óà≈ ÎÑyÓ˚y Ü˛ˆÏë˛yÓ˚ ˛õ!Ó˚◊Ù Ü˛ˆÏÓ˚ ~•z
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xôƒyÎ̊È 1

ˆ§ê˛§Ù)•
(SETS)

çç≈ Ü˛ƒyrê˛Ó˚
(1845-1918)

vIn these days of conflict between ancient and modern studies, there

must surely be something to be said for a study which did not

begin with Pythagoras and will not end with Einstein; but

is the oldest and the youngest.   — G.H. HARDY v

1.1  Ë )̨!ÙÜ˛y

ˆ§ Ï̂ê˛Ó˚ ôyÓ˚îy Óï≈̨ Ùyl à!îï˛¢y Ï̂flf ~Ü˛!ê˛ ˆÙÔ!°Ü˛ xÇ¢ !• Ï̂§ Ï̂Ó ÓƒÓ•,ï˛–
xyçÜ˛y° à!î Ï̂ï˛Ó˚ ≤ÃyÎ˚ §Ó ¢yáyÎ˚ ~•z ôyÓ˚îyÓ˚ ≤Ã Ï̂Î˚yà •Î˚– §¡∫rô ~ÓÇ
x Į̈̂ õ«˛ Ï̂Ü˛Ó̊ ôyÓ̊îy §ÇK˛y!Î̊ï˛ Ü˛Ó̊ Ï̂ï˛ ̂ §ê˛ï˛_¥  ÓƒÓ•,ï˛ •Î̊– çƒy!Ù!ï˛ñ xl%Ü ̨ Ùñ
§Ω˛yÓly •zï˛ƒy!ò xôƒÎ˚̂ Ïl ̂ §ê˛§Ù)̂ Ï•Ó˚ K˛yl ÌyÜ˛y xyÓ¢ƒÜ˛–

çyÙ≈yl à!îï˛K˛ çç≈ Ü˛ƒyrê˛Ó̊ å1845-1918ä ̂ §ê˛ï˛ Ï̂_¥Ó̊ !ÓÜ˛y¢ Ü˛ Ï̂Ó̊l–
ÚÚ!e Ï̂Ü˛yî!Ù!ï˛Ó˚ ˆ◊!îÓ˚ §Ù§ƒyÛÛ !l Ï̂Î˚  Ü˛yç Ü˛Ó˚̂ Ïï˛ !à Ï̂Î˚ ≤ÃÌ Ï̂Ù !ï˛!l
ˆ§ê˛§Ù)̂ Ï•Ó˚ §¡ø%á#l •l– ~•z xôƒy Ï̂Î˚ xyÙÓ˚y ̂ §ê˛ §¡õ!Ü≈̨ ï˛ !Ü˛S%È ̂ ÙÔ!°Ü˛
§ÇK˛y ~ÓÇ ≤Ã!Ü ̨ Î˚y !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó–

1.2  ˆ§ê˛§Ù)• ~ÓÇ ~ Ï̂òÓ˚ í z̨̨ õfiÌy˛õl  åSets and their

Representationsä

˜òl!®l ç#Ó Ï̂l xyÙÓ˚y ≤ÃyÎ˚•z Ó› !Ó Ï̂¢ Ï̂£ÏÓ˚ §Ç@˝Ã Ï̂•Ó˚ Ü˛Ìy Ó!°ñ ˆÎÙl ~Ü˛ ˛õƒy Ï̂Ü˛ê˛ ï˛y§ñ ~Ü˛ò° çlï˛yñ
~Ü˛!ê˛ !Ü ̨ Ï̂Ü˛ê˛ ò° •zï˛ƒy!ò– à!îï˛¢y Ï̂flfG xyÙÓ̊y ~§Ó §Ç@Ã̋̂ Ï•Ó̊ Ü˛Ìy Ó Ï̂° Ìy!Ü˛ñ ̂ ÎÙlÈÈüüüÈ fl∫yË˛y!ÓÜ˛ §Çáƒy§Ù)•ñ
!Ó®%§Ù)•ñ ˆÙÔ!°Ü˛ §Çáƒy §Ù)•  •zï˛ƒy!ò– xyÏÓ˚G !Ó Ï̂¢£ÏË˛y Ï̂Óñ xyÙÓ˚y l# Ï̂ã˛Ó˚ §Ç@˝Ã•à%̂ Ï°yÓ˚ ˛õÓ˚#«˛y Ü˛Ó˚̂ Ïï˛
˛õy!Ó˚–

(ii) 10ÈüÈ~Ó˚ ̂ ã˛ Ï̂Î˚ ̂ SÈy Ï̂ê˛y  xÎ%@¬  fl∫yË˛y!ÓÜ˛ §Çáƒyà%̂ Ï°yÓ˚ñ xÌ≈yÍñ 1, 3, 5, 7, 9 –

(ii) Ë˛yÓ˚̂ Ïï˛Ó˚ lòÈüÈlò# §Ù)•–

(iii) •zÇ Ï̂Ó˚!ç Óî≈Ùy°yÓ˚ fl∫Ó˚Óî≈à%̂ Ï°yñ xÌ≈yÍ a, e, i, o, u –

(iv) !Ó!Ë˛ß¨ ≤ÃÜ˛y Ï̂Ó˚Ó˚ !eË%̨ ç §Ù)•–

(v) 210ÈÈüÈ~Ó˚ ˆÙÔ!°Ü˛ í z̨Í˛õyòÜ˛à%̂ Ï°yñ xÌ≈yÍ 2,3,5 ~ÓÇ 7–

(vi) x2 – 5x + 6 = 0 §Ù#Ü˛Ó˚̂ ÏîÓ˚ §Ùyôylà%̂ Ï°yñ xÌ≈yÍ 2  ~ÓÇ 3–

xyÙÓ˚y °«˛ Ü˛!Ó˚ ̂ Îñ í z̨̨ õ Ï̂Ó˚Ó˚ ≤Ã!ï˛!ê˛ í z̨òy•Ó˚̂ ÏîÓ˚ §%§ÇK˛yï˛ Ó›§Ù)̂ Ï•Ó˚ §Ùy•y Ï̂Ó˚Ó˚ Ü˛Ìy Ó°y • Ï̂Î˚̂ ÏSÈ Îy
ˆÌ Ï̂Ü˛ xyÙÓ˚y !§Âôyhs˝ !l Ï̂ï˛ ̨õy!Ó˚ ̂ Î ̂ Ü˛y Ï̂ly !l!ò≈T˛ Ó› ≤Ãò_ §Ùy•y Ï̂Ó˚ ÌyÜ˛ Ï̂Óñ !Ü˛ ÌyÜ˛ Ï̂Ó ly– í z̨òy•Ó˚îfl∫Ó)̨̊ õ
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xyÙÓ˚y Ó° Ï̂ï˛ ˛õy!Ó˚ l#° lò Ë˛yÓ˚ï˛Ó Ï̂£Ï≈Ó˚ lò#à%̂ Ï°yÓ˚ §Ç@˝Ã Ï̂•Ó˚ Ù Ï̂ôƒ ˛õ Ï̂í ¸̨ ly– x˛õÓ˚!ò Ï̂Ü˛ àAày lò# ~•z
§Ç@˝Ã Ï̂•Ó˚ xhs˝Ë%≈̨ =˛–

!l Ï̂¡¨ xyÙÓ˚y xyÓ˚G !Ü˛S%È ̂ § Ï̂ê˛Ó˚ í z̨òy•Ó˚î !ò!FSÈ Îy Ï̂òÓ˚ à!î Ï̂ï˛ !Ó Ï̂¢£Ï ≤Ã Ï̂Î˚yà xy Ï̂SÈ–

N : §Ó fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛ –
Z : §Ó xá[˛ §ÇáƒyÓ˚ ˆ§ê˛ –
Q : §Ó Ù)°ò §ÇáƒyÓ˚ ˆ§ê˛ –
R : ÓyhflÏÓ §ÇáƒyÓ˚ ̂ §ê˛ –
Z+ : ôlydÜ˛ xá[˛ §ÇáƒyÓ˚ ̂ §ê˛ –
Q+ : ôlydÜ˛ Ù)°ò §ÇáƒyÓ˚ ˆ§ê˛  ~ÓÇ

R+ : ôlydÜ˛ ÓyhflÏÓ §ÇáƒyÓ˚ ̂ §ê˛ –
í z̨̨ õ Ï̂Ó˚ ≤Ãò_ !Ó Ï̂¢£Ï ̂ § Ï̂ê˛Ó˚ ~•z §Ç Ï̂Ü˛ï˛à%̂ Ï°y ̨õyë˛ƒÓ•zÈüÈ~Ó˚ §Ó≈e ~Ó)̊̂ Į̈ õ xy Ï̂°y!ã˛ï˛ • Ï̂Ó–

xyÓyÓ˚ñ ̨õ,!ÌÓ#Ó˚ §Ó Ï̂ã˛ Ï̂Î˚ !Óáƒyï˛ ̨õÑyã˛çl à!îï˛K˛ Ï̂òÓ˚ §Ùy•yÓ˚ §%§ÇK˛yï˛ lÎ˚ñ Ü˛yÓ˚î §Ó Ï̂ã˛ Ï̂Î˚ !Óáƒyï˛
à!îï˛K˛ !lî≈̂ ÏÎ˚Ó˚ Ùylò[˛ Óƒ!=˛ !Ó Ï̂¢ Ï̂£Ï ̨õ!Ó˚Óï≈̨ l¢#°– §%ï˛Ó˚yÇñ ~!ê˛ §%§ÇK˛yï˛ §Ç@˝Ã• lÎ˚–

xyÙÓ˚y Ó°Ó ˆÎñ ˆ§ê˛ •° ~Ü˛!ê˛ §%§ÇK˛yï˛ Ó›§Ù)̂ Ï•Ó˚ §Ç@˝Ã•–

l# Ï̂ã˛Ó˚ !Ó£ÏÎ˚à%̂ Ï°y °«˛ Ü˛ Ï̂Ó˚y ı

(i) ˆÜ˛yˆÏly ˆ§ˆÏê˛ Ó›ñ ˛õò ~ÓÇ §ò§ƒ §ÙyÌ≈Ü˛ ¢∑–
(ii) ˆ§ê˛ Ï̂Ü˛ §yôyÓ˚îï˛  A, B, C, X, Y, Z •zï˛ƒy!ò •zÇ Ï̂Ó˚!ç Óî≈Ùy°yÓ˚ Ó Ï̂í ¸̨y •Ó˚̂ ÏÊ˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–
(iii) ˆ§ˆÏê˛Ó˚ ̨õòà%ˆÏ°yˆÏÜ˛  a, b, c, x, y, z •zï˛ƒy!ò •zÇˆÏÓ˚!ç Óî≈Ù°yÓ˚ ̂ SÈyˆÏê˛y •Ó˚ˆÏÊ˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

Î!ò a ~Ü˛!ê˛ A ˆ§ Ï̂ê˛Ó˚ ˛õò •Î˚ñ ï˛ Ï̂Ó xyÙÓ˚y Ó!° ˆÎñ Úa õò!ê˛ A ˆ§ Ï̂ê˛ xy Ï̂SÈÛñ !@˝ÃÜ˛ §Ç Ï̂Ü˛ï˛ ∈
(epsilon) ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ Úxhs˝Ë%≈̨ =˛Û åbelongs toä  ˆÓyV˛y Ï̂ly •Î˚– xï˛~Óñ xyÙÓ˚y !°!á a ∈ A – Î!ò bñ
A ˆ§ Ï̂ê˛Ó˚ ~Ü˛!ê˛ ˛õò ly •Î˚ñ ï˛ Ï̂Ó xyÙÓ˚y !°!á b ∉ A ~ÓÇ Úbñ A ˆ§ Ï̂ê˛Ó˚ xhs˝Ë%≈̨ =˛ lÎ˚Û ~Ë˛y Ï̂Ó ˛õí ¸̨y •Î˚–

~Ó)̊̂ Į̈ õ •zÇ Ï̂Ó˚!ç Óî≈Ùy°yÓ˚ fl∫Ó˚Ó Ï̂î≈Ó˚ ˆ§ê˛ ÈVüÈ~Ó˚ ˆ«˛ Ï̂eñ a ∈ V !Ü˛v b ∉ V– 30 ~Ó˚ ˆÙÔ!°Ü˛
í z̨Í˛õyòÜ˛à%̂ Ï°yÓ˚ ˆ§ê˛ÈüÈ~Ó˚ ˆ«˛ Ï̂eñ  3 ∈ P !Ü˛v  15 ∉ P –

(i) SÈÜ˛ Ó!®Ü˛Ó˚î Óy ï˛y!°Ü˛yÓÂô ˛õÂô!ï˛ åRoster or tabular formä –
(ii) ˆ§ê˛ àë˛l Óy ôÙ≈!Ë˛!_Ü˛ ̨ õÂô!ï˛ åSet-builder formä –

(i) SÈÜ˛ Ó!®Ü˛Ó˚î ˛ õÂô!ï˛ˆÏï˛ñ  §Ó  ˛õòà%ˆÏ°yˆÏÜ˛  ï˛y!°Ü˛yÎ˚  §yçyˆÏly  •Î˚ñ  ≤Ã!ï˛!ê˛ ˛ õòˆÏÜ˛ !mï˛#Î˚ Órôl#
{   }ÈüÈ~Ó˚ Ù Ï̂ôƒ xyÓÂô ̂ Ó˚̂ Ïá !ÓÓ˚yÙ!ã˛•´ åñä !ò Ï̂Î˚ xy°yòy Ü˛Ó˚y Ìy Ï̂Ü˛ñ í z̨òy•Ó˚îfl∫Ó)̨̊ õ È7üÈ~Ó˚ ̂ ã˛ Ï̂Î˚ ̂ SÈyê˛
§Ó ôlydÜ˛ Î%@¬ §ÇáƒyÓ˚ ˆ§ê˛ˆÏÜ˛ ï˛y!°Ü˛yÓÂô ˛õÂô!ï˛ˆÏï˛ {2, 4, 6} !ò Ï̂Î˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– ~Ó˚Ü˛Ù
xyÓ˚G ̂ §ê˛ˆÏÜ˛ ï˛y!°Ü˛yÓÂô ̨õÂô!ï˛ˆÏï˛ ≤ÃÜ˛yˆÏ¢Ó˚ í˛zòy•Ó˚î l#ˆÏã˛ ̂ òGÎ˚y •° ı

(a) ˆÎ §Ó fl∫yË˛y!ÓÜ˛ §Çáƒy !òˆÏÎ˚ 42 !ÓË˛yçƒ ï˛yˆÏòÓ˚ ̂ §ê˛ •° {1, 2, 3, 6, 7, 14, 21, 42}
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  AoT˛Óƒ   ï˛y!°Ü˛yÓÂô ˛õÂô!ï˛ Ï̂ï˛ ˛õòà%̂ Ï°yÓ˚ ï˛y!°Ü˛y Ü ̨ Ù !lÓ˚̂ Į̈ õ«˛ •Î˚– xï˛~Óñ í z̨̨ õ Ï̂Ó˚y=˛ ˆ§ Ï̂ê˛Ó˚
≤ÃÜ˛y¢ {1, 3, 7, 21, 2, 6, 14, 42} ~Ó)̊̂ Į̈ õ Ü˛Ó˚y ÎyÎ˚–

(b) •zÇˆÏÓ˚!ç Óî≈Ùy°yÓ˚ fl∫Ó˚Óî≈à%ˆÏ°yÓ˚ ˆ§ê˛ •° {a, e, i, o, u}–
(c) §Ü˛° xÎ%@¬ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ˆÏê˛Ó˚ ≤ÃÜ˛y¢ •° {1, 3, 5, . . .}– í˛ê‰˛à%ˆÏ°y !òˆÏÎ˚ xyÙÓ˚y

Ó%!V˛ xÎ%@¬ §Çáƒyà%ˆÏ°yÓ˚ x§#Ù ̨õÎ≈hs˝ Ü ˛Ùyß∫ˆÏÎ˚ xyˆÏSÈ–

AoT˛Óƒ   ï˛y!°Ü˛yÓÂô ̨õÂô!ï˛ Ï̂ï˛ ̂ Ü˛y Ï̂ly ̂ §ê˛ Ï̂Ü˛ ≤ÃÜ˛y Ï̂¢Ó˚ ̂ «˛ Ï̂e §yôyÓ˚îï˛ ̂ Ü˛y Ï̂ly ̨õ Ï̂òÓ˚ ̨õ%lÓ%̊̂ ÏÕ‘á
•Î̊ lyñ xÌ≈yÍ §Óà%̂ Ï°y ̨õò !Ó!Ë˛ß̈ Ó̊)̂ Į̈ õ ̂ lGÎ̊y •Î̊– í z̨òy•Ó̊îfl∫Ó̊)̨ õ ‘SCHOOL’ ¢∑!ê˛Ó̊ Óî≈Ùy°yà%̂ Ï°y Ï̂Ü˛
!lˆÏÎ˚ à!ë˛ï˛ ̂ §ê˛ •ˆÏÓ { S, C, H, O, L} xÌÓy {H, O, L, C, S} – ~áyˆÏl ï˛y!°Ü˛yÎ˚ ̨ õòà%ˆÏ°yÓ˚ Ü ˛Ù
!Ó Ï̂Óã˛ƒ lÎ˚–

(ii) ˆ§ê˛ àë˛l ̨õÂô!ï˛ Ï̂ï˛ §Ó ̨õòà%̂ Ï°yÓ˚ ~Ü˛!ê˛ §yôyÓ˚î ôÙ≈ Ìy Ï̂Ü˛ Îy ̂ § Ï̂ê˛Ó˚ Óy•ẑ ÏÓ˚Ó˚ ̂ Ü˛y Ï̂ly ̨õ Ï̂òÓ˚ Ìy Ï̂Ü˛
ly– í˛zòy•Ó˚îfl∫Ó˚)˛õñ ˆ§ê˛ È{a, e, i, o, u}üÈ~Ó˚ §Óà%ˆÏ°y ˛õˆÏòÓ˚ ~Ü˛!ê˛ §yôyÓ˚î ôÙ≈ xyˆÏSÈ– ˆ§!ê˛ •°
~Ó˚y ≤ÃˆÏï˛ƒˆÏÜ˛ •zÇˆÏÓ˚!ç Óî≈Ùy°yÓ˚ fl∫Ó˚Óî≈ ~ÓÇ xlƒ ˆÜ˛yˆÏly Óî≈Ùy°yÓ˚ ~•z ôÙ≈!ê˛ ˆl•z– ˆ§ê˛!ê˛ˆÏÜ˛ V
myÓ˚y !lˆÏò≈¢ Ü˛ˆÏÓ˚ xyÙÓ˚y !°!á

V = {x : x •° ~Ü˛!ê˛ •zÇˆÏÓ˚!ç Óî≈Ùy°yÓ˚ fl∫Ó˚Óî≈ }–

~!ê˛G °«˛î#Î˚ ˆÎ xyÙÓ˚y ˆ§ˆÏê˛Ó˚ ˆÜ˛yˆÏly ˛õòˆÏÜ˛ §ÇˆÏÜ˛ˆÏï˛ !ã˛!•´ï˛ Ü˛!Ó˚ åxlƒ §ÇˆÏÜ˛ï˛ y, z •zï˛ƒy!ò
Óî≈Ùy°yG ÓƒÓ•yÓ˚ Ü˛Ó˚y • Ï̂Î˚ Ìy Ï̂Ü˛ä ~ÓÇ ~Ó˚ ̨õ Ï̂Ó˚ ̂ Ü˛y°l “ : ” !ã˛•´ ̂ òGÎ˚y •Î˚– ~•z ̂ Ü˛y°l !ã˛ Ï̂•´Ó˚
˛õˆÏÓ˚ ˆ§ˆÏê˛Ó˚ ˛õò ˆÎ ôÙ≈ Ó•l Ü˛ˆÏÓ˚ ï˛y ˆ°áy •Î˚ ~ÓÇ xÓˆÏ¢ˆÏ£Ï ˛õ%ˆÏÓ˚y !ÓÓÓ˚îˆÏÜ˛ !mï˛#Î˚ Órôl#Ó˚
§y•yˆÏÎƒ xyÓÂô Ü˛Ó˚y •Î˚– í˛z˛õˆÏÓ˚ V ˆ§ˆÏê˛Ó˚ Óî≈ly ˛õí˛¸y •Î˚ ÚÚ§Ü˛° ÈxüÈ~Ó˚ ˆ§ê˛ ~Ó)̨̊ õ ˆÎ x •°
•zÇ Ï̂Ó˚!ç Óî≈Ùy°yÓ˚ fl∫Ó˚Óî≈ÛÛ– ~•z !ÓÓÓ˚̂ Ïî !mï˛#Î˚ Órôl# ̂ ÓyV˛yÎ˚ ÚÚ§Ü˛ Ï̂°Ó˚ ̂ §ê˛ÛÛñ ~ÓÇ ̂ Ü˛y°l ̂ ÓyV˛yÎ˚
ÚÚ~Ó)̨̊ õ ̂ ÎÛÛ– í z̨òy•Ó˚îfl∫Ó)̨̊ õñ ̂ §ê˛

A = {x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ~ÓÇ È3 < x < 10}üÈˆÜ˛ ˛õí˛¸y •Î˚ ÚÚ§Ü˛° ÈxüÈ~Ó˚ ˆ§ˆÏê˛ x ~Ó)̨̊ õ
ˆÎ fl∫yË˛y!ÓÜ˛ §Çáƒy ~ÓÇ ÈxüÈ~Ó˚ ÙˆÏôƒ xÓ!fiÌï˛– §%ï˛Ó˚yÇñ 4, 5, 6, 7, 8  ~ÓÇ È9 üÈ~•z §Çáƒyà%ˆÏ°y A
ˆ§ Ï̂ê˛Ó˚ ̨õò–

Î!ò xyÙÓ˚y (a), (b) ~ÓÇ È(c) üÈˆï˛ Ó!î≈ï˛ SÈÜ˛Ó!®Ü˛Ó˚î ˛õÂô!ï˛Ó˚ ˆ§ê˛à%ˆÏ°yˆÏÜ˛ ÎÌyÜ ˛ˆÏÙ A, B, C

myÓ˚y ≤ÃÜ˛y¢ Ü˛!Ó˚ñ ï˛ˆÏÓ ÈA, B, C üÈˆÜ˛ ̂ §ê˛ àë˛l ̨õÂô!ï˛ˆÏï˛ !l¡¨!°!áï˛ Ó˚)ˆÏ˛õG í˛z˛õfiÌy˛õl Ü˛Ó˚y ÎyÎ˚ ı

A= {x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy Îy !òˆÏÎ˚ 42 !ÓË˛yçƒ }
B= {y : y •° •zÇˆÏÓ˚!ç Óî≈Ùy°yÎ˚ ~Ü˛!ê˛ fl∫Ó˚Óî≈ }
C= {z : z  •° ~Ü˛!ê˛ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §Çáƒy}

í˛zòy•Ó˚î 1 ı  x2 + x – 2 = 0  §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl ˆ§ê˛!ê˛ˆÏÜ˛ SÈÜ˛Ó!®Ü˛Ó˚î Ó)̊̂ Ï˛õ ˆ°ˆÏáy–

§Ùyôyl ı  ≤Ãò_ §Ù#Ü˛Ó˚î!ê˛ Ï̂Ü˛ ˆ°áy ÎyÎ˚ÈüüüÈ   (x – 1)  (x + 2) = 0  xÌ≈yÍ  x = 1, – 2

§%ï˛Ó˚yÇñ SÈÜ˛Ó!®Ü˛Ó˚î ˛õÂô!ï˛ˆÏï˛ ≤Ãò_ §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl ˆ§ê˛ •° {1, – 2}–

í˛zòy•Ó˚î 2 ı {x : x ~Ü˛!ê˛ ôlydÜ˛ xá[˛ §Çáƒy ~ÓÇ x2 < 40} ̂ §ê˛!ê˛ˆÏÜ˛ ï˛y!°Ü˛yÓÂô ̨õÂô!ï˛ˆÏï˛ ̂ °ˆÏáy–
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§Ùyôyl ı   ~áyˆÏl !lˆÏî≈Î˚ §Çáƒyà%ˆÏ°y  •° 1,  2,  3,  4,  5,  6 –  §%ï˛Ó˚yÇ ≤Ãò_ ̂ §ˆÏê˛Ó˚ ï˛y!°Ü˛yÓÂôÓ˚)˛õ •°
{1, 2, 3, 4, 5, 6} –
í˛zòy•Ó˚î 3 ı A = {1, 4, 9, 16, 25, . . . } ˆ§ê˛!ê˛ˆÏÜ˛ ˆ§ê˛ÈüÈàë˛l åÓy ôÙ≈!Ë˛!_Ü˛ä ˛õÂô!ï˛ˆÏï˛ ˆ°ˆÏáy–
§Ùyôyl ı  AÈ ˆ§ê˛ Ï̂Ü˛ xyÙÓ˚y !°!á

A = {x : x •° fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ Óà≈}
!ÓÜ˛“Ó˚)ˆÏ˛õñ xyÙÓ˚y !°áˆÏï˛ ̨õy!Ó˚

A = {x : x = n2, ˆÎáy Ï̂l n ∈ N}

í˛zòy•Ó˚î 4 ı 
1

2

2

3

3

4

4

5

5

6

6

7
, , , , ,









ˆÜ˛ ˆ§ê˛ àë˛l ˛õÂô!ï˛ˆÏï˛ ˆ°ˆÏáy–

§Ùyôyl ı  xyÙÓ˚y ̂ òáˆÏï˛ ̨ õy•z ̂ Îñ ≤Ãò_ ̂ §ˆÏê˛Ó˚ ≤Ã!ï˛!ê˛ ̨ õˆÏò °ˆÏÓÓ˚ ̂ ã˛ˆÏÎ˚ •Ó˚ 1 ̂ Ó!¢– í˛z˛õÓ˚v °Ó ¢%Ó˚% •Î˚
1 !ò Ï̂Î˚ ~ÓÇ ˆ¢£Ï •Î˚ 6 !òˆÏÎ˚– xï˛~Ó ̂ §ê˛ àë˛l ̨ õÂô!ï˛ˆÏï˛ ̂ §ˆÏê˛Ó˚ Ó˚)˛õ!ê˛ •ˆÏÓÈüüüÈ

x x
n

n
: =

+



 1

ñ ˆÎáy Ï̂l n fl∫yË˛y!ÓÜ˛ §Çáƒy ~ÓÇ 1 6≤ ≤




n

í z̨òy•Ó˚î 5 ı ÓÑy!ò Ï̂Ü˛Ó˚ SÈÜ˛Ó!®Ü˛Ó˚î ̨õÂô!ï˛ Ï̂ï˛ Ó!î≈ï˛ ≤Ã!ï˛!ê˛ ̂ § Ï̂ê˛Ó˚ §y Ï̂Ì í˛yl!ò Ï̂Ü˛ Ó!î≈ï˛ ̂ §ê˛ àë˛l xl%Ó)̨̊ õ
ˆ§ˆÏê˛Ó˚ !Ù° Ü˛ˆÏÓ˚y ı

(i) {P, R, I, N, C, A, L} (a) {x : x ~Ü˛!ê˛ xá[˛ ôlydÜ˛ §Çáƒy ~ÓÇ 18 ÈüÈ~Ó̊ ~Ü˛!ê˛ Ë˛yçÜ˛}
(ii) { 0 } (b) { x : x ~Ü˛!ê˛ xá[˛ §Çáƒy ~ÓÇ  x2 – 9 = 0}

(iii) {1, 2, 3, 6, 9, 18} (c) {x : x ~Ü˛!ê˛ xá[˛ §Çáƒy ~ÓÇ  x + 1= 1}

(iv) {3, –3} (d) {x : x •° PRINCIPAL ¢ Ï̂∑Ó˚ ~Ü˛!ê˛ x«˛Ó˚}
§Ùyôyl ı  ̂ Î Ï̂•ï%̨  È(d) üÈˆï˛ ¢ Ï̂∑Ó˚ 9 !ê˛ x«˛Ó˚ ~ÓÇ ÎyÓ˚ Ù Ï̂ôƒ P ~ÓÇ I  ò%•zÓyÓ˚ xy Ï̂SÈñ §%ï˛Ó˚yÇñ È(i) üÈ~Ó˚ !Ù°
• Ï̂Ó (d)ÈüÈ~Ó˚ §yˆÏÌ–  xl%Ó˚)ˆÏ˛õ (ii) !Ù° Ï̂Ó È(c) üÈ~Ó˚ §yˆÏÌñ   ˆÎˆÏ•ï%˛ x + 1 = 1  ˆÓyV˛yÎ˚ x = 0– í˛z˛õÓ˚v
1,  2 , 3,  6, 9, 18  ~ˆÏòÓ˚ ≤ÃˆÏï˛ƒˆÏÜ˛ 18ÈüÈ~Ó˚ Ë˛yçÜ˛ ~ÓÇ ï˛y•z (iii) ÈüÈ~Ó˚ !Ù° ÈÈ(a) üÈ~Ó˚ §yˆÏÌ– §ÓˆÏ¢ˆÏ£Ïñ
x2 –9 = 0 ˆÓyV˛yÎ˚ x = 3, –3ñ xï˛~Ó (iv) ÈüÈ~Ó˚ !Ù° È(b) ÈüÈ~Ó˚ §yˆÏÌ–

xl%¢#°l#  1.1

1. l# Ï̂ã˛Ó˚ ̂ Ü˛ylà%̂ Ï°y ̂ §ê˛⁄ ̂ ï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ fl∫̨ õ Ï̂«˛ Î%!=˛ òyG–
(i) ~Ü˛!ê˛ ÓSÈ Ï̂Ó˚ ̂ Î Ùy§à%̂ Ï°y J x«˛Ó˚ !òˆÏÎ˚ ¢%Ó˚% •Î˚ ï˛yˆÏòÓ˚ §Ùy•yÓ˚–
(ii) Ë˛yÓ˚̂ Ïï˛Ó˚ §Ó Ï̂ã˛ Ï̂Î˚ ≤Ã!ï˛Ë˛yÓyl ò¢çl ̂ °á Ï̂Ü˛Ó˚ §Ùy•yÓ˚–
(iii) !Ó Ï̂ŸªÓ˚ §Ó≈̂ Ï◊¤˛ ~ày Ï̂Ó˚yçl !Ü ̨ Ï̂Ü˛ê˛ Óƒyê˛§Ùƒy Ï̂lÓ˚ §Ùy•yÓ˚
(iv) ˆï˛yÙyˆÏòÓ˚ ̂ ◊!îÓ˚ §Ó Óy°Ü˛ˆÏòÓ˚ §Ç@˝Ã•–
(v) 100 ̂ ÌˆÏÜ˛ «%˛oï˛Ó˚ §Ó fl∫yË˛y!ÓÜ˛ §Çáƒy §Ù)ˆÏ•Ó˚ §Ùy•yÓ˚–
(vi) Ù%!™ ̂ ≤ÃÙãÑ̨ yò Ó˚!ã˛ï˛ í z̨̨ õlƒy§à%̂ Ï°yÓ˚ ~Ü˛!ê˛ §Ç@˝Ã•–

(vii) §Ó Î%@¬ xá[˛ §ÇáƒyÓ˚ §Ùy•yÓ˚–
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(viii) ~ xôƒyˆÏÎ˚Ó˚ §Ó ≤ÃŸ¿à%ˆÏ°yÓ˚ §Ç@˝Ã•–

(ix) !Ó Ï̂ŸªÓ˚ §Ó Ï̂ã˛ Ï̂Î˚ ̂ Ó!¢ Ë˛Î˚AÜ˛Ó˚ çy Ï̂lyÎ˚y Ï̂Ó˚Ó˚ §Ùy•yÓ˚–

2. ôˆÏÓ˚yñ A = {1, 2, 3, 4, 5, 6}– ¢)lƒfiÌylà%ˆÏ°yˆÏï˛ í˛z˛õÎ%=˛ §yÇˆÏÜ˛!ï˛Ü˛ !ã˛•´ ∈ Óy ∉ Ó§yG ı

(i)  5. . . A (ii) 8 . . . A (iii) 0. . . A

     (iv)  4. . . A (v) 2. . . A (vi) 10. . . A

3. !l¡¨!°!áï˛ ̂ §ê˛à%ˆÏ°yÓ˚ ï˛y!°Ü˛yÓÂô Ó)̨̊ õ ̂ °ˆÏáy ı
(i) A = {x : x ~Ü˛!ê˛ xá[˛ §Çáƒy ~ÓÇ –3 < x < 7}

(ii) B = {x : x •° 6 ˆÌˆÏÜ˛ ˆSÈyˆÏÏê˛y fl∫yË˛y!ÓÜ˛ §Çáƒy}
(iii) C = {x : x •° ~Ü˛!ê˛ ò%•z xAÜ˛ !Ó!¢T˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ÎyÓ˚ xAÜ˛mˆÏÎ˚Ó˚ §Ù!T˛ 8}

(iv) D = {x : x •° ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy Îy 60 ÈüÈ~Ó˚ Ë˛yçÜ˛}
(v) E = TRIGONOMETRY ¢∑!ê˛Ó˚ §Ó x«˛Ó˚à%ˆÏ°yÓ˚ ˆ§ê˛–
(vi) F = BETTER ¢∑!ê˛Ó˚ §Ó x«˛Ó˚à%ˆÏ°yÓ˚ ̂ §ê˛–

4. !l¡¨!°!áï˛ ̂ §ê˛à%ˆÏ°yˆÏÜ˛ ̂ §ê˛ àë˛l Ó˚)ˆÏ˛õ ̂ °ˆÏáy ı
(i) (3, 6, 9, 12} (ii) {2, 4, 8, 16, 32} (iii) {5, 25, 125, 625}

(iv) {2, 4, 6, . . .} (v) {1, 4, 9, . . .,100}

5. !l¡‘!°!áï˛ ̂ §ˆÏê˛Ó˚ §Ó ̨õòà%ˆÏ°y ï˛y!°Ü˛yÓÂô Ü˛ˆÏÓ˚y ı
(i) A = {x : x •° ~Ü˛!ê˛ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §Çáƒy}–

(ii) B = {x : x  ~Ü˛!ê˛ xá[˛ §Çáƒy, – �
1

2
 < x < 

9

2
}

(iii) C = {x : x ~Ü˛!ê˛ xá[˛ §Çáƒy, x2 ≤ 4}

(iv) D = {x : x •° “LOYAL” ¢ Ï̂∑Ó˚ ~Ü˛!ê˛ x«˛Ó˚}
(v) E = {x : x •° ÓSÈˆÏÓ˚Ó˚ ˆ§•z Ùy§ Îy 31 !òˆÏlÓ˚ lÎ˚}
(vi) F = {x : x •° ~Ü˛!ê˛ •zÇ Ï̂Ó˚!ç ÓƒyOlÓî≈ Îy k ÈüÈ~Ó˚ ˛õ)Ó≈Óï˛#≈ }

6. ÓÑy!òˆÏÜ˛Ó˚ ï˛y!°Ü˛yÓÂô ̂ §ˆÏê˛Ó˚ §yˆÏÌ í˛yl!òˆÏÜ˛Ó˚ ̂ §ê˛ àë˛l Ó˚)ˆÏ˛õÓ˚ hflÏΩ˛ !Ù°yG ı
(i) {1, 2, 3, 6} (a) {x : x •° ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy Îy 6 ÈüÈ~Ó˚ Ë˛yçÜ˛}
(ii) {2, 3} (b) {x : x •° 10 ÈüÈ~Ó˚ ˆSÈyˆÏÏê˛y ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy}
(iii) {M,A,T,H,E,I,C,S} (c) {x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy Îy 6 ÈüÈ~Ó˚ Ë˛yçÜ˛}
(iv) {1, 3, 5, 7, 9} (d) {x : x •° MATHEMATICS ¢ Ï̂∑Ó˚ ~Ü˛!ê˛ x«˛Ó˚}–

1.3 ¢)lƒ ˆ§ê˛ åThe Empty Set ä
ÙˆÏl Ü˛ˆÏÓ˚yñ

A = { x : x •° ~Ü˛!ê˛ !Óòƒy°ˆÏÎ˚ ~Ü˛yò¢ ˆ◊!îˆÏï˛ xôƒÎ˚lÓ˚ï˛ ~Ü˛çl !¢«˛yÌ#≈ }
xyÙÓ˚y !Óòƒy°ˆÏÎ˚ !àˆÏÎ˚ ~Ü˛yò¢ ˆ◊!îˆÏï˛ xôƒÎ˚lÓ˚ï˛ !¢«˛yÌ#≈ˆÏòÓ˚ à%ˆÏî ~ˆÏòÓ˚ §Çáƒy çylˆÏï˛ ˛õy!Ó˚–

xï˛~Ó A ̂ §ˆÏê˛Ó˚ §ò§ƒ §Çáƒy §§#Ù •ˆÏÓ–
xyÙÓ˚y ~ál x˛õÓ˚ ~Ü˛!ê˛ ˆ§ê˛ B !l¡¨!°!áï˛ Ó˚)ˆÏ˛õ !°!á ı
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B = { x : x •° ò¢Ù ~ÓÇ ~Ü˛yò¢ í˛zË˛Î˚ ˆ◊!îˆÏï˛ Óï≈˛ÙyˆÏl xôƒÎ˚lÓ˚ï˛ ~Ü˛çl !¢«˛yÌ#≈ }
xyÙÓ˚y °«˛ Ü˛!Ó˚ñ ̂ Ü˛yˆÏly ~Ü˛çl !¢«˛yÌ#≈ ò¢Ù ~ÓÇ ~Ü˛yò¢ í˛zË˛Î˚ ̂ ◊!îˆÏï˛ ~Ü˛•z §yˆÏÌ xôƒÎ˚l Ü˛ˆÏÓ˚ ly–

§%ï˛Ó˚yÇñ B ˆ§ˆÏê˛ ̂ Ü˛yˆÏly ̨ õò ÌyÜ˛ˆÏÓ ly–

§ÇK˛y 1ı  ˆÎ ˆ§ˆÏê˛ ˆÜ˛yˆÏly ˛õò Óy §ò§ƒ ÌyˆÏÜ˛ ly ï˛yˆÏÜ˛ ¢)lƒ ˆ§ê˛ åempty set or the null set or the

void setä ÓˆÏ°–

~•z §ÇK˛yl%§yˆÏÓ˚ñ B ~Ü˛!ê˛ ¢)lƒ ̂ §ê˛ !Ü˛v A ¢)lƒ ̂ §ê˛ lÎ˚– ¢))lƒ ̂ §ê˛ˆÏÜ˛ φ Óy {  } §ÇˆÏÜ˛ˆÏï˛ ≤ÃÜ˛y¢
Ü˛Ó˚y •Î˚–

l# Ï̂ã˛ Ü˛ Ï̂Î˚Ü˛!ê˛ ¢)lƒ ̂ § Ï̂ê˛Ó˚ í z̨òy•Ó˚î ̂ òGÎ˚y •°–

(i) ô Ï̂Ó˚yñ A = {x : 1 < x < 2, x •° ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy}– ï˛y• Ï̂° A ~Ü˛!ê˛ ¢)lƒ ̂ §ê˛ ̂ Ü˛lly
1 ~ÓÇ 2 ÈüÈ~Ó˚ ÙôƒÓï˛#≈ ̂ Ü˛yˆÏly fl∫yË˛y!ÓÜ˛ §Çáƒy ̂ l•z–

(ii) B = {x : x2 – 2 = 0  ~ÓÇ x  ~Ü˛!ê˛  Ù)°ò §Çáƒy }–   ï˛y•ˆÏ° B  ~Ü˛!ê˛  ¢)lƒ ˆ§ê˛  Ü˛yÓ˚î
x2–2 = 0 §Ù#Ü˛Ó˚î!ê˛  x ÈüÈ~Ó˚ ˆÜ˛yˆÏly Ù)°ò ÙyˆÏl !§Âô •Î˚ ly–

(iii) C =  {x : x  ~Ü˛!ê˛ Î%@¬ Ù)°ò §Çáƒy Îy 2 ˆÌˆÏÜ˛ ÓˆÏí˛¸y}–  ~áy Ï̂l C ~Ü˛!ê˛ ¢)lƒ ˆ§ê˛ Ü˛yÓ˚î
2 •° ~Ü˛Ùye Î%@¬ ˆÙÔ!°Ü˛ §Çáƒy–

(iv) D = { x : x2 = 4, x xÎ%@¬ §Çáƒy}– D ~Ü˛!ê˛ ¢)lƒ ̂ §ê˛ Ü˛yÓ˚î x ~Ó˚ ̂ Ü˛yˆÏly xÎ%@¬ Ùyl !òˆÏÎ˚
x2 = 4 §Ù#Ü˛Ó˚î!ê˛ !§Âô •Î˚ ly–

1.4 §§#Ù ~ÓÇ x§#Ù ˆ§ê˛ åFinite and Infinite Setsä

ÙˆÏl Ü˛ˆÏÓ˚yñ A = {1, 2, 3, 4, 5}, B = {a, b, c, d, e, g}

~ÓÇ C = { ̨õ,!ÌÓ#Ó˚ !Ó!Ë˛ß¨ xÇˆÏ¢ Óï≈˛ÙyˆÏl Ó§Óy§Ü˛yÓ˚# ̨ õ%Ó˚%£Ïàî}

xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎ AÈüÈ~Ó˚ ÙˆÏôƒ 5 !ê˛ ˛õò ~ÓÇ ÈBüÈ~Ó˚ ÙˆÏôƒ 6 !ê˛ ˛õò xyˆÏSÈ– !Ü˛v CÈüÈ~Ó˚ ˛õò §Çáƒy Ü˛ï˛
•ˆÏÓ⁄ ˆÎˆÏ•ï%˛ ÈCüÈ~Ó˚ ˛õò§Çáƒy xyÙyˆÏòÓ˚ çyly ˆl•zñ !Ü˛v ~!ê˛ ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy Îy xˆÏlÜ˛ Óí˛¸–
ˆÜ˛y Ï̂ly ̂ §ê˛ ÈSüÈ~Ó˚ ̨õò §Çáƒy Ó° Ï̂ï˛ xyÙÓ˚y Ó%!V˛ G•z ̂ § Ï̂ê˛Ó˚ !Ë˛ß¨ !Ë˛ß¨ ̨õòà%̂ Ï°yÓ˚ §Çáƒy ~ÓÇ ~!ê˛ Ï̂Ü˛ n (S)

!òˆÏÎ˚ !ã˛!•´ï˛ Ü˛Ó˚y •Î˚– Î!ò n (S) ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy •Î˚ñ ï˛ˆÏÓ S • Ï̂Ó x¢)lƒ §§#Ù ˆ§ê˛–
~ál fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛!ê˛ Ï̂Ü˛ !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚y– °«˛ Ü˛ Ï̂Ó˚y ~•z ̂ § Ï̂ê˛Ó˚ ̨õò §Çáƒy §§#Ù lÎ˚ñ ̂ Î Ï̂•ï%̨

x§#Ù §ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛ §Çáƒy xy Ï̂SÈ– xyÙÓ˚y Ó° Ï̂ï˛ ̨õy!Ó˚ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛ ~Ü˛!ê˛ x§#Ù ̂ §ê˛– í z̨̨ õ Ï̂Ó˚
≤Ãò_ A, B ~ÓÇ C ̂ §ê˛à%ˆÏ°y §§#Ù ̂ §ê˛– ~ÓÇ n(A) = 5, n(B) = 6 ~ÓÇ n(C) = ̂ Ü˛yˆÏly §§#Ù §Çáƒy–

§ÇK˛y 2  ı ~Ü˛!ê˛ ˆ§ê˛ñ Îy ¢)lƒ ˆ§ê˛ Óy ˆ§ê˛!ê˛ §§#Ù §ÇáƒÜ˛ ˛õò !lˆÏÎ˚ à!ë˛ï˛ •ˆÏ°ñ ~ˆÏÜ˛ §§#Ù ˆ§ê˛ ÓˆÏ°ñ
xlƒÌyÎ˚ ̂ §ê˛!ê˛ Ï̂Ü˛ x§#Ù ̂ §ê˛ Ó Ï̂°–

Ü˛ Ï̂Î˚Ü˛!ê˛ í z̨òy•Ó˚î xy Ï̂°yã˛ly Ü˛Ó˚y ÎyÜ˛ ı

(i) ôˆÏÓ˚yñ W •° §ÆyˆÏ•Ó˚ !Ó!Ë˛ß¨ !òlà%ˆÏ°yÓ˚ ˆ§ê˛– ï˛y•ˆÏ° W §§#Ù ̂ §ê˛–
(ii) Ù Ï̂l Ü˛ Ï̂Ó˚yñ S •° x2 –16=0 §Ù#Ü˛Ó˚̂ ÏîÓ˚ §Ùyôylà%̂ Ï°yÓ˚ ̂ §ê˛– xï˛~Óñ S ~Ü˛!ê˛ §§#Ù ̂ §ê˛–
(iii) ôˆÏÓ˚yñ G •° ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õ!Ó˚fiÌ !Ó®%à%ˆÏ°yÓ˚ ̂ §ê˛– §%ï˛Ó˚yÇñ  G x§#Ù ̂ §ê˛–

Îál xyÙÓ˚y ̂ Ü˛y Ï̂ly ̂ §ê˛ Ï̂Ü˛ SÈÜ˛ Ó!®Ü˛Ó˚î Óy ï˛y!°Ü˛yÓÂô Ó)̊̂ Į̈ õ í z̨̨ õfiÌy˛õl Ü˛!Ó˚ñ ï˛ál G•z ̂ § Ï̂ê˛Ó˚ §Óà%̂ Ï°y
˛õòˆÏÜ˛ {   } Órôl#Ó˚ ÙyˆÏV˛ ≤ÃÜ˛y¢ Ü˛!Ó˚– !Ü˛v ~Ü˛!ê˛ x§#Ù ˆ§ˆÏê˛Ó˚ §Ó ˛õòà%ˆÏ°yˆÏÜ˛ {   } Órôl#Ó˚ ˆË˛ï˛ˆÏÓ˚
ˆ°áy ÎyÎ˚ ly Ü˛yÓ˚î ~ ôÓ˚ˆÏlÓ˚ ˆ§ˆÏê˛Ó˚ ˛õò §Çáƒy §§#Ù lÎ˚– §%ï˛Ó˚yÇñ Ü˛ˆÏÎ˚Ü˛!ê˛ x§#Ù ˆ§ˆÏê˛Ó˚ !Ü˛S%È ˛õòˆÏÜ˛
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!°ˆÏá xyÙÓ˚y ï˛y!°Ü˛yÓÂô ̨õÂô!ï˛ˆÏï˛ ≤ÃÜ˛y¢ Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚ ̂ ÎáyˆÏl §yÙˆÏlÓ˚ !òˆÏÜ˛ åÓy ̂ ˛õSÈˆÏlÓ˚ !òˆÏÜ˛ä !ï˛l!ê˛
í˛ê‰˛ !òˆÏÎ˚ ̂ §ˆÏê˛Ó˚ xlƒ ̨õòà%ˆÏ°yÓ˚ x§#Ù ̨õÎ≈hs˝ í˛z˛õfiÌy˛õl Ü˛Ó˚y •Î˚–

í˛zòy•Ó˚îfl∫Ó˚)˛õñ {1, 2, 3 . . .} •° fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ê˛ ~ÓÇ {1, 3, 5, 7, . . .} •° xÎ%@¬
fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ê˛ñ {. . ., –3, –2, –1, 0,1, 2 ,3, . . .} •°  xá[˛ §ÇáƒyÓ˚ ˆ§ê˛– ~à%ˆÏ°y •° §Ó
x§#Ù ˆ§ê˛–

AoT˛Óƒ   §Ó x§#Ù ˆ§ê˛ˆÏÜ˛ SÈÜ˛ Ó!®Ü˛Ó˚î ˛õÂô!ï˛ˆÏï˛ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ly– í˛zòy•Ó˚îfl∫Ó˚)˛õñ ÓyhflÏÓ
§ÇáƒyÓ˚ ̂ §ê˛ˆÏÜ˛ ~•z ̨ õÂô!ï˛ˆÏï˛ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ly– Ü˛yÓ˚î ~•z ̂ §ˆÏê˛Ó˚ ̨ õòà%ˆÏ°y ̂ Ü˛yˆÏly !ÓˆÏ¢£Ï lÙ%lyˆÏÜ˛
xl%§Ó˚î Ü˛ Ï̂Ó˚ ly–

í z̨òy•Ó˚î 6 ı !l Ï̂ã˛Ó˚ ˆÜ˛yl!ê˛ §§#Ù Óy x§#Ù ˆ§ê˛ Ó Ï̂°y ı

(i) {x : x ∈ N  ~ÓÇ (x – 1) (x –2) = 0}

(ii) {x : x ∈ N  ~ÓÇ x2 = 4}

(iii) {x : x ∈ N ~ÓÇ 2x –1 = 0}

(iv) {x : x ∈ N ~ÓÇ x ˆÙÔ!°Ü˛ §Çáƒy}
(v) {x : x ∈ N ~ÓÇ x xÎ%@¬ §Çâƒy}

§Ùyôyl ı (i) ≤Ãò_ ˆ§ê˛ = {1, 2} – ï˛y•zñ ~!ê˛ §§#Ù ˆ§ê˛–

(ii) ≤Ãò_ ˆ§ê˛  = {2}– §%ï˛Ó˚yÇñ ~!ê˛ §§#Ù ˆ§ê˛–
(iii) ≤Ãò_ ˆ§ê˛  = φ. – xï˛~Óñ ~!ê˛ §§#Ù ˆ§ê˛–
(iv) ≤Ãò_ ̂ §ê˛!ê˛ •° §Ó ̂ ÙÔ!°Ü˛ §ÇáƒyÓ˚ ̂ §ê˛ ~ÓÇ ̂ Î Ï̂•ï%̨  ̂ ÙÔ!°Ü˛ §Çáƒy x§#Ù §ÇáƒÜ˛ñ

§%ï˛Ó˚yÇñ ≤Ãò_ ̂ §ê˛!ê˛ x§#Ù ̂ §ê˛–
(v) ˆÎˆÏ•ï%˛ xÎ%@¬ §Çáy x§#Ù §ÇáƒÜ˛ñ §%ï˛Ó˚yÇ ≤Ãò_ ̂ §ê˛!ê˛ ~Ü˛!ê˛ x§#Ù ̂ §ê˛–

1.5 §Ùyl ˆ§ê˛ åEqual Setsä
≤Ãò_ ò%!ê˛ ̂ §ê˛ A ~ÓÇ  B ~Ó˚ ̂ «˛ Ï̂eñ Î!ò ÈAüÈ~Ó˚ ≤Ã!ï˛!ê˛ ̨ õò ÈBüÈ~Ó˚G ̨õò •Î˚ ~ÓÇ Î!ò ÈAüÈ~Ó˚ ≤Ã!ï˛!ê˛ ̨ õò
BÈüÈ~Ó˚G ˛õò •Î˚ ~ÓÇ Î!ò B ÈüÈ~Ó˚ ≤Ã!ï˛!ê˛ ˛õò AÈüÈ~Ó˚G ˛õò •Î˚ñ ï˛ˆÏÓ A G  B ˆ§ê˛mÎ˚̂ ÏÜ˛ §Ùyl ˆ§ê˛ Ó°y
•ˆÏÓ– flõT˛ï˛•z ̂ §ê˛ ò%!ê˛ˆÏï˛˛ ̨ õò §Çáƒy ~Ü˛•z–

§ÇK˛y 3  ı ò%!ê˛ ̂ §ê˛ A G  B ̂ Ü˛ §Ùyl ̂ §ê˛ Ó°y •ˆÏÓ Î!ò í˛zË˛ˆÏÎ˚Ó˚•z !ë˛Ü˛ ~Ü˛•z ̨õò ÌyˆÏÜ˛ ~ÓÇ A = B Ó˚)ˆÏ˛õ
ˆ°áy •Î˚– xlƒÌyÎ˚ ˆ§ê˛ ò%!ê˛ˆÏÜ˛ x§Ùyl Ó°y •ˆÏÓ ~ÓÇ ˆ°áy •Î˚ A ≠ B–

!l¡¨!°!áï˛ í z̨òy•Ó˚îà%̂ Ï°y Ï̂Ü˛ !Ó Ï̂Óã˛ly Ü˛Ó˚y ÎyÜ˛ ı

(i) ôˆÏÓ˚yñ A = {1, 2, 3, 4} ~ÓÇ B = {3, 1, 4, 2} – ï˛y•ˆÏ° A = B –
(ii) ô Ï̂Ó̊yñ A •° 6 • Ï̂ï˛ ̂ SÈy Ï̂ê˛y ̂ ÙÔ!°Ü˛ §Çáƒy §Ù)̂ Ï•Ó̊ ̂ §ê˛ ~ÓÇ P •° È30üÈ~Ó̊ ̂ ÙÔ!°Ü˛ í z̨Í˛õyò Ï̂Ü˛Ó̊

ˆ§ê˛– ï˛y•ˆÏ° A ~ÓÇ P §Ùyl ˆ§ê˛ñ ˆÎˆÏ•ï%˛ È30ÈüÈ~Ó˚ ˆÙÔ!°Ü˛ í˛zÍ˛õyòÜ˛à%ˆÏ°y 2, 3 ~ÓÇ 5
ÎyÓ˚y 6 x Į̈̂ õ«˛y ̂ SÈy Ï̂ê˛y–

AoT˛Óƒ   ̂ Ü˛y Ï̂ly ̂ § Ï̂ê˛ ~Ü˛ Óy ~Ü˛y!ôÜ˛ ̨õ Ï̂òÓ˚ ̨õ%lÓ˚yÓ,!_ • Ï̂° G•z ̂ § Ï̂ê˛Ó˚ ̂ Ü˛y Ï̂ly ̨õ!Ó˚Óï≈̨ l •Î˚ ly–
í˛zòy•Ó˚îfl∫Ó˚)˛õ A = {1, 2, 3} ~ÓÇ B = {2, 2, 1, 3, 3} ò%!ê˛ §Ùyl ̂ §ê˛ñ ̂ ÎˆÏ•ï%˛ A ̂ § Ï̂ê˛Ó˚ ≤Ã!ï˛!ê˛ ̨õò
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B ̂ § Ï̂ê˛Ó˚G ~Ü˛!ê˛ ̨õò ~ÓÇ !Ó˛õÓ˚#ï˛Ü ̨ Ï̂Ù ~!ê˛ §ï˛ƒ– ̂ §çlƒ ̂ § Ï̂ê˛Ó˚ í z̨̨ õfiÌy˛õlyÎ˚ ̂ Ü˛y Ï̂ly ̨õ Ï̂òÓ˚ ̨õ%lÓ˚yÓ,!_
xyÙÓ˚y Ü˛!Ó˚ ly–

í z̨òy•Ó˚î 7 ı Î!ò x!hflÏc ÌyˆÏÜ˛ ï˛ˆÏÓñ §Ùyl ˆ§ê˛ Î%à° !lî≈Î˚ Ü˛ˆÏÓ˚yñ ~ÓÇ Î%!=˛ òyG ı
A = {0}, B = {x : x > 15 ~ÓÇ x < 5},

C = {x : x – 5 = 0 }, D = {x: x2 = 25},

E = {x : x •°  x2 – 2x –15 = 0 §Ù#Ü˛Ó˚ˆÏîÓ˚ ôlydÜ˛ xá[˛ Ó#ç}–
§Ùyôyl ı  ̂ ÎˆÏ•ï%˛ 0 ∈ A ~ÓÇ B, C, D ~ÓÇ E ˆ§ˆÏê˛Ó˚ ̂ Ü˛yˆÏly!ê˛ˆÏï˛•z 0 ˆl•zñ §%ï˛Ó˚yÇñ ~!ê˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚
A ≠ B, A ≠ C, A ≠ D, A ≠ E–
ˆÎ Ï̂•ï%̨  B = φ ~ÓÇ  xlƒ ˆÜ˛yˆÏly!ê˛•z  ¢)lƒ ˆ§ê˛ lÎ˚– §%ï˛Ó˚yÇñ B ≠ C, B ≠ D ~ÓÇ  B ≠ E– x!ôÜ˛v
C ={5} ~ÓÇ –5 ∈ Dñ xï˛~Ó C ≠ D –
ˆÎˆÏ•ï%˛  E = {5}, C = E– ï˛ySÈyí˛¸y D = {–5, 5} ~ÓÇ E = {5}ñ §%ï˛Ó˚yÇñ xyÙÓ˚y ˛õy•z D ≠ E–
xï˛~Óñ C ~ÓÇ  E  ˆÜ˛Ó°Ùye §Ùyl ˆ§ê˛ Î%à°–
í z̨òy•Ó˚î 8 ı !l¡¨!°!áï˛ ̂ §ˆÏê˛Ó˚ ̂ Ü˛yl‰ ̂ çyí˛¸yà%ˆÏ°y §Ùyl⁄ ̂ ï˛yÙyÓ˚ í˛z_ˆÏÓ˚Ó˚ §ÙÌ≈ˆÏl Î%!=˛ òyG–

(i) X, •° “ALLOY” ¢ Ï̂∑Ó̊ x«˛Ó̊à%̂ Ï°yÓ̊ ̂ §ê˛ ~ÓÇ  B •° “LOYAL” ¢ Ï̂∑Ó̊ x«˛Ó̊à%̂ Ï°yÓ̊ ̂ §ê˛–
(ii) A =  {n : n ∈ Z ~ÓÇ n2 ≤ 4} ~ÓÇ B = {x : x ∈ R ~ÓÇ x2 – 3x + 2 = 0}–

§Ùyôyl ı  (i) xyÙÓ˚y ̨õy•z, X = {A, L, L, O, Y}, B = {L, O, Y, A, L} – ï˛y• Ï̂° X ~ÓÇ B í˛zË˛ˆÏÎ˚•z
§Ùyl ̂ §ê˛ Ü˛yÓ˚î ̨õ Ï̂òÓ˚ ̨õ%lÓ˚yÓ,!_ ̂ § Ï̂ê˛Ó˚ ̨õ!Ó˚Óï≈̨ l §yôl Ü˛ Ï̂Ó˚ ly–
§%ï˛Ó˚yÇñ X = {A, L, O, Y} = B

(ii) A ={–2, –1, 0, 1, 2}, B = {1, 2}– ̂ Î Ï̂•ï%̨   0 ∈ A !Ü˛v 0 ∉ B,  ï˛y•z  A ~ÓÇ B §Ùyl ̂ §ê˛ lÎ˚–

xl%¢#°l#  1.2

1. l# Ï̂ã˛Ó˚ ̂ Ü˛yl ̂ §ê˛à%̂ Ï°y ¢)lƒ ̂ § Ï̂ê˛Ó˚ í z̨òy•Ó˚î ı
(i) 2 !òˆÏÎ˚  !ÓË˛yçƒ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛–
(ii) Î%@¬ ̂ ÙÔ!°Ü˛ §ÇáƒyÓ˚ ̂ §ê˛–
(iii) { x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy , x < 5 ~ÓÇ x > 7 }

(iv) { y : y  •° ò%!ê˛ §Ùyhs˝Ó˚y° §Ó˚°ˆÏÓ˚áyÓ˚ ~Ü˛!ê˛ §yôyÓ˚î !Ó®%}
2. l#ˆÏã˛Ó˚ ̂ §ê˛à%ˆÏ°yÓ˚ ̂ Ü˛ylà%ˆÏ°y §§#Ù Óy x§#Ù⁄

(i) ~Ü˛ ÓSÈˆÏÓ˚Ó˚ Ùy§à%ˆÏ°yÓ˚ ̂ §ê˛–
(ii) {1, 2, 3, . . .}

(iii) {1, 2, 3, . . ., 99, 100}

(iv) 100 ̂ ÌˆÏÜ˛ Óí˛¸ ôlydÜ˛ xá[˛ §ÇáƒyÓ˚ ̂ §ê˛–
(v) 99 ̂ ÌˆÏÜ˛ ̂ SÈyˆÏê˛y ̂ ÙÔ!°Ü˛ §Çáƒyà%ˆÏ°yÓ˚ ̂ §ê˛–

3. l#ˆÏã˛Ó˚ ≤Ã!ï˛!ê˛ ˆ§ê˛ §§#Ù Óy x§#Ù !Ü˛ ly !ÓÓ,ï˛ Ü˛ˆÏÓ˚y ı
(i) x- x Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° §Ó˚° Ï̂Ó˚áyà%̂ Ï°yÓ˚ ̂ §ê˛–
(ii) •zÇ Ï̂Ó˚!ç Óî≈Ùy°yÎ˚ x«˛Ó˚à%̂ Ï°yÓ˚ ̂ §ê˛–
(iii) 5 ÈüÈ~Ó˚ à%!îï˛Ü˛ §Çáƒyà%ˆÏ°yÓ˚ ̂ §ê˛–
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(iv) ˛õ,!ÌÓ# Ï̂ï˛ Ó§Óy§Ü˛yÓ˚# ≤Ãyî# Ï̂òÓ˚ ̂ §ê˛–
(v) Ù)°!Ó®% (0,0) àyÙ# Ó,_à%ˆÏ°yÓ˚ ̂ §ê˛–

4. !l¡¨!°!áï˛ ˆ«˛ˆÏe A = B • Ï̂Ó !Ü˛ ly !ÓÓ,ï˛ Ü˛ Ï̂Ó˚y ı
(i) A = { a, b, c, d } B  =  { d, c, b, a }

(ii) A = { 4, 8, 12, 16 } B  =  { 8, 4, 16, 18}

(iii) A = {2, 4, 6, 8, 10} B  =  { x : x ôlydÜ˛ Î%@¬ xá[˛ §Çáƒy ~ÓÇ  x ≤ 10}

(iv) A = { x : x  •° 10 ÈüÈ~Ó˚ à%!îï˛Ü˛},    B  = { 10, 15, 20, 25, 30, . . . }

5. l# Ï̂ã˛Ó˚ ̂ §ê˛Î%à°à%̂ Ï°y §Ùyl !Ü˛⁄ Î%!=˛ òyG–
(i) A = {2, 3}, B =  {x : x •° x2 + 5x + 6 = 0 §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl}

(ii) A = { x : x •° FOLLOW ¢ Ï̂∑Ó˚ ~Ü˛!ê˛ Óî≈Ùy°y}
B = { y : y •° WOLF ¢ Ï̂∑Ó˚ ~Ü˛!ê˛ Óî≈Ùy°y}

6. !l Ï̂¡¨ ≤Ãò_ ̂ §ê˛à%̂ Ï°y • Ï̂ï˛ §Ùyl ̂ §ê˛à%̂ Ï°y !lÓ≈yã˛l Ü˛ Ï̂Ó˚y ı
A = { 2, 4, 8, 12}, B = { 1, 2, 3, 4}, C = { 4, 8, 12, 14}, D = { 3, 1, 4, 2}

E = {–1, 1}, F = { 0, a}, G = {1, –1}, H = { 0, 1}

1.6 í˛z˛õˆÏ§ê˛ åSubsetsä

ÙˆÏl Ü˛ˆÏÓ˚yñ X = ̂ ï˛yÙyÓ˚ !Óòƒy°ˆÏÎ˚ §Ó !¢«˛yÌ#≈ˆÏòÓ˚ ̂ §ê˛ñ Y = ̂ ï˛yÙyÓ˚ ̂ ◊!îˆÏï˛ §Ó !¢«˛yÌ#≈ˆÏòÓ˚ ̂ §ê˛–
xyÙÓ˚y °«˛ Ü˛!Ó˚ ÈYüÈ~Ó˚ ≤Ã!ï˛!ê˛ ̨õò X ~Ó˚G ~Ü˛!ê˛ ̨õòó xyÙÓ˚y Ó° Ï̂ï˛ ̨õy!Ó˚ Y •° X ÈüÈ~Ó˚ í z̨̨ õ Ï̂§ê˛–

ÈYñ X üÈ~Ó˚ í˛z˛õˆÏ§ê˛ ~!ê˛ˆÏÜ˛ Y ⊂ X  §yÇˆÏÜ˛!ï˛Ü˛ Ó˚)ˆÏ˛õ ˆ°áy •Î˚–  ⊂ §ÇˆÏÜ˛ï˛!ê˛ Úí˛z˛õˆÏ§ê˛Û Óy Úxhs˝Óï˛#≈Û
•GÎ˚y ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚–
§ÇK˛y 4  ı ~Ü˛!ê˛ ̂ §ê˛ ÈAüÈˆÜ˛  B ̂ §ˆÏê˛Ó˚ í˛z˛õˆÏ§ê˛ Ó°y •ˆÏÓ Î!ò A ̂ §ˆÏê˛Ó˚ ≤Ã!ï˛!ê˛ ̨ õò  B ̂ §ˆÏê˛Ó˚G ̨õò •Î˚–

xlƒË˛y Ï̂Ó Ó°y ÎyÎ˚ñ A ⊂ B •ˆÏÓ– Î!ò a ∈ A •Î˚ñ ï˛ˆÏÓ a ∈ B •Î˚– ~!ê˛ˆÏÜ˛ ≤ÃyÎ˚•z “⇒”  !ã˛ˆÏ•´Ó˚
Ùyôƒ Ï̂Ù ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ñ ÎyÓ˚ xÌ≈ ≤ÃÜ˛y¢ Ü˛Ó˚y– ~•z !ã˛•´ ≤Ã Ï̂Î˚y Ï̂à í z̨̨ õ Ï̂§ Ï̂ê˛Ó˚ §ÇK˛y xyÙÓ˚y !l¡¨!°!áï˛ Ó)̊̂ Į̈ õ
!°áˆÏï˛ ˛õy!Ó˚ ı

A ⊂ B •ˆÏÓñ Î!ò a ∈ A ⇒ a ∈ B •Î˚–
í˛z˛õˆÏÓ˚y=˛ !ÓÓ,!ï˛!ê˛ ˛õí˛¸y •Î˚ÈüüüÈ “A, B ~Ó˚ í˛z˛õˆÏ§ê˛ •ˆÏÓ Î!ò a, A ~Ó˚ ~Ü˛!ê˛ ˛õò •Î˚ ï˛y ˆÓyV˛yÎ˚ ˆÎ Èa ,

BüÈ~Ó˚G ~Ü˛!ê˛ ˛õò–ÛÛ Î!ò ÈA , B üÈ~Ó˚ í˛z˛õˆÏ§ê˛ ly •Î˚ñ ï˛ˆÏÓ xyÙÓ˚y !°!á A ⊄ B–
xyÙyˆÏòÓ˚ ~!ê˛ °«˛ Ü˛Ó˚y í˛z!ã˛ï˛ ̂ Îñ A ̂ §ê˛ Ï̂Ü˛ ÈBüÈ~Ó˚ í˛z˛õˆÏ§ê˛ •ˆÏï˛ •ˆÏ° ÈAüÈ~Ó˚ ≤Ã!ï˛!ê˛ ̨ õò xÓ¢ƒ•z

ÈBüÈ~Ó˚G ~Ü˛!ê˛ ˛õò • Ï̂ï˛ • Ï̂Ó– ~!ê˛ §Ω˛Ó ˆÎ ÈBüÈ~Ó˚ ≤Ã!ï˛!ê˛ ˛õò A ˆ§ˆÏê˛Ó˚ ˛õò •ˆÏï˛ ˛õyˆÏÓ˚ Óy lyG •ˆÏï˛
˛õy Ï̂Ó˚– Î!ò ~Ùlê˛y •Î˚ ̂ Î ÈBüÈ~Ó˚ ≤Ã!ï˛!ê˛ ̨ õò A ~Ó˚G ~Ü˛!ê˛ ̨ õò •Î˚ñ ï˛ Ï̂Ó B ⊂ A– ~ˆÏ«˛ˆÏe AG B ~Ü˛•z
ˆ§ê˛– §%ï˛Ó˚yÇñ xyÙÓ˚y ˛õy•zñ A ⊂ B ~ÓÇ  B ⊂  A ⇔ A = B ñ ˆÎáy Ï̂l “⇔”  !ã˛•´!ê˛ í˛zË˛Î˚Ù%á# ï˛yÍ˛õÎ≈
≤ÃÜ˛y¢ Ü˛ˆÏÓ˚ ~ÓÇ §yôyÓ˚îï˛ ~ê˛yˆÏÜ˛ Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò ~Ë˛yˆÏÓ ˛õí˛¸y •Î˚ å§ÇˆÏ«˛ˆÏ˛õ ˆ°áy •Î˚ “iff”

!ò Ï̂Î̊ä–
í˛z˛õˆÏÓ˚y=˛ §ÇK˛y ˆÌˆÏÜ˛ ~!ê˛ Ó°y ÎyÎ˚ ˆÎñ ≤ÃˆÏï˛ƒÜ˛ A ˆ§ê˛ñ !lˆÏçÓ˚ í˛z˛õˆÏ§ê˛ xÌ≈yÍ A ⊂  A– ˆÎˆÏ•ï%˛

¢)lƒ ̂ §ê˛ Èφ üÈ~Ó˚ ̂ Ü˛yˆÏly ̨õò ̂ l•zñ ï˛y•z xyÙÓ˚y §•Ùï˛ ̂ ˛õy£Ïî Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚ ̂ Îñ φ ≤ÃˆÏï˛ƒÜ˛ ̂ §ˆÏê˛Ó˚ í˛z˛õˆÏ§ê˛–
Ü˛ Ï̂Î˚Ü˛!ê˛ í z̨òy•Ó˚î !l Ï̂Î˚ ~ál xyÙÓ˚y xy Ï̂°yã˛ly Ü˛Ó˚!SÈ ı

(i) Ù)°ò §ÇáƒyÓ˚ ˆ§ê˛ Qñ ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛  R ÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛ ~ÓÇ xyÙÓ˚y !°!á Q ⊂ R–
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(ii) Î!ò È56üÈ~Ó˚ §Ó í˛zÍ˛õyòÜ˛à%ˆÏ°yÓ˚ ̂ §ê˛ A •Î˚ ~ÓÇ 56 ~Ó˚ §Ó ̂ ÙÔ!°Ü˛ í˛zÍ˛õyòÜ˛à%ˆÏ°yÓ˚ ̂ §ê˛
B  •Î˚ ï˛ Ï̂Ó B • Ï̂Ó AÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛ ~ÓÇ xyÙÓ˚y !°!á   B ⊂ A –

(iii) ôˆÏÓ˚y A = {1, 3, 5} ~ÓÇ B = {x : x •° 6 ˆÌˆÏÜ˛ ˆSÈyˆÏê˛y ~Ü˛!ê˛ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §Çáƒy}–
ï˛y•ˆÏ° A ⊂ B ~ÓÇ B ⊂ A ñ xï˛~Ó A = B –

(iv) ôˆÏÓ˚y A = { a, e, i, o, u} ~ÓÇ B = { a, b, c, d}– ï˛y•ˆÏ° A, B ~Ó˚ í˛z˛õˆÏ§ê˛ lÎ˚ñ
xyÓyÓ˚  BGñ  A ~Ó˚ í˛z˛õˆÏ§ê˛ lÎ˚–

ôˆÏÓ˚y A ~ÓÇ B ò%!ê˛ ˆ§ê˛– Î!ò A ⊂ B ~ÓÇ A ≠ B •Î˚ñ ï˛ Ï̂Ó AÈüÈˆÜ˛ Ó°y •Î˚ ÈBüÈ~Ó˚ ~Ü˛!ê˛ ÎÌyÌ≈
í˛z˛õˆÏ§ê˛ åproper subsetä ~ÓÇ ÈBÈˆÜ˛ Ó°y •Î˚ AÈüÈ~Ó˚ x!ôˆÏ§ê˛ åsuperset ä–

í˛zòy•Ó˚îfl∫Ó˚)˛õñ A = {1, 2, 3} ̂ §ê˛!ê˛ B = {1, 2, 3, 4} ̂ §ˆÏê˛Ó˚ ÎÌyÌ≈ í˛z˛õˆÏ§ê˛–

Î!ò ~Ü˛!ê˛ ˆ§ê˛ AÈüÈ~Ó˚ ¢%ô%Ùye ~Ü˛!ê˛ ˛õò ÌyˆÏÜ˛ñ ~ˆÏÜ˛ xyÙÓ˚y ~Ü˛Ü˛ ˆ§ê˛ åsingleton ä Ó!°–
§%ï˛Ó˚yÇñ { a } •° ~Ü˛!ê˛ ~Ü˛Ü˛ ˆ§ê˛–

í˛zòy•Ó˚î 9 ı ôˆÏÓ˚y Ü˛ˆÏÎ˚Ü˛!ê˛ ̂ §ê˛

φ, A = { 1, 3 },   B = {1, 5, 9},   C = {1, 3, 5, 7, 9}–
!l¡¨!°!áï˛ ≤Ãò_ ˆ§ê˛Î%àˆÏ°Ó˚ ≤Ã!ï˛!ê˛Ó˚ ÙyˆÏV˛ ⊂  xÌÓy ⊄ !ã˛•´ Ó§yG ı

(i)  φ . . . B (ii) A . . . B (iii) A . . . C (iv) B . . . C

§Ùyôyl ı (i) φ ⊂ B ˆÎˆÏ•ï%˛  φ ≤Ã!ï˛!ê˛ ˆ§ˆÏê˛Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛–
(ii) A ⊄ Bñ ˆÎˆÏ•ï%˛  3 ∈ A ~ÓÇ 3 ∉ B –
(iii) A ⊂ Cñ ˆÎˆÏ•ï%˛ 1, 3 ∈ A ñ ~Ó˚y xyÓyÓ˚ CÈüÈ~Ó˚G ˛õò–
(iv) B  ⊂ C ˆÎˆÏ•ï%˛  BÈüÈ~Ó˚ ≤Ã!ï˛!ê˛ ˛õò C ÈüÈ~Ó˚G ~Ü˛!ê˛ ˛õò–

í˛zòy•Ó˚î 10 ı ôˆÏÓ˚y A = { a, e, i, o, u} ~ÓÇ B = { a, b, c, d} A !Ü˛ ÈBüÈ~Ó˚ í˛z˛õˆÏ§ê˛ •ˆÏÓ⁄ ly
åˆÜ˛l⁄ä – B !Ü˛ AÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛ •ˆÏÓ⁄ ly– åˆÜ˛l⁄ä

í˛ zòy•Ó˚î 11 ı ôˆÏÓ ˚y A, B ~ÓÇ C !ï˛l!ê˛ ˆ§ê˛– Î!ò A ∈ B ~ÓÇ B ⊂ C, ï˛y•ˆ Ï°
A ⊂ C  §ï˛ƒ •ˆÏÓ !Ü˛⁄ Î!ò ly •Î˚ í˛zòy•Ó˚î òyG–

§Ùyôyl ı  ly–  ôˆÏÓ˚y A = {1}, B  = {{1}, 2}  ~ÓÇ C = {{1}, 2, 3} –   ~áy Ï̂l  A ∈ Bñ ˆÎˆÏ•ï%˛
A = {1} ~ÓÇ B ⊂ C – !Ü˛v  A ⊄ C Ü˛yÓ˚î 1 ∈ A ~ÓÇ 1 ∉ C–

°«˛ Ü˛ˆÏÓ˚yñ ~Ü˛!ê˛ ̂ §ˆÏê˛Ó˚ ̂ Ü˛yˆÏly ̨ õò ï˛yÓ˚ !lˆÏçÓ˚ í˛z˛õˆÏ§ê˛ •ˆÏï˛ ̨ õyˆÏÓ˚ ly–

1.6.1  ÓyhflÏÓ §Çáƒy ˆ§ˆÏê˛Ó˚ í˛z˛õˆÏ§ê˛ åSubsets of set of real numbersä

1.6 xl%̂ ÏFSÈ Ï̂ò í ẑ̨ ÏÕ‘á Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ ÓyhflÏÓ §ÇáƒyÓ˚ ̂ §ê˛ ÈRüÈ~Ó˚ x Ï̂lÜ˛ à%Ó%̊c˛õ)î≈ í z̨̨ õ Ï̂§ê˛ xy Ï̂SÈ– l# Ï̂ã˛ xyÙÓ˚y
~•z í z̨̨ õ Ï̂§ê˛à%̂ Ï°yÓ˚ Ü˛ Ï̂Î˚Ü˛!ê˛Ó˚ lyÙ í ẑ̨ ÏÕ‘á Ü˛Ó˚!SÈ–

fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛  N = {1, 2, 3, 4, 5, . . .}

xá[˛ §ÇáƒyÓ˚ ̂ §ê˛ Z = {. . ., –3, –2, –1, 0, 1, 2, 3, . . .}

Ù))°ò §ÇáƒyÓ˚ ̂ §ê˛ Q = { x : x = 
p

q
 , p, q ∈  Z and q ≠ 0}
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!ã˛e 1.1

ÎyˆÏÜ˛ ˛õí˛¸y •Î˚ ÈüüüÈ ÚÚQ •° §Ü˛° ÈxüÈ~Ó˚ ˆ§ê˛ ~Ó)̨̊ õ ˆÎ x ~Ó˚ Ùyl 
p

q
 ~Ó˚ §Ùylñ ˆÎáy Ï̂l p G q xá[˛

§Çáƒy ~ÓÇ q  ¢)lƒ lÎ˚–ÛÛ  –5 •° QÈüÈ~Ó˚ ~Ü˛!ê˛ §ò§ƒ åÎy Ï̂Ü˛ 
−5

1
 Ó)̊̂ Į̈ õ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚äñ 

5

7
3

1

2
,  åÎy Ï̂Ü˛

7

2
 Ó)̊̂ Ï˛õ ˆ°áy ÎyÎ˚ä ~ÓÇ  

−11

3
–

xÙ)°ò §Çáƒy ˆ§ê˛ T !òˆÏÎ˚ §)!ã˛ï˛ •Î˚ñ Îy x˛õÓ˚ §Ó ÓyhflÏÓ §Çáƒyà%ˆÏ°y !lˆÏÎ˚ à!ë˛ï˛– §%ï˛Ó˚yÇñ T = {x :  x

∈ R and x ∉ Q} xÌ≈yÍñ ˆÎ §Ü˛° ÓyhflÏÓ §Çáƒy ÎyÓ˚y Ù)°ò lÎ˚– 2 , 5 ~ÓÇ π ~Ó˚y TÈüÈ~Ó˚ §ò§ƒ–

~•z í˛z˛õˆÏ§ê˛à%ˆÏ°yÓ˚ ÙôƒÓï˛#≈ Ü˛ˆÏÎ˚Ü˛!ê˛ flõT˛ §¡õÜ≈˛ •° ı
N  ⊂  Z ⊂ Q, Q ⊂ R, T ⊂ R, N ⊄ T –

1.6.2  R ÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛ Ó˚)ˆÏ˛õ xhs˝Ó˚y° åIntervals as subsets of R ä  ôˆÏÓ˚y a, b ∈ R ~ÓÇ a < b–
ï˛y•ˆÏ° §Ó ÓyhflÏÓ §Çáƒyà%ˆÏ°yÓ˚ ̂ §ê˛ { y : a < y < b}ÈüÈˆÜ˛ Ù%=˛ xhs˝Ó˚y° åopen intervalä Ó°y •Î˚ ~ÓÇ
(a, b) !òˆÏÎ˚ §)!ã˛ï˛ Ü˛Ó˚y •Î˚– a G bÈ üÈ~Ó˚ ÙôƒÓï˛#≈  §Ó !Ó®%à%ˆÏ°y Ù%=˛ xhs˝Ó˚y°  (a, b)ÈüÈ~Ó˚ xhs˝Ë%≈˛=˛ !Ü˛v
a, b !lˆÏçÓ˚y ~•z xhs˝Ó˚yˆÏ°Ó˚ xhs˝Ë%≈˛=˛ lÎ˚–

ˆÎ xhs˝Ó˚y Ï̂° ~•z ≤Ãyhs˝!Ó®% ò%!ê˛G xhs˝Ë%≈̨ =˛ •Î˚ñ ~ Ï̂Ü˛ ÓÂô xhs˝Ó˚y° åclosed intervalä Ó°y •Î˚ ~ÓÇ
[a,b]  !òˆÏÎ˚ !ã˛!•´ï˛ Ü˛Ó˚y •Î˚–

§%ï˛Ó˚yÇñ  [ a, b ] = {x : a ≤ x ≤ b}

xyÙÓ˚y xyÓyÓ˚ xhs˝Ó˚yˆÏ°Ó˚ ~Ü˛!ê˛ ≤Ãyhs˝ Órô ~ÓÇ x˛õÓ˚ ≤Ãyhs˝ Ù%=˛ ˆ˛õˆÏï˛ ˛õy!Ó˚ñ xÌ≈yÍñ

[a, b) ={x : a ≤ x < b} •° a ˆÌˆÏÜ˛ b ~Ó˚ ~Ü˛!ê˛ Ù%=˛ xhs˝Ó˚y° ̂ Îáy Ï̂l a xhs˝Ë%≈˛=˛ !Ü˛v b Ó!ç≈ï˛–
(a, b ] = { x : a < x ≤ b  •° a ̂ Ì Ï̂Ü˛ b ~Ó˚ ~Ü˛!ê˛ Ù%=˛ xhs˝Ó˚y°ñ ̂ Îáy Ï̂l b xhs˝Ë%≈˛=˛ !Ü˛v a Ó!ç≈ï˛–
~•z §ÇˆÏÜ˛ï˛à%ˆÏ°y !òˆÏÎ˚ ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ˆÏê˛Ó˚ í˛z˛õˆÏ§ê˛à%ˆÏ°y ≤ÃÜ˛yˆÏ¢Ó˚ !ÓÜ˛“ Ó˚#!ï˛ ˛õyGÎ˚y ÎyÎ˚–

í˛zòy•Ó˚îfl∫Ó˚)˛õñ Î!ò A = (–3, 5) ~ÓÇ B = [–7, 9] •Î˚ñ ï˛ˆÏÓ A ⊂ B– [ 0, ∞) ˆ§ê˛!ê˛ §Ü˛° x}îydÜ˛
ÓyhflÏÓ §Çáƒy Ï̂Ü˛ §ÇK˛y!Î˚ï˛ Ü˛ Ï̂Ó˚ñ x˛õÓ˚!ò Ï̂Ü˛ ( – ∞, 0 ) ̂ §ê˛!ê˛ §Ó }îydÜ˛ ÓyhflÏÓ §Çáƒyà%̂ Ï°y Ï̂Ü˛ §ÇK˛y!Î˚ï˛
Ü˛ˆÏÓ˚– ( – ∞, ∞ ) ˆ§ê˛!ê˛ §Çáƒy ˆÓ˚áyÎ˚  – ∞ ˆÌ Ï̂Ü˛ ∞ ˛õÎ≈hs˝ §Ó ÓyhflÏÓ §Çáƒyà%ˆÏ°yˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚–

!ã˛ Ï̂e ÓyhflÏÓ §Çáƒy ̂ Ó̊áyÎ̊ í z̨̨ õÓ̊ RÈüÈ~Ó̊ í z̨̨ õ Ï̂§ê˛ !• Ï̂§ Ï̂Ó !Ó!Ë˛ß̈ ôÓ̊ Ï̂lÓ̊ xhs˝Ó̊y°à%̂ Ï°y ̂ òáy Ï̂ly • Ï̂Î̊ Ï̂SÈ–
~áyˆÏl xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎñ ~Ü˛!ê˛ xhs˝Ó˚yˆÏ° x§#Ù §ÇáƒÜ˛ !Ó®% ÌyˆÏÜ˛–

í˛zòy•Ó˚îfl∫Ó˚)˛õñ ˆ§ê˛ àë˛l ˛õÂô!ï˛ˆÏï˛ !°!áï˛ ˆ§ê˛ {x : x ∈ R, –5 < x ≤ 7}ˆÜ˛ (–5, 7] xhs˝Ó˚y Ï̂°
ˆ°áy •Î˚ ~ÓÇ [–3, 5) xhs˝Ó˚y°ˆÏÜ˛ ˆ§ê˛ àë˛l ˛õÂô!ï˛ˆÏï˛ ˆ°áy •Î˚ {x : –3 ≤ x < 5} Ó˚)ˆÏ˛õ–

(b – a) §Çáƒy!ê˛ˆÏÜ˛ xhs˝Ó˚y° (a, b), [a, b], [a, b)  Óy È(a, b] üÈ~Ó˚ ˆÎ ˆÜ˛y Ï̂ly ~Ü˛!ê˛Ó˚ ˜òâ≈ƒ Ó°y
•Î˚–
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1.7 âyï˛ˆÏ§ê˛ åPower Setä

Ù Ï̂l Ü˛Ó˚y ÎyÜ˛ {1, 2}~Ü˛!ê˛ ̂ §ê˛– ã˛ Ï̂°y xyÙÓ˚y {1, 2} ̂ § Ï̂ê˛Ó˚ §Óà%̂ Ï°y í z̨̨ õ Ï̂§ê˛ Ï̂Ü˛ !°!á– xyÙÓ˚y çy!l φ
§Ó ˆ§ˆÏê˛Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛– §%ï˛Ó˚yÇñ φ ˆ§ê˛ È{1, 2}üÈ~Ó˚ ~Ü˛!ê˛ í z̨̨ õ Ï̂§ê˛– xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎ {1}~ÓÇ
{2} ˆ§ê˛ ò%!ê˛G {1, 2} ÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛– xyÓyÓ˚ ≤ÃˆÏï˛ƒÜ˛ ˆ§ê˛ ï˛yÓ˚ !lˆÏçÓ˚ í˛z˛õˆÏ§ê˛– §%ï˛Ó˚yÇñ {1, 2}~Ó˚
~Ü˛!ê˛ í˛z˛õˆÏ§ê˛ {1, 2}– xï˛~Ó §Ó !Ù!°ˆÏÎ˚ {1, 2}ˆ§ˆÏê˛Ó˚ ã˛yÓ˚!ê˛ í˛z˛õˆÏ§ê˛ xyˆÏSÈñ ˆÎÙl φ, {1}, {2}

~ÓÇ {1, 2}– ~•z §Óà%ˆÏ°y í˛z˛õˆÏ§ˆÏê˛Ó˚ ̂ §ê˛!ê˛ˆÏÜ˛ Ó°y •Î˚ {1, 2} ̂ § Ï̂ê˛Ó˚ âyï˛ˆÏ§ê˛–

 §ÇK˛y 5  ı  A ˆ§ˆÏê˛Ó˚ §Ó í˛z˛õˆÏ§ˆÏê˛Ó˚ §Ùy•yÓ˚ Óy §Ç@˝Ã•ˆÏÜ˛ Ó°y •ˆÏÓ A ˆ§ Ï̂ê˛Ó˚ âyï˛ˆÏ§ê˛– ~!ê˛ Ï̂Ü˛ P(A)

!òˆÏÎ˚ §)!ã˛ï˛ Ü˛Ó˚y •Î˚– ˆ§ê˛ P(A) ÈüÈ~Ó˚ ≤Ã!ï˛!ê˛ ˛õò ~Ü˛!ê˛ ˆ§ê˛–

§%ï˛Ó˚yÇñ í˛z˛õˆÏÓ˚y=˛ ˆ§ê˛ A = { 1, 2 } •ˆÏ°

P( A ) = { φ,{ 1 }, { 2 }, { 1,2 }}

xyÓ˚G °«˛ Ü˛ Ï̂Ó˚yñ n [ P (A) ] = 4 = 22

§yôyÓ˚îË˛yˆÏÓñ Î!ò A ˆ§ˆÏê˛Ó˚ n(A) = m •Î˚ñ ï˛ Ï̂Ó ~!ê˛ ˆòáy Ï̂ly ÎyÎ˚ ˆÎ n [ P(A)] = 2m–

1.7 §y!Ó≈Ü˛ ˆ§ê˛ åUniversal Setä

§yôyÓ˚îï˛ ˆÜ˛yˆÏly !ÓˆÏ¢£Ï ≤Ã§ˆÏAà xyÙÓ˚y ˆÜ˛yˆÏly ~Ü˛!ê˛ Ù)° ˆ§ˆÏê˛Ó˚ ˛õò ~ÓÇ ~Ó˚ í˛z˛õˆÏ§ê˛ !lˆÏÎ˚ xyˆÏ°yã˛ly
Ü˛!Ó˚ Îy G•z !ÓˆÏ¢£Ï ≤Ã§ˆÏAàÓ˚ §yˆÏÌ §Çà!ï˛˛õ)î≈– í˛zòy•Ó˚îfl∫Ó˚)˛õñ Îál xyÙÓ˚y §Çáƒy ˛õÂô!ï˛ !lˆÏÎ˚ xôƒÎ˚l
Ü˛!Ó˚ñ xyÙÓ˚y fl∫yË˛y!ÓÜ˛ §ÇáƒƒyÓ˚ ̂ §ˆÏê˛ xy@˝Ã•# ~ÓÇ í˛z˛õˆÏ§ê˛à%ˆÏ°y ̂ ÎÙl §Ó ̂ ÙÔ!°Ü˛ §ÇáƒyÓ˚ ̂ §ê˛ñ §Ó Î%@¬
§ÇáƒyÓ˚ ̂ §ê˛ •zï˛ƒy!ò– ~•z Ù)° ̂ §ê˛!ê˛ˆÏÜ˛ Ó°y •Î˚ ÚÚ§y!Ó≈Ü˛ ̂ §ê˛ÛÛ– §y!Ó≈Ü˛ ̂ §ê˛ˆÏÜ˛  §yôyÓ˚îï˛ U !òˆÏÎ˚ !ã˛!•´ï˛
Ü˛Ó˚y •Î˚ ~ÓÇ ~Ó˚ §Ó í˛z˛õˆÏ§ê˛à%ˆÏ°y A, B, C •zï˛ƒy!ò !òˆÏÎ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

í˛zòy•Ó˚îfl∫Ó˚)˛õñ §Ü˛° xá[˛ §ÇáƒyÓ˚ ˆ§ˆÏê˛Ó˚ ˆ«˛ˆÏeñ Ù)°ò §ÇáƒyÓ˚ ˆ§ê˛ §y!Ó≈Ü˛ ˆ§ê˛ R •ˆÏï˛ ˛õyˆÏÓ˚ñ
xÌÓy ~ Ï̂«˛ Ï̂e ÓyhflÏÓ §ÇáƒyÓ˚ ̂ §ê˛ • Ï̂ï˛ ̨õy Ï̂Ó˚– x˛õÓ˚ í z̨òy•Ó˚î !• Ï̂§ Ï̂Óñ çl§Çáƒy §¡õ!Ü≈̨ ï˛ xôƒÎ˚̂ Ïl §ÙhflÏ
˛õ,!ÌÓ#Ó˚ ̂ °yÜ˛§Çáƒy •ˆÏÓ §y!Ó≈Ü˛ ̂ §ê˛–

 xl%¢#°l#  1.3

1. ¢)%lƒfiÌylà%ˆÏ°yˆÏï˛ ⊂  Óy ⊄ !ã˛•´ !òˆÏÎ˚ ̨ õ)î≈ Ü˛ˆÏÓ˚ !ÓÓ,!ï˛à%ˆÏ°yˆÏÜ˛ §!ë˛Ü˛ Ü˛ˆÏÓ˚y ı
(i) { 2, 3, 4 } . . . { 1, 2, 3, 4,5 } (ii) { a, b, c } . . . { b, c, d }

(iii) {x : x •° ˆï˛yÙyÓ˚ !Óòƒy°ˆÏÎ˚ ~Ü˛yò¢ ˆ◊!îÓ˚ ~Ü˛çl !¢«˛yÌ#≈ }. . .{x : x  •° ˆï˛yÙyÓ˚
!Óòƒy° Ï̂Î˚Ó˚ ~Ü˛çl !¢«˛yÌ#≈ }

(iv) {x : x •° §Ùï˛ Ï̂° ~Ü˛!ê˛ Ó,_} . . .{x : x •° ~Ü˛ ~Ü˛Ü˛ Óƒy§yô≈ !Ó!¢T˛ ̇  ~Ü˛•z §Ùï˛ˆÏ°Ó˚
~Ü˛!ê˛ Ó,_}

(v) {x : x •° §Ùï˛ˆÏ°Ó˚ ~Ü˛!ê˛ !eË%˛ç} . . . {x : x •° ˙ §Ùï˛°!ê˛ˆÏï˛ ~Ü˛!ê˛ xyÎ˚ï˛ˆÏ«˛e}

(vi) {x : x •° §Ùï˛ˆÏ°Ó˚ §ÙÓy•% !eË%˛ç} . . .  {x : x •° ˙ ~Ü˛•z §Ùï˛ Ï̂°Ó˚ ~Ü˛!ê˛ !eË%̨ ç}

(vii) {x : x •° ~Ü˛!ê˛ Î%@¬ fl∫yË˛y!ÓÜ˛ §Çáƒy} . . .  {x : x •° ~Ü˛!ê˛ xá[˛ §Çáƒy}
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!ã˛e 1.2

2. !l¡¨!°!áï˛ !ÓÓ,!ï˛à%ˆÏ°y §ï˛ƒ Óy !ÙÌƒy !Ü˛ ly ̨õÓ˚#«˛y Ü˛ˆÏÓ˚y ı
(i) { a, b } ⊄ { b, c, a } (ii) { a, e } ⊂ { x : x •° •zÇ Ï̂Ó˚!ç Óî≈Ùy°yÓ˚ ~Ü˛!ê˛ fl∫Ó˚Óî≈}

(iii) { 1, 2, 3 } ⊂ { 1, 3, 5 }   (iv) { a } ⊂  { a, b, c }

(v) { a }∈ { a, b, c }

(vi) { x : x •° 6 ̂ Ì Ï̂Ü˛ ̂ SÈy Ï̂ê˛y Î%@¬ fl∫yË˛y!ÓÜ˛ §Çáƒy}   ⊂  { x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy Îy !ò Ï̂Î˚
36 !ÓË˛yçƒ}

3. ôˆÏÓ˚y !l¡¨!°!áï˛ ̂ Ü˛yl !ÓÓ,!ï˛à%ˆÏ°y x§ï˛ƒ ~ÓÇ ̂ Ü˛l⁄
(i) {3, 4} ⊂  A (ii) {3, 4} ∈ A (iii) {{3, 4}} ⊂  A

(iv) 1 ∈ A (v) 1 ⊂ A (vi) {1, 2, 5} ⊂  A

(vii) {1, 2, 5} ∈ A (viii) {1, 2, 3} ⊂  A (ix) φ ∈ A

(x) φ ⊂  A (xi) {φ} ⊂ A

4. !l¡¨!°!áï˛ ̂ §ê˛à%̂ Ï°yÓ˚ §Ó í z̨̨ õ Ï̂§ê˛à%̂ Ï°y ̂ ° Ï̂áy ı
(i) {a} (ii) {a, b} (iii) {1, 2, 3} (iv) φ

5. Î!ò A = φ •Î˚ñ ï˛ˆÏÓ P(A) ÈüÈ~Ó˚ ˛õò §Çáƒy Ü˛ï˛ ?
6. l# Ï̂ã˛Ó˚ ̂ §ê˛à%̂ Ï°y Ï̂Ü˛ xhs˝Ó˚y°Ó)̊̂ Į̈ õ ̂ ° Ï̂áy :

(i) {x : x ∈ R, – 4 < x ≤ 6} (ii) {x : x ∈ R, – 12 < x < –10}

(iii) {x : x ∈ R, 0 ≤ x < 7} (iv) {x : x ∈ R, 3 ≤ x ≤ 4}

7. !l¡¨!°!áï˛ xhs˝Ó˚y°à%̂ Ï°y Ï̂Ü˛ ̂ §ê˛ àë˛l ̨õÂô!ï˛ Ï̂ï˛ ̂ ° Ï̂áy :
(i) (– 3, 0) (ii) [6 , 12] (iii) (6, 12] (iv) [–23, 5)

8. !l¡¨!°!áï˛ ≤Ã!ï˛!ê˛ ̂ «˛ Ï̂e ï%̨ !Ù ̂ Ü˛yl‰ §y!Ó≈Ü˛ ̂ § Ï̂ê˛Ó˚ ≤ÃhflÏyÓ Ü Į̈Ó˚̂ ÏÓ :

(i) §Ù Ï̂Ü˛yî# !eË%̨ Ï̂çÓ˚ ̂ §ê˛– (ii) §Ù!mÓy•% !eË%̨ Ï̂çÓ˚ ̂ §ê˛–
9. A = {1, 3, 5}, B = {2, 4, 6} ~ÓÇ C = {0, 2, 4, 6, 8}, ≤Ãò_ ̂ §ê˛à%̂ Ï°yÓ˚ çlƒ !l¡¨!°!áï˛ ̂ Ü˛yl‰

ˆÜ˛yl‰ ̂ §ê˛ A, B ~ÓÇ C ̂ §ê˛ !ï˛l!ê˛Ó˚ §y!Ó≈Ü˛ ̂ §ê˛ !•ˆÏ§ˆÏÓ !ÓˆÏÓã˛ly Ü˛Ó˚y ÎyˆÏÓ⁄
(i) {0, 1, 2, 3, 4, 5, 6}  (ii)  φ (iii)  {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

(iv) {1, 2, 3, 4, 5, 6, 7, 8}

1.9 ˆË˛l!ã˛e åVenn Diagramsä

ˆ§ Ï̂ê˛Ó˚ x!ôÜ˛yÇ¢ §¡õÜ≈̨ à%̂ Ï°y !ã˛eyÜ˛y Ï̂Ó˚ í z̨̨ õfiÌy˛õl Ü˛Ó˚y ̂ Î Ï̂ï˛
˛õ Ï̂Ó˚ Îy ˆË˛l !ã˛e !•ˆÏ§ˆÏÓ áƒyï˛– •zÇˆÏÓ˚ç lƒyÎ˚!Óòñ çl ˆË˛l
å1834-188äÈüÈ~Ó˚ lyÙyl%§yˆÏÓ˚ ˆË˛l!ã˛e lyÙyÜ˛Ó˚î •ˆÏÎ˚ˆÏSÈ–
xyÎ˚ï˛ˆÏ«˛e ~ÓÇ xyÓÂô ÓÜ ˛ Ù)°ï˛ Ó,_ !òˆÏÎ˚ ˆË˛l!ã˛e à!ë˛ï˛
•Î˚– §y!Ó≈Ü˛ ˆ§ê˛!ê˛ˆÏÜ˛ §yôyÓ˚îï˛ xyÎ˚ï˛ˆÏ«˛e ~ÓÇ ~Ó˚
í z̨̨ õ Ï̂§ê˛à%̂ Ï°y Ï̂Ü˛ Ó,̂ Ï_Ó˚ §y•yÎƒ í z̨̨ õfiÌy˛õl Ü˛Ó˚y •Î˚–

ˆË˛l!ã˛e å1.2 ~ÓÇ 1.3äÈüÈˆï˛ ̂ §ˆÏê˛Ó˚ ̨ õòà%ˆÏ°y ï˛yˆÏòÓ˚ xl%Ó˚)˛õ
Ó,̂ Ï_ ˆ°áy •°–
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!ã˛e 1.3

ò,T˛yhs 1É  !ã˛e È1.2üÈˆï˛ U = {1,2,3, ..., 10} •° §y!Ó≈Ü˛
ˆ§ê˛ ÎyÓ˚ í˛z˛õˆÏ§ê˛    A = {2,4,6,8,10}

ò,T˛yhs 2É  !ã˛e È1.3üÈˆï  U = {1,2,3, ..., 10} •° §y!Ó≈Ü˛
ˆ§ê˛ñ ÎyÓ˚   A = {2,4,6,8,10} ~ÓÇ B = {4, 6} •° í z̨̨ õ Ï̂§ê˛
~ÓÇ B ⊂ A–

xyÙÓ˚y Îál ˆ§ˆÏê˛Ó˚ §ÇˆÏÎyàñ ˆSÈò ~ÓÇ xhs˝Ó˚ !lˆÏÎ˚
xyˆÏ°yã˛ly Ü˛Ó˚Ó ï˛ál !¢«˛yÌ#≈Ó˚y ˆË˛l!ã˛ˆÏeÓ˚ Óƒy˛õÜ˛ ≤ÃˆÏÎ˚yà
ˆòáˆÏï˛ ̨õyˆÏÓ–

1.10 ˆ§ˆÏê˛Ó˚ í˛z˛õÓ˚ ˛≤Ã!Ü ˛Î˚y §Ù)•  åOperations on Setsä

˛õ)̂ ÏÓ≈Ó˚ ̂ ◊!îà%̂ Ï°y Ï̂ï˛ §ÇáƒyÓ˚ ̂ Îyàñ !Ó Ï̂Î˚yàñ à%î G Ë˛yà •zï˛ƒy!ò ≤Ã!Ü ̨ Î˚yà%̂ Ï°y Ü˛#Ë˛y Ï̂Ó §¡õß¨ Ü˛Ó˚̂ Ïï˛ •Î˚ ̂ Î
§¡õˆÏÜ≈˛ xyÙÓ˚y ˆçˆÏl!SÈ– ~•z ≤Ã!Ü ˛Î˚yà%ˆÏ°yÓ˚ ≤Ã!ï˛!ê˛ ~Ü˛ ˆçyí˛¸y §ÇáƒyÓ˚ ÙˆÏôƒ §¡õß¨ Ü˛ˆÏÓ˚ x˛õÓ˚ ~Ü˛!ê˛
§Çáƒy ̨õyGÎ˚y ÎyÎ˚– í z̨òy•Ó˚îfl∫Ó)̨̊ õñ Îál xyÙÓ˚y §Çáƒy ̂ çyí ¸̨ 5 ~ÓÇ 13 ~Ó˚ Ù Ï̂ôƒ ̂ Îyà ≤Ã!Ü ̨ Î˚y §¡õß¨ Ü˛!Ó˚–
ï˛ál xyÙÓ˚y 18 §Çáƒy!ê˛ ˛õy•z– xyÓyÓ˚ 5 ~ÓÇ 13 ÈüÈ~Ó˚ ÙyˆÏV˛ à%î ≤Ã!Ü ˛Î˚y §¡õß¨ Ü˛ˆÏÓ˚ xyÙÓ˚y 65 ˛õy•z–
xl%Ó)̊̂ Ï˛õ ò%!ê˛ ̂ §ˆÏê˛Ó˚ ÙôƒÓï˛#≈ !Ü˛S%È ≤Ã!Ü ˛Î˚y §¡õß¨ Ü˛Ó˚yÓ˚ ÙyôƒˆÏÙ xyÙÓ˚y xyˆÏÓ˚Ü˛!ê˛ ̂ §ê˛ ̨õy•z– xyÙÓ˚y ̂ §ˆÏê˛Ó˚
!l!ò≈T˛ !Ü˛S%È ≤Ã!Ü ˛Î˚y §ÇK˛y!Î˚ï˛ Ü˛Ó˚Ó ~ÓÇ ï˛yˆÏòÓ˚ ˆ§ˆÏê˛Ó˚ !l!ò≈T˛ !Ü˛S%È ≤Ã!Ü ˛Î˚y §ÇK˛y!Î˚ï˛ Ü˛Ó˚Ó ~ÓÇ ï˛yˆÏòÓ˚
ôÙ≈à%ˆÏ°y ˛õÓ˚#«˛y Ü˛Ó˚Ó– xï˛~Óñ xyÙÓ˚y ˆ§ê˛à%ˆÏ°yˆÏÜ˛ ˆÜ˛yˆÏly ~Ü˛ §y!Ó≈Ü˛ ˆ§ˆÏê˛Ó˚ í˛z˛õˆÏ§ê˛ !•ˆÏ§ˆÏÓ !Óã˛yÓ˚
Ü˛ Ï̂Ó˚ ̂ lÓ–

1.10.1  ̂ §ˆÏê˛Ó˚ §ÇˆÏÎyà ̨ åUnion of setsä  ôˆÏÓ˚y A G B ̂ Î ̂ Ü˛yˆÏly ò%!ê˛ ̂ §ê˛– ÈA ~ÓÇ B üÈ~Ó˚ §ÇˆÏÎyà
ˆ§ê˛!ê˛ˆÏï˛ A ÈüÈ~Ó˚ §Ó ˛õòà%ˆÏ°y ÌyÜ˛ˆÏÓ ~ÓÇ BüÈ~Ó˚ §Óà%ˆÏ°y ˛õò ÌyÜ˛ˆÏÓ– §yôyÓ˚î ˛õòà%ˆÏ°yˆÏÜ˛ ~Ü˛ÓyÓ˚•z
ˆlGÎ˚y •ˆÏÓ– §ÇˆÏÎyà ≤Ã!Ü ˛Î˚y ‘∪’ ÈüÈ≤Ãï˛#Ü˛ !òˆÏÎ˚ !ã˛!•´ï˛ Ü˛Ó˚y •Î˚– §yÇˆÏÜ˛!ï˛Ü˛ Ó˚)ˆÏ˛õ xyÙÓ˚y !°!á A ∪ B

~ÓÇ ÚA §ÇˆÏÎyà BÛ Ó˚)ˆÏ˛õ §yôyÓ˚îï˛ ˛õí˛¸y •Î˚–

í˛zòy•Ó˚î 12 ı ôˆÏÓ˚y A = { 2, 4, 6, 8} ~ÓÇ B = { 6, 8, 10, 12} ñ ï˛ Ï̂Ó A ∪ B !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl ı  xyÙÓ˚y ˛õy•z A ∪ B  = { 2, 4, 6, 8, 10, 12}–

í˛zòy•Ó˚î 13 ı ôˆÏÓ˚y A = { a, e, i, o, u } ~ÓÇ B = { a, i, u }– ˆòáyG ˆÎñ A ∪ B  = A–
§Ùyôyl ı  xyÙÓ˚y ˛õy•zñ A ∪ B = { a, e, i, o, u } = A–

~•z í z̨òy•Ó˚î ~ê˛y !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ ̂ Îñ A ̂ §ê˛ ~ÓÇ ~Ó˚ í z̨̨ õ Ï̂§ê˛ ÈBüÈ~Ó˚ §Ç Ï̂Îyà ≤Ã!Ü ̨ Î˚yÎ˚ A ̂ §ê˛ !l Ï̂ç•z
•Î˚– xÌ≈yÍñ Î!ò B ⊂ A •Î˚ñ ï˛ Ï̂Ó A ∪ B = A–

í˛zòy•Ó˚î 14 ı ôˆÏÓ˚y X = {Ó˚yÙñ à#ï˛yñ xyÜ˛ÓÓ˚} •° ~Ü˛yò¢ ˆ◊!îÓ˚ !¢«˛yÌ#≈ ÎyÓ˚y !Óòƒy°ˆÏÎ˚Ó˚ •!Ü˛ òˆÏ°
Î%=˛– ôˆÏÓ˚y Y = {à#ï˛yñ ̂ í˛!Ë˛í˛ñ xˆÏ¢yÜ˛} •° ~Ü˛yò¢ ̂ ◊!îÓ˚ !¢«˛yÌ#≈ ÎyÓ˚y !Óòƒy°ˆÏÎ˚Ó˚ Ê%˛ê˛Ó° òˆÏ° Î%=˛–
X ∪ Y !lî≈Î˚ Ü˛ˆÏÓ˚y ~ÓÇ ̂ §ê˛!ê˛ Óƒyáƒy Ü˛ˆÏÓ˚y–
§Ùyôyl ı  xyÙÓ˚y ̨õy•zñ X ∪ Y = {Ó˚yÙñ à#ï˛yñ xyÜ˛ÓÓ˚ñ ̂ í˛!Ë˛í˛ñ x Ï̂¢yÜ˛}– ~!ê˛ ̂ ◊!îÓ˚ !¢«˛yÌ#≈̂ ÏòÓ˚ ̂ §ê˛
ÎyÓ˚y !Óòƒy°ˆÏÎ˚Ó˚ •!Ü˛ ò° xÌÓy Ê%˛ê˛Ó° ò° xÌÓy í˛zË˛Î˚ òˆÏ°Ó˚ xhs˝à≈ï˛–
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!ã˛e 1.4

!ã˛e 1.5

§%ï˛Ó˚yÇñ ò%!ê˛ ˆ§ˆÏê˛Ó˚ §ÇˆÏÎyà xyÙÓ˚y !l¡¨!°!áï˛Ó˚)ˆÏ˛õ §ÇK˛y!Î˚ï˛
Ü˛Ó˚ˆÏï˛ ̨ õy!Ó˚ ı
 §ÇK˛y 6  ı  ò%!ê˛ ˆ§ê˛ A G BÈüÈ~Ó˚ §ÇˆÏÎyˆÏà C ˆ§ê˛ •° ~Ùl
~Ü˛!ê˛ ̂ §ê˛ Îy AxÌÓy B ÈüÈ~Ó˚ ̨õò åí z̨Ë˛Î˚ ̂ § Ï̂ê˛ xhs˝à≈ï˛ ̨õòGä
!lˆÏÎ˚ à!ë˛ï˛– xyÙÓ˚y !°!áñ
A ∪ B  = { x : x ∈A xÌÓy x ∈B }

ò%!ê˛ ̂ §ˆÏê˛Ó˚ §ÇˆÏÎyˆÏàÏ ̂ Ë˛l!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ í˛z˛õfiÌy˛õl Ü˛Ó˚y ÎyÎ˚ñ
Îy !ã˛e 1.4 ÈüÈ~ ̂ òáyˆÏly •ˆÏÎ˚ˆÏSÈ–
!ã˛e È1.4üÈ~ SÈyÎ˚yÓ,ï˛  xM˛°!ê˛ A ∪ B !òˆÏÎ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •°–
§ÇˆÏÎyà ≤Ã!Ü ˛Î˚yÓ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ôÙ≈ åSome Properties of the Operation of Unionä

(i) A ∪ B  = B ∪ A  [!Ó!lÙÎ˚ !lÎ˚Ù åCommutative law)]

(ii) ( A ∪ B ) ∪ C = A ∪ ( B ∪ C) [§ÇˆÏÎyà !lÎ˚Ù åAssociative law)]

(iii) A ∪ φ = A      [xˆÏË˛ò !lÎ˚Ù, φ •° ∪ ÈüÈ~Ó˚ xˆÏË˛ò ˛õò  (Law of identity

      element, φ is the identity of ∪)]

(iv) A ∪ A  = A      [Ó˜Ïà≈Ü˛§Ù !lÎ˚Ù åIdempotent law)]

(v) U ∪ A  = U      [U ~Ó˚ !lÎ˚Ù åLaw of U)]

1.10.2  ˆ§ˆÏê˛Ó˚ ˆSÈò˛ åIntersection of setsä  A G B ˆ§ Ï̂ê˛Ó˚ ˆSÈò •° ~Ùl ~Ü˛!ê˛ ˆ§ê˛ Îy A G B
í˛zË˛ˆÏÎ˚Ó˚•z §Ó §yôyÓ˚î ̨õòà%ˆÏ°y !lˆÏÎ˚ à!ë˛ï˛– ‘∩’ !ã˛!•´!ê˛ !òˆÏÎ˚ ̂ SÈò  ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚– ò%!ê˛ ̂ §ê˛ ÈA ~ÓÇ BüÈ~Ó˚
ˆSÈò •° ~Ü˛!ê˛ ̂ §ê˛ñ Îy Ï̂ï˛ A G B í˛zË˛ˆÏÎ˚Ó˚•z §Ó §yôyÓ˚î ̨õòà%ˆÏ°y ÌyˆÏÜ˛– §yÇˆÏÜ˛!ï˛Ü˛Ó˚)ˆÏ˛õ xyÙÓ˚y !°!áÈüüüÈ
A ∩ B = {x :  x ∈ A  ~ÓÇ x ∈ B}–
í˛zòy•Ó˚î 15 ÙˆÏl Ü˛ˆÏÓ˚yñ í˛zòy•Ó˚î È12üÈ~Ó˚ A G B  ˆ§ê˛ –  A ∩ B !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl ı xyÙÓ˚y ˆòáˆÏï˛ ˛õy•z  6, 8 ˆÜ˛Ó°Ùye §yôyÓ˚î ˛õò ÎyÓ˚y  A G B í˛zË˛Î˚ ˆ§ˆÏê˛•z xyˆÏSÈ–
xï˛~Ó  A ∩ B = { 6, 8 }.

í˛zòy•Ó˚î 16   ÙˆÏl Ü˛ˆÏÓ˚yñ í˛zòy•Ó˚î È14üÈ~Ó˚ X ~ÓÇ Y ˆ§ê˛–  X ∩ Y  !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl ı xyÙÓ˚y ˆòáˆÏï˛ ˛õy•z ¢%ô%Ùye Úà#ï˛yÛ í˛zË˛Î˚ ˆ§ˆÏê˛Ó˚•z §yôyÓ˚î ˛õò– xï˛~Ó  X ∩ Y = {à#ï˛y} –
í˛zòy•Ó˚î 17  ôˆÏÓ˚yñ A = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} ~ÓÇ  B = { 2, 3, 5, 7 }–  A  ∩ B !lî≈Î˚ Ü˛ Ï̂Ó˚y
~ÓÇ xï˛/˛õÓ˚ ˆòáyG ˆÎ A ∩ B = B –

§Ùyôyl ı   xyÙÓ˚y  ˛õy•z  A ∩ B = { 2, 3, 5, 7 } = B–
xyÙÓ˚y  °«˛  Ü˛!Ó˚ ˆÎ  B ⊂ A  ~ÓÇ  Ê˛ Ï̂° A ∩ B = B –
 §ÇK˛y 7  ı  ò%!ê˛ ˆ§ê˛ ÈA G BüÈ~Ó˚ ˆSÈò •° ~Ùl ~Ü˛!ê˛ ˆ§ê˛
Îy Ï̂ï˛ A G B í z̨Ë˛ Ï̂Î̊Ó̊•z §yôyÓ̊î ̨õòà%̂ Ï°y Ìy Ï̂Ü˛– §yÇ Ï̂Ü˛!ï˛Ü˛Ó̊)̂ Į̈ õñ
xyÙÓ˚y !°!á

A ∩ B = {x : x ∈ A ~ÓÇ x ∈ B}

!ã˛e È1.5üÈ~Ó˚ SÈyÎ˚yÓ,ï˛ xÇ¢!ê˛ A G BÈüÈ~Ó˚ ˆSÈò ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚–
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A B

U

!ã˛e 1.6

(i) (iii)

(ii) (iv)

(v)

!ã˛e   1.7 (i) ̂ ÌˆÏÜ˛  (v)

Î!ò A G BÈ ~Ùl ò%!ê˛ ˆ§ê˛ ˆÎ A ∩ B =  φ •Î˚ñ ï˛ˆÏÓ ÈA G
BÈüÈˆÜ˛ !ÓˆÏFSÈò ˆ§ê˛ ådisjoint setsä Ó Ï̂°–

í˛zòy•Ó˚îfl∫Ó˚)˛õñ ôˆÏÓ˚y A = { 2, 4, 6, 8 } ~ÓÇ
B = { 1, 3, 5, 7 }– ï˛y•ˆÏ° A ~ÓÇ B !ÓˆÏFSÈò ˆ§ê˛ñ Ü˛yÓ˚î
ï˛yˆÏòÓ˚ ÙyˆÏV˛ ̂ Ü˛yˆÏly §yôyÓ˚î ̨õò ̂ l•z–
!ã˛e 1.6 ÈüÈˆï˛ ˆË˛l!ã˛ˆÏeÓ˚ ÙyôƒˆÏÙ !ÓˆÏFSÈò ˆ§ê˛ ˆòáyˆÏly •°–
í˛z˛õˆÏÓ˚y=˛ !ã˛ˆÏe A ~ÓÇ B •° !Ó Ï̂FSÈò ̂ §ê˛–
ˆSÈò ≤Ã!Ü ˛Î˚yÓ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ôÙ≈ åSome Properties of Operation of Intersectionä

(i) A ∩ B  = B ∩ A [!Ó!lÙÎ˚ !lÎ˚Ù åCommutative law)]

(ii) ( A  ∩ B ) ∩ C = A ∩ ( B ∩ C ) [§ÇˆÏÎyà !lÎ˚Ù åAssociative law)]

(iii) φ ∩ A = φ, U ∩ A = A [φ ~ÓÇ UÈüÈ~Ó˚ !lÎ˚Ù (Law of φ and U)]

(iv) A ∩ A = A [Ó˜Ïà≈Ü˛§Ù !lÎ˚Ù åIdempotent law)]

(v) A ∩ ( B ∪ C ) = ( A ∩ B ) ∪ ( A ∩ C ) [Ó^˝ê˛l §)e xÌ≈yÍ ∪ ÈüÈ~Ó˚ í˛z˛õÓ˚ È ∩ üÈ~Ó˚ Ó^˝ê˛l
(Distributive law)  i. e.,   ∩ distributes over ∪]

~!ê˛ˆÏÜ˛ ˆË˛l!ã˛ˆÏeÓ˚ ÙyôƒˆÏÙ §•ˆÏç ˆòáyˆÏly ˆÎˆÏï˛ ˛õyˆÏÓ˚ [å!ã˛e 1.7 (i)  ̂ Ì Ï̂Ü˛  (v)]



ˆ§ê˛§Ù)•       17

!ã˛e 1.9

1.10.3  ̂ §ˆÏê˛Ó˚ xhs˝Ó˚˛ åDifference of setsä  A  ~ÓÇ  B ̂ §ˆÏê˛Ó˚ Ü ˛!ÙÜ˛ xhs˝Ó˚ •° ~Ü˛!ê˛ ̂ §ê˛ ÎyÓ˚ ÙˆÏôƒ
È AüÈ~Ó˚ ˛õòà%ˆÏ°y xyˆÏSÈ !Ü˛v ÈBüÈ~Ó˚ ˛õòà%ˆÏ°y ˆl•z–  §yÇˆÏÜ˛!ï˛Ü˛Ó˚)ˆÏ˛õñ xyÙÓ˚y !°!á A – B ~ÓÇ ˛õí˛¸y •Î˚
“A !ÓˆÏÎ˚yà B”–
í z̨òy•Ó˚î 18 ı ôˆÏÓ˚y A = { 1, 2, 3, 4, 5, 6}, B = { 2, 4, 6, 8 }– A – B ~ÓÇ B – A !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  xyÙÓ˚y ̨õy•zñ A – B = { 1, 3, 5 } ñ ̂ ÎˆÏ•ï%˛ ̨1, 3, 5 õòà%ˆÏ°y A ÈüÈˆï  xy Ï̂SÈ !Ü˛v B ÈüÈˆï˛ ̂ l•z–
~ÓÇ B – A = { 8 } ñ ˆÎˆÏ•ï%˛ 8 ˛õò!ê˛ B ÈüÈˆï˛ xyˆÏSÈ !Ü˛v ÈAüÈˆï˛ ˆl•z–

xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎñ A – B ≠ B – A–

í˛zòy•Ó˚î 19 ı ôˆÏÓ˚y V = { a, e, i, o, u } ~ÓÇ B = { a, i,

k, u} ñ V – B ~ÓÇ B – V  !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  xyÙÓ˚y ˛õy•zñ V – B = { e, o } ˆÎˆÏ•ï%˛ e, o

˛õòà%ˆÏ°y ÈVüÈˆï˛ xyˆÏSÈ !Ü˛v%˛ B ÈüÈˆï˛ ˆl•z ~ÓÇ  B – V = { k }ñ
ˆÎˆÏ•ï%˛ k ˛õò!ê˛ B ˆ§ˆÏê˛ xyˆÏSÈ V ˆ§ˆÏê˛ ˆl•z–
xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎñ V – B ≠ B – V – ˆ§ê˛ àë˛l ˛õÂô!ï˛Ó˚
≤Ãï˛#ˆÏÜ˛Ó˚ §y•yˆÏÎƒñ xyÙÓ˚y xhs˝ˆÏÓ˚Ó˚ §ÇK˛y ̨õ%lÓ˚yÎ˚ !°áˆÏï˛ ̨õy!Ó˚
!l¡¨!°!áï˛ Ó)̊̂ Į̈ õ

A – B = { x : x ∈ A ~ÓÇ x ∉ B }

A G B ò%!ê˛ ̂ § Ï̂ê˛Ó˚ xhs˝Ó˚ ̂ Ë˛l!ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ !ã˛e 1.8 ~
ˆòáy Ï̂ly •°–

SÈyÎ˚yÓ,ï˛  xÇ¢!ê˛ A G B ̂ §ˆÏê˛Ó˚ xhs˝Ó˚ˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚–
Ùhs˝Óƒ ı A – B, A ∩ B ~ÓÇ B – A ˆ§ê˛à%ˆÏ°y ˛õÓ˚flõÓ˚
!Ó!FSÈß¨ åmutually disjointä xÌ≈yÍ ~ Ï̂òÓ˚ ̂ Î ̂ Ü˛y Ï̂ly ò%!ê˛ ̂ § Ï̂ê˛Ó˚ ̂ SÈò ¢)lƒ ̂ §ê˛ñ !ã˛ Ï̂e 1.9 ̂ òáy Ï̂ly •°–

 xl%¢#°l#  1.4

1. !l¡¨!°!áï˛ ≤Ã!ï˛!ê˛ ̂ §ê˛ Î%àˆÏ°Ó˚ §ÇˆÏÎyà ̂ §ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y ı
(i) X = {1, 3, 5} Y = {1, 2, 3}

(ii) A =  [ a, e, i, o, u} B = {a, b, c}

(iii) A = {x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ~ÓÇ 3 ÈüÈ~Ó˚ à%!îï˛Ü˛}
B = {x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy Îy 6 ˆÌ Ï̂Ü˛ ˆSÈy Ï̂ê˛y}

(iv) A = {x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ~ÓÇ 1 < x ≤ 6 }

B = {x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ~ÓÇ 6 < x < 10 }

(v) A = {1, 2, 3}, B = φ

2. ôˆÏÓ˚y A = { a, b }, B =  {a, b, c}–    A ⊂ B •ˆÏÓ !Ü˛ ?  A ∪ B !Ü˛Ó)̨̊ õ •ˆÏÓ?

3. Î!ò ò%!ê˛ ˆ§ê˛ A G B ~Ùl •Î˚ ˆÎ A ⊂ B,  A ∪ B Ü˛#Ó˚)˛õ •ˆÏÓ?

4. Î!ò A = {1, 2, 3, 4}, B = {3, 4, 5, 6}, C = {5, 6, 7, 8 } ~ÓÇ D = { 7, 8, 9, 10 }•Î˚ñ ï˛ˆÏÓ
!lî≈Î˚ Ü˛ Ï̂Ó˚yÈüüüÈ

!ã˛e 1.8
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(i) A ∪ B (ii) A ∪ C (iii) B ∪ C (iv) B ∪ D

(v) A ∪ B ∪ C (vi) A ∪ B ∪ D (vii) B ∪ C ∪ D

5. í˛z˛õˆÏÓ˚y=˛ ≤ÃŸ¿ È1üÈ~Ó˚ ≤Ã!ï˛!ê˛ ̂ §ê˛ Î%àˆÏ°Ó˚ ̂ SÈò !lî≈Î˚ Ü˛ˆÏÓ˚y–
6. Î!ò A ={3, 5, 7, 9, 11}, B = {7, 9, 11, 13}, C={11, 13, 15}~ÓÇ D={15, 17}; !lî≈Î̊ Ü˛̂ ÏÓ̊yÈüüüÈ

(i) A ∩ B (ii) B ∩ C (iii) A ∩ C ∩ D

(iv)  A ∩ C (v) B ∩ D (vi) A ∩ (B ∪ C)

(vii) A ∩ D (viii) A ∩ (B ∪ D) (ix) ( A ∩ B ) ∩ ( B ∪ C )

(x) ( A ∪ D) ∩ ( B ∪ C)

7. Î!ò A = {x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy},  B = {x : x ~Ü˛!ê˛ ˆçyí˛¸ fl∫yË˛y!ÓÜ˛ §Çáƒy}
C = {x : x ~Ü˛!ê˛ !ÓˆÏçyí˛¸ fl∫yË˛y!ÓÜ˛ §Çáƒy}~ÓÇ D ={x : x ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy}–
(i) A ∩ B (ii) A ∩ C (iii) A ∩ D

(iv) B ∩ C (v) B ∩ D (vi) C ∩ D

8. l# Ï̂ã˛Ó˚ ̂ Ü˛yl‰ ̂ §ê˛ Î%à°à%̂ Ï°y ̨õÓ˚flõÓ˚ !Ó Ï̂FSÈò ̂ §ê˛ ı
(i) {1, 2, 3, 4} ~ÓÇ {x : x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ~ÓÇ 4 ≤ x ≤ 6 }

(ii) { a, e, i, o, u } ~ÓÇ { c, d, e, f }

(iii) {x : x ~Ü˛!ê˛ ˆçyí ¸̨ xá[˛ §Çáƒy } ~ÓÇ{x : x ~Ü˛!ê˛ !ÓˆÏçyí˛¸ xá[˛ §Çáƒy}
9. Î!ò A = {3, 6, 9, 12, 15, 18, 21}, B = { 4, 8, 12, 16, 20 },

C = { 2, 4, 6, 8, 10, 12, 14, 16 }, D = {5, 10, 15, 20 }; ï˛ˆÏÓ !lî≈Î˚ Ü˛ˆÏÓ˚yÈüüüÈ
(i) A – B (ii) A – C (iii) A – D (iv) B – A

(v) C – A (vi) D – A (vii) B – C (viii) B – D

(ix) C – B (x) D – B (xi) C – D (xii) D – C

10. Î!ò X= { a, b, c, d } ~ÓÇ Y = { f, b, d, g}, •Î˚ñ ï˛ˆÏÓ !lî≈Î˚ Ü˛ˆÏÓ˚yÈüüüÈ
(i) X – Y (ii) Y – X (iii) X ∩ Y

11. Î!ò ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛ R •Î˚ ~ÓÇ Ù)°ò §ÇáƒyÓ˚ ˆ§ê˛  Q •Î˚ ï˛ˆÏÓ R – Q Ü˛# • Ï̂Ó?

12. !l¡¨!°!áï˛ !ÓÓ,!ï˛à%ˆÏ°y §ï˛ƒ Óy !ÙÌƒy !Ü˛ ly ÓˆÏ°y – ̂ ï˛yÙyÓ˚ í˛z_ˆÏÓ˚Ó˚ fl∫˛õˆÏ«˛ Î%!=˛ òyG –

(i) { 2, 3, 4, 5 } ~ÓÇ{ 3, 6} !ÓˆÏFSÈò ˆ§ê˛–
(ii) { a, e, i, o, u } ~ÓÇ{ a, b, c, d }!ÓˆÏFSÈò ˆ§ê˛–
(iii) { 2, 6, 10, 14 } ~ÓÇ{ 3, 7, 11, 15} !Ó Ï̂FSÈò ̂ §ê˛–
(iv) { 2, 6, 10 } ~ÓÇ{ 3, 7, 11} !ÓˆÏFSÈò ̂ §ê˛–

1.11 ˛õ)Ó˚Ü˛ ˆ§ê˛  åComplement of a Setä

˛ôˆÏÓ˚y U §y!Ó≈Ü˛ ˆ§ê˛ Îy §Ó ˆÙÔ!°Ü˛ §Çáƒy !l Ï̂Î˚ à!ë˛ï˛ ~ÓÇ A  •° UÈüÈ~Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛ Îy È42üÈ~Ó˚
Ë˛yçÜ˛ lÎ˚ ~Ùl ˆÙÔ!°Ü˛ §Çáƒy– §%ï˛Ó˚yÇñ A = {x : x ∈  U ~ÓÇ Èx ñ 42 üÈ~Ó˚ Ë˛yçÜ˛ lÎ˚} xyÙÓ˚y °«˛
Ü˛!Ó˚ ˆÎñ 2 ∈ U  !Ü˛v 2 ∉ Añ Ü˛yÓ˚î 2ñ 42 ÈüÈ~Ó˚ Ë˛yçÜ˛– xl%Ó)̊̂ Ï˛õ 3 ∈ U !Ü˛v 3 ∉ A ~ÓÇ 7 ∈ U

!Ü˛v 7 ∉ A– ~ál UÈÈüÈ~Ó˚ ˆÜ˛Ó°Ùye 2ñ 3 ~ÓÇ 7 ˛õòà%ˆÏ°y AÈüÈ~Ó˚ xhs˝à≈ï˛ lÎ˚– ~•z !ï˛l!ê˛ ˆÙÔ!°Ü˛
§ÇáƒyÓ˚ ̂ §ê˛ xÌ≈yÍ {2, 3, 7} ̂ §ê˛!ê˛ Ï̂Ü˛ ÈUüÈ~Ó˚ §y Į̈̂ õ Ï̂«˛ AÈüÈ~Ó˚ ̨õ)Ó˚Ü˛ ̂ §ê˛ Ó°y •Î˚ ~ÓÇ A′ !òˆÏÎ˚ !ã˛!•´ï˛
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Ü˛Ó˚y •Î˚– §%ï˛Ó˚yÇñ xyÙÓ˚y ˛õy•zñ A′ = {2, 3, 7}– xï˛~Óñ xyÙÓ˚y ˆò!á ˆÎñ
A′  = {x : x ∈ U ~ÓÇ x ∉ A } Îy ˆÌˆÏÜ˛ ˛õÓ˚Óï˛#≈ §ÇK˛y ˛õyGÎ˚y ÎyÎ˚–

 §ÇK˛y 8  ı  ôˆÏÓ˚y U •° §y!Ó≈Ü˛ ˆ§ê˛ ~ÓÇ A •° ÈUüÈ~Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛– ï˛y•ˆÏ° ÈAüÈ~Ó˚ ˛õ)Ó˚Ü˛ ˆ§ê˛ •°
~Ùl ~Ü˛!ê˛ ̂ §ê˛ ÎyÓ˚ Ù Ï̂ôƒ U ̂ § Ï̂ê˛Ó˚ ̂ §§Ó ̨õòà%̂ Ï°y xy Ï̂SÈ ̂ Îà%̂ Ï°y A ̂ § Ï̂ê˛ ̂ l•z– §yÇ Ï̂Ü˛!ï˛Ü˛ Ó)̊̂ Į̈ õñ ÈUüÈ~Ó˚
§yˆÏ˛õˆÏ«˛ AÈüÈ~Ó˚ ̨ õ)Ó˚Ü˛ ̂ §ê˛ˆÏÜ˛ A′ !òˆÏÎ˚ !ã˛!•´ï˛ Ü˛Ó˚y •Î˚– §%ï˛Ó˚yÇñ

A′ = {x : x ∈ U ~ÓÇ x ∉ A } – flõT˛ï˛•z A′ = U – A

xyÙÓ˚y °«˛ Ü˛!Ó˚ñ ÈAüÈ~Ó˚ ˛õ)Ó˚Ü˛ ˆ§ê˛ xlƒË˛yˆÏÓ ˆòáyˆÏly ˆÎˆÏï˛ ˛õyˆÏÓ˚ §y!Ó≈Ü˛ ˆ§ê˛ U ~ÓÇ A ˆ§ˆÏê˛Ó˚
xhs˝Ó˚Ó)̊̂ Į̈ õ–
í˛zòy•Ó˚î 20 ı ô Ï̂Ó˚y U =  {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} ~ÓÇ A = {1, 3, 5, 7, 9}  ï˛y•ˆÏ° A′ !lî≈Î˚
Ü˛ Ï̂Ó˚y–

§Ùyôyl ı  xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎ ÈUüÈ~Ó˚ ¢%ô% ˛2, 4, 6, 8, 10  õòà%ˆÏ°y ÈAüÈ~Ó˚ xhs˝à≈ï˛ lÎ˚–

§%ï˛Ó˚yÇñ  A′ = { 2, 4, 6, 8,10 }

í z̨òy•Ó˚î 21 ı ô Ï̂Ó˚yñ ~Ü˛!ê˛ §•!¢«˛yÙ)°Ü˛ fl%Ò Ï̂°Ó˚ ~Ü˛yò¢ ̂ ◊!îÓ˚ !¢«˛yÌ#≈̂ ÏòÓ˚ ̂ §ê˛  •° §y!Ó≈Ü˛ ̂ §ê˛ U ~ÓÇ
A •° ~Ü˛yò¢ ˆ◊!îÓ˚ §Ó Óy!°Ü˛yˆÏòÓ˚ ˆ§ê˛– ï˛y•ˆÏ° A′ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ̂ ÎˆÏ•ï%˛ §Ó Óy!°Ü˛yˆÏòÓ˚ ˆ§ê˛ Añ flõT˛ï˛•z A′ •° ̂ ◊!îÓ˚ §Ü˛° Óy°Ü˛ Ï̂òÓ˚ ̂ §ê˛–

AoT˛Óƒ   Î!ò A §y!Ó≈Ü˛ ˆ§ê˛ ÈUüÈ~Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛ •Î˚ñ ï˛ˆÏÓ ~Ó˚ ˛õ)Ó˚Ü˛ ˆ§ê˛ A′ G UÈüÈ~Ó˚ ~Ü˛!ê˛
í z̨̨ õ Ï̂§ê˛–

xyÓyÓ˚ í˛z˛õˆÏÓ˚Ó˚ í˛zòy•Ó˚î 20 ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zñ  A′ = { 2, 4, 6, 8, 10 }

§%ï˛Ó˚yÇñ ( A′ ′) = {x : x ∈ U ~ÓÇ x ∉ A′}

  = {1, 3, 5, 7, 9} = A

˛õ)Ó˚Ü˛ ˆ§ˆÏê˛Ó˚  §ÇK˛y ˆÌˆÏÜ˛ ~!ê˛ flõT˛ ˆÎñ §y!Ó≈Ü˛ ˆ§ê˛  UÈüÈ~Ó˚  ˆÎ  ˆÜ˛yˆÏly í˛z˛õˆÏ§ˆÏê˛Ó˚ çlƒñ

   xyÙÓ˚y ˛õy•zñ ( A′ ′)  = A

~ál xyÙÓ˚y !lˆÏ¡¨Ó˚ í˛zòy•Ó˚îà%ˆÏ°yˆÏï˛ ( A ∪ B ′) ~ÓÇ A′ ∩ B′ ~Ó˚ Ê˛°yÊ˛° !lî≈Î˚ Ü˛Ó˚ˆÏï˛ ã˛y•z–

í˛zòy•Ó˚î 22 ı ôˆÏÓ˚y U = {1, 2, 3, 4, 5, 6}, A = {2, 3} ~ÓÇ B = {3, 4, 5}ñ ï˛y•ˆÏ°

A′, B′ ,  A′  ∩ B′, A ∪ B ~ÓÇ xï˛/˛õÓ˚ ˆòáyG ˆÎ (  A ∪ B ′)  = A′ ∩ B′–

§Ùyôyl ı  flõT˛ï˛•z A′ = {1, 4, 5, 6}, B′ = { 1, 2, 6 }– xï˛~Ó A′ ∩ B′ = { 1, 6 }

xyÓyÓ˚ ñ  A ∪ B  = { 2, 3, 4, 5 },   §%ï˛Ó˚yÇñ (A ∪ B ′)   = { 1, 6 }

    ( A ∪ B ′)  = { 1, 6 } =  A′ ∩ B′

~!ê˛ ˆòáyˆÏly ˆÎˆÏï˛ ˛õyˆÏÓ˚ í˛z˛õˆÏÓ˚y=˛ Ê˛°yÊ˛° §yôyÓ˚îË˛yˆÏÓ §ï˛ƒ– Î!ò §y!Ó≈Ü˛ ˆ§ê˛ UÈüÈ~Ó˚ ˆÎ ˆÜ˛y Ï̂ly ò%!ê˛

í˛z˛õˆÏ§ê˛ A ~ÓÇ B •Î˚ñ ï˛y•ˆÏ°  ( A ∪ B ′)   = A′ ∩ B′–

xl%Ó˚)ˆÏ˛õñ ( A ∩ B ′)   =  A′  ∪ B′– ~•z ò%!ê˛ Ê˛°yÊ˛°ˆÏÜ˛ !l¡¨!°!áï˛Ó˚)ˆÏ˛õ !ÓÓ,ï˛ Ü˛Ó˚y ÎyÎ˚ ı
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ò%!ê˛ ̂ § Ï̂ê˛Ó̊ §Ç Ï̂Îy Ï̂àÓ̊ ̨õ)Ó̊Ü˛ñ ï˛y Ï̂òÓ̊ !l Ï̂ç Ï̂òÓ̊ ̨õ)Ó̊Ü˛à%̂ Ï°yÓ̊ ̂ SÈ̂ ÏòÓ̊
§Ùyl ~ÓÇ ò%!ê˛ ̂ § Ï̂ê˛Ó̊ ̂ SÈ̂ ÏòÓ̊ ̨õ)Ó̊Ü˛ ï˛y Ï̂òÓ̊ !l Ï̂ç Ï̂òÓ̊ ̨õ)Ó̊Ü˛à%̂ Ï°yÓ̊
§ÇˆÏÎyˆÏàÓ˚ §Ùyl– ~à%ˆÏ°yˆÏÜ˛ !í˛ÈüÈÙÓ˚àƒyˆÏlÓ˚ !lÎ˚Ù åDe

Morgan’s lawsä Ó°y •Î̊– à!îï˛K˛ !í Ę̀üÈÙÓ̊àƒy Ï̂lÓ̊  lyÙyl%§ Ï̂Ó̊
~ê˛y Ü˛Ó˚y •Î˚–

A ̂ § Ï̂ê˛Ó˚ ̨õ)Ó˚Ü˛ ̂ §ê˛ A′ÈüÈˆÜ˛ ̂ Ë˛l!ã˛ Ï̂eÓ˚ Ùyôƒ Ï̂Ù !ã˛e È1.10 üÈˆï˛
ˆòáy Ï̂ly •°–

SÈyÎ˚yÓ,ï˛ xÇ¢ ÈAüÈ~Ó˚ ˛õ)Ó˚Ü˛ ˆ§ê˛ Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚–
˛õ)Ó˚Ü˛ ˆ§ˆÏê˛Ó˚ !Ü˛S%È ôÙ≈yÓ°# åSome Properties of Complement Setsä

1. ˛õ)Ó˚Ü˛ !lÎ˚Ùı    (i) A ∪ A′  = U       (ii) A ∩ A′ = φ

2. !í˛È ÈÙÓ˚àƒyˆÏlÓ˚ !lÎ˚Ù : (i) (A ∪ B)´  = A′ ∩ B′    (ii) (A ∩ B ′)  = A′ ∪ B′

3. !mÈüÈ˛õ)Ó˚Ü˛ !lÎ˚Ù  : (A′ ′)  = A

4. ¢)lƒ ˆ§ê˛ G §y!Ó≈Ü˛ ˆ§ˆÏê˛Ó˚ !lÎ˚Ù ı  φ′ = U ~ÓÇ  U′ = φ.

ˆË˛l!ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ ~•z !lÎ˚Ùà%̂ Ï°y ÎÌyÌ≈ï˛y Îyã˛y•z Ü˛Ó˚y ÎyÎ˚–

 xl%¢#°l#  1.5

1. ôˆÏÓ˚y  U = { 1, 2, 3, 4, 5, 6, 7, 8, 9 }, A  = { 1, 2, 3, 4}, B = { 2,  4, 6, 8 } ~ÓÇ
C = { 3, 4, 5, 6 }ñ !lî≈Î˚ Ü˛ˆÏÓ˚y ı  (i) A′  (ii) B′  (iii) (A ∪ C)′ (iv) (A ∪ B)′    (v) (A′)′

(vi) (B – C)′

2. Î!ò U = { a, b, c, d, e, f, g, h} •Î˚ñ ï˛ˆÏÓ !l¡¨!°!áï˛ ˆ§ê˛à%ˆÏ°yÓ˚ ˛õ)Ó˚Ü˛ ˆ§ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚yı
(i) A = {a, b, c} (ii) B = {d, e, f, g}

(iii) C = {a, c, e, g} (iv) D = { f, g, h, a}

3. fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛ˆÏÜ˛ §y!Ó≈Ü˛ ̂ §ê˛ ôˆÏÓ˚ !lˆÏÎ˚ñ !l¡¨!°!áï˛ ̂ §ê˛à%ˆÏ°yÓ˚ ̨õ)Ó˚Ü˛ ̂ §ê˛ ̂ °ˆÏáy ı
(i) {x : x •° ~Ü˛!ê˛ ˆçyí˛¸ fl∫yË˛y!ÓÜ˛ §Çáƒy} (ii)  {x : x ~Ü˛!ê˛ !Ó Ï̂çyí ¸̨ fl∫yË˛y!ÓÜ˛ §Çáƒy}
(iii) {x : x •° 3ÈüÈ~Ó˚ ôlydÜ˛ à%!îï˛Ü˛} (iv) {x : x ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy }
(v) {x : x •° 3 ~ÓÇ 5 !òˆÏÎ˚ !ÓË˛yçƒ fl∫yË˛y!ÓÜ˛ §Çáƒy}
(vi) { x : x ~Ü˛!ê˛ ˛õ)î≈Óà≈ §Çáƒy } (vii) { x : x ~Ü˛!ê˛ ˛õ)î≈âl §Çáƒy}
(viii) { x : x + 5 = 8 } (ix) { x : 2x + 5 = 9}

(x) { x : x ≥ 7 } (xi) { x : x ∈ N ~ÓÇ 2x + 1 > 10 }

4. Î!ò U = {1, 2, 3, 4, 5, 6, 7, 8, 9 }, A = {2, 4, 6, 8} ~ÓÇ B = { 2, 3, 5, 7} •Î˚ñ ï˛ˆÏÓ Îyã˛y•z
Ü˛ Ï̂Ó˚yÈüüüÈ
(i) (A ∪ B)′ = A′ ∩ B′ (ii)  (A ∩ B)′ = A′ ∪ B′

5. !l¡¨!°!áï˛ ≤Ã!ï˛!ê˛ ̂ «˛ Ï̂eÓ˚ ÎÌyÎÌ ̂ Ë˛l!ã˛e xÑy Ï̂Ü˛y ı
(i) (A ∪ B)′, (ii) A′ ∩ B′, (iii) (A ∩ B)′, (iv) A′ ∪ B′

6. ôˆÏÓ˚y §Ùï˛ˆÏ°Ó˚ §Ó !eË%˛çà%ˆÏ°yÓ˚ ˆ§ê˛  U –  A  •° Ü˛Ù˛õ Ï̂«˛ ~Ü˛!ê˛ ˆÜ˛yî 60° Óƒy!ï˛ˆÏÓ˚ˆÏÜ˛ à!ë˛ï˛
§Ü˛° !eË%˛ˆÏçÓ˚ ˆ§ê˛– ï˛ˆÏÓ A′ Ü˛# •ˆÏÓ⁄

!ã˛e 1.10
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7. ¢)lƒfiÌyl ̨õ)î≈ Ü˛ Ï̂Ó˚ !l¡¨!°!áï˛ !ÓÓ,!ï˛à%̂ Ï°y Ï̂Ü˛ §!ë˛Ü˛ !ÓÓ,!ï˛ Ï̂ï˛ ̨õ!Ó˚îï˛ Ü˛ Ï̂Ó˚y ı
(i) A ∪ A′ = . . . (ii) φ′ ∩ A = . . .

(iii) A ∩ A′ = . . . (iv) U′ ∩ A = . . .

1.12 ˛ò%!ê˛ ̂ §ˆÏê˛Ó˚ §ÇˆÏÎyà G ̂ SÈò ≤ÃˆÏÎ˚yˆÏà ÓƒÓ•y!Ó˚Ü˛ §Ù§ƒy
åPractical Problems on Union and Intersection

of Two Setsä

˛õ)ˆÏÓ≈Ó˚ xl%ˆÏFSÈˆÏòñ xyÙÓ˚y ò%!ê˛ ˆ§ˆÏê˛Ó˚ §ÇˆÏÎyàñ ˆSÈò ~ÓÇ xhs˝Ó˚
!¢ Ï̂á!SÈ– ~•z xl%̂ ÏFSÈ̂ Ïòñ xyÙy Ï̂òÓ̊ ÓyhflÏÓ ç#Ó Ï̂lÓ̊ §y Ï̂Ì §¡õ!Ü≈̨ ï˛
!Ü˛S%È ÓƒÓ•y!Ó˚Ü˛ §Ù§ƒy !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó–
~•z xl%ˆÏFSˆÏÈò !lî#≈ï˛ §)eà%ˆÏ°y ˛õÓ˚Óï˛#≈ §Ω˛yÓly xôƒyˆÏÎ˚
å16xôƒy Ï̂Î˚ä ≤Ã Ï̂Î˚yà • Ï̂Ó–

ôˆÏÓ˚y A G B ò%!ê˛ §§#Ù ˆ§ê˛– Î!ò A ∩ B = φ •Î˚ñ ï˛ˆÏÓ
    (i) n ( A ∪ B ) = n ( A ) + n ( B )         ... (1)

A ∪ B ÈüÈ~Ó˚ ̨õòà%ˆÏ°y •Î˚ A ̂ § Ï̂ê˛ Óy B ̂ § Ï̂ê˛ xy Ï̂SÈ !Ü˛v í z̨Ë˛Î˚ ̂ § Ï̂ê˛ ly ÌyÜ˛ Ï̂° ï˛ Ï̂Ó A ∩ B= φ–
§%ï˛Ó˚yÇñ  (1) lÇ §¡õÜ≈˛!ê˛ §Ó˚y§!Ó˚ !§Âô •Î˚–

§yôyÓ˚îË˛yˆÏÓ Î!ò A G B ò%!ê˛ §§#Ù ̂ §ê˛ •Î˚ñ ï˛ˆÏÓ
(ii) n ( A ∪ B ) = n ( A ) + n ( B ) – n ( A ∩ B ) ... (2)

°«˛ Ü˛ Ï̂Ó˚y ˆÎñ  A – B,  A  ∩  B  ~ÓÇ B – A ˆ§ê˛§Ù)• !Ó!FSÈß¨ ~ÓÇ ~ˆÏòÓ˚ §ÇˆÏÎyà •°  A ∪ B

å!ã˛e 1.11ä–  xï˛~Óñ
n ( A ∪ B) = n ( A – B) + n ( A  ∩ B ) + n ( B – A )

= n ( A – B) +  n ( A ∩ B ) + n ( B – A ) + n ( A  ∩ B ) – n ( A  ∩ B)

= n ( A ) + n ( B ) – n ( A  ∩ B), Îy (2) ÈüÈˆÜ˛ !§Âô Ü˛ Ï̂Ó˚–
(iii) Î!ò A, B ~ÓÇ C §§#Ù ˆ§ê˛ •Î˚ñ ï˛y•ˆÏ°
n ( A ∪ B ∪ C ) = n ( A ) + n ( B ) + n ( C ) – n ( A  ∩ B ) – n ( B  ∩ C)

         – n ( A  ∩ C ) + n ( A  ∩ B  ∩ C ) ... (3)

≤ÃÜ,˛ï˛˛õˆÏ«˛ñ xyÙÓ˚y ̨ õy•zÈüüüÈ
n ( A ∪ B ∪ C ) = n (A) + n ( B ∪ C ) – n [ A  ∩ ( B ∪ C ) ] [(2) ~Ó˚ §y•yˆÏÎƒ]
=  n (A) + n ( B ) + n ( C ) – n ( B  ∩ C ) – n [ A  ∩ ( B ∪ C ) ] [(2) ~Ó˚ §y•yˆÏÎƒ]

ˆÎˆÏ•ï%˛ A  ∩ ( B ∪ C ) = ( A  ∩ B ) ∪ ( A  ∩ C ), xyÙÓ˚y ˛õy•z
n [ A  ∩ ( B ∪ C ) ] = n ( A  ∩ B ) + n ( A  ∩ C ) – n [ ( A  ∩ B ) ∩ (A  ∩ C)]

=  n ( A  ∩ B ) + n ( A  ∩ C )  – n  (A  ∩ B  ∩ C)

xï˛~Óñ
n ( A ∪ B ∪ C )  =  n (A) + n ( B ) + n ( C ) – n ( A   ∩ B ) – n ( B   ∩ C)

          – n ( A   ∩ C ) + n ( A   ∩ B   ∩ C )

Îy (3) ÈüÈˆÜ˛ ≤ÃÙyî Ü˛ Ï̂Ó˚–
í z̨òy•Ó˚î 23ı Î!ò X G Y  ò%!ê˛ ˆ§ê˛ ~Ó)̨̊ õ •Î˚ ˆÎ X ∪ YÈüÈ~Ó˚ 50 !ê˛ ˛õòñ XÈüÈ~Ó˚ 28 !ê˛ ˛õò ~ÓÇ YüÈ~Ó˚
32 !ê˛ ˛õò xyˆÏSÈñ ï˛ˆÏÓ X ∩ YÈüÈ~Ó˚ Ü˛Î˚!ê˛ ˛õò xy Ï̂SÈ⁄

!ã˛e 1.11
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Fig 1.12

§Ùyôyl ı  ≤Ãò_
n ( X ∪ Y ) = 50, n ( X ) = 28,  n ( Y ) = 32,

n (X ∩ Y) = ?

n ( X ∪ Y ) =  n ( X ) + n ( Y ) – n ( X ∩ Y ),

§)e ≤ÃˆÏÎ˚yˆÏà xyÙÓ˚y ̨ õy•zÈüüüÈ
n ( X ∩ Y ) =  n ( X ) + n ( Y ) – n ( X ∪ Y )

= 28 + 32 – 50 = 10

!ÓÜ˛“Ó˚)ˆÏ˛õñ ôˆÏÓ˚y  n ( X ∩ Y ) = k, ï˛ˆÏÓ
n ( X – Y ) = 28 – k , n ( Y – X ) = 32 – k ( !ã˛e 1.12 ÈüÈ~Ó˚ ˆË˛l!ã˛e ˆÌˆÏÜ˛ )

~!ê˛ ̂ ÌˆÏÜ˛ ̨ õyGÎ˚y ÎyÎ˚ñ 50 = n ( X ∪ Y ) = n (X – Y) + n (X  ∩ Y) + n ( Y – X)

 = ( 28 – k ) + k + (32 – k )

§%ï˛Ó˚yÇñ k = 10.

í˛zòy•Ó˚î 24 ı ~Ü˛!ê˛ !Óòƒy°ˆÏÎ˚ 20 çl !¢«˛Ü˛ xyˆÏSÈl ÎyÓ˚y à!îï˛ xÌÓy ˛õòyÌ≈!ÓòƒyÎ˚ !¢«˛yòyl Ü˛ˆÏÓ˚l–
~ˆÏòÓ˚ ÙˆÏôƒ 12 çl à!î Ï̂ï˛ ~ÓÇ 4 çˆÏlÓ˚ ≤ÃˆÏï˛ƒˆÏÜ˛ ˛õòyÌ≈!Óòƒy G à!îï˛ í˛zË˛Î˚ !Ó£ÏˆÏÎ˚ !¢«˛yòyl Ü˛ˆÏÓ˚l–
Ü˛ï˛çl ̨õòyÌ≈!ÓòƒyÎ˚ !¢«˛yòyl Ü˛ Ï̂Ó˚l⁄

§Ùyôyl ı  ôˆÏÓ˚yñ à!îï˛ !¢«˛ˆÏÜ˛Ó˚ ˆ§ê˛ M ~ÓÇ ˛õòyÌ≈!ÓòƒyÓ˚ !¢«˛ˆÏÜ˛Ó˚ ˆ§ê˛ˆÏÜ˛ P !òˆÏÎ˚ §)!ã˛ï˛ •Î˚– ≤Ãò_
§Ù§ƒyÓ˚ !ÓÓÓ˚̂ Ïî ÚxÌÓyÛ ¢∑!ê˛ §Ç Ï̂Îyà ≤Ã!Ü ̨ Î˚yÓ˚ •z!Aàï˛ ̂ òÎ˚ñ x˛õÓ˚!ò Ï̂Ü˛ Ú~ÓÇÛ ¢∑!ê˛ ̂ SÈò ≤Ã!Ü ̨ Î˚yÓ˚ •z!Aàï˛
ˆòÎ˚– xï˛~Óñ xyÙÓ˚y ˛õy•zÈüüüÈ

n ( M ∪ P ) = 20 , n ( M ) = 12 ~ÓÇ n ( M ∩ P ) = 4

xyÙÓ˚y õ n ( P ) !lî≈Î˚ Ü˛Ó˚Ó–
n ( M ∪ P ) = n ( M ) + n ( P ) – n  ( M ∩ P ),  ≤ÃˆÏÎ˚yˆÏà xyÙÓ˚y ˛õy•zÈüüüÈ
20 = 12 + n ( P ) – 4

§%ï˛Ó˚yÇñ n ( P ) = 12

xï˛~Óñ 12 çl !¢«˛Ü˛ ̨õòyÌ≈!ÓòƒyÎ˚ !¢«˛yòyl Ü˛ Ï̂Ó˚l–
í˛zòy•Ó˚î 25 ı ~Ü˛!ê˛ ˆ◊!îÓ˚ 35 çl !¢«˛yÌ#≈Ó˚ ÙˆÏôƒ 24 çl !Ü ̨ Ï̂Ü˛ê˛ ˆá Ï̂° ~ÓÇ 16 çl Ê%̨ ê˛Ó° ˆá Ï̂°–
≤Ã!ï˛ !¢«˛yÌ#≈ Î!ò Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ ˆá°y ˆáˆÏ°ñ ï˛ˆÏÓ Ü˛ï˛çl !¢«˛yÌ#≈ í˛zË˛Î˚ ˆá°yñ xÌ≈yÍ !Ü ˛ˆÏÜ˛ê˛ ~ÓÇ
Ê%̨ ê˛Ó° ̂ á Ï̂°⁄

§Ùyôyl ı  ôˆÏÓ˚yñ ˆÎ §Ó !¢«˛yÌ#≈ !Ü ˛ˆÏÜ˛ê˛ ˆáˆÏ° ï˛yˆÏòÓ˚ ˆ§ê˛ X ~ÓÇ ÎyÓ˚y Ê%˛ê˛Ó° ˆáˆÏ° ï˛yˆÏòÓ˚ ˆ§ê˛ Y–
§%ï˛Ó˚yÇñ Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ ˆá°y ˆáˆÏ° ~Ùl !¢«˛yÌ#≈ˆÏòÓ˚ ˆ§ê˛ X ∪ Y ~ÓÇ í z̨Ë˛Î˚ ˆá°y•z ˆá Ï̂° ~Ùl
!¢«˛yÌ#≈Ó˚ ̂ §ê˛ X ∩ Y–

ˆòGÎ˚y • Ï̂Î˚̂ ÏSÈñ  n ( X) = 24, n ( Y ) = 16, n ( X ∪ Y ) = 35, n (X ∩ Y) = ?

 n ( X ∪ Y ) = n ( X ) + n ( Y ) – n  ( X ∩ Y ), §)e ≤ÃˆÏÎ˚yˆÏà xyÙÓ˚y ˛õy•zÈüüüÈ
35 = 24 + 16 – n (X ∩ Y)

§%ï˛Ó˚yÇñ n (X  ∩ Y) = 5
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xÌ≈yÍñ 5 çl !¢«˛yÌ#≈ í z̨Ë˛Î˚ ˆá°y ˆá Ï̂°–
í˛zòy•Ó˚î 26 ı ~Ü˛!ê˛ !Óòƒy° Ï̂Î˚ 400 çl !¢«˛yÌ#≈Ó˚ í˛z˛õÓ˚ ~Ü˛!ê˛ §Ù#«˛yÎ˚ ̂ òáy ̂ à°ñ 100 çl xyˆÏ˛õˆÏ°Ó˚
!§Ó˚y˛õñ 150 çl Ü˛Ù°yÓ˚ !§Ó˚y˛õ ~ÓÇ 75 çl í˛zË˛Î˚ !§Ó˚y˛õ ̨õyl Ü˛ˆÏÓ˚– Ü˛ï˛çl !¢«˛yÌ#≈ xyˆÏ˛õ° Óy Ü˛Ù°y
ˆÜ˛y Ï̂ly!ê˛Ó˚•z !§Ó˚y˛õ ̨õyl Ü˛ Ï̂Ó˚ lyñ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı  ô Ï̂Ó˚yñ §Ù#«˛y Ü˛Ó˚y §Ó !¢«˛yÌ#≈Ó˚ ̂ §ê˛ U ~ÓÇ xy Į̈̂ õ Ï̂°Ó˚ !§Ó˚y˛õ ̨õyl Ü˛ Ï̂Ó˚ ~Ùl !¢«˛yÌ#≈̂ ÏòÓ˚ ̂ §ê˛
A G Ü˛Ù°yÓ˚ !§Ó˚y˛õ ˛õyl Ü˛ˆÏÓ˚ ~Ùl !¢«˛yÌ#≈ˆÏòÓ˚ ˆ§ê˛ B– ï˛y•ˆÏ°ñ

n (U) = 400, n (A) = 100, n (B) = 150  ~ÓÇ n (A ∩ B) = 75.

~áy Ï̂lñ n (A′ ∩ B′) = n (A ∪ B)′

= n (U) – n (A ∪ B)

= n (U) – n (A) – n (B) + n (A ∩ B)

= 400 – 100 – 150 + 75 = 225

xï˛~Óñ 225 çl !¢«˛yÌ#≈ xyˆÏ˛õ° Óy Ü˛Ù°yÓ˚ ̂ Ü˛yˆÏly!ê˛Ó˚•z !§Ó˚y˛õ ̨õyl Ü˛ˆÏÓ˚ ly–
í˛zòy•Ó˚î 27 ı 200 çl Óƒ!=˛ ã˛Ù≈ˆÏÓ˚yˆÏà ̨õ#!í˛¸ï˛– ~Ó˚ ÙˆÏôƒ 120 çl C

1 
Ó˚y§yÎ˚!lÜ˛ñ 50 çl C

2
 Ó˚y§yÎ˚!lÜ˛

~ÓÇ 30 çl í˛zË˛Î˚ Ó˚y§yÎ˚!lÜ˛ C
1 
G C

2
 !òˆÏÎ˚ ≤ÃË˛y!Óï˛– ï˛ˆÏÓ Óƒ!=˛ §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚y ≤ÃË˛y!Óï˛

• Ï̂Î˚̂ ÏSÈlÈüüüÈ

(i) C
1
 Ó˚y§yÎ˚!lÜ˛ !Ü˛v  C

2 
Ó˚y§yÎ˚!lÜ˛ lÎ˚– (ii) C

2
 Ó˚y§yÎ˚!lÜ˛ !Ü˛v  C

1 
Ó˚y§yÎ˚!lÜ˛ lÎ˚–

(iii) C
1
 Ó˚y§yÎ˚!lÜ˛ Óy C

2 
Ó˚y§yÎ˚!lÜ˛–

§Ùyôyl ı  ôˆÏÓ˚yñ ã˛Ù≈ˆÏÓ˚yà ̨õ#!í˛¸ï˛ Óƒ!=˛ˆÏòÓ˚ ̂ §ê˛ U §y!Ó≈Ü˛ñ C
1 
Ó˚y§yÎ˚!lˆÏÜ˛ ≤ÃË˛y!Óï˛ Óƒ!=˛ˆÏòÓ˚ ̂ §ê˛ A ~ÓÇ

C
2
 Ó˚y§yÎ˚!lÜ˛ ≤ÃË˛y!Óï˛ Óƒ!=˛ˆÏòÓ˚ ̂ §ê˛ B–

~áy Ï̂l n ( U) = 200, n ( A ) = 120, n ( B ) = 50 ~ÓÇ n ( A ∩ B ) = 30

(i) !ã˛e 1.13 ÈüÈ~Ó˚ ˆË˛l!ã˛e ˆÌˆÏÜ˛ñ xyÙÓ˚y ˛õy•zÈüüüÈ
A = ( A – B ) ∪ ( A ∩ B ).

n (A) = n( A – B ) + n( A ∩ B )     (ˆÎ Ï̂•ï%̨  A – B) G A ∩ B ˆ§ê˛mÎ˚ !Ó!FSÈß¨)
xÌÓy  n ( A – B ) = n ( A ) – n ( A ∩ B ) = 120 –30 = 90

§%ï˛Ó˚yÇñ C
1 
Ó˚y§yÎ˚!l Ï̂Ü˛ ≤ÃË˛y!Óï˛ !Ü˛v C

2 
Ó˚y§yÎ˚!l Ï̂Ü˛ ≤ÃË˛y!Óï˛

lÎ˚ ~Ùl Óƒ!=˛Ó˚ §Çáƒy 90 –

(ii) !ã˛e 1.13 ̂ ÌˆÏÜ˛ñ xyÙÓ˚y ̨ õy•z
B = ( B – A) ∪ ( A ∩ B).

~ÓÇñ n (B) =  n (B – A) + n ( A ∩ B)

(ˆÎˆÏ•ï%˛ B – A ~ÓÇ A ∩B ˆ§ê˛mÎ˚ !Ó!FSÈß¨)
xÌÓy n ( B – A ) = n ( B ) – n ( A ∩ B )

= 50 – 30 =  20

 C
2
 Ó˚y§yÎ˚!lˆÏÜ˛ ≤ÃË˛y!Óï˛ñ !Ü˛v C

1
 Ó˚y§yÎ˚!lˆÏÜ˛ ≤ÃË˛y!Óï˛ lÎ˚ ~Ùl Óƒ!=˛Ó˚ §Çáƒy 20 –

!ã˛e 1.13
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(iii) C
1
 Ó˚y§yÎ˚!lÜ˛ Óy  C

2
 Ó˚y§yÎ˚!lˆÏÜ˛ ≤ÃË˛y!Óï˛ Óƒ!=˛Ó˚ §Çáƒyñ xÌ≈yÍ

n ( A ∪ B )  = n ( A ) + n ( B ) – n ( A ∩ B )

   = 120 + 50 – 30 = 140.

 xl%¢#°l#  1.6

1. Î!ò X  G Y  ò%!ê˛ ˆ§ê˛ ~Ó˚)˛õ ˆÎñ  n ( X ) = 17, n ( Y ) = 23 ~ÓÇ n ( X ∪ Y ) = 38, ï˛ˆÏÓ
n ( X ∩ Y ) !lî≈Î˚ Ü˛ˆÏÓ˚y–

2. ò%!ê˛ ̂ §ê˛ X ~ÓÇ Y ~Ó˚)˛õ ̂ Îñ X ∪ Y ̂ §ˆÏê˛Ó˚ ̨ õò§Çáƒy 18 ñ X ̂ §ˆÏê˛ 8 !ê˛ ˛õòñ Y ̂ § Ï̂ê˛ 15 !ê˛ ̨ õò
ÌyÜ˛ Ï̂° X ∩ Y ÈüÈ~Ó˚ ˛õò §Çáƒy Ü˛ï˛ •ˆÏÓ⁄

3. 400 çˆÏlÓ˚ ~Ü˛!ê˛ òˆÏ°ñ 250 çl !•!® Ï̂ï˛ Ü˛Ìy Ó Ï̂° ~ÓÇ 200 çl •zÇˆÏÓ˚!çˆÏï˛ Ü˛Ìy ÓˆÏ°– Ü˛ï˛çl
ˆ°yÜ˛ !•!® ~ÓÇ •zÇˆÏÓ˚!ç í˛zË˛Î˚ Ë˛y£ÏyÏÎ˚ Ü˛Ìy Ó°ˆÏï˛ ̨ õyˆÏÓ˚⁄

4. Î!ò S G T ò%!ê˛ ˆ§ê˛ ~Ùl ˆÎ S ÈüÈ~Ó˚ 21 !ê˛ ˛õòñ  T ~Ó˚ 32 !ê˛ ˛õò ~ÓÇ S ∩ T ÈüÈ~Ó˚ 11 !ê˛ ˛õò
xyˆÏSÈ–  S ∪ T ÈüÈ~Ó˚ ˛õò §Çáƒy Ü˛ï˛ •ˆÏÓ⁄

5. Î!ò X G Y ò%!ê˛ ̂ §ê˛ ~Ó)̨̊ õ ̂ Î  X ÈüÈ~Ó˚  40 !ê˛ ̨ õò, X ∪ Y ÈüÈ~Ó˚ 60 !ê˛ ̨ õò ~ÓÇ  X ∩ Y ÈüÈ~Ó˚ 10

!ê˛ ˛õò ÌyˆÏÜ˛ñ ï˛ˆÏÓ Y ÈüÈ~Ó˚ ˛õò §Çáƒy Ü˛ï˛⁄
6. 70 ç Ï̂lÓ˚ ~Ü˛!ê˛ ò Ï̂°ñ 37 çl Ü˛!Ê˛ñ 52 çl ã˛y ~ÓÇ ≤Ã!ï˛!ê˛ ˆ°yÜ˛ Ü˛Ù˛õ Ï̂«˛ ~Ü˛!ê˛ ˛õyl#Î˚ ˛õSÈ®

Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ í˛zË˛Î˚ ˛õyl#Î˚ ˛õSÈ®  Ü˛ˆÏÓ˚ ~Ùl ˆ°yˆÏÜ˛Ó˚ §Çáƒy Ü˛ï˛⁄
7. 65 ç Ï̂lÓ˚ ~Ü˛!ê˛ ò Ï̂°ñ 40 çl !Ü ˛ˆÏÜ˛ê˛ñ 10 çl !Ü ˛ˆÏÜ˛ê˛ G ˆê˛!l§ ò%ˆÏê˛y•z ˛õSÈ® Ü˛ˆÏÓ˚– Ü˛ï˛çl ¢%ô%

ˆê˛!l§ ̨õSÈ® Ü˛ Ï̂Ó˚ !Ü˛v !Ü ̨ Ï̂Ü˛ê˛ ̨ õSÈ® Ü˛ Ï̂Ó˚ ly⁄ Ü˛ï˛çl ̂ ê˛!l§ ̨õSÈ® Ü˛ Ï̂Ó˚⁄
8. ~Ü˛!ê˛ Ü˛!Ù!ê˛ Ï̂ï˛ 50 çl Ê˛Ó˚y!§ Ë˛y£ÏyÎ˚ñ 20 çl ˆflõ!l§ Ë˛y£ÏyÎ˚ ~ÓÇ 10 çl Ê˛Ó˚y!§ G ˆflõ!l§

í˛zË˛Î˚ Ë˛y£ÏyˆÏï˛•z Ü˛Ìy ÓˆÏ°– Ü˛ï˛çl Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ Ë˛y£ÏyÎ˚ Ü˛Ìy ÓˆÏ°⁄

!Ó!Óô  í z̨òy•Ó˚îÙy°y

í˛zòy•Ó˚î 28 ı ˆòáyG ˆÎñ “ CATARACT ” ¢∑!ê˛Ó˚ ÓylyˆÏl Óî≈Ùy°yÓ˚ ˆ§ê˛ ~ÓÇ“ TRACT” ¢ˆÏ∑Ó˚
Óyly Ï̂l Óî≈Ùy°yÓ˚ ̂ §ê˛ §Ùyl–

§Ùyôyl ı  ôˆÏÓ˚y X  •° “ CATARACT ” ¢ˆÏ∑Ó˚ Óî≈Ùy°yÓ˚ ˆ§ê˛ñ  ï˛y•ˆÏ°

X = { C, A, T, R }

ôˆÏÓ˚y X  •° “ TRACT” ¢ˆÏ∑Ó˚ Óî≈Ùy°yÓ˚ ˆ§ê˛  ï˛y•ˆÏ°

Y = { T, R, A, C, T } = { T, R, A, C }

ˆÎˆÏ•ï%˛ X ~Ó˚ ≤Ã!ï˛!ê˛ ̨ õò YÈüÈ~Ó˚ xhs˝à≈ï˛ ~ÓÇ YÈüÈ~Ó˚ ≤Ã!ï˛!ê˛ ̨ õò ÈXüÈ~Ó˚ xhs˝à≈ï˛ñ ~!ê˛ ̂ ÌˆÏÜ˛ ̨ õyGÎ˚y ÎyÎ˚
X =Y –

í˛zòy•Ó˚î 29 ı { –1, 0, 1 } ˆ§ê˛!ê˛Ó˚ §Ó í˛z˛õˆÏ§ê˛à%ˆÏ°yÓ˚ ï˛y!°Ü˛y ≤Ã›ï˛ Ü˛ˆÏÓ˚y –

§Ùyôyl ı  ôˆÏÓ˚y A = { –1, 0, 1 }– A ÈüÈ~Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛ ÎyÓ˚ ˆÜ˛yˆÏly ˛õò ˆl•z ï˛y •° ¢)lƒ ˆ§ê˛ φ–
~Ü˛˛õò !Ó!¢T˛ A ÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛à%ˆÏ°y •° { –1 }, { 0 }, { 1 }– ò%•z˛õò !Ó!¢T˛ ÈAüÈ~Ó˚ í˛z˛õˆÏ§ê˛à%ˆÏ°y •°
{–1, 0}, {–1, 1} ,{0, 1}– !ï˛l!ê˛ ̨õò !Ó!¢T˛ ÈAüÈ~Ó˚ í z̨̨ õ Ï̂§ê˛ •° A ̂ §ê˛ !l Ï̂ç•z– §%ï˛Ó˚yÇñ A ÈüÈ~Ó˚ §Ó
í˛z˛õˆÏ§ê˛à%ˆÏ°y •°  φ, {–1}, {0}, {1}, {–1, 0}, {–1, 1}, {0, 1} ~ÓÇ {–1, 0, 1}–
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í z̨òy•Ó˚î 30 ı  ˆòáyG ˆÎñ A ∪  B =  A ∩ B ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚ A = B–

§Ùyôyl ı  ôˆÏÓ˚y a ∈ A. ï˛y•ˆÏ° a ∈ A ∪ B – ˆÎˆÏ•ï%˛  A ∪ B = A  ∩ B , a ∈ A  ∩ B –  §%ï˛Ó˚yÇñ
a ∈ B– xï˛~Ó  A ⊂  B– xl%Ó˚)ˆÏ˛õñ Î!ò  b ∈ B •Î˚ñ ï˛ˆÏÓ  b ∈ A ∪ B –  ˆÎˆÏ•ï%˛

A ∪ B = A ∩ B, b ∈ A ∩ B– §%ï˛Ó˚yÇñ  b ∈ A – §%ï˛Ó˚yÇñ  B ⊂ A – §%ï˛Ó˚yÇñ  A = B –

í˛zòy•Ó˚î  31 ˆÎ ˆÜ˛yˆÏly ò%!ê˛ ˆ§ê˛ A G B ÈüÈ~Ó˚ ˆ«˛ Ï̂e ˆòáyG ˆÎñ
P ( A ∩ B ) = P ( A ) ∩ P (  B ).

§Ùyôyl ı ôˆÏÓ˚y X ∈ P ( A ∩ B ) – ï˛y• Ï̂° X ⊂  A ∩ B,  ï˛y•z X ⊂  A ~ÓÇ X ⊂ B –  §%ï˛Ó˚yÇñ X
∈ P ( A )  ~ÓÇ  X ∈ P ( B )  Îy ˆÓyV˛yÎ˚  X ∈ P ( A ) ∩ P ( B ) –  ï˛y  ˆÌˆÏÜ˛  ˛õyGÎ˚y  ÎyÎ˚ P (

A ∩ B ) ⊂ P ( A ) ∩ P ( B ) – ôˆÏÓ˚y  Y ∈ P ( A ) ∩ P ( B ) – §%ï˛Ó˚yÇ Y ∈ P ( A)  ~ÓÇ Y ∈

P ( B ) – §%ï˛Ó˚yÇñ  Y ⊂  A   ~ÓÇ Y ⊂  B –  xï˛~Ó  Y ⊂  A  ∩ B,  Îy  ˆÌˆÏÜ˛  ˛õyGÎ˚y ÎyÎ˚ Y ∈

P ( A  ∩ B ) – §%ï˛Ó˚yÇñ P ( A ) ∩ P ( B ) ⊂ P ( A ∩ B)

xï˛~Ó P ( A ∩ B ) = P ( A ) ∩ P ( B ) –
í˛zòy•Ó˚î 32 ı ~Ü˛!ê˛ ÓyçyÓ˚ xl%§rôylÜ˛yÓ˚#ò° 1000 çl ˆË˛y=˛yÓ˚ í˛z˛õÓ˚ §Ù#«˛y Ü˛ˆÏÓ˚ !Ó˚ˆÏ˛õyê≈˛ Ü˛ˆÏÓ˚l ˆÎ
720 çl A üÈ§yÙ@˝Ã# ˛õSÈ® Ü˛ˆÏÓ˚ ~ÓÇ 450 çl ÈBüÈ§yÙ@˝Ã# ˛õSÈ® Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ l)ƒlï˛Ù Ü˛ï˛çl í˛zË˛Î˚ §yÙ@˝Ã#
˛õSÈ® Ü˛ Ï̂Ó˚⁄

§Ùyôyl ı  ôÓ˚y ÎyÜ˛ñ ̂ Î §Ó ̂ Ë˛y=˛yÓ˚ í z̨̨ õÓ˚ §Ù#«˛y ã˛y°y Ï̂ly •° ï˛y Ï̂òÓ˚ ̂ §ê˛ U– S G  T •° ÎÌyÜ ̨ Ï̂Ù §yÙ@˝Ã#
A  G §yÙ@˝Ã# B ÈüÈ ˛õSÈ® Ü˛ˆÏÓ˚ ~Ó˚)˛õ ˆË˛y=˛yÓ˚ ˆ§ê˛– ˆòGÎ˚y xyˆÏSÈÈüüüÈ

n ( U ) = 1000, n ( S ) = 720, n (  T ) = 450

§%ï˛Ó˚yÇñ n ( S ∪ T ) = n ( S ) + n ( T ) – n ( S ∩ T )

= 720 + 450 – n (S ∩ T) = 1170 – n ( S ∩ T )

xï˛~Óñ n ( S ∪ T )ÈüÈ~Ó˚  Ùyl §ˆÏÓ≈yFã˛ •ˆÏÓ Îál n ( S ∩ T )ÈüÈ~Ó˚ Ùyl §Ó≈!l¡¨ •Î˚– !Ü˛v S ∪ T ⊂ U

ˆÓyV˛yÎ˚ n ( S ∪ T )  ≤ n ( U ) = 1000 – §%ï˛Ó˚yÇñ  n ( S ∪ T ) ÈÈüÈ~Ó˚ §Ó≈!l¡¨ Ùyl  1000 – xï˛~Óñ
n ( S ∩ T ) ~Ó˚ §Ó≈!l¡¨Ùyl 170 – §%ï˛Ó˚yÇñ í˛zË˛Î˚ §yÙ@˝Ã# Ü˛Ù˛õˆÏ«˛ ̨ õSÈ® Ü˛ˆÏÓ˚ ~Ùl ̂ Ë˛y=˛yÓ˚ §Çáƒy 170–
í˛zòy•Ó˚î 33 ı  500 çl ày!í˛¸Ó˚˚ Ùy!°ˆÏÜ˛Ó˚ í˛z˛õÓ˚ ~Ü˛!ê˛ §Ù#«˛yÎ˚ ̂ òáy ̂ à°ñ 400 çl ÈAüÈày!í˛¸Ó˚ ~ÓÇ 200

çl B ày!í˛¸Ó˚˚ñ 50 çl A G B í˛zË˛Î˚ ≤ÃÜ˛yÓ˚ ày!í˛¸Ó˚ Ùy!°Ü˛– ≤Ãò_ Ó˚y!¢ï˛Ìƒ!ê˛ !Ü˛ §!ë˛Ü˛⁄

§Ùyôyl ı  ôˆÏÓ˚yñ U •° §Ù#«˛yÎ˚ ày!í˛¸Ó˚ Ùy!°Ü˛ˆÏòÓ˚ ˆ§ê˛ñ M G S ÎÌyÜ ˛ˆÏÙ A G B ày!í˛¸Ó˚ Ùy!°Ü˛ˆÏòÓ˚
ˆ§ê˛–

ˆòGÎ˚y xy Ï̂SÈñ n ( U ) = 500, n (M ) = 400, n ( S ) = 200 ~ÓÇ n ( S ∩ M ) = 50.

ï˛y• Ï̂° n ( S ∪ M ) = n ( S ) + n ( M ) – n ( S ∩ M )  = 200 + 400 – 50  = 550

!Ü˛v  S ∪ M ⊂ U ˆÓyV˛yÎ˚ n ( S ∪ M ) ≤ n ( U ) –
~!ê˛ !ÓÓ˚%Âôyã˛Ó˚î Ü˛ˆÏÓ˚– §%ï˛Ó˚yÇñ ≤Ãò_ Ó˚y!¢ ï˛Ìƒ §!ë˛Ü˛ lÎ˚–
í z̨òy•Ó˚î 34 ı ~Ü˛!ê˛ Ü˛ Ï̂°ç 38 !ê˛ ̂ Ù Ï̂í˛° Ê%̨ ê˛Ó Ï̂°ñ 15 !ê˛ ̂ Ù Ï̂í˛° Óy Ï̂flÒê˛Ó Ï̂° ~ÓÇ 20 !ê˛ ̂ Ù Ï̂í˛° !Ü ̨ Ï̂Ü˛ê˛
ˆá°yÎ˚ ≤Ãòyl Ü˛ˆÏÓ˚– Î!ò ~•z ˛õòÜ˛à%ˆÏ°y ˆÙyê˛ 54 çl ˆ°y Ï̂Ü˛ ˛õyÎ˚ ~ÓÇ ˆÜ˛Ó° !ï˛lçl ˆ°yÜ˛ !ï˛l!ê˛
ˆá°yˆÏï˛•z ̨ õòÜ˛ ̨ õyÎ˚ñ ï˛ˆÏÓ Ü˛ï˛çl ̂ °yÜ˛ !ï˛l!ê˛ ̂ á°yÎ˚ !ë˛Ü˛ ò%!ê˛ˆÏï˛ ̨ õòÜ˛ ̂ ˛õˆÏÎ˚!SÈ°⁄
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§Ùyôyl ı  ôˆÏÓ˚y  F, B ~ÓÇ C •° ÎÌyÜ ̨ Ï̂Ù Ê%̨ ê˛Ó°ñ Óy Ï̂flÒê˛Ó°
~ÓÇ !Ü ˛ˆÏÜ˛ˆÏê˛ ̨ õòÜ˛ ̂ ˛õˆÏÎ˚ˆÏSÈ ~Ùl ̂ °yˆÏÜ˛ˆÏòÓ˚ ̂ §ê˛–

ï˛y•ˆÏ° n ( F ) = 38, n ( B ) = 15, n ( C ) = 20

n (F ∪ B ∪ C ) = 58 ~ÓÇ n (F ∩ B ∩ C ) = 3

xï˛~Óñ  n (F ∪ B ∪ C ) = n ( F ) + n ( B ) + n (C)

– n (F ∩ B ) – n (F ∩ C ) – n (B ∩ C ) +

n ( F ∩ B ∩  C ),

≤Ãòyl Ü˛ Ï̂Ó˚ñ  n ( F ∩ B ) + n ( F ∩ C ) + n ( B ∩ C ) = 18

!ã˛e 1.14 ≤Ãò_ ̂ Ë˛l!ã˛e °«˛ Ü˛ Ï̂Ó˚y–
~áy Ï̂l a  •° ˆÜ˛Ó° Ê%̨ ê˛Ó° G Óy Ï̂flÒê˛Ó Ï̂° ˆÙ Ï̂í˛° ≤ÃyÆ ˆ°y Ï̂Ü˛ Ï̂òÓ˚ §Çáƒyñ b •° ˆÜ˛Ó° Ê%̨ ê˛Ó° G
!Ü ˛ˆÏÜ˛ˆÏê˛ ˆÙˆÏí˛° ≤ÃyÆ ˆ°yˆÏÜ˛ˆÏòÓ˚ §Çáƒy ~ÓÇ c •° ˆÜ˛Ó° Óy Ï̂flÒê˛Ó° G !Ü ̨ Ï̂Ü˛ Ï̂ê˛ ˆÙ Ï̂í˛°≤ÃyÆ ˆ°y Ï̂Ü˛ Ï̂òÓ˚
ˆ§ê˛ ~ÓÇ Èd üÈ•° !ï˛l!ê˛ ˆá°yˆÏï˛•z ˆÙˆÏí˛° ≤ÃyÆ ˆ°yˆÏÜ˛ˆÏòÓ˚ ˆ§ê˛–
§%ï˛Ó˚yÇñ d = n ( F ∩ B ∩ C ) = 3 ~ÓÇ a + d + b + d + c + d = 18 xÌ≈yÍ a + b + c = 9,

Îy •° !ï˛l!ê˛Ó˚ !ë˛Ü˛ ò%!ê˛ ˆá°yˆÏï˛ ˆÙˆÏí˛° ≤ÃyÆ ˆ°yˆÏÜ˛Ó˚ §Çáƒy–
xôƒyÎ˚ È 1üÈ~Ó˚ !Ó!Óô xl%¢#°l

1. !l¡¨!°!áï˛ ̂ §ê˛à%ˆÏ°yÓ˚ ÎyÓ˚y ~ˆÏÜ˛ x˛õˆÏÓ˚Ó˚ í˛z˛õˆÏ§ê˛ ï˛y !lî≈Î˚ Ü˛ˆÏÓ˚y ı
A = { x : x ∈ R  ~ÓÇ  x2 – 8x + 12 =  0 ˆÜ˛ x !§Âô Ü˛ˆÏÓ˚ }
B = { 2, 4, 6 }, C = { 2, 4, 6, 8, . . . }, D = { 6 }.

2. !l Ï̂ã˛Ó˚ ≤Ã!ï˛ Ï̂«˛ Ï̂eñ !ÓÓ,!ï˛à%̂ Ï°y §ï˛ƒ ly !ÙÌƒy !lî≈Î˚ Ü˛ Ï̂Ó˚y– Î!ò ~!ê˛ §ï˛ƒ •Î˚ñ ï˛ Ï̂Ó ï˛y ≤ÃÙyî Ü˛ Ï̂Ó˚y–
Î!ò !ÙÌƒy •Î˚ñ ï˛ˆÏÓ ~Ü˛!ê˛ í˛zòy•Ó˚î òyG–
(i) Î!ò x ∈  A ~ÓÇ A ∈ B , ï˛ˆÏÓ x ∈ B

(ii) Î!ò A  ⊂ B ~ÓÇ B ∈ C , ï˛ˆÏÓ A ∈ C

(iii) Î!ò A ⊂ B ~ÓÇ B ⊂ C , ï˛ˆÏÓ A ⊂ C

(iv) Î!ò A ⊄ B ~ÓÇ B ⊄ C , ï˛ˆÏÓ A ⊄ C

(v) Î!ò x ∈ A ~ÓÇ A ⊄ B , ï˛ Ï̂Ó x ∈ B

(vi) Î!ò A ⊂ B ~ÓÇ x ∉ B , ï˛ˆÏÓ x ∉ A

3. ôˆÏÓ˚y A, B, ~ÓÇ C ˆ§ê˛à%̂ Ï°y ~Ùl ˆÎ  A ∪ B = A ∪ C ~ÓÇ A ∩ B = A ∩ C ñ ˆòáyG ˆÎñ
B = C.

4. ˆòáyG ̂ Îñ !l¡¨!°!áï˛ ¢ï≈˛ ã˛yÓ˚!ê˛ §Ùï%˛°ƒ •Î˚ :
(i) A ⊂ B(ii) A – B = φ (iii) A ∪ B = B (iv) A ∩ B = A

5. ˆòáyG ˆÎñ Î!ò  A ⊂ B •Î˚ñ ï˛y•ˆÏ° C – B ⊂ C – A.

6. ô Ï̂Ó˚ lyG P ( A ) = P ( B ) ˆòáyG ˆÎñ  A = B

7. ˆÎ ˆÜ˛y Ï̂ly ò%!ê˛ ˆ§ê˛  A G B ~Ó˚ çlƒ P ( A ) ∪ P ( B ) = P ( A ∪ B ) ~!ê˛ §ï˛ƒ •ˆÏÓ !Ü˛⁄
ˆï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ fl∫̨ õ Ï̂«˛ Î%!=˛ òyG–

!ã˛e  1.14
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8. ˆÎ ˆÜ˛yˆÏly ò%!ê˛ ˆ§Ïê˛  A G B ~Ó˚ çlƒ ˆòáyG ˆÎñ
A = ( A ∩  B )  ∪ ( A – B ) ~ÓÇ A ∪ ( B – A ) =  ( A ∪ B )

9. ˆ§ˆÏê˛Ó˚ ôÙ≈yÓ°# ≤ÃˆÏÎ˚yˆÏà ̂ òáyG ̂ Îñ
(i) A ∪ (  A  ∩ B ) = A       (ii)  A ∩ ( A ∪ B ) = A.

10. ˆòáyG ˆÎñ  A ∩ B = A ∩ C ~Ó˚ ï˛yÍ˛õÎ≈ B = C •GÎ˚y xyÓ¢ƒÜ˛ lÎ˚–
11. ôˆÏÓ˚y A G B  ò%!ê˛ ˆ§ê˛–  ˆÜ˛yˆÏly  ˆ§ê˛ XüÈ~Ó˚ çlƒ Î!ò A  ∩ X = B ∩ X = φ  ~ÓÇ

A ∪ X = B ∪ X •Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ  A = B –
(•z!Aàï˛ ı  A = A ∩ ( A ∪ X ) , B = B ∩ ( B ∪ X ) ~ÓÇ Ó^˝ê˛l §)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚y– )

12. !ï˛l!ê˛  ˆ§ê˛  A, B  ~ÓÇ C  ~Ó)̨̊ õ ˆÎ A  ∩ B, B ∩ C  ~ÓÇ  A ∩ C  x¢)lƒ  ˆ§ê˛  ~ÓÇ
A ∩ B  ∩ C = φ ñ ï˛ˆÏÓ A, B ~ÓÇ C !lî≈Î˚ Ü˛ˆÏÓ˚y–

13. ~Ü˛!ê˛ !Óòƒy° Ï̂Î˚ 600  çl !¢«˛yÌ#≈Ó˚ §Ù#«˛yÎ˚ ̂ òáy ̂ à°ñ 150 çl ã˛yñ 225 çl Ü˛!Ê˛ñ 100  çl
ã˛y G Ü˛!Ê˛ í˛zË˛Î˚•z ̨ õyl Ü˛Ó˚ˆÏï˛ ̨ õSÈ® Ü˛ˆÏÓ˚– Ü˛ï˛çl !¢«˛yÌ#≈ ã˛y Óy Ü˛!Ê˛ ̂ Ü˛yˆÏly!ê˛•z ̨ õSÈ® Ü˛ˆÏÓ˚ lyñ
!lî≈Î˚ Ü˛ Ï̂Ó˚y–

14. !¢«˛yÌ#≈Ó˚ ~Ü˛!ê˛ òˆÏ° 100 çl !•!® çy Ï̂lñ 50 çl •zÇˆÏÓ˚!ç çyˆÏl ~ÓÇ 25 çl í˛zË˛Î˚!ê˛•z çyˆÏl–
≤Ã!ï˛!ê˛ !¢«˛yÌ#≈ !•!® Óy •zÇˆÏÓ˚!çÓ˚ ̂ Ü˛yˆÏly ~Ü˛!ê˛ çyˆÏl– G•z  òˆÏ° Ü˛ï˛çl !¢«˛yÌ#≈ xyˆÏSÈ⁄

15. 60 çl ̂ °y Ï̂Ü˛Ó˚ í z̨̨ õÓ˚ §Ù#«˛yÎ˚ ̂ òáy ̂ à° 25 çl §ÇÓyò˛õe ̨H õ Ï̂í ¸̨ñ 26 çl §ÇÓyò˛õe ̨T õ Ï̂í ¸̨ñ
26 çl §ÇÓyò˛õe I ˛õˆÏí˛¸ñ 9 çl ̨H ~ÓÇ I í˛zË˛Î˚•z ̨ õˆÏí˛¸ñ 11 çl H G T í˛zË˛Î˚•z ̨ õˆÏí˛¸ñ 8 çl T
G I  í˛zË˛Î˚•z ˛õˆÏí˛¸ñ 3 çl !ï˛l!ê˛ ˛õ!eÜ˛y•z ˛õˆÏí˛¸–
(i)  Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ §ÇÓyò˛õe ̨õˆÏí˛¸ ~Ùl ̂ °yˆÏÜ˛Ó˚ §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚y–
(ii) Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ §ÇÓyò˛õe ̨õˆÏí˛¸ ~Ùl ̂ °yˆÏÜ˛Ó˚ §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚y–

16. ~Ü˛!ê˛ §Ù#«˛yÎ˚ ̂ òáy ̂ à° 21 çl A §yÙ@˝Ã#ñ 26 çl B §yÙ@˝Ã# ~ÓÇ 29 çl C §yÙ@˝Ã# ̨õSÈ® Ü˛ Ï̂Ó˚–
Î!ò 14 çl A G Bñ 12  çl C G Añ 14 çl B G C  ~ÓÇ 8 çl !ï˛l!ê˛ §yÙ@˝Ã# ̨õSÈ® Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ
Ü˛ï˛çl ¢%ô% C §yÙ@˝Ã# ˛õSÈ® Ü˛ˆÏÓ˚⁄

§yÓ˚§Ç Ï̂«˛˛õ

~•z xôƒyˆÏÎ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ˆÙÔ!°Ü˛ §ÇK˛y ~ÓÇ ˆ§ˆÏê˛Ó˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ≤Ã!Ü ˛Î˚y xyˆÏ°y!ã˛ï˛ •ˆÏÎ˚ˆÏSÈ– l#ˆÏã˛ §ÇˆÏ«˛ˆÏ˛õ
~à%̂ Ï°y ˆòGÎ˚y •° ı

®  ˛§%§ÇK˛yï˛ Ó›§Ù)ˆÏ•Ó˚ §Ùy•yÓ˚ˆÏÜ˛ ̂ §ê˛ ÓˆÏ°–

®  ˛~Ü˛!ê˛ ˆ§ê˛ ÎyÓ˚ ÙˆÏôƒ ˆÜ˛yˆÏly ˛õò ˆl•z ï˛yˆÏÜ˛ ¢)lƒ ˆ§ê˛ ÓˆÏ°–

®  ̨ ˆÎ ̂ §ˆÏê˛ !l!ò≈T˛ §ÇáƒÜ˛ ̨õò ÌyˆÏÜ˛ ï˛yˆÏÜ˛ §§#Ù ̂ §ê˛ ÓˆÏ°ñ xlƒÌyÎ˚ ̂ §ê˛!ê˛ˆÏÜ˛  x§#Ù ̂ §ê˛ ÓˆÏ°–

®  ˛ò%!ê˛ ˆ§ê˛ A G B ˆÜ˛ §Ùyl Ó°y •ˆÏÓ Î!ò ï˛yˆÏòÓ˚ ÙˆÏôƒ !ë˛Ü˛ ~Ü˛•z ˛õò ÌyˆÏÜ˛–

®  ˛~Ü˛!ê˛ ˆ§ê˛ ÈAüÈˆÜ˛  B ÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛ Ó°y •ˆÏÓ Î!òñ ÈAüÈ~Ó˚ ≤Ã!ï˛!ê˛ ˛õò ÈBüÈ~Ó˚G ~Ü˛!ê˛ ˛õò •Î˚–
xhs˝Ó˚y°à%ˆÏ°y RÈüÈ~Ó˚ í z̨̨ õ Ï̂§ê˛–
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®  ˛A ˆ§ˆÏê˛Ó˚ §Ó í˛z˛õˆÏ§ê˛à%ˆÏ°yÓ˚ §Ç@˝Ã•ˆÏÜ˛ AÈüÈ~Ó˚ âyï˛ˆÏ§ê˛ ÓˆÏ°– ~!ê˛ˆÏÜ˛ P(A) !òˆÏÎ˚ §)!ã˛ï˛ Ü˛Ó˚y
•Î˚–

®  ̨ò%!ê˛ ̂ §ê˛ A G B ÈüÈ~Ó˚ §Ç Ï̂Îyà •° ~Ùl ~Ü˛!ê˛ ̂ §ê˛ ÎyÓ˚ Ù Ï̂ôƒ A xÌÓy B ÈüÈ~Ó˚ ̨õòà%ˆÏ°y ÌyˆÏÜ˛–

®  ˛ò%!ê˛ ˆ§ê˛ A G B ÈüÈ~Ó˚ ˆSÈò •° ~Ùl ~Ü˛!ê˛ ˆ§ê˛ ÎyÓ˚ Ù Ï̂ôƒ ò%!ê˛ ˆ§ê˛ ÈA G B üÈ~Ó˚ §yôyÓ˚î
˛õòà%ˆÏ°y ÌyˆÏÜ˛– ò%!ê˛ ̂ §ê˛ ÈA G B üÈ~Ó˚ ~•z Ü ˛ˆÏÙ xhs˝Ó˚ •° ̂ §•z ̂ §ê˛ ÎyÓ˚ ̨õòà%ˆÏ°y AÈüÈˆï˛ xyˆÏSÈ
!Ü˛v BÈüÈˆï˛ ˆl•z–

®  ˛§y!Ó≈Ü˛ ˆ§ê˛ UÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛ ÈAüÈ~Ó˚ ˛õ)Ó˚Ü˛ ˆ§ê˛ •° ˆ§•z ˆ§ê˛ ÎyÓ˚ ˛õòà%ˆÏ°y UÈüÈˆï˛ xy Ï̂SÈ !Ü˛v
AÈüÈˆï˛ ˆl•z–

®  ˛ˆÎ ˆÜ˛y Ï̂ly ò%!ê˛ ˆ§ê˛  A G B ÈüÈ~Ó˚ çlƒ (A ∪ B)′ = A′ ∩ B′ ~ÓÇ ( A ∩ B )′ = A′ ∪ B′

®  ˛Î!ò ò%!ê˛ ˆ§ê˛ È A G BüÈ~Ó˚ ˆ«˛ˆÏe A ∩ B = φ, •ˆÏ°

  n (A ∪ B) = n (A) + n (B).

Î!ò A  ∩ B ≠ φ •Î˚ñ ï˛y•ˆÏ°

n (A ∪ B) = n (A) + n (B) – n (A ∩ B)

˙!ï˛•y!§Ü˛ ̂ ≤Ã«˛y˛õê˛

çyÙ≈yl à!îï˛K˛ çç≈ Ü˛ƒyrê˛Ó˚̂ ÏÜ˛ å1845-1918ä xyô%!lÜ˛ ̂ §ê˛ï˛ Ï̂_¥Ó˚ x!ôÜ˛yÇ¢ !Ó£Ï̂ ÏÎ˚Ó˚ çlÜ˛ Ó°y
•Î˚– 1874 ˆÌ Ï̂Ü˛ 1897 ~Ó˚ ÙôƒÓï˛#≈ §ÙˆÏÎ˚ ˆ§ê˛ï˛_¥ §¡õˆÏÜ≈˛ GlyÓ˚ à%Ó˚%c˛õ)î≈ Ü˛yàç˛õeà%ˆÏ°y
≤ÃÜ˛y¢ •Î˚– !eˆÏÜ˛yî!Ù!ï˛Ü˛ ˆ◊!î a

1
 sin x + a

2
 sin 2x + a

3
 sin 3x + ... ÈüÈ~Ó˚ xôƒÎ˚lÜ˛yˆÏ°

!ï˛!l ̂ §ê˛ï˛ˆÏ_¥Ó˚ §ÇflõˆÏ¢≈ xyˆÏ§l–  1874 §yˆÏ° í˛z!l ~Ü˛!ê˛ àˆÏÓ£Ïîy ̨õˆÏe ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚l ̂ Î ÓyhflÏÓ
§Çáƒyà%ˆÏ°yÓ˚ ˆ§ˆÏê˛Ó˚ §yˆÏÌ xá[˛ §ÇáƒyÓ˚ ~Ü˛ ~Ü˛ §¡õÜ≈˛ fiÌy˛õl Ü˛Ó˚y ÎyÎ˚ ly– 1879 ÈüÈ~Ó˚ ˛õÓ˚
!ÓÙ)ï≈˛ ̂ §ˆÏê˛Ó˚ ôÙ≈yÓ!°Ó˚ í˛z˛õÓ˚ Ü˛ˆÏÎ˚Ü˛!ê˛ àˆÏÓ£Ïîy˛õe ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚l–

Ü˛ƒyrê˛ Ï̂Ó˚Ó˚ à Ï̂Ó£ÏîyÙ)°Ü˛ Ü˛yçà%̂ Ï°y x˛õÓ˚ !Óáƒyï˛ à!îï˛!Óò !Ó˚ã˛yí ≈̨ ̂ í˛ Ï̂í˛Ü˛y•zu˛ å1831-1916ä
Ü˛ï,≈˛Ü˛ í˛zFã˛ ≤Ã¢Ç!§ï˛ •Î˚– !Ü˛v ̂ Ü ˛yˆÏlÜ˛yÓ˚ å1810-1993äñ x§#Ù ̂ §ê˛ˆÏÜ˛ §§#Ù xl%Ó˚)˛õ !ÓˆÏÓã˛ly
Ü˛Ó˚yÎ˚ GlyÓ˚ §Ùy Ï̂°yã˛ly Ü˛ Ï̂Ó˚l– x˛õÓ˚ çyÙ≈yl à!îï˛K˛ Gottlob Fregeñ ¢ï˛y!∑Ó˚ ̂ ¢ Ï̂£Ï ̂ §ê˛ï˛_¥̂ ÏÜ˛
ï˛Ü≈˛¢yˆÏflfÓ˚ l#!ï˛Ó˚ ÙyôƒˆÏÙ í˛z˛õfiÌy˛õl Ü˛ˆÏÓ˚l– ˙ §ÙÎ˚ ˛õÎ≈hs˝ §¡õ)‰î≈ ˆ§ê˛ï˛_¥ §Ó ˆ§ê˛à%ˆÏ°yˆÏï˛
ˆ§ Ï̂ê˛Ó̊ x!hflÏc Ü˛“lyÓ̊ í z̨̨ õÓ̊ !Ë˛!_ Ü˛ Ï̂Ó̊ òÑy!í˛̧ Ï̂Î̊!SÈ°– !Óáƒyï˛ •zÇ Ï̂Ó̊ç òy¢≈!lÜ˛ ̂ Ó ê˛yu˛ Ó̊y Ï̂§° å1872-

1970ä !Î!l 1902 §y Ï̂° ̂ ò!á Ï̂Î˚!SÈ Ï̂°l §Ó ̂ §ê˛à%̂ Ï°y Ï̂ï˛ ̂ § Ï̂ê˛Ó˚ x!hflÏc Ü˛“ly !ÓÓ%̊Âô– Îy ̂ Ì Ï̂Ü˛
Ó˚y Ï̂§ Ï̂°Ó˚ !Óáƒyï˛ Ü)̨ ê˛yË˛y£Ï ̨õyGÎ˚y ÎyÎ˚– ~ §¡õ Ï̂Ü≈̨  Paul R.Halmos GlyÓ˚ ̨õ%hflÏÜ˛ È‘Naive  Set

Theory’üÈˆï˛ !° Ï̂á Ï̂SÈl ̂ Î “nothing contains everything”–
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Ó˚yˆÏ§ˆÏ°Ó˚ Ü%˛ê˛yË˛y£Ï ¢%ô% ̂ §ê˛ï˛ˆÏ_¥Ó˚ í˛z˛õÓ˚ lÎ˚– ̨õÓ˚Óï˛#≈Ü˛yˆÏ° Óy•% à!îï˛K˛ ~ÓÇ ï˛Ü≈˛¢yflf!ÓˆÏòÓ˚y
xˆÏlÜ˛ Ü%˛ê˛yË˛y£Ï ˜ï˛!Ó˚ Ü˛ˆÏÓ˚ˆÏSÈl– ~Ùl Ü%˛ê˛yË˛y£Ïà%ˆÏ°yÓ˚ Ê˛°fl∫Ó˚)˛õ 1908 §yˆÏ° Ernst Zermelo

ˆ§ê˛ï˛ Ï̂_¥Ó˚ ≤ÃÌÙ fl∫ï˛/!§ÂôÜ˛Ó˚î ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚l– 1922  §y Ï̂° x˛õÓ˚ ~Ü˛!ê˛ ≤ÃhflÏyÓly Ü˛ Ï̂Ó˚l xyÓ y•yÙ
ˆÊ ̨ Ï̂AÜ˛°– 1925 §y Ï̂° çl Ë˛l!lí z̨Ùƒyl !lÎ˚!Ùï˛Ü˛Ó˚̂ ÏîÓ˚ fl∫ï˛/!§Âô flõT˛Ó)̊̂ Į̈ õ Óƒ=˛ Ü˛ Ï̂Ó˚l– ̨õÓ˚Óï˛#≈
1937 §yˆÏ° ̨ õ° ÓyˆÏl≈§ xyˆÏÓ˚y ~Ü˛ ̂ §ê˛ §ˆÏhs˝y£ÏçlÜ˛ fl∫ï˛/!§ÂôÜ˛Ó˚î ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚l– 1940 §y Ï̂°
~•z fl∫ï˛/!§Âôà%̂ Ï°yÓ̊ ̨õ!Ó̊Ó!ï≈̨ ï˛ Ó̊)̨ õñ Kurt Gödel ï˛yÓ̊ Ù Ï̂ly@˝Ãy Ï̂Ê˛ !ò Ï̂Î̊ Ï̂SÈl– ~!ê˛ Von Neumann-

Bernays (VNB)  xÌÓy Gödel-Bernays (GB) ˆ§ê˛ ï˛_¥ !•ˆÏ§ˆÏÓ áƒyï˛–

~§Ó ≤Ã!ï˛ÓrôÜ˛ï˛y §ˆÏ_¥G à!îˆÏï˛ xyçÜ˛y° Ü˛ƒyrê˛ˆÏÓ˚Ó˚ ˆ§ê˛ï˛ˆÏ_¥Ó˚ ≤ÃˆÏÎ˚yà xyˆÏSÈ– ≤ÃÜ,˛ï˛˛õˆÏ«˛
~ál à!îˆÏï˛Ó˚ x!ôÜ˛yÇ¢ ôyÓ˚îy ~ÓÇ Ê˛°yÊ˛°à%ˆÏ°y ̂ §ê˛ï˛_¥àï˛ Ë˛y£ÏyˆÏï˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–
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xôƒyÎ˚ 2

§¡∫rô G x Į̈̂õ«˛Ü˛
RELATIONS AND FUNCTIONS

G . W.  Leibnitz

(1646–1716)

vMathematics is the indispensable instrument of

all physical research. – BERTHELOT v

2.1  Ë)̨ !ÙÜ˛y

à!îˆÏï˛Ó˚ x!ôÜ˛yÇ¢ !Ó£ÏˆÏÎ˚ ~Ü˛!ê˛ lÙ%ly !lî≈ˆÏÎ˚Ó˚ ˆ«˛ˆÏe ÈüüüÈ
Ó˚y!¢à%̂ Ï°yÓ˚ §y Ï̂Ì ï˛y Ï̂òÓ˚ ̨õ!Ó˚Óï≈̨ Ï̂lÓ˚ §Ç Ï̂Îy Ï̂àÓ˚ ̨õ!Ó˚ã˛Î˚ §yôl Ü˛Ó˚y •Î˚–
˜òl!®l ç#ÓˆÏl xyÙÓ˚y xˆÏlÜ˛ ôÓ˚ˆÏlÓ˚ §¡∫rô ˆòáˆÏï˛ ˛õy•z– ˆÎÙl
Ë˛y•zÈüÈˆÓylñ !˛õï˛y G ˛õ%eñ !¢«˛Ü˛ ~ÓÇ !ÓòƒyÌ≈#– à!î Ï̂ï˛G xyÙÓ˚y ~Ó)̨̊ õ
x Ï̂lÜ˛ §¡õÜ≈̨  ̂ òá Ï̂ï˛ ̨õy•z– ̂ ÎÙl §Çáƒy mñ §Çáƒy n ̂ Ì Ï̂Ü˛ ̂ SÈyê˛ó ̂ Ó˚áy
lñ ˆÓ˚áy m ~Ó˚ §Ùyhs˝Ó˚y°ó ˆ§ê˛ Añ ˆ§ê˛ B ~Ó˚ í z̨̨ õ Ï̂§ê˛– ~§Ó ˆ«˛ Ï̂e
xyÙÓ̊y °«˛ Ü˛!Ó̊ ̂ Îñ ~Ü˛!ê˛ §¡∫rô ò%!ê˛ í z̨̨ õyòy Ï̂lÓ̊ !l!ò≈T˛ Ü ̨ Ù !l Ï̂Î̊ à!ë˛ï˛–
ò%!ê˛ ̂ § Ï̂ê˛Ó̊ í z̨̨ õyòylÎ%à Ï̂°Ó̊ Ù Ï̂ôƒ Ü˛#Ë˛y Ï̂Ó §Ç Ï̂Îyà âê˛y Ï̂ly ÎyÎ̊ñ ï˛y xyÙÓ̊y
~ xôƒy Ï̂Î˚ !¢áÓ– xï˛/˛õÓ˚ í z̨̨ õyòyl Î%à Ï̂°Ó˚ Ù Ï̂ôƒ §¡∫rô !lÓ)̨̊ õl Ü˛Ó˚Ó–
§Ó Ï̂¢ Ï̂£Ï xyÙÓ˚y ~Ü˛ !Ó Ï̂¢£Ï §¡∫rô !l Ï̂Î˚ !¢áÓ Îy x Į̈̂ õ«˛Ü˛ Ï̂Ü˛ !l Ï̂ò≈¢
Ü˛Ó˚̂ ÏÓ– x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ôyÓ˚îy à!îï˛¢y Ï̂flf á%Ó•z à%Ó%̊c˛õ)î≈ Ü˛yÓ˚î ~!ê˛ ~Ü˛!ê˛ Ó˚y!¢Ó˚ §y Ï̂Ì xlƒ!ê˛Ó˚ §¡õÜ≈̨  fiÌy˛õ Ï̂l
ày!î!ï˛Ü˛ ôyÓ˚îy ≤Ãòyl Ü˛ Ï̂Ó˚–

2.2  ˆ§ Ï̂ê˛Ó˚ Ü˛y Ï̂ï≈̨ §#Î˚ à%lÊ˛° (Cartesian Products of Sets)

ô Ï̂Ó˚y A • Ï̂°y ò%!ê˛ Ó˚Ç ~Ó˚ ˆ§ê˛ ~ÓÇ B • Ï̂°y ò%!ê˛ Ó›Ó˚ ˆ§ê˛ xÌ≈yÍ A={°y°ñ l#°} ~ÓÇ B={b, c, s}ñ
ˆÎáyy Ï̂l b, c, s ÎÌyÜ ̨ Ï̂Ù ~Ü˛!ê˛ !l!ò≈T˛ Óƒyàñ ˆÜ˛yê˛ G §yê≈̨ Ï̂Ü˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚– ~ ò%!ê˛ ˆ§ê˛ ˆÌ Ï̂Ü˛ Ü˛ï˛ ˆçyí ¸̨y
Ó˚!.l Ó› ̃ ï˛!Ó˚ Ü˛Ó˚y ÎyÎ˚⁄
á%Ó §%¢,C° ˛õÂô!ï˛ Ï̂ï˛ x@˝Ã§Ó˚ • Ï̂° xyÙÓ˚y ˆòá Ï̂ï˛ ˛õy Ï̂Óy ˆÎ 6!ê˛ !Ë˛ß¨ ˆçyí ¸̨ àë˛l Ü˛Ó˚y
ÎyÎ˚ñ ÎyÓ˚y • Ï̂°y

(°y°, b), (°y°, c), (°y°, s), (l#°, b), (l#°, c), (l#°, s).

~Ë˛y Ï̂Ó xyÙÓ˚y 6 !ê˛ !Ë˛ß¨ !ç!l§ ̨õy Ï̂Óy å!ã˛e 2.1ä
ã˛ Ï̂°y xyÙÓ˚y ˛õ)Ó≈Óï˛#≈ ˆ◊!î ˆÌ Ï̂Ü˛ Ù Ï̂l Ü˛!Ó˚ ˆÎñ ò%!ê˛ ˆ§ê˛ P G Q ˆÌ Ï̂Ü˛ ˆlGÎ˚y ~Ü˛!ê˛

°y°         l#°
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DL MP KA

03

02

01

!ã˛e 2.2

!ã˛e 2.3

Ü ̨ !ÙÜ˛ ̂ çyí ¸̨ •° ̂ SÈy Ï̂ê˛y Órôl#Ó˚ Ù Ï̂ôƒ ̂ °áy ~Ü˛ Ï̂çyí ¸̨y í z̨̨ õyòyl ~ÓÇ Îy Ï̂òÓ˚ ~Ü˛!eï˛ Ü˛Ó˚y •Î˚ÈüüüÈ~Ü˛!ê˛ !l!ò≈T˛
Ü ̨ Ï̂Ù xÌ≈yÍ (p,q), p ∈ P ~ÓÇ q ∈ Q– ~ ˆÌ Ï̂Ü˛ !l Ï̂¡¨y=˛ §ÇK˛y!ê˛ ˛õyGÎ˚y ÎyÎ˚–
§ÇK˛y 1 ¢)lƒ lÎ˚ ~Ó)̨̊ õ ò%!ê˛ ̂ §ê˛ P G Q ≤Ãò_– ï˛ Ï̂Ó Ü˛y Ï̂ï≈̨ §#Î˚ à%lÊ˛° P × Q •° P ˆÌ Ï̂Ü˛ QÈ

Èˆï˛ ≤ÃÜ˛y!¢ï˛ §ÙhflÏ Ü ̨ !ÙÜ˛ ˆçy Ï̂í ¸̨Ó˚ ˆ§ê˛ñ xÌ≈yÍñ
P × Q = { (p,q) : p  ∈ P, q  ∈ Q }

Î!ò P Óy Q ~Ü˛!ê˛ ¢)lƒ ˆ§ê˛ •Î˚ñ ï˛ Ï̂Ó P × Q ˆ§ê˛!ê˛Gñ ~Ü˛!ê˛ ¢)lƒ ˆ§ê˛ • Ï̂Óñ xÌ≈yÍñ P × Q = φ

í z̨̨ õ Ï̂Ó˚Ó˚ ≤Ãò_ í z̨òy•Ó˚î ̂ Ì Ï̂Ü˛ xyÙÓ˚y °«˛ƒ Ü˛Ó˚°yÙ ̂ Îñ
A × B = {(°y°,b), (°y°,c), (°y°,s), (l#°,b), (l#°,c), (l#°,s)}.

xyÓyÓ˚ ò%!ê˛ ̂ §ê˛ ô Ï̂Ó˚yñ
A = {DL, MP, KA}, ̂ Îáy Ï̂l DL, MP, KA ÎÌyÜ ̨ Ï̂Ù !ò!Õ‘ñ Ùôƒ≤Ã Ï̂ò¢ G
Ü˛l≈yê˛Ü˛ Ï̂Ü˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ ~ÓÇ B = {01,02, 03} ˆ§ Ï̂ê˛Ó˚ ˛õò DL, MP ~ÓÇ
KA myÓ˚y çy!Ó˚ Ü˛Ó˚y Óy• Ï̂lÓ˚ °y•ẑ Ï§™ ̂ ≤’ Ï̂ê˛Ó˚ §Ç Ï̂Ü˛ï˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚–

!ò!Õ‘ñ Ùôƒ≤Ã Ï̂ò¢ G Ü˛î≈yê˛Ü˛ ~•z !ï˛l Ó˚yçƒ•z ≤ÃÌ Ï̂Ù A ˆ§ê˛ ˆÌ Ï̂Ü˛ ˛õò !l Ï̂Î˚
¢%Ó%̊ Ü˛Ó˚̂ ÏÓ Î!ò ~•z §#ÙyÓÂôï˛yÎ˚ ̂ Ì Ï̂Ü˛ Óy• Ï̂lÓ˚ çlƒ °y•ẑ Ï§™ ̂ ≤’ê˛ ̃ ï˛!Ó˚ Ü˛Ó˚ï˛ñ
ï˛ Ï̂Ó ~•z ò%!ê˛ ̂ §ê˛ ̂ Ì Ï̂Ü˛ Ü˛# Ü˛# ̂ çyí ¸̨ ̨õyGÎ˚y  ̂ Îï˛ ~ÓÇ Ü˛Î˚!ê˛ ~•z ôÓ˚̂ ÏlÓ˚ ̂ çyí ¸̨
ÌyÜ˛ï˛⁄

≤ÃyÆ  ̂ çyí ¸̨à%̂ Ï°y •° ı (DL,01), (DL,02), (DL,03), (MP,01), (MP,02), (MP,03), (KA,01),

(KA,02), (KA,03) ~ÓÇ A G B ˆ§ Ï̂ê˛Ó˚ à%lÊ˛° • Ï̂Ó
A × B = {(DL,01), (DL,02), (DL,03), (MP,01), (MP,02), (MP,03), (KA,01), (KA,02),

     (KA,03)}.

~!ê˛ §• Ï̂ç•z ˆÓyV˛y ÎyÎ˚ ˆÎ ˆÎ Ï̂•ï%̨  A G B ≤Ã Ï̂ï˛ƒÜ˛ ˆ§ Ï̂ê˛ 3!ê˛ Ü˛ Ï̂Ó˚ ˛õò xy Ï̂SÈ ï˛y•z ï˛y Ï̂òÓ˚ Ü˛y Ï̂ï≈̨ §#Î˚
à%îÊ˛ Ï̂° 9!ê˛ ˆçyí ¸̨ ÌyÜ˛ Ï̂Ó– ï˛y•z 9!ê˛ §Ω˛yÓƒ § Ï̂AÜ˛ï˛ ˛õyGÎ˚y ˆà°– ~SÈyí ¸̨yG Ù Ï̂l Ó˚yá Ï̂Óñ ˆÎ Ü ̨ Ï̂Ù ˆÌ Ï̂Ü˛
˛õòà%̂ Ï°y ˆçyí ¸̨ àë˛l Ü˛ Ï̂Ó˚ ï˛y á%Ó•z à%Ó%̊c˛õ)î≈– í z̨òy•Ó˚îfl∫Ó)̨̊ õñ (DL, 01) G (01, DL)

§ Ï̂AÜ˛ï˛ ò%!ê˛ ~Ü˛ lÎ˚–
ˆ¢£Ï í z̨òy•Ó˚î !• Ï̂§ Ï̂Ó ô Ï̂Ó˚yñ ò%!ê˛ ˆ§ê˛ A= {a

1
, a

2
} ~ÓÇ

B = {b
1
, b

2
, b

3
, b

4
} (Fig 2.3).

A × B = {( a
1
, b

1
), (a

1
, b

2
), (a

1
, b

3
), (a

1
, b

4
), (a

2
, b

1
), (a

2
, b

2
),

                   (a
2
, b

3
), (a

2
, b

4
)}.

~Ë˛y Ï̂Ó à!ë˛ï˛ 8!ê˛ Ü ̨ !ÙÜ˛ ̂ çyí ¸̨ ̂ Ü˛y Ï̂ly ï˛ Ï̂° !Ó®%Ó˚ xÓfiÌyl Ï̂Ü˛ !l Ï̂ò≈¢ Ü˛Ó˚̂ ÏÓ Î!ò A G B
ÓyhflÏÓ §ÇáƒyÓ˚ ̂ § Ï̂ê˛Ó˚ í z̨̨ õ Ï̂§ê˛ •Î˚ ~ÓÇ ~ê˛y §%flõT˛ ̂ Î åa

1
, b

2
ä !Ó®%Ó˚ xÓfiÌylñ åb

2
, a

1
ä

!Ó®%Ó˚ xÓfiÌyl ̂ Ì Ï̂Ü˛ xy°yòy–
Ùhs˝Óƒı

åiä ò%!ê˛ Ü ̨ !ÙÜ˛ ̂ çyí ¸̨ §Ùyl • Ï̂Ó Î!ò ̂ Ü˛Ó°Ùye Î!ò xl%Ó)̨̊ õ ≤ÃÌÙ ̨õòmÎ˚ §Ùyl ~ÓÇ xl%Ó)̨̊ õ !mï˛#Î˚
˛õòmÎ˚ §Ùyl •Î˚–
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(ii) Î!ò A ̂ ï˛ p §ÇáƒÜ˛ ̨õò Ìy Ï̂Ü˛ ~ÓÇ B ̂ ï˛ q §ÇáƒÜ˛ ̨õò Ìy Ï̂Ü˛ó ï˛ Ï̂Ó A × B ̂ ï˛ pq §ÇáƒÜ˛ ̨õò
ÌyÜ˛ Ï̂Ó–

(iii) Î!ò A G B ¢)lƒ lÎ˚ ~Ó)̨̊ õ ò%!ê˛ ˆ§ê˛ •Î˚ ~ÓÇ A  xÌÓy BÈüÈ~Ó˚ ~Ü˛!ê˛ x§#Ù ˆ§ê˛ •Î˚ ï˛ Ï̂Ó

A × B ~Ü˛!ê˛ x§#Ù ˆ§ê˛ • Ï̂Ó–

(iv) A × A × A = {(a, b, c) : a, b, c ∈ A}ñ ~áy Ï̂l (a, b, c) ˆÜ˛ ~Ü˛!ê˛ Ü ̨ !ÙÜ˛ eÎ˚#

åordered tripletä Ó Ï̂°–

í z̨òy•Ó˚î 1 Î!ò (x + 1, y – 2) = (3,1) •Î˚ x G y ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı ˆÎ Ï̂•ï%̨  Ü ̨ !ÙÜ˛ ˆçyí ¸̨ ò%!ê˛ §Ùylñ ï˛y•z xl%Ó)̨̊ õ ˛õòà%̂ Ï°y §Ùyl–

§%ï˛Ó̊yÇñ x + 1 = 3 ~ÓÇ y – 2 = 1

§Ùyôyl Ü˛ Ï̂Ó˚ ˛õy•zñ x = 2 ~ÓÇ y = 3

í z̨òy•Ó˚î 2 Î!ò P = {a, b, c} ~ÓÇ Q = {r} ï˛ Ï̂Ó P × Q ~ÓÇ Q × P ˆ§ê˛ ò%!ê˛ àë˛l Ü˛ Ï̂Ó˚y– ~ ò%!ê˛Ó˚
à%îÊ˛° !Ü˛ §Ùyl⁄

§Ùyôyl  Ü˛y Ï̂ï≈̨ §#Î˚ à%îÊ˛ Ï̂°Ó˚ §ÇK˛yl%ÎyÎ˚#

P × Q =  {(a, r), (b, r), (c, r)}  ~ÓÇ Q × P =  {(r, a), (r, b), (r, c)}

ˆÎ Ï̂•ï%̨  Ü ̨ !ÙÜ˛ ˆçy Ï̂í ¸̨Ó˚ §Ùï˛yÓ˚ §ÇK˛yl%ÎyÎ˚# (a, r) ˆçyí ¸̨!ê˛ (r, a) ˆçy Ï̂í ¸̨Ó˚ §Ùyl lÎ˚ñ

xyÙÓ˚y Ó° Ï̂ï˛ ˛õy!Ó˚ ˆÎ P × Q ≠ Q × P.

Î!òG ò%!ê˛ ̂ § Ï̂ê˛•z ̨õò§Çáƒy•z §Ùyl • Ï̂Ó–
í z̨òy•Ó˚î 3  ô Ï̂Ó˚yñ A = {1,2,3}, B = {3,4} ~ÓÇ C = {4,5,6}ñ ï˛ Ï̂Ó  !lî≈Î˚ Ü˛ Ï̂Ó˚y

(i) A × (B ∩ C) (ii) (A × B) ∩ (A × C)

(iii) A × (B ∪ C) (iv) (A × B) ∪ (A × C)

§Ùyôyl (i)  ò%!ê˛ ˆ§ Ï̂ê˛Ó˚ ˆSÈ Ï̂òÓ˚ §ÇK˛yl%ÎyÎ˚# (B ∩ C) = {4}

§%ï˛Ó˚yÇ A × (B ∩ C) = {(1,4), (2,4), (3,4)}

(ii) ~ál  (A × B) = {(1,3), (1,4), (2,3), (2,4), (3,3), (3,4)}

~ÓÇ (A × C) = {(1,4), (1,5), (1,6), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6)}

§%ï˛Ó̊yÇ (A × B) ∩ (A × C)  = {(1, 4), (2, 4), (3, 4)}

(iii) ˆÎ Ï̂•ï%̨ ñ (B ∪ C) = {3, 4, 5, 6} xyÙÓ˚y ˛õy•z
A × (B ∪ C) = {(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,3),

(3,4), (3,5), (3,6)}.

(iv) í z̨̨ õ Ï̂Ó˚Ó˚ åiiä lÇ ˆÌ Ï̂Ü˛ A × B ~ÓÇ A × C ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ xyÙÓ˚y ˛õy•z
(A × B) ∪ (A × C) = {(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6),

(3,3), (3,4), (3,5), (3,6)}
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í z̨òy•Ó˚î 4 Î!ò P = {1, 2} •Î˚ ï˛ Ï̂Ó P × P × P ˆ§ê˛!ê˛ àë˛l Ü˛ Ï̂Ó˚y–

§Ùyôyl  xyÙÓ˚y ̨õy•z P × P × P =  {(1,1,1), (1,1,2), (1,2,1), (1,2,2), (2,1,1), (2,1,2), (2,2,1),

  (2,2,2)}

í z̨òy•Ó˚î 5  Î!ò R §ÙhflÏ ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛ •Î˚ñ ï˛ Ï̂Ó R × R Ü˛y Ï̂ï≈̨ §#Î˚ à%lÊ˛° ~ÓÇ R × R × R !Ü˛
!l Ï̂ò≈¢ Ü˛ Ï̂Ó˚⁄

§Ùyôyl Ü˛y Ï̂ï ≈̨§#Î˚ à%îÊ˛° R × R !l Ï̂ò≈!¢ï˛ ˆ§ê˛!ê˛ •° R × R={(x, y) : x, y ∈ R}ñ

Îy !mÙy!eÜ˛ ̂ ò Ï̂¢Ó˚ §Ü˛° !Ó®%Ó˚ fiÌylyAÜ˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ ~ÓÇ Ü˛y Ï̂ï≈̨ §#Î˚ à%lÊ˛° R × R × R !l Ï̂ò≈!¢ï˛ ̂ §ê˛!ê˛
•° R × R × R ={(x, y, z) : x, y, z ∈ R}ñ Îy !eÙy!eÜ˛ ˆò Ï̂¢Ó˚ §Ü˛° !Ó®%Ó˚ fiÌyly•Ü˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚–

í z̨òy•Ó˚î 6  Î!ò A × B ={(p, q),(p, r), (m, q), (m, r)} •Î˚ ï˛ Ï̂Ó A G B !lî≈Î˚ Ü˛Ó˚–

§Ùyôyl A = ≤ÃÌÙ ˛õòà%̂ Ï°yÓ˚ ˆ§ê˛ = {p, m}

B = !mï˛#Î˚ ˛õòà%̂ Ï°yÓ˚ ˆ§ê˛ = {q, r}

xl%¢#°l# 2.1

1.
x

y
3

1
2

3

5

3

1

3
+ −









 =









, , Î!ò •Î˚ñ ï˛ Ï̂Ó x G  y ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

2. Î!ò A ̂ § Ï̂ê˛ !ï˛l!ê˛ í z̨̨ õyòyl Ìy Ï̂Ü˛ ~ÓÇ B = {3, 4, 5} •Î˚ñ ï˛ Ï̂Ó (A×B) ~Ó˚ í z̨̨ õyòyl §Çáƒy !lî≈Î˚
Ü˛ Ï̂Ó˚y–

3. Î!ò G = {7, 8} ~ÓÇ H = {5, 4, 2} •Î˚ñ ï˛ Ï̂Ó G × H ~ÓÇ H × G !lî≈Î˚ Ü˛ Ï̂Ó˚y–
4. !l Ï̂ã˛Ó˚ ≤Ã Ï̂ï˛ƒÜ˛!ê˛ !ÓÓ,!ï˛ §ï˛ƒ ly !ÙÌƒy Ó Ï̂°y– Î!ò !ÓÓ,!ï˛!ê˛ !ÙÌƒy •Î˚ ï˛ Ï̂Ó ≤Ãò_ !ÓÓ,!ï˛!ê˛ §ï˛ƒ Ó)̊̂ Į̈ õ

˛õ%lÓ˚yÎ˚ ̂ ° Ï̂áy–

åiä Î!ò P = {m, n} ~ÓÇ Q = { n, m} •Î˚ñ ï˛ Ï̂Ó P × Q = {(m, n),(n, m)}

åiiä Î!ò A  G B ¢)lƒ lÎ˚ ~Ó)̨̊ õ ò%!ê˛ ̂ §ê˛ •Î˚ñ ï˛ Ï̂Ó A × B • Ï̂Ó (x, y) Ü ̨ !ÙÜ˛ ̂ çy Ï̂í ¸̨Ó˚ x¢)lƒ ̂ §ê˛ñ

ˆÎáy Ï̂l x ∈ A ~ÓÇ y ∈ B

(iiiä Î!ò A = {1, 2}, B = {3, 4}, ï˛ Ï̂Ó A × (B ∩ φ) = φ

5. Î!ò A = {–1, 1}, ï˛ Ï̂Ó A × A × A !lî≈Î˚ Ü˛ Ï̂Ó˚y –
6. Î!ò  A × B = {(a, x),(a , y), (b, x), (b, y)} ï˛ Ï̂Ó A G B !lî≈Î˚ Ü˛ Ï̂Ó˚y–
7. ô Ï̂Ó˚y A = {1, 2}, B = {1, 2, 3, 4}, C = {5, 6} ~ÓÇ D = {5, 6, 7, 8} Îyã˛y•z Ü˛ Ï̂Ó˚y

(i)  A × (B ∩ C) = (A × B) ∩ (A × C) (ii) A × C •°ñ B × D ~Ó˚ í z̨̨ õ Ï̂§ê˛–
8. ô Ï̂Ó˚y A = {1, 2} ~ÓÇ B = {3, 4} – A × B ˆ§ê˛!ê˛ ˆ° Ï̂áy– A × B ~Ó̊ Ü˛Î̊!ê˛ í z̨̨ õ Ï̂§ê˛ ÌyÜ˛ Ï̂Ó⁄

ï˛y Ï̂òÓ˚ ï˛y!°Ü˛y Ü˛ Ï̂Ó˚y–
9. ô Ï̂Ó˚y A  G B ò%!ê˛ ˆ§ê˛ ~Ùl ˆÎ n(A) = 3  ~ÓÇ n(B) = 2 – Î!ò (x, 1), (y, 2), (z, 1)  A × B

~Ó˚ xhs˝à≈ï˛ ˛õò •Î˚ñ ï˛ Ï̂Ó A ~ÓÇ B !lî≈Î˚ Ü˛ Ï̂Ó˚yñ ˆÎáy Ï̂l x, y ~ÓÇ z ≤Ã Ï̂ï˛ƒ Ï̂Ü˛ !Ë˛ß¨ ˛õò–
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10. A × A Ü˛y Ï̂ï≈̨ §#Î˚ à%îÊ˛ Ï̂° 9!ê˛ ˛õò xy Ï̂SÈñ ~ Ï̂òÓ˚ Ù Ï̂ôƒ ò%!ê˛ •° (–1, 0) ~ÓÇ (0,1)– A ˆ§ê˛ ~ÓÇ
 A × A ~Ó˚ xÓ!¢T˛ ˛õòà%̂ Ï°y ˆ° Ï̂áy–

2.3 §¡∫rô (Relations)

ò%!ê˛ ˆ§ê˛ P = {a, b, c} ~ÓÇ Q = {xy!°ñ Ë˛yl%ñ !ÓlÎ˚ñ ã˛wyñ !òÓƒy} !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚y–
P G Q ~Ó̊ Ü˛y Ï̂ï≈̨ §#Î̊ à%lÊ˛ Ï̂° 15!ê˛ Ü ̨ !ÙÜ˛ ̂ çyí˛̧
xy Ï̂SÈñ Îy Ï̂òÓ˚ ˆ°áy ÎyÎ˚ P × Q = {(a, xy!°),

(a,Ë˛yl%), (a, !ÓlÎ˚), ..., (c, !òÓƒy)}
xyÙÓ˚y ~ál ≤Ã!ï˛!ê˛ Ü ̨ !ÙÜ˛ ˆçyí ¸̨ åx, yä

~Ó˚ ≤ÃÌÙ˛õò x G !mï˛#Î˚ ˛õò y ~Ó˚ Ù Ï̂ôƒ ~Ü˛!ê˛
§¡õÜ ≈̨ R ~Ó˚ §)ã˛ly Ü˛ Ï̂Ó˚ P × Q ~Ó˚ ~Ùl ~Ü˛!ê˛
í z̨̨ õ Ï̂§ê˛ àë˛l Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚ ̂ Î
R = { (x,y): x x«˛Ó˚!ê˛ y ly Ï̂ÙÓ˚ ≤ÃÌÙ x«˛Ó˚ñ x ∈ P, y ∈ Q}

ï˛ Ï̂Ó R = {(a, xy!°), (b, Ë˛yl%), (b, !ÓlÎ˚), (c, ã˛wy)}
2.4 lÇ !ã˛ Ï̂e ~•z R §¡∫̂ ÏrôÓ˚ ~Ü˛!ê˛ ã˛y«%̨ £Ï í z̨̨ õfiÌy˛õly ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ– [Îy Ï̂Ü˛ Ó°y •Î˚ !ï˛Ó˚ !ã˛ Ï̂•´ !l Ï̂ò≈!¢ï˛
!ã˛e åarrow diagramä]
§ÇK˛y 2  ~Ü˛!ê˛ x¢)lƒ ̂ §ê˛ A ̂ Ì Ï̂Ü˛ x˛õÓ˚ ~Ü˛!ê˛ x¢)lƒ ̂ §ê˛ B ̂ ï˛ ~Ü˛!ê˛ §¡∫rô R • Ï̂°y Ü˛y Ï̂ï˛§#≈Î˚ à%îÊ˛°
A × B ~Ó˚ ~Ü˛!ê˛ í z̨̨ õ Ï̂§ê˛– ~•z í z̨̨ õ Ï̂§ê˛!ê˛ (A × B) ~Ó˚ Ü ̨ !ÙÜ˛ ˆçy Ï̂í ¸̨Ó˚ ≤ÃÌÙ ˛õò G !mï˛#Î˚ ˛õ Ï̂òÓ˚ Ù Ï̂ôƒ
~Ü˛!ê˛ §¡õ Ï̂Ü≈̨ Ó˚ !Ë˛!_ Ï̂ï˛ xç≈l Ü˛Ó˚y •Î˚– !mï˛#Î˚ ˛õò!ê˛ Ï̂Ü˛ ≤ÃÌÙ ˛õ Ï̂òÓ˚ ≤Ã!ï˛!Ó¡∫ åimageä Ó°y •Î˚–
§ÇK˛y 3  A ˆÌ Ï̂Ü˛ B ˆï˛ §ÇK˛y!Î˚ï˛ §¡∫rô R ~Ó˚ xhs˝à≈ï˛ Ü ̨ !ÙÜ˛ ˆçyí ¸̨à%̂ Ï°yÓ˚ ≤ÃÌÙ ˛õò à%̂ Ï°y Ï̂Ü˛ !l Ï̂Î˚ ˆÎ
ˆ§ê˛ •Î˚ ï˛y Ï̂Ü˛ §¡∫rô R ~Ó˚ §ÇK˛yÓ˚ xM˛°ådomainä Ó Ï̂°–
§ÇK˛y 4  A ˆÌ Ï̂Ü˛ B ˆï˛ §ÇK˛y!Î˚ï˛ §¡∫rô R ~Ó˚ xhs˝à≈ï˛ Ü ̨ !ÙÜ˛ ˆçyí ¸̨à%̂ Ï°yÓ˚ !mï˛#Î˚ ˛õòà%̂ Ï°y Ï̂Ü˛ !l Ï̂Î˚ ˆÎ
ˆ§ê˛ •Î˚ ï˛yˆÏÜ˛ R §¡∫ˆÏrôÓ˚ ≤Ã§yÓ˚årangeä ÓˆÏ°– §¡õ)î≈ B ˆ§ê˛ˆÏÜ˛ §¡∫rô R ~Ó˚ §ÇK˛yÓ˚
í z̨̨ õxM˛°åcodomainä Ó Ï̂°– Ù Ï̂l Ó˚yá Ï̂Ó ˆÎñ ≤Ã§yÓ˚ ⊆ §ÇK˛yÓ˚ í z̨̨ õxM˛°–
Ùhs˝Óƒ ı (i) ~Ü˛!ê˛ §¡∫rô Ï̂Ü˛ Ó#çày!î!ï˛Ü˛ Ë˛y Ï̂Ó SÈÜ˛Ó!®Ü˛Ó˚î ̨õÂô!ï˛ Ï̂ï˛ åRoster methodä Óy ôÙ≈!Ë˛!_Ü˛
˛õÂô!ï˛ Ï̂ï˛ åSet-builder methodä í z̨̨ õfiÌy˛õl Ü˛Ó˚y ÎyÎ˚–

(ii) !ï˛Ó˚!ã˛•´ !l Ï̂ò≈!¢ï˛ !ã˛e • Ï̂°y §¡∫̂ ÏrôÓ˚ ~Ü˛!ê˛ ã˛y«%̨ £Ï í z̨̨ õfiÌy˛õly–
í z̨òy•Ó˚î 7  ô Ï̂Ó˚y A = {1, 2, 3, 4, 5, 6}ñ A ˆÌ Ï̂Ü˛ Aˆï˛ ~Ü˛!ê˛ §¡∫rô R §ÇK˛y!Î˚ï˛ Ü˛ Ï̂Ó˚y ˆÎáy Ï̂l

R = {(x, y) : y =  x + 1 }

åiä ~ §¡∫rô!ê˛ Ï̂Ü˛ !ï˛Ó˚ !ã˛ Ï̂•´ !l Ï̂ò≈!¢ï˛ !ã˛ Ï̂eÓ˚ Ùyôƒ Ï̂Ù Óî≈ly Ü˛ Ï̂Ó˚y–
(ii) R §¡∫rô!ê˛Ó˚ §ÇK˛yÓ˚ xM˛°ñ §ÇK˛yÓ˚ í z̨̨ õxM˛° ~ÓÇ ≤Ã§yÓ˚ ̂ ° Ï̂áy–

§Ùyôyl  (i) §¡∫̂ ÏrôÓ˚ §ÇK˛y ̂ Ì Ï̂Ü˛ ̨ õy•z
R = {(1,2), (2,3), (3,4), (4,5), (5,6)}

xy!°
Ë˛yl%
!ÓlÎ˚
ã˛wy
!òÓƒy
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!ã˛e 2.5

!ã˛e 2.6

xl%Ó̊)̨ õ !ï˛Ó̊ !ã˛•´ !l Ï̂ò≈!¢ï˛ !ã˛e 2.5 ~ ̂ òáy Ï̂ly • Ï̂Î̊ Ï̂SÈ–

(ii) xyÙÓ˚y ̂ ò!á ̂ Î

§ÇK˛yÓ˚ xM˛° ={1, 2, 3, 4, 5,}

xl%Ó)̨̊ õ ≤Ã§yÓ˚ = {2, 3, 4, 5, 6}

~ÓÇ §ÇK˛yÓ˚ í z̨̨ õxM˛°  = {1, 2, 3, 4, 5, 6}

í z̨òy•Ó˚î 8  !ã˛e 2.6 ÈüÈ~ P ̂ Ì Ï̂Ü˛ Q ̂ ï˛ ~Ü˛!ê˛ §¡∫rô

ˆòáy Ï̂ly • Ï̂Î˚̂ ÏSÈ– ~ §¡∫rô!ê˛ Ï̂Ü˛ (i) ôÙ≈!Ë˛!_Ü˛ xyÜ˛y Ï̂Ó˚

(ii) SÈÜ˛Ó!®Ü˛Ó˚î xyÜ˛y Ï̂Ó˚ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚y– ~Ó˚ §ÇK˛ÈyÓ˚

xM˛° G ≤Ã§yÓ˚ !Ü˛ • Ï̂Ó⁄

§Ùyôyl flõT˛ï˛•z R §¡∫rô!ê˛ ÚÚx •° y ~Ó˚ Óà≈ÛÛ

(i) ôÙ≈!Ë˛!_Ü˛ xyÜ˛y Ï̂Ó˚  R = {(x, y): x  •° y

~Ó˚ Óà≈ñ x ∈ P, y ∈ Q}

(ii) SÈÜ˛Ó®#Ü˛Ó˚l xyÜ˛yˆÏÓ˚ R = {(9, 3),

(9, –3), (4, 2), (4, –2), (25, 5), (25, –5)}

~•z §¡∫̂ ÏrôÓ˚ §ÇK˛yÓ˚ xM˛° •° {4, 9, 25}

~•z §¡∫̂ ÏrôÓ˚ ≤Ã§yÓ˚ •° {– 2, 2, –3, 3, –5, 5}

°«˛ƒ Ü˛ Ï̂Ó˚yñ 1 ̨õò!ê˛ P ̂ § Ï̂ê˛Ó˚ ̂ Ü˛y Ï̂ly ̨õ Ï̂òÓ˚ §y Ï̂Ì §¡õ!Ü≈̨ ï˛ lÎ˚– Q ̂ §!ê˛ • Ï̂°y ~•z §¡∫̂ ÏrôÓ˚ §ÇK˛yÓ˚ xM˛°–

A!Ó/o/     A ˆÌ Ï̂Ü˛ B ˆï˛ ˆÙyê˛ §ÇK˛y!Î˚ï˛ §¡∫̂ ÏrôÓ˚ §Çáƒy A × B ~Ó˚ §Ω˛yÓƒ í z̨̨ õ Ï̂§ Ï̂ê˛Ó˚ §ÇáƒyÓ˚
§Ùyl •Î˚– Î!ò n(A ) =  p ~ÓÇ n(B) = q ï˛ Ï̂Ó n (A × B) = pq ~ÓÇ ˆÙyê˛ §¡∫̂ ÏrôÓ˚ §Çáƒy 2pq.

í z̨òy•Ó˚î 9  ô Ï̂Ó˚y A = {1, 2} ~ÓÇ B = {3, 4}– A ˆÌ Ï̂Ü˛ B ˆï˛ §¡∫̂ ÏrôÓ˚ §Çáƒy !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  xyÙÓ˚y ˛õy•zñ

A × B = {(1, 3), (1, 4), (2, 3), (2, 4)}.

ˆÎ Ï̂•ï%̨  n (A×B ) = 4, A×B ~Ó˚ í z̨̨ õ Ï̂§ Ï̂ê˛Ó˚ §Çáƒy 24. §%ï˛Ó˚yÇ A ˆÌ Ï̂Ü˛ B ˆï˛ §¡∫̂ ÏrôÓ˚ §Çáƒy 24 –

Ùhs˝Óƒ      A ˆÌ Ï̂Ü˛ A ˆï˛ R §¡∫rô!ê˛ Ï̂Ü˛ A ~Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ §¡∫rô Ó°y ÎyÎ˚–

xl%¢#°l# 2.2

1. ô Ï̂Ó˚y A = {1, 2, 3,...,14}– A ˆÌ Ï̂Ü˛ A ˆï˛ ~Ü˛!ê˛ §¡∫rô R  §ÇK˛y!Î˚ï˛ Ü˛ Ï̂Ó˚yñ ˆÎáy Ï̂l

R = {(x, y) : 3x – y = 0, x, y ∈ A} ~Ó˚ §ÇK˛yÓ˚ xM˛°ñ §ÇK˛yÓ˚ í z̨̨ õxM˛° ~ÓÇ ≤Ã§yÓ˚ ̂ ° Ï̂áy–
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2. fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛ N ~Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ §¡∫rô R §ÇK˛y!Î˚ï˛ Ü˛ Ï̂Ó˚yñ
ˆÎáy Ï̂l R = {(x, y) : y =  x + 5 ñ x • Ï̂°y 4 ˆÌ Ï̂Ü˛ ˆSÈy Ï̂ê˛y ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒyñ x, y ∈N}

SÈÜ˛Ó!®Ü˛Ó˚î ̨õÂô!ï˛ Ï̂ï˛ ~•z §¡∫rô!ê˛ Ï̂Ü˛ Óî≈ly Ü˛ Ï̂Ó˚y– §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚ ̂ ° Ï̂áy–
3. ô Ï̂Ó˚yñ A = {1, 2, 3, 5} ~ÓÇ B = {4, 6, 9}– A ˆÌ Ï̂Ü˛ B ˆï˛ ~Ü˛!ê˛ §¡∫rô R §ÇK˛y!Î˚ï˛ Ü˛ Ï̂Ó˚yñ

ˆÎáy Ï̂l R = {(x, y) : x G y ~Ó˚ xhs˝Ó˚ ~Ü˛!ê˛ xÎ%@¬ §Çáƒyó x ∈ A, y ∈ B}. R ̂ Ü˛ SÈÜ˛Ó!®Ü˛Ó˚î
˛õÂô!ï˛ Ï̂ï˛ ̂ ° Ï̂áy–

4. 2.7 lÇ !ã˛ˆÏe P ˆÌˆÏÜ˛ Q ˆï˛ ~Ü˛!ê˛ §¡∫rô
ˆòáy Ï̂ly • Ï̂Î˚̂ ÏSÈ– §¡∫rô!ê˛ Ï̂Ü˛ ̂ ° Ï̂áyñ
(i) ôÙ≈!Ë˛!_Ü˛ xyÜ˛y Ï̂Ó̊ (ii) SÈÜ˛Ó!®Ü˛Ó̊î xyÜ˛y Ï̂Ó̊–

§¡∫rô!ê˛Ó˚ §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚ !Ü˛⁄
5. ô Ï̂Ó˚yñ A = {1, 2, 3, 4, 6} ~ÓÇ R •° A ~Ó˚

í z̨̨ õÓ˚ ~Ü˛!ê˛ §¡∫rô Îy Ï̂Ü˛ §ÇK˛y!Î˚ï˛ Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ
{(a, b): a , b ∈A, b §¡õ)î≈Ó)̊̂ Į̈ õ a myÓ˚y !ÓË˛yçƒ}
(i) R ˆÜ˛ SÈÜ˛Ó!®Ü˛Ó˚î xyÜ˛y Ï̂Ó˚ ˆ° Ï̂áy–
(ii) R ~Ó˚ §ÇK˛yÓ˚ xM˛° !lî≈Î˚ Ü˛ Ï̂Ó˚y–
(iii) R ~Ó˚ ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

6. R §¡∫rô!ê˛Ó˚ §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ Ï̂Ó˚y
ˆÎáy Ï̂l R = {(x, x  + 5) : x ∈ {0, 1, 2, 3, 4, 5}}

7. §¡∫rô R  = {(x, x3) : x • Ï̂°y 10 ̂ Ì Ï̂Ü˛ ̂ SÈy Ï̂ê˛y ~Ü˛!ê˛ ̂ ÙÔ!°Ü˛ §Çáƒy } ~•z §¡∫rô!ê˛ Ï̂Ü˛ SÈÜ˛Ó!®Ü˛Ó˚î
˛õÂô!ï˛ Ï̂ï˛ ̂ ° Ï̂áy–

8. ô Ï̂Ó˚y A = {x, y, z}  ~ÓÇ B = {1, 2}– A  ˆÌ Ï̂Ü˛ B ˆï˛ Ü˛Î˚!ê˛ §¡∫rô xy Ï̂SÈ⁄
9. ô Ï̂Ó˚y R  • Ï̂°y Z ~Ó˚ í z̨̨ õÓ˚ §ÇK˛y!Î˚ï˛ ~Ü˛!ê˛ §¡∫rô ̂ Îáy Ï̂l R = {(a,b): a,  b ∈ Z, a – b ~Ü˛!ê˛

˛õ)î≈ §Çáƒy} §¡∫rô R ~Ó˚ §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
2.4 x Į̈̂ õ«˛Ü˛ åFunctionä
~ xl%̂ ÏFSÈ Ï̂ò xyÙÓ˚y ~Ü˛!ê˛ !Ó Ï̂¢£Ï ôÓ˚̂ ÏlÓ˚ §¡∫rô !l Ï̂Î˚ xôƒÎ˚l Ü˛Ó˚̂ ÏÓyñ Îy Ï̂Ü˛ x Į̈̂ õ«˛Ü˛   Ó°y •Î˚– ~!ê˛  à!îï˛
¢y Ï̂flfÓ˚ á%Ó à%Ó%̊c˛õ)î≈ ~Ü˛!ê˛ ôyÓ˚îy– xyÙÓ˚y x Į̈̂ õ«˛Ü˛ Ï̂Ü˛ ~Ùl ~Ü˛!ê˛ !lÎ˚Ù !• Ï̂§ Ï̂Ó ̂ òáy Ï̂ï˛ ̨õy!Ó˚ Îy ≤Ãò_ !Ü˛S%È
˛õò Ï̂Ü˛ lï)̨ l ̨õ Ï̂ò Ó)̨̊ õyhs˝!Ó˚ï˛ Ü˛ Ï̂Ó˚– x Į̈̂ õ«˛Ü˛ Ï̂Ü˛ ̂ ÓyV˛y Ï̂lyÓ˚ çlƒ x Ï̂lÜ˛ ¢∑ ̂ ÎÙl Map Óy !ã˛el åMap-

pingä G ÓƒÓ•,ï˛ •Î˚–
§ÇK˛y 5   A  ̂ Ì Ï̂Ü˛ B ̂ ï˛ ~Ü˛!ê˛ §¡∫rô f ̂ Ü˛ x Į̈̂ õ«˛Ü˛ Ó°y • Ï̂Ó Î!ò A ̂ § Ï̂ê˛Ó˚ ≤Ã Ï̂ï˛ƒÜ˛!ê˛ ̨õ Ï̂òÓ˚ ~Ü˛!ê˛ ~ÓÇ
ˆÜ˛Ó°Ùye ~Ü˛!ê˛ ≤Ã!ï˛!Ó¡∫ B ˆ§ Ï̂ê˛ Ìy Ï̂Ü˛–

xlƒË˛y Ï̂Ó x Į̈̂õ«˛Ü˛ f   •° ~Ü˛!ê˛ x¢)îƒ ̂ §ê˛ A ̂ Ì Ï̂Ü˛ x˛õÓ̊ ~Ü˛!ê˛ x¢)lƒ ̂ §ê˛ B ̂ ï˛ §ÇK˛y!Î̊ï˛ ~Ó̊)̨õ ~Ü˛!ê˛
§¡∫rô ÎyÓ̊ §ÇK˛yÓ̊ xM˛° •° A ~ÓÇ ÎyÓ̊ ̂ Ü˛y Ï̂ly ò%!ê˛ !Ë˛ß̈ !Ë˛ß̈ Ü ̨ !ÙÜ˛ ̂ çy Ï̂í˛̧Ó̊ ≤ÃÌÙ ̨õò ~Ü˛ lÎ̊–

Î!ò fñ A ˆÌ Ï̂Ü˛ B ˆï˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ •Î˚ ~ÓÇ (a, b) ∈ f, •Î˚ ï˛ Ï̂Ó f (a) = bñ ˆÎáyˆl b ˆÜ˛ f
x Į̈̂ õ«˛Ü˛ Ï̂Ü˛Ó˚ fl∫y Į̈̂ õ Ï̂«˛ a ~Ó˚ ˛≤Ã!ï˛!Ó¡∫åimageä ~ÓÇ a ˆÜ˛ b ~Ó˚ ≤Ãyà‰!Ó¡∫ åpreimageä Ó°y •Î˚–
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A ˆÌ Ï̂Ü˛ B ˆï˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f ˆÜ˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ f : A à B myÓ˚y–
˛õ)Ó≈Óï ≈̨# í z̨òy•Ó̊îà%̂ Ï°y °«˛ Ü˛Ó̊ Ï̂° xyÙÓ̊y §• Ï̂ç•z ̂ ò!á ̂ Î í z̨òy•Ó̊î lÇ 7 ~Ó̊ §¡∫rô!ê˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛

lÎ˚ Ü˛yÓ˚î 6 ̨ õò!ê˛Ó˚ ̂ Ü˛y Ï̂ly ≤Ã!ï˛!Ó¡∫ ̂ l•z–
xyÓyÓ˚ í z̨òy•Ó˚î 8 ~Ó˚ ̂ «˛ Ï̂e §¡∫rô!ê˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ lÎ˚ Ü˛yÓ˚î §ÇK˛yÓ˚ xM˛ Ï̂°Ó˚ ̨õòà%̂ Ï°y ~Ü˛y!ôÜ˛

≤Ã!ï˛!Ó Ï̂¡∫Ó̊ §y Ï̂Ì Î%=˛– xl%Ó̊)̂ Į̈ õ í z̨òy•Ó̊î 9 ÈüÈ~Ó̊ §¡∫rô!ê˛ G ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ lÎ̊ åˆÜ˛l⁄ä l# Ï̂ã˛Ó̊ í z̨òy•Ó̊îà%̂ Ï°y Ï̂ï˛
xyÙÓ˚y xy Ï̂Ó˚y !Ü˛S%È §¡∫rô ̂ òáÓ Îy Ï̂òÓ˚ Ü˛ Ï̂Î˚Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ ~ÓÇ Ü˛ Ï̂Î˚Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ lÎ˚–
í z̨òy•Ó˚î 10  ô Ï̂Ó˚y N fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ê˛ ~ÓÇ R, N  ˆ§ Ï̂ê˛Ó˚ í z̨̨ õÓ˚ ~Ùl ~Ü˛!ê˛ §¡∫rô ˆÎñ

R = {(x, y) : y = 2x, x, y ∈ N}

R ~Ó˚ §ÇK˛yÓ˚ xM˛°ñ §ÇK˛yÓ˚ í z̨̨ õxM˛° G ≤Ã§yÓ˚ !Ü˛ • Ï̂Ó⁄ ~ §¡∫rô!ê˛ !Ü˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ • Ï̂Ó⁄
§Ùyôyl  R  ~Ó˚ §ÇK˛ÈyÓ˚ xM˛° • Ï̂Ó fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ê˛ N– §ÇK˛yÓ˚ í z̨̨ õxM˛°G • Ï̂Ó N – ≤Ã§yÓ˚ • Ï̂Ó
Î%@¬ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛–

ˆÎ Ï̂•ï%̨  ≤Ã Ï̂ï˛ƒÜ˛ fl∫yË˛y!ÓÜ˛ §Çáƒy n ~Ó˚ ~Ü˛!ê˛ ~ÓÇ ̂ Ü˛Ó°Ùye ~Ü˛!ê˛ ≤Ã!ï˛!Ó¡∫ xy Ï̂SÈñ ï˛y•z ~ §¡∫rô!ê˛
~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ • Ï̂Ó–
í z̨òy•Ó˚î 11 l# Ï̂ã˛Ó˚ ≤Ã Ï̂ï˛ƒÜ˛!ê˛ §¡∫rô Ï̂Ü˛ ˛õÓ˚#«˛y Ü˛ Ï̂Ó˚yñ ~ÓÇ ≤Ã Ï̂ï˛ƒÜ˛ ˆ«˛ Ï̂e ˆÜ˛yl!ê˛ x Į̈̂ õ«˛Ü˛ Óy ˆÜ˛yl!ê˛
x Į̈̂ õ«˛Ü˛ lÎ˚ñ Î%!=˛ §• !ÓÓ,ï˛ Ü˛ Ï̂Ó˚y–

(i) R = {(2,1),(3,1), (4,2)}, (ii) R = {(2,2),(2,4),(3,3), (4,4)}

(iii) R = {(1,2),(2,3),(3,4), (4,5), (5,6), (6,7)}

§Ùyôyl (i)  ˆÎ Ï̂•ï%̨  R §¡∫̂ ÏrôÓ˚ §ÇK˛yÓ˚ xM˛ Ï̂°Ó˚ ≤Ã Ï̂ï˛ƒÜ˛ ˛õò 2, 3, 4 ~Ó˚ !l!ò≈T˛ ≤Ã!ï˛!Ó¡∫ xy Ï̂SÈñ ï˛y•z R
~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛
(ii) ˆÎ Ï̂•ï%̨  ~Ü˛•z ≤ÃÌÙ ̨õò 2 ~Ó˚ ò%!ê˛ !Ë˛ß¨ !Ë˛ß¨ ≤Ã!ï˛!Ó¡∫ 2 ~ÓÇ 4 xy Ï̂SÈ ï˛y•z ~ §¡∫rô!ê˛ x Į̈̂ õ«˛Ü˛
lÎ̊–
(iii) ̂ Î Ï̂•ï%̨  ≤Ã̂ Ïï˛ƒÜ˛ ̨õ Ï̂òÓ̊ ~Ü˛!ê˛ ~ÓÇ ̂ Ü˛Ó°Ùye ~Ü˛!ê˛ ≤Ã!ï˛!Ó¡∫ xy Ï̂SÈñ ï˛y•z §¡∫rô!ê˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛–

§ÇK˛y 6  ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ ÎyÓ˚ ≤Ã§yÓ˚ R Óy R ~Ó˚ ~Ü˛!ê˛ í z̨̨ õ Ï̂§ê˛ñ ï˛y Ï̂Ü˛ ~Ü˛!ê˛ ÓyhflÏÓ Ùyl !Ó!¢T˛ x Į̈̂ õ«˛Ü˛
åreal valued functionä Ó Ï̂°– xyÓyÓ˚ñ Î!ò ~Ó˚ §ÇK˛yÓ˚ xM˛°!ê˛G R Óy R ~Ó˚ í z̨̨ õ Ï̂§ê˛ •Î˚ñ
ï˛ Ï̂Ó ï˛y Ï̂Ü˛ ~Ü˛!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ åreal funcjtionä Ó Ï̂°–

í z̨òy•Ó˚î 12 ô Ï̂Ó˚y N ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ê˛– ~Ü˛!ê˛ ÓyhflÏÓ Ùy Ï̂lÓ˚ x Į̈̂ õ«˛Ü˛ f : Nà N ~Ó)̨̊ õ
§ÇK˛yï˛ ˆÎ f (x) = 2x + 1 – ~ §ÇK˛y ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ñ l# Ï̂ã˛Ó˚ §yÓ˚!î!ê˛ §¡õ)î≈ Ü˛ Ï̂Ó˚y–

x 1 2 3 4 5 6 7

y f (1) = ... f (2) = ... f (3) = ... f (4) = ... f (5) = ... f (6) = ... f (7) = ...

§Ùyôyl §¡õ)î≈ §yÓ˚!î!ê˛ •°

x 1 2 3 4 5 6 7

y f (1) = 3 f (2) = 5 f (3) = 7 f (4) = 9 f (5) = 11 f (6) = 13 f (7) =15
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!ã˛e 2.8

!ã˛e 2.9

2.4.1 Ü˛ Ï̂Î˚Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ ~ÓÇ ï˛y Ï̂òÓ˚ ˆ°á!ã˛e åSome functions and their graphs)

(i)  xˆÏË˛ò xˆÏ˛õ«˛Ü˛ åIdentity funcitonäı ôˆÏÓ˚y R ~Ü˛!ê˛ ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛– ~Ü˛!ê˛ ÓyhflÏÓ
ÙyˆÏlÓ˚ xˆÏ˛õ«˛Ü˛ f : R → R ~Ó)̊̂ Į̈ õ §ÇK˛y ˆÎ y = f(x) = xñ  x ∈ R– ~ôÓ˚ˆÏlÓ˚ xˆÏ˛õ«˛Ü˛ˆÏÜ˛ xˆÏË˛ò
xˆÏ˛õ«˛Ü˛  Ó°y •Î˚– ~áy Ï̂l f ~Ó˚ §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚ •ˆÏ°y  R – ~Ó˚ ̂ °á˛!ã˛e!ê˛ ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyñ Îy˛
!ã˛e 2.8ÈüÈ ~ ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈ– ~!ê˛ Ù)°!Ó®%àyÙ#–

(ii) ô %ÓÜ˛ x Į̈̂õ«˛Ü˛ (Constant function)  f: R → R ~Ó̊)̂ Į̈ õ §ÇK˛yï˛ ˆÎ  y = f (x) = c, x ∈ R

ˆÎáy Ï̂l C ~Ü˛!ê˛ ô %ÓÜ˛ ~ÓÇ ≤Ã̂ Ïï˛ƒÜ˛ x ∈ R – ~áy Ï̂l f ~Ó̊ §ÇK˛yÓ̊ xM˛° •° R ~ÓÇ ≤Ã§yÓ̊ • Ï̂°y {c}
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!ã˛Ïe 2.10

ˆ°á!ã˛e!ê˛ x x Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áy–
í z̨òy•Ó˚î fl∫Ó)̨̊ õñ Î!ò f(x)=3 ≤Ã Ï̂ï˛ƒÜ˛ x∈R, ï˛ Ï̂Ó ~Ó˚ ˆ°á!ãe!ê˛ ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áy • Ï̂Óñ Îy !ã˛e 2.9~
ˆòáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–
(iii) Ó•%̨ õò Ó˚y!¢Ùy°y x Į̈̂ õ«˛Ü˛ åPolynomial function)

~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f : R → R ˆÜ˛ Ó•%˛õò Ó˚y!¢Ùy°y (Ploynomial function)Ó°y •ˆÏÓ Î!ò
≤Ã Ï̂ï˛ƒÜ˛  x∈R ~Ó˚ çlƒ y  =  f (x) = a

0
 + a

1
x  + a

2
x2 + ...+ a

n
 xnñ ˆÎáy Ï̂lñ n ~Ü˛!ê˛ x}îydÜ˛

xá[˛˛ §Çáƒy ~ÓÇ a
0
, a

1
, a

2
,...,a

n
∈R •Î˚

 f(x) = x3 – x2 + 2 ~ÓÇ g(x) = x4 + 2 x myÓ˚y §ÇK˛y!Î˚ï˛ x Į̈̂ õ«˛Ü˛à%̂ Ï°y •° Ó•%̨ õò Ó˚y!¢Ùy°y

x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ í z̨òy•Ó˚îñ !Ü˛v h(x) = x

2

3 + 2x  myÓ˚y §ÇK˛y!Î˚ï˛ x Į̈̂ õ«˛Ü˛!ê˛ Ó•%̨ õò Ó˚y!¢Ùy°y x Į̈̂ õ«˛Ü˛ lÎ˚
åˆÜ˛l⁄ä
í z̨òy•Ó̊î 13  ~Ü˛!ê˛ x Į̈̂õ«˛Ü˛ f: R → R ~Ó̊)̂ Į̈ õ §K˛yï˛ ̂ Î y = f(x) = x2, x ∈ Ró ~ §ÇK˛y ÓƒÓ•yÓ̊ Ü˛̂ ÏÓ̊ l# Ï̂ã˛Ó̊
§yÓ̊!î!ê˛ §¡õ)î≈ Ü˛̂ ÏÓ̊y– ~ x Į̈̂õ«˛Ü˛!ê˛Ó̊ §ÇK˛yÓ̊ xM˛° G ≤Ã§yÓ̊ Ü˛#⁄ f ~Ó̊ ̂ °á!ã˛e xAÜ˛l Ü˛̂ ÏÓ̊y–

x – 4 –3 –2 –1 0 1 2 3 4

y = f(x) = x2

§Ùyôyl §¡õ)î≈ §yÓ˚!î!ê˛ l# Ï̂ã˛ ̂ òGÎ˚y • Ï̂°
x – 4 –3 –2 –1 0 1 2 3 4

y = f (x) = x2 16 9 4 1 0 1 4 9 16

f ~Ó˚ §ÇK˛yÓ˚ xM˛° = {x : x∈R}– f  ~Ó˚ ≤Ã§yÓ˚ = {x
2

: x ∈ R} f ~Ó˚ ̂ °á!ã˛e!ê˛ 2.10 lÇ !ã˛ Ï̂e ̂ òGÎ˚y
•°–
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!ã˛e 2.11

í z̨òy•Ó˚î 14 ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛  f :R → Rñ f (x) = x3, x∈R myÓ˚y §ÇK˛yï˛– x Į̈̂ õ«˛Ü˛!ê˛Ó˚ ̂ °á!ã˛e xAÜ˛l
Ü˛ Ï̂Ó˚y–
§Ùyôyl xyÙÓ˚y ̨õy•zñ
f(0) = 0, f(1) = 1, f(–1) = –1, f(2) = 8, f(–2) = –8,  f(3) = 27; f(–3) = –27 •zï˛ƒy!ò–
§%ï˛Ó˚yÇ  f = {(x,x3): x∈R}

f ~Ó˚ ̂ °á!ã˛e!ê˛ 2.11 lÇ !ã˛ Ï̂e ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

(iv) Ù)°ò x Į̈̂ õ«˛Ü˛à%̂ Ï°y åRational functionsä  •Î˚  
f x

g x

( )

( )
 xyÜ˛y Ï̂Ó˚Ó˚ x Į̈̂ õ«˛Ü˛ ̂ Îáy Ï̂l  f(x) G

g(x) •° §ÇK˛yÓ˚ xM˛ Ï̂° §ÇK˛y!Î˚ï˛ x ~Ó˚ Ó•%̨ õò Ó˚y!¢Ùy°y x Į̈̂ õ«˛Ü˛ñ
~ÓÇ g(x) ≠ 0

í z̨òy•Ó˚î 15 f : R – {0} → R ~Ü˛!ê˛ ÓyhflÏÓ Ùy Ï̂lÓ˚ x Į̈̂ õ«˛Ü˛ f x
x

( ) =
1

,x ∈ R –{0}  myÓ˚y §ÇK˛yï˛–

~•z §ÇK˛y ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ l# Ï̂ã˛Ó˚ §yÓ˚!î!ê˛ §¡õ)î≈ Ü˛ Ï̂Ó˚y– ~•z x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚ Ü˛#⁄

x –2 –1.5 –1 –0.5 0.25 0.5 1 1.5 2

y  = 
1

x
... ... ... ... ... ... ... ... ...

§Ùyôyl  §¡õ)î≈ §yÓ˚!î!ê˛ l# Ï̂ã˛ ̂ òGÎ˚y • Ï̂°y

x –2 –1.5 –1 –0.5 0.25 0.5 1 1.5 2

y = 
1

x
– 0.5 – 0.67 –1 – 2 4 2 1 0.67 0.5
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!ã˛e  2.13

!ã˛e  2.12

§ÇK˛yÓ˚ xM˛° •° ‘0’ SÈyí ¸̨y §Ü˛° ÓyhflÏÓ §Çáƒy ~ÓÇ ~Ó˚ ≤Ã§yÓ˚ G •° 0 SÈyí ¸̨y §Ü˛° ÓyhflÏÓ §Çáƒy– f ~Ó˚
ˆ°á!ã˛e!ê˛ 2.12 lÇ !ã˛ Ï̂e ̂ òGÎ˚y •°–

1, Î!ò x > 0 •Î˚
0, Î!ò x = 0 •Î˚
–1, Î!ò x < 0 •Î˚

(v) Ù!í˛í z̨°y§ x Į̈̂ õ«˛Ü˛ Óy ̨õÓ˚ÙÙyl x Į̈̂ õ«˛Ü˛
åModulas functionäı ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛
f: R→R Óy  f(x) = |x| myÓ˚y §ÇK˛yï˛ñ
≤Ã Ï̂ï˛ƒÜ˛ x ∈R ï˛y Ï̂Ü˛ Ù!í˛í z̨°y§ x Į̈̂ õ«˛Ü˛
Ó Ï̂°– x ~Ó˚ ≤Ã Ï̂ï˛ƒÜ˛ x}îydÜ˛ Ùy Ï̂lÓ˚ çlƒñ
f(x) ~Ó˚ Ùyl • Ï̂Ó x– !Ü˛v x ~Ó˚ }îydÜ˛
Ùy Ï̂lÓ˚ çlƒ f(x) ~Ó˚ Ùyl • Ï̂Ó – x xÌy≈Í

f x
x x

x x
( ) =

≥

− <





,

,

0

0

Ù!í˛í z̨°y§ x Į̈̂õ«˛Ü˛!ê˛Ó̊ ̂ °á!ã˛e 2.13 lÇ
!ã˛ Ï̂e ̂ òGÎ˚y •°–

(vi) !§à‰lyÙ x Į̈̂ õ«˛Ü˛ åSignum functionä
~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f:R→R ~Ó)̊̂ Į̈ õ §ÇK˛y!Î˚ï˛ ˆÎñ

f (x) =



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!ã˛e 2.15

ï˛y Ï̂Ü˛ !§à‰lyÙ x Į̈̂ õ«˛Ü˛ Ó Ï̂°– !§à‰lyÙ x Į̈̂ õ«˛Ü˛!ê˛Ó˚ §ÇK˛yÓ˚ xM˛° •° R ~ÓÇ ≤Ã§yÓ˚ •° {–1, 0,

1}– !§à‰lyÙ x Į̈̂ õ«˛Ü˛!ê˛Ó˚ ̂ °á!ã˛e ÈüüüÈ 2.14 lÇ !ã˛ Ï̂e ̂ òGÎ˚y •°–

(vii) Ó,•_Ù xá[˛˛ §Çáƒy xˆÏ˛õ«˛Ü˛
åGreatest Integer functionä

~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛  f: R → R  ~Ó)̊̂ Į̈ õ
§ÇK˛yï˛ ˆÎ  f(x) = [x], x ∈R Îy ~Ü˛!ê˛
Ó,•_Ù xá[˛ §Çáƒy ~ÓÇ ~Ó˚ Ùyl x ~Ó˚ §Ùyl
Óy ï˛yÓ˚ ̂ Ì Ï̂Ü˛ ̂ SÈy Ï̂ê˛y– ~ ôÓ˚̂ ÏlÓ˚ x Į̈̂ õ«˛Ü˛ Ï̂Ü˛
Ó,•_Ù xá[˛ §Çáƒy x Į̈̂ õ«˛Ü˛ Ó Ï̂°–

[x] ~Ó˚ §ÇK˛y ˆÌ Ï̂Ü˛ xyÙÓ˚y ˆò!á ˆÎ
[x] = –1 Î!ò –1 ≤ x < 0

[x] =  0  Î!ò 0 ≤ x < 1

[x] =  1 Î!ò 1 ≤ x < 2

[x] =  2 Î!ò 2 ≤ x < 3 ~ÓÇ Ü ̨ Ù¢–
[x] x Į̈̂ õ«˛Ü˛!ê˛Ó̊ ̂ °á!ã˛e 2.15 lÇ !ã˛ Ï̂e
ˆòáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

2.4.2 ÓyhflÏÓ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ó#çà!îï˛ åAlge-

bra of real functionä ~ xl%̂ ÏFSÈ Ï̂ò xyÙÓ˚y Ü˛#Ë˛y Ï̂Ó ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ̂ Îyàñ ~Ü˛!ê˛ ÓyhflÏÓ
x Į̈̂ õ«˛Ü˛ ̂ Ì Ï̂Ü˛ xlƒ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ !Ó Ï̂Î˚yàñ ~Ü˛!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ Ï̂Ü˛ ~Ü˛!ê˛ ̂ flÒ°yÓ˚ !ò Ï̂Î˚ à%î å~áy Ï̂l
ˆflÒ°yÓ˚ Ó° Ï̂ï˛ xyÙÓ˚y Ó%!V˛ ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒyäñ ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ à%î ~ÓÇ ~Ü˛!ê˛ ÓyhflÏÓ
x Į̈̂ õ«˛Ü˛ Ï̂Ü˛ xlƒ ~Ü˛!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ !ò Ï̂Î˚ Ë˛yà Ü˛Ó˚y •Î˚ ï˛y !¢áÓ–

(i) ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ˆÎyà åAddition of two real functionä
ô Ï̂Ó˚y f : X → R ~ÓÇ g : X → R ò%!ê˛ ̂ Î Ï̂Ü˛y Ï̂ly ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ñ ̂ Îáy Ï̂l X ⊂ Rñ ï˛ Ï̂Ó xyÙÓ˚y
(f + g): X → R ˆÜ˛ §ÇK˛y!Î˚ï˛ Ü˛!Ó˚ (f + g) (x) = f (x) + g (x),  ˆÎáy Ï̂l §Óà%̂ Ï°y x ∈ X

~Ó˚ çlƒ–

f(x) =
x

x , x ≠ 0  ~ÓÇ 0ñ Îál x=0

!ã˛e  2.14
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(ii) ~Ü˛!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ ̂ Ì Ï̂Ü˛ xlƒ ÓyhflÏÓ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ !Ó Ï̂Î˚yà åSubtraction of a real func-

tion from anotherä ô Ï̂Ó˚y f : X → R ~ÓÇ g: X → R ˆÎ ˆÜ˛y Ï̂ly ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ñ
ˆÎáy Ï̂l X ⊂⊂ R ï˛ Ï̂Ó xyÙÓ˚y  (f – g) : X→R ˆÜ˛ §ÇK˛y!Î˚ï˛ Ü˛!Ó˚ (f – g) (x) = f(x) –g(x)

ˆÎáy Ï̂l §Óà%̂ Ï°y x ∈ X–
(iii) ˆflÒ°yÓ̊ !ò Ï̂Î̊ à%î åMultiplication by a scalarä ô Ï̂Ó˚y f : X→R ~Ü˛!ê˛ ÓyhflÏÓ Ùy Ï̂lÓ̊ x Į̈̂ õ«˛Ü˛

~ÓÇ α ~Ü˛!ê˛ ˆflÒ°yÓ˚– ~áy Ï̂l ˆflÒ°yÓ˚ Ó° Ï̂ï˛ xyÙÓ˚y ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy Ï̂Ü˛ Ó%!V˛–  ï˛y• Ï̂° à%îÊ˛°
α f, X ̂ Ì Ï̂Ü˛ R ~Ó˚ í z̨̨ õÓ˚ ~Ùl ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ §ÇK˛y!Î˚ï˛ Ü˛ Ï̂Ó˚ ̂ Îñ (α f ) (x)= α f (x), x ∈X

(iv) ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ à%îÊ˛° åMultiplication of two real functionsä
ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ f:X→R ~ÓÇ g:X→R ~Ó˚ à%îÊ˛° •° ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ fg:X→R Îy Ï̂Ü˛
§ÇK˛y!Î˚ï˛ Ü˛Ó˚y •Î˚ (fg) (x) = f(x) g(x), §Óà%̂ Ï°y x ∈ X

~!ê˛ Ï̂Ü˛ !Ó®% !Ë˛!_Ü˛ à%î Ó°y •Î˚ åPointwise multiplicationä
(v) ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ë˛yàÊ˛° åQuotient of two real functionsä

ô Ï̂Ó˚y f:X→R ~ÓÇ g:X→R ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ñ ˆÎáy Ï̂l X ⊂⊂ R –  f ˆÜ˛ g !ò Ï̂Î˚ Ë˛yà Ü˛Ó˚yÓ˚

Ê˛° Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ 
f

g
 Ó)̊̂ Į̈ õ ~ÓÇ §ÇK˛y!Î˚ï˛ Ü˛Ó˚y •Î˚

f

g
x

f x

g x









 =( )

( )

( )
, ≤Ãò_ g(x) ≠ 0, x ∈ X

í z̨òy•Ó˚î 16  ô Ï̂Ó˚y f(x) = x
2

 ~ÓÇ g(x) = 2x + 1ñ ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛–

(f + g) (x), (f –g) (x), (fg) (x),
f

g
x









( )  !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl xyÙÓ˚y ̨õy•z
(f + g) (x) = x

2

 + 2x + 1, (f –g) (x) =  x
2

 – 2x – 1,

(fg) (x) = x
2

 (2x + 1) = 2x
3

 + x
2

,  
f

g
x









( )  = 

x

x

2

2 1+
, x  ≠ −−

1

2

í z̨òy•Ó˚î 17  ô Ï̂Ó˚y f(x) = x  ~ÓÇ  g(x) = x ~•z ò%!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ x}îydÜ˛ ÓyhflÏÓ §ÇáƒyÓ˚ ̂ § Ï̂ê˛Ó˚

í z̨̨ õÓ˚ §ÇK˛y!Î˚ï˛ (f + g) (x), (f – g) (x), (fg) (x) ~ÓÇ 
f

g









  (x) !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl xyÙÓ˚y ̨õy•z

(f + g) (x) =  x + x, (f – g) (x)  = x   – x

(fg) x  =  
x x x( ) =

3

2  ~ÓÇ 
f

g









  (x) = = ≠

−x

x
x x

1

2 0,
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!ã˛e  2.16

xl%¢#°l# 2.3

1. l# Ï̂ã˛Ó˚ ˆÜ˛yl‰ §¡∫rôà%̂ Ï°y x Į̈̂ õ«˛Ü˛ • Ï̂Ó⁄ Î%!=˛ òyG– Î!ò x Į̈̂ õ«˛Ü˛ •Î˚ ï˛ Ï̂Ó §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚
!lî≈Î˚ Ü˛ Ï̂Ó˚y–
 (i)    {(2,1), (5,1), (8,1), (11,1), (14,1), (17,1)}

(ii) {(2,1), (4,2), (6,3), (8,4), (10,5), (12,6), (14,7)}

(iii) {(1,3), (1,5), (2,5)}.

2. l# Ï̂ã˛Ó˚ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛à%̂ Ï°yÓ˚ §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ Ï̂Ó˚y

(i) f(x) = – x (ii) f(x) = 9
2− x

3. ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f ˆÜ˛ §ÇK˛y!Î˚ï˛ Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ f(x) = 2x –5 Ó)̊̂ Į̈ õ ï˛ Ï̂Ó
(i)  f (0), (ii)   f (7),    (iii)   f (–3) ÈüÈ~Ó˚ Ùylà%̂ Ï°y !lî≈Î˚ Ü˛ Ï̂Ó˚y–

4. ‘t’ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ ˆÎ!ê˛ !í˛@˝Ã# ˆ§°!§Î˚y§ ï˛y˛õÙyeyÓ˚ §y Ï̂Ì !í˛@˝Ã# Ê˛y Ï̂Ó˚l•y•zê˛ ï˛y˛õÙyeyÓ˚ ~Ü˛!ê˛

§¡∫rô fiÌy˛õl Ü˛ Ï̂Ó˚ñ Îy §ÇK˛y!Î˚ï˛ •Î˚ÈüüüÈ  t(C) = 
9

5

C
 + 32.

~ál !lî≈Î˚ Ü˛ Ï̂Ó˚y (i) t(0)      (ii)  t(28)     (iii)  t(–10)  (iv) C ~Ó˚ Ùylñ Îál t(C) = 212

5. l# Ï̂ã˛Ó˚ ≤Ã Ï̂ï˛ƒÜ˛!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ Ï̂Ó˚y
  (i)    f (x)  = 2 – 3x, x ∈ R, x > 0.

(ii)  f (x)  = x2 + 2, ˆÎáy Ï̂l x ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy–
(iii)  f (x)  = x,  x ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy–

!Ó!Óô í z̨òy•Ó˚î

í z̨òy•Ó˚î 18 ô Ï̂Ó˚y R ~Ü˛!ê˛ ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛–
~Ü˛!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛Ü˛ f: R→R ~Ó)̊̂ Į̈ õ §ÇK˛yï˛ ˆÎ
f(x) = x + 10ñ x Į̈̂ õ«˛Ü˛!ê˛Ó˚ ˆ°á!ã˛e xAÜ˛l Ü˛ Ï̂Ó˚y–

§Ùyôyl ~áy Ï̂l f(0) = 10ó f(1) = 11, f(2) = 12, ...,

f(10) = 20,  •zï˛ƒy!ò ~ÓÇ
f(–1) = 9, f(–2) = 8, ..., f(–10) = 0 ~ÓÇ Ü ̨ Ù¢–
§%ï˛Ó˚yÇ ≤Ãò_ x Į̈̂ õ«˛Ü˛!ê˛Ó˚ ˆ°á!ã˛ Ï̂eÓ˚ xyÜ,̨ !ï˛ !ã˛e 2.16 ÈüÈ~
ˆòáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

Ùhs˝Óƒ   ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f, Îy  f(x) = mx + c , x ∈ R !ò Ï̂Î˚
§ÇK˛y!Î˚ï˛ ï˛y Ï̂Ü˛ ˜Ó˚!áÜ˛ x Į̈̂ õ«˛Ü˛ (linear function) Ó Ï̂°ñ
ˆÎáy Ï̂l m G c •° ô %ÓÜ˛– í z̨̨ õ Ï̂Ó˚Ó˚ x Į̈̂ õ«˛Ü˛!ê˛ ~Ü˛!ê˛ ˜Ó˚!áÜ˛
x Į̈̂ õ«˛ Ï̂Ü˛Ó˚  í z̨òy•Ó˚î–
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!ã˛e 2.17

í z̨òy•Ó˚î 19   ô Ï̂Ó˚y R •° Q ˆÌ Ï̂Ü˛ Q ˆï˛ ~Ü˛!ê˛ §¡∫rôñ
Îy R = {(a,b): a,b ∈ Q ~ÓÇ a – b ∈ Z} !ò Ï̂Î˚ §ÇK˛y!Î˚ï˛–
ˆòáyG ̂ Î
(i) (a,a) ∈ R §Ü˛° a ∈ Q ~Ó˚ çlƒ
(ii) (a,b) ∈ R • Ï̂° (b, a) ∈ R • Ï̂Ó
(iii) (a,b) ∈ R  G (b,c) ∈ R • Ï̂° (a,c) ∈R • Ï̂Ó–
§Ùyôyl    (i)  ˆÎ Ï̂•ï%̨ ñ a – a = 0 ∈ Z, ~!ê˛ xl%§Ó˚î Ü˛ Ï̂Ó˚ Ó°y ÎyÎ˚ (a, a) ∈ R

(ii) (a,b) ∈ R • Ï̂° a – b ∈ Z • Ï̂Ó– xï˛~Ó b – a ∈ Z • Ï̂Ó– §%ï˛Ó˚yÇ (b, a) ∈ R

(iii) (a, b)  G (b, c)  ∈ R • Ï̂°  a – b ∈ Z. b – c ∈ Z • Ï̂Ó–
     xï˛~Ó a – c = (a – b) + (b – c) ∈ Z   §%ï˛Ó˚yÇ (a,c) ∈ R

í z̨òy•Ó˚î 20  ô Ï̂Ó˚y f = {(1,1), (2,3), (0, –1), (–1, –3)}ñ •° Z  ̂ Ì Ï̂Ü˛  Z ~ ~Ü˛!ê˛ ̃ Ó˚!áÜ˛ x Į̈̂ õ«˛Ü˛–
f(x) !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl   ̂ Î Ï̂•ï%̨  f ~Ü˛!ê˛ ̃ Ó˚!áÜ˛ x Į̈̂ õ«˛Ü˛ñ ô Ï̂Ó˚y f (x) = mx + c xyÓyÓ˚ ̂ Î Ï̂•ï%̨  (1, 1), (0, – 1) ∈ R,

f (1) = m + c = 1 ~ÓÇ f (0) = c = –1ñ xyÙÓ˚y ˛õy•z m = 2 ñ ~ÓÇ  f(x) = 2x – 1

í z̨òy•Ó˚î 21  f x
x x

x x
( ) =

+ +

− +

2

2

3 5

5 4
 x Į̈̂ õ«˛Ü˛!ê˛Ó˚ §ÇK˛yÓ˚ xM˛° !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl   ˆÎ Ï̂•ï%̨  x
2

 –5x + 4 = (x – 4) (x –1)ñ ï˛y•z f x Į̈̂ õ«˛Ü˛!ê˛ x=4 ~ÓÇ x=1 SÈyí ¸̨y §Ü˛° ÓyhflÏÓ
§ÇáƒyÓ˚ çlƒ §ÇK˛yï˛– xï˛~Ó f ~Ó˚ §ÇK˛yÓ˚ xM˛° •° R – {1, 4}

í z̨òy•Ó˚î 22  ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f  !l¡¨Ó)̊̂ Į̈ õ §ÇK˛y!Î˚ï˛

f (x) = 

1 0

1 0

1 0

− <

=

+ >









x x

x

x x

,

,

,

f(x) ~Ó˚ ˆ°á!ã˛e xAÜ˛l Ü˛ Ï̂Ó˚y–
§Ùyôyl   ~áy Ï̂lñ f(x)=1– x, x < 0

xyÙÓ˚y ̨ õy•z
f(– 4)  =  1 – (– 4) = 5;

f(– 3)  = 1 – (– 3)  = 4,

f(– 2)  =  1 – (– 2) = 3

f(–1)   = 1 – (–1)   = 2;  •zï˛ƒy!ò

xyÓyÓ˚ f(x) = x + 1, x > 0 ~Ó˚ çlƒ

f(1) = 2, f (2) = 3, f (3) = 4, f(4) = 5 ~ÓÇ Ü ˛Ù¢
xï˛~Óñ f  ~Ó˚ ˆ°á!ã˛e !ã˛e 2.17 ~ ˆòáy Ï̂ly •°–
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xôƒyÎ˚ÈüÈ2 ~Ó˚ !Ó!Óô xl%¢#°l#

1. f  §¡∫rô!ê˛ ~Ó)̊̂ Į̈ õ §ÇK˛y!Î˚ï˛ñ ˆÎáy Ï̂l f x
x x

x x

( ) =

2
0 3

3 3 10

,

,

≤ ≤

≤ ≤







~ÓÇ g  §¡∫rô!ê˛ ~Ó)̊̂ Į̈ õ §ÇK˛y!Î˚ï˛ñ ˆÎáy Ï̂l g x
x x

x x

( )
,

,
=

≤ ≤

≤ ≤







2
0 2

3 2 10

ˆòáyG ˆÎ f  ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ ~ÓÇ g ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ lÎ˚–

2. Î!ò f (x) = x
2

 •Î˚ñ ï˛ Ï̂Ó 
f f( ) ( )

( )

1 1 1

1 1 1

.

. �

−
 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

3.  f (x) =
+ +

− +

x x

x x

2

2

2 1

8 12
 x Į̈̂ õ«˛Ü˛!ê˛Ó˚ §ÇK˛yÓ˚ xM˛° !lî≈Î˚ Ü˛ Ï̂Ó˚y–

4.  f (x)  = ( )x −1  x Į̈̂ õ«˛Ü˛!ê˛Ó˚ §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

5. f (x) = x −−1  x Į̈̂ õ«˛Ü˛!ê˛Ó˚ §ÇK˛yÓ˚ xM˛° G ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

6. ô Ï̂Ó˚yñ f x
x

x

x=
+









 ∈












, :

2

2
1

R  •° R ˆÌ Ï̂Ü˛ R ~ §ÇK˛y!Î˚ï˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛– f ~Ó˚ ≤Ã§yÓ˚

!lî≈Î˚ Ü˛ Ï̂Ó˚y–
7. ô Ï̂Ó˚y f, g : R→R ò%!ê˛ x Į̈̂ õ«˛Ü˛ñ f(x) = x + 1 G  g(x) = 2x – 3 !ò Ï̂Î˚ §ÇK˛y!Î˚ï˛–

f  + g, f – g ~ÓÇ 
f

g
 !lî≈Î˚ Ü˛ Ï̂Ó˚y–

8. ô Ï̂Ó˚yñ f = {(1,1), (2,3), (0,–1), (–1, –3)} •° Z ˆÌ Ï̂Ü˛ Z ~ ≤ÃÜ˛y!¢ï˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ Îy
f(x) = ax + b !ò Ï̂Î˚ §ÇK˛y!Î˚ï˛ñ ˆÎáy Ï̂l a G b xáu˛ §Çáƒy– a, b !lî≈Î˚ Ü˛ Ï̂Ó˚y–

9. ô Ï̂Ó˚yñ R •° N ˆÌ Ï̂Ü˛ N ~ ~Ü˛!ê˛ §¡∫rôñ Îy R = {(a, b) : a, b ∈N ~ÓÇ a = b
2

} !ò Ï̂Î˚
§ÇK˛y!Î˚ï˛– l# Ï̂ã˛Ó˚à%̂ Ï°y !Ü˛ §ï˛ƒ⁄
(i) (a,a) ∈ R ≤Ã Ï̂ï˛ƒÜ˛ a ∈ N  (ii) (a,b) ∈ R, • Ï̂° (b,a) ∈ R • Ï̂Ó
(iii) (a,b) ∈ R, (b,c) ∈ R • Ï̂° (a,c) ∈ R • Ï̂Ó
≤Ã!ï˛ Ï̂«˛ Ï̂e ̂ ï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ §ï˛ƒï˛y Îyã˛y•z Ü˛ Ï̂Ó˚y–

10. ô Ï̂Ó˚yñ A ={1,2,3,4}, B = {1,5,9,11,15,16}  ~ÓÇ f = {(1,5), (2,9), (3,1), (4,5), (2,11)}

l# Ï̂ã˛Ó˚ à%̂ Ï°y !Ü˛ §ï˛ƒ⁄
(i) f  •° A ˆÌ Ï̂Ü˛ B ˆï˛ ~Ü˛!ê˛ §¡∫rô (ii) f  •° A ˆÌ Ï̂Ü˛ B ˆï˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛–
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≤Ã Ï̂ï˛ƒÜ˛ ̂ «˛ Ï̂e ̂ ï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ ÎÌyÌ≈ï˛y Îyã˛y•z Ü˛ Ï̂Ó˚y–
11. ô Ï̂Ó˚y f  •° Z × Z ~Ó˚ ~Ü˛!ê˛ í z̨̨ õ Ï̂§ê˛ Îy ~Ó)̊̂ Į̈ õ §ÇK˛y!Î˚ï˛ ˆÎñ f = {(ab, a + b) : a, b ∈ Z}

f  !Ü˛ Z ˆÌ Ï̂Ü˛ Z ~ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ • Ï̂Ó⁄ ˆï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ ÎÌyÌ≈ï˛y Îyã˛y•z Ü˛ Ï̂Ó˚y–
12. ô Ï̂Ó˚y A={9,10,11,12,13} ~ÓÇ f : A→N ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ ~Ùl ˆÎ f (n) = n ~Ó˚ § Ï̂ÓÁy≈Fã˛

ˆÙÔ!°Ü˛ í z̨Í˛õyòÜ˛– f  ~Ó˚ ≤Ã§yÓ˚ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§yÓ˚§Ç Ï̂«˛˛õ

~•z xôƒy Ï̂Î˚ñ xyÙÓ˚y §¡∫rô G x Į̈̂ õ«˛Ü˛ §¡õ Ï̂Ü≈̨  ̂ ç Ï̂l!SÈ– ~ xôƒy Ï̂Î˚Ó˚ Ù%áƒ !Ó£ÏÎ˚Ó›à%̂ Ï°y !l¡¨Ó)̨̊ õ Èı

® Ü ̨ !ÙÜ˛ ̂ çyí ¸̨  !Ó Ï̂¢£ÏÜ ̨ Ï̂Ù ~Ü˛!eï˛ ~Ü˛ Ï̂çyí ¸̨y ̨ õò–

® Ü˛y Ï̂ï≈̨ §#Î˚ à%îÊ˛°  A × B •° ò%!ê˛ ̂ §ê˛ A G B ~Ó˚ çlƒ ~Ó)̊̂ Į̈ õ §ÇK˛y!Î˚ï˛ ̂ Îáy Ï̂l

A × B =  {(a, b): a ∈ A, b ∈ B}

!Ó Ï̂¢£Ï ˆ«˛ Ï̂e R × R = {(x, y): x, y ∈ R}

~ÓÇ R × R × R = (x, y, z): x, y, z ∈ R}

® Î!ò (a, b) = (x, y) •Î˚ñ ï˛ Ï̂Ó a = x ~ÓÇ b = y

® Î!ò n(A) = p ~ÓÇ n(B) = q ï˛ Ï̂Ó n(A × B) = pq

® A × φ = φ

® §yôyÓ˚îï˛ñ A × B ≠ B × A

® §¡∫rô  A  ̂ Ì Ï̂Ü˛ B ̂ ï˛ ~Ü˛!ê˛ §¡∫rô R •°ñ Ü˛y Ï̂ï≈̨ §#Î˚ à%îÊ˛° A × B ~Ó˚ Ü ̨ !ÙÜ˛ ̂ çy Ï̂í ¸̨Ó˚ ≤ÃÌÙ ̨õò x
~Ó˚ §y Ï̂Ì !mï˛#Î˚ ˛õò y ~Ó˚ §¡õÜ≈̨  Óî≈ly Ü˛ Ï̂Ó˚ ≤ÃyÆ A × B ~Ó˚ ~Ü˛!ê˛ í z̨̨ õ Ï̂§ê˛–

® R §¡õ Ï̂Ü≈̨ Ó˚ xô# Ï̂l ˆÜ˛y Ï̂ly ˛õò x ~Ó˚ ≤Ã!ï˛!Ó¡∫ •° yñ ˆÎáy Ï̂l (x, y) ∈ R

® R §¡∫̂ Ïrô §ÇK˛yÓ˚ xM˛° •° R §¡∫̂ ÏrôÓ˚ xô# Ï̂l ÌyÜ˛y §ÙhflÏ Ü ̨ !ÙÜ˛ ˆçy Ï̂í ¸̨Ó˚ ≤ÃÌÙ ˛õòà%̂ Ï°y Ï̂Ü˛ !l Ï̂Î˚
à!ë˛ï˛ í z̨̨ õ Ï̂§ê˛–

® R §¡∫̂ ÏrôÓ˚ ≤Ã§yÓ˚ •° R §¡∫̂ ÏrôÓ˚ xô# Ï̂l ÌyÜ˛y §ÙhflÏ Ü ̨ !ÙÜ˛ ˆçy Ï̂í ¸̨Ó˚ !mï˛#Î˚ ˛õòà%̂ Ï°y Ï̂Ü˛ !l Ï̂Î˚ à!ë˛ï˛
ˆ§ê˛–

® x Į̈̂ õ«˛Ü˛ı ˆ§ê˛ A ˆÌ Ï̂Ü˛ B ˆï˛ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f  •° !Ó Ï̂¢£Ï ôÓ˚̂ ÏlÓ˚ §¡∫rôñ ÎyÓ˚ çlƒ A ˆ§ Ï̂ê˛Ó˚
≤Ã Ï̂ï˛ƒÜ˛ ˛õò x ~Ó˚ ~Ü˛!ê˛ ~ÓÇ ˆÜ˛Ó°Ùye ~Ü˛!ê˛ ≤Ã!ï˛!Ó¡∫ y Ìy Ï̂Ü˛ Îy B ˆ§ Ï̂ê˛Ó˚ ~Ü˛!ê˛˛õò–

xyÙÓ˚y !°!á  f: A→B, ˆÎáy Ï̂l f(x) = y
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® f  ~Ó˚ §ÇK˛yÓ˚ xM˛° •° A ~ÓÇ §ÇK˛yÓ˚ í z̨̨ õ xM˛° •° B–

® ˆÜ˛yl x Į̈̂ õ«˛Ü˛ f  ~Ó˚ ≤Ã§yÓ˚ •° ≤Ã!ï˛!Ó Ï̂¡∫Ó˚ ˆ§ê˛–
® ~Ü˛!ê˛ ÓyhflÏÓ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §ÇK˛yÓ˚ xM˛° ~ÓÇ ≤Ã§yÓ˚ í z̨Ë˛ Ï̂Î˚•z ~Ü˛!ê˛ ÓyhflÏÓ §ÇáƒyÓ˚ ̂ §ê˛ Óy ÓyhflÏÓ §ÇáƒyÓ˚

í z̨̨ õ Ï̂§ê˛–

® x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ó#çà!îï˛ı f : X  → R ~ÓÇ g : X → R x Į̈̂ õ«˛Ü˛ñ ò%!ê˛Ó˚ çlƒ xyÙÓ˚y ˛õy•zñ

(f + g) (x) = f (x) + g(x), x ∈ X

(f – g) (x) = f (x) – g(x), x ∈ X

(f.g) (x)    = f (x) .g (x), x ∈ X

(kf) (x)     = k ( f (x) ), x ∈ X, ˆÎáy Ï̂l k ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy–.

f

g
x









 ( )  = 

f x

g x

( )

( )
, x ∈ X, g(x) ≠ 0

˙!ï˛•y!§Ü˛ ˆ≤Ã«˛y˛õê˛
1673 §y Ï̂° Gottfried wilhelm Leibnitz (1646 – 1716) ~Ó˚ ˆ°áy °ƒy!ê˛l ˛õy[%̨ !°!˛õ

“Mehtodus tangentium inversa, seu de functionibus”– ~ ≤ÃÌÙ FUNCTION ¢∑!ê˛ ̨õ!Ó̊°!«˛ï˛
•Î˚– Leibnitz ¢∑!ê˛ Ï̂Ü˛ xÈüÈ!Ó Ï̂Ÿ’£ÏîydÜ˛ x Ï̂Ì≈ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚!SÈ̂ Ï°l– í z̨!l ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ Ï̂Ü˛ ày!î!ï˛Ü˛ !Ü ̨ Î˚y
åmathematical jobä !•§y Ï̂Ó !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚!SÈ Ï̂°l ÎyÓ˚ !lÎ%!=˛ •° ¢%ô%Ùye ~Ü˛!ê˛ ÓÜ ̨  ̂ Ó˚áy–

1698 §y Ï̂°Ó˚ 5 ç%°y•z Johan Birnouli §Ó≈≤ÃÌÙ Leibnitz ̂ Ü˛ ~Ü˛!ê˛ !ã˛!ë˛ Ï̂ï˛ §%̨ õ!Ó˚Ü˛!“ï˛Ë˛y Ï̂Ó
x Į̈̂ õ«˛Ü˛ (function) ˛õò!ê˛Ó˚ !Ó Ï̂¢£Ï ≤Ã Ï̂Î˚yà !lô≈yÓ˚̂ ÏîÓ˚ !Ó Ï̂Ÿ’£Ïî# ôyÓ˚îy !ò Ï̂Î˚!SÈ Ï̂°l– ~ Ùy Ï̂§Ó˚•z ˆ¢ Ï̂£ÏÓ˚
!ò Ï̂Ü˛ Leibnitz ï˛yÓ˚ í z̨_ Ï̂Ó˚ §•Ùï˛ ̂ ˛õy£Ïî Ü˛ Ï̂Ó˚!SÈ Ï̂°l–

1779 §y Ï̂° Chamber’s cyclopaediaÈüÈˆï˛ •zÇ Ï̂Ó˚!ç Ë˛y£ÏyÎ˚ x Į̈̂ õ«˛Ü˛ ¢∑!ê˛ ̨õyGÎ˚y ÎyÎ˚ ı “The

term function is used in algebra, for an analytical expression any way compounded of

a variable quantity, and of numbers, or constant quantities.”
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!e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛
TRIGONOMETRIC FUNCTIONS

xyÎ≈Ë˛R
 (476-550)

vA mathematician knows how to solve a problem,

he can not solve it. – MILNE v

3.1  Ë)̨ !ÙÜ˛y

‘Trigonometry’ ¢∑!ê˛ !@˝ÃÜ‰̨  ¢∑ ‘Trigon’ ~ÓÇ ‘metron’ ˆÌ Ï̂Ü˛
í z̨qyÓl • Ï̂Î˚̂ ÏSÈ ~ÓÇ ~Ó˚ xÌ≈ Ú!eË%̨ Ï̂çÓ˚ Óy•%à%̂ Ï°yÓ˚ ˛õ!Ó˚Ùy˛õ Ü˛Ó˚yÛ– ~•z
!Ó£ÏÎ˚!ê˛ Ù)°ï˛ !ÓÜ˛y¢ • Ï̂Î˚̂ ÏSÈ !eË%̨ ç §¡∫!°ï˛ çƒy!Ù!ï˛Ü˛ §Ù§ƒy §Ùyôy Ï̂lÓ˚
çlƒ – ~!ê˛ §Ù%oÙyeyÓ̊ ̂ lÔ≤Ãôy Ï̂lÓ̊yñ lï%̨ l ç!ÙÓ̊ Ùyl!ã˛ Ï̂eÓ̊ çÓ̊#˛õÜ˛yÓ̊#Ó̊yñ
Óy›Ü˛y Ï̂Ó˚Ó˚y ~ÓÇ xlƒylƒÓ˚y ã˛ã≈̨ y Ü˛ Ï̂Ó˚l– Óï≈̨ Ùy Ï̂l !e Ï̂Ü˛yî!Ù!ï˛Ó˚ ≤Ã Ï̂Î˚yà
!Ó!Ë˛ß¨ ˆ«˛ Ï̂e •Î˚ñ ˆÎÙl Ë)̨ Ü˛¡õl!ÓòƒyÓ˚ !ÓK˛ylñ Ï̃Óò%ƒ!ï˛Ü˛ Óï≈̨ l#Ó˚ l:y
˜ï˛!Ó̊ Ü˛Ó̊ Ï̂ï˛ñ ̨õÓ̊Ùyî%Ó̊ xÓfiÌy Óî≈̂ Ïlñ §Ù%̂ ÏoÓ̊ ̂ çyÎ̊yÓ̊ËÑ̨ yê˛yÓ̊ ̂ ì˛í ẑ̨ ÏÎ̊Ó̊ í z̨Fã˛ï˛y
˛õ)Ó≈yl%Ùy Ï̂lñ ◊%!ï˛Ùô%Ó˚ §%Ó˚ !Ó Ï̂Ÿ’£Ï̂ Ïî ~ÓÇ xlƒylƒ ̂ «˛ Ï̂e–

˛õ)Ó≈Óï˛#≈ ̂ ◊!î Ï̂ï˛ xyÙÓ̊y §)- Ï̂Ü˛y Ï̂îÓ̊ !e Ï̂Ü˛yî!Ù!ï˛Ó̊ xl%̨ õy Ï̂ï˛Ó̊ !Ó£Ï̂ ÏÎ̊
xôƒÎ˚l Ü˛ Ï̂Ó˚!SÈñ Îy §Ù Ï̂Ü˛yî# !eË%̨ Ï̂çÓ˚ Óy•%à%̂ Ï°yÓ˚ xl%̨ õyï˛– í z̨Fã˛ï˛y G
ò)Ó˚c !Ó£ÏÎ˚Ü˛ §Ù§ƒy §Ùyôy Ï̂lÓ˚ ̂ «˛ Ï̂eG !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Ï̂Ë˛ò§Ù)• ~ÓÇ
!e Ï̂Ü˛yî!Ù!ï˛Ü˛ xl%̨ õy Ï̂ï˛Ó̊ ≤Ã Ï̂Î̊yà §¡õ Ï̂Ü≈̨  xyÙÓ̊y xôƒÎ̊l Ü˛ Ï̂Ó̊!SÈ– ~ xôƒy Ï̂Î̊ xyÙÓ̊y !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛
~ÓÇ ~ Ï̂òÓ˚ ôÙ≈yÓ!° xôƒÎ˚̂ Ïl !e Ï̂Ü˛yî!Ù!ï˛Ü˛ xl%̨ õy Ï̂ï˛Ó˚ ôyÓ˚îyÓ˚ Óƒy˛õÜ˛ ≤Ã Ï̂Î˚yà Ü˛Ó˚Ó–

3.2 ̂ Ü˛yî åAnglesä ~Ü˛!ê˛ ≤Ãò_ Ó˚!Ÿ¬Ó˚ ≤ÃyÓ˚!Ω˛Ü˛ !Ó®%Ó˚ §y Į̈̂ õ Ï̂«˛ â)î≈̂ ÏlÓ˚ ̨ õ!Ó˚Ùy˛õ•z • Ï̂FSÈ ̂ Ü˛yî– â)î≈̂ ÏlÓ˚

!ã˛e 3.1

x!hs˝Ù Óy•%

≤ÃyÓ˚!Ω˛Ü˛ Óy•%¢#£Ï≈!Ó®%

(i) ôlydÜ˛ ˆÜ˛yî

x!hs˝Ù Óy•%

≤ÃyÓ˚!Ω˛Ü˛ Óy•%

¢#£Ï≈!Ó®%

(ii) }îydÜ˛ ˆÜ˛yî
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!ã˛e  3.2

!ã˛e  3.3

Ù)°Ó˚!Ÿ¬ Ï̂Ü˛ ≤ÃyÓ˚!Ω˛Ü˛ Óy•% ~ÓÇ â)î≈̂ ÏlÓ˚ ˛õÓ˚ Ó˚!Ÿ¬Ó˚ x!hs˝Ù xÓfiÌy Ï̂Ü˛ Ó°y •Î˚ ˆÜ˛y Ï̂îÓ˚ x!hs˝Ù Óy•%– â)î≈l
!Ó®%̂ ÏÜ˛ Ó°y •Î˚ ¢#£Ï≈!Ó®%– Î!ò â)î≈̂ ÏlÓ˚ !òÜ˛ â!í ¸̨Ó˚ ÜÑ̨ yê˛yÓ˚ !Ó˛õÓ˚#ï˛ !ò Ï̂Ü˛ •Î˚ ï˛ Ï̂Ó ̂ §•z ̂ Ü˛yî!ê˛ ôlydÜ˛ ~ÓÇ
Î!ò â)î≈̂ ÏlÓ˚ !òÜ˛ â!í ¸̨Ó˚ Ü Ñ̨yê˛yÓ˚ !ò Ï̂Ü˛ •Î˚ ï˛ Ï̂Ó ̂ §•z ̂ Ü˛yî!ê˛ }îydÜ˛ å!ã˛e 3.1ä–
ˆÜ˛y Ï̂îÓ̊ ≤ÃyÓ̊!Ω˛Ü˛ Óy•% ̂ Ì Ï̂Ü˛ x!hs˝ÙÓy•% ̨õÎ≈hs˝ â)î≈̂ ÏlÓ̊ ̨õ!Ó̊Ùyî
!ò Ï̂Î˚ ˆÜ˛y Ï̂îÓ˚ ˛õ!Ó˚Ùy˛õ Ü˛Ó˚y •Î˚– ˆÜ˛y Ï̂îÓ˚ ˛õ!Ó˚Ùy Į̈̂ õÓ˚ çlƒ
Ü˛ Ï̂Î̊Ü˛!ê˛ ~Ü˛Ü˛ xy Ï̂SÈ– ̂ Ü˛y Ï̂îÓ̊ §ÇK˛yÎ̊ ~Ü˛!ê˛ ~Ü˛Ü˛ Ï̂Ü˛ !l Ï̂ò≈¢
Ü˛ Ï̂Ó˚ ̂ ÎÙl ≤ÃyÓ˚!Ω˛Ü˛ Óy•% ̂ Ü˛y Ï̂ly xÓfiÌyl • Ï̂ï˛ ̨~Ü˛ÓyÓ˚ ̨õ)î≈
xyÓï≈̨ Ï̂l ̂ Î ̂ Ü˛yî !l Ï̂ò≈!¢ï˛ •Î˚ ï˛y !ã˛e 3.2 ̂ ï˛ ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–
~!ê˛ §Ó≈òy Óí ¸̨ ˆÜ˛y Ï̂îÓ˚ çlƒ §%!ÓôyçlÜ˛– í z̨òy•Ó˚îfl∫Ó)̨̊ õ ~Ü˛!ê˛ o%ï˛ â)î≈yÎ˚Ùyl ã˛í ¸̨Ü˛y !ò Ï̂Î˚ í z̨Í˛õß¨ ˆÜ˛yî
§¡õ Ï̂Ü≈̨  xyÙÓ˚y Ó° Ï̂ï˛ ̨ õy!Ó˚ ̂ Î ≤Ã!ï˛ ̂ § Ï̂Ü˛ Ï̂[˛ 15 ÓyÓ˚ ̨ õ)î≈ xyÓï≈̨ l §¡õß¨ Ü˛ Ï̂Ó˚– xyÙÓ˚y ̂ Ü˛yî ̨ õ!Ó˚Ùy Į̈̂ õÓ˚
çlƒ x˛õÓ˚ ò%ÈüÈôÓ˚̂ ÏîÓ˚ ~Ü˛Ü˛ !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó Îy Ï̂òÓ˚ ≤ÃyÎ˚¢•z ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ÈüüüÈ ˆÎÙl !í˛@˝Ã# ˛õ!Ó˚Ùy˛õ
~ÓÇ ̂ Ó˚!í˛Î˚yl ̨õ!Ó˚Ùy˛õ–
3.2.1 !í˛@˝Ã# ˛õ!Ó˚Ùy˛õ åDegree measureä  Î!ò  ~Ü˛!ê˛ â)î≈l ≤ÃyÓ˚!Ω˛Ü˛ Óy•% ˆÌ Ï̂Ü˛ x!hs˝Ù Óy•%  ˛õÎ≈hs˝

˛õ)î≈ xyÓï≈̨ Ï̂lÓ˚ 
1

360









  xÇ¢ •Î˚ ï˛ Ï̂Ó G•z ˆÜ˛y Ï̂îÓ˚ ˛õ!Ó˚Ùy˛õ Ï̂Ü˛ ~Ü˛ !í˛@˝Ã# Ó Ï̂° ~ÓÇ ~!ê˛ Ï̂Ü˛ 1° Ó)̊̂ Į̈ õ

ˆ°áy •Î˚– ≤Ã!ï˛!ê˛ !í˛@˝Ã# 60 !Ù!l Ï̂ê˛ !ÓË˛=˛ ~ÓÇ ≤Ã!ï˛!ê˛  !Ù!lê˛ 60 ̂ § Ï̂Ü˛ Ï̂[˛ !ÓË˛=˛– ~Ü˛ !í˛@˝Ã#Ó˚ £Ïyê˛ Ë˛y Ï̂àÓ˚
~Ü˛ xÇ¢ Ï̂Ü˛ Ó°y •Î˚ 1 !Ù!lê˛ ~ÓÇ ~!ê˛ Ï̂Ü˛  1′ Ó)̊̂ Į̈ õ ̂ °áy •Î˚ ~ÓÇ 1 !Ù!l Ï̂ê˛Ó˚ £Ïyê˛  Ë˛y Ï̂àÓ˚ ~Ü˛ xÇ¢ Ï̂Ü˛ Ó°y
•Î˚ 1 ˆ§ Ï̂Ü˛[˛ñ ~!ê˛ Ï̂Ü˛ 1″ Ó)̊̂ Į̈ õ ˆ°áy •Î˚–

xÌy≈Íñ 1° = 60′, 1′ = 60″

!Ü˛S%È§ÇáƒÜ˛ ̂ Ü˛yî Îy Ï̂òÓ˚ ̨õ!Ó˚Ùy˛õ 360°,180°, 270°, 420°, – 30°, – 420° !ã˛e 3.3 ̂ ï˛ ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

≤ÃyÓ˚!Ω˛Ü˛ Óy•%

x!hs˝Ù Óy•%
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(i) (ii)
(iii)

!ã˛e 3.4 (i) ̂ ÌˆÏÜ˛ (iv)

(iv)

3.2.2 ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy˛õ åRadian measureä ı ˆÜ˛y Ï̂îÓ˚ ˛õ!Ó˚Ùy Į̈̂ õÓ˚ çlƒ x˛õÓ˚ ~Ü˛!ê˛ ~Ü˛Ü˛ xy Ï̂SÈ
Îy Ï̂Ü˛ ̂ Ó˚!í˛Î˚yl ̨õ!Ó˚Ùy˛õ Ó°y •Î˚– ̂ Ü˛y Ï̂ly ~Ü˛Ü˛ Ó,̂ Ï_Ó˚ åÓ,_!ê˛Ó˚ Óƒy§yô≈ 1 ~Ü˛Ü˛ä 1  ~Ü˛Ü˛ ̃ ò Ï̂â≈ƒÓ˚ Ó,_ã˛y˛õ
Ó,_!ê˛Ó˚ ˆÜ˛ Ï̂w ˆÎ §¡ø%á Ï̂Ü˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ ï˛y Ï̂Ü˛ Ó°y •Î˚ 1 ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy˛õ–
!ã˛e 3.4 (i) ˆÌ Ï̂Ü˛ (iv) ~ñ OA •° ≤ÃyÓ˚!Ω˛Ü˛ Óy•% ~ÓÇ OB •° x!hs˝Ù Óy•%– !ã˛ Ï̂e ≤Ãò!¢≈ï˛ ˆÜ˛y Ï̂îÓ˚

˛õ!Ó˚Ùy˛õà%̂ Ï°y •° 1 ˆÓ˚!í˛Î˚ylñ – 1 ˆÓ˚!í˛Î˚ylñ 1
1

2
 ˆÓ˚!í˛Î˚yl ~ÓÇ –1

1

2
 ˆÓ˚!í˛Î˚yl–

xyÙÓ˚y çy!l ̂ Î 1 ~Ü˛Ü˛ Óƒy§yô≈!Ó!¢T˛ Ó,̂ Ï_Ó˚ ̨õ!Ó˚!ô 2πñ xÌ≈yÍ ≤ÃyÓ˚!Ω˛Ü˛ Óy•%Ó˚ ~Ü˛ÓyÓ˚ ̨õ)î≈ xyÓï≈̨ Ï̂l ̂ Ü˛ Ï̂w
2π ˆÓ˚!í˛Î˚yl §¡ø%á ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚–
xyÓ˚G §yôyÓ˚îË˛y Ï̂Óñ r Óƒy§yô≈!Ó!¢T˛ Ó,̂ Ï_Ó˚ Ó,_ã˛y Į̈̂ õÓ˚ ˜òâ≈ƒ r • Ï̂° §¡ø%á ˆÜ˛yî • Ï̂Ó 1 ˆÓ˚!í˛Î˚yl– ~!ê˛
Ë˛y Ï̂°yË˛y Ï̂Ó çyly xy Ï̂SÈ ̂ Î §Ùyl Ó,_ã˛y˛õ Ó,̂ Ï_Ó̊ ̂ Ü˛ Ï̂w §Ùyl §¡ø%á ̂ Ü˛yî í z̨Í˛õß̈ Ü˛ Ï̂Ó̊– ̂ Î Ï̂•ï%̨  r Óƒy§yô≈!Ó!¢T˛
~Ü˛!ê˛ Ó,̂ Ï_ r ˜òâ≈ƒ!Ó!¢T˛ ~Ü˛!ê˛ Ó,_ã˛y˛õ 1 ˆÓ˚!í˛Î˚yl ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ñ ï˛y• Ï̂° l ˜òâ≈ƒ!Ó!¢T˛ Ó,_ã˛y˛õ ˆÎ

§¡ø%á ˆÜ˛yî í z̨Í˛õß¨ Ü˛Ó˚̂ ÏÓ ~Ó˚ Ùyl • Ï̂Ó 
l

r
 ˆÓ˚!í˛Î˚yl– xÌ≈yÍñ r Óƒy§y Ï̂ô≈Ó˚ ~Ü˛!ê˛ Ó,̂ Ï_ l ˜ò Ï̂â≈ƒÓ˚ ~Ü˛!ê˛

Ó,_ã˛y˛õ ˆÜ˛ Ï̂w θ ˆÓ˚!í˛Î˚yl §¡ø%á ˆÜ˛yî í z̨Í˛õß¨ Ü˛Ó˚̂ Ï° xyÙÓ˚y ˛õy•zñ θ  = 
l

r
 Óy l  = r θ

ˆÓ˚!í˛Î˚yl

ˆÓ˚!í˛Î˚yl

ˆÓ˚!í˛Î˚yl1
1

2

ˆÓ˚!í˛Î
˚yl

–1
1

2
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A

O

1

P

1

2

−1

−2

Q

0

!ã˛e  3.5

!í˛@˝Ã# 30° 45° 60° 90° 180° 270° 360°

ˆÓ̊!í˛Î̊yl
π

6

π

4

π

3

π

2
π

3

2

π

2π

3.2.3 ˆÓ˚!í˛Î˚yl G ÓyhflÏÓ §ÇáƒyÓ˚ Ù Ï̂ôƒ §¡õÜ≈̨  åRelation

between radian and real numbersä
ôÓ˚y ÎyÜ˛ O ̂ Ü˛w#Î˚ ~Ü˛Ü˛ Ó,̂ Ï_Ó˚ í z̨̨ õÓ˚ A ̂ Î Ï̂Ü˛y Ï̂ly ~Ü˛!ê˛ !Ó®%–

Ù Ï̂l Ü˛ Ï̂Ó˚y OA •° ˆÜ˛y Ï̂îÓ˚ ≤ÃyÓ˚!Ω˛Ü˛ Óy•%– ï˛y• Ï̂° Ó,̂ Ï_Ó˚ Ó,_ã˛y Į̈̂ õÓ˚
˜òâ≈ƒ Ó,̂ Ï_Ó˚ ˆÜ˛ Ï̂w ˆÎ §¡ø%á ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ ï˛y ˆÜ˛yî!ê˛Ó˚ ˆÓ˚!í˛Î˚yl
˛õ!Ó˚Ùy˛õ Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚– ô Ï̂Ó˚yñ PAQ ˆÓ˚áy!ê˛ Ó,̂ Ï_Ó˚ A !Ó®%̂ Ïï˛ ~Ü˛!ê˛
flõ¢≈Ü˛– Ù Ï̂l Ü˛Ó˚y ÎyÜ˛ A !Ó®%!ê˛ ÓyhflÏÓ §Çáƒy 0 å¢)lƒä ̂ Ü˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚
~ÓÇ AP ÓÓ˚yÓÓ˚ ôlydÜ˛ ÓyhflÏÓ §Çáƒy G AQ x!Ë˛Ù%̂ Ïá }îydÜ˛ ÓyhflÏÓ
§Çáƒy ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ å!ã˛e 3.5ä– Î!ò xyÙÓ˚y Ó,_ ÓÓ˚yÓÓ˚ AP ̂ Ó˚áy Ï̂Ü˛
â!í ¸̨Ó˚ ÜÑ̨ yê˛yÓ˚ !Ó˛õÓ˚# Ï̂ï˛ ~ÓÇ AQ ˆÓ˚áy Ï̂Ü˛ â!í ¸̨Ó˚ ÜÑ̨ yê˛yÓ˚ !ò Ï̂Ü˛ ˆâyÓ˚y•zñ
ï˛y• Ï̂° ≤Ã!ï˛!ê˛ ÓyhflÏÓ §Çáƒy ~Ü˛!ê˛ ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy˛õ Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛Ó˚̂ ÏÓ
~ÓÇ ~!ê˛ !Ó˛õÓ˚#ï˛Ü ̨ Ï̂ÙG §ï˛ƒ– §%ï˛Ó˚yÇñ ̂ Ü˛y Ï̂îÓ˚ ̂ Ó˚!í˛Î˚yl ̨õ!Ó˚Ùy˛õ ~ÓÇ
ÓyhflÏÓ §Çáƒy Ï̂Ü˛ §ÙyÌ≈Ü˛ Ù Ï̂l Ü˛Ó˚y ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚–

3.2.4 !í˛@˝Ã# G ˆÓ˚!í˛Î˚y Ï̂lÓ˚ Ù Ï̂ôƒ §¡õÜ≈̨  åRelation between degree and radianä

ˆÎ Ï̂•ï%̨  ~Ü˛!ê˛ Ó,_ ˆÜ˛ Ï̂w ~Ü˛!ê˛ §¡ø%á ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ ÎyÓ˚ ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy˛õ 2π  ~ÓÇ ~Ó˚ !í˛@˝Ã#
˛õ!Ó˚Ùy˛õ 360°ñ ï˛y• Ï̂°

2π ˆÓ˚!í˛Î˚yl =  360°ñ Óy π ˆÓ˚!í˛Î˚yl ù 180° í z̨=˛ §¡õÜ≈̨  ˆÌ Ï̂Ü˛ ˆÎ ˆÜ˛y Ï̂ly ˆÜ˛y Ï̂îÓ˚ Ùyl §• Ï̂ç•z

!í˛@˝Ã# ̂ Ì Ï̂Ü˛ ̂ Ó˚!í˛Î˚y Ï̂l !Ü˛ÇÓy ̂ Ó˚!í˛Î˚yl ̂ Ì Ï̂Ü˛ !í˛@˝Ã# Ï̂ï˛ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚– π ~Ó˚ xy§ß¨ Ùyl 
22

7
 ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚

xyÙÓ˚y ̨õy•zÈüüüÈ

1 ˆÓ˚!í˛Î˚yl =  
180°

π

=  57° 16′ å≤ÃyÎ˚ä

xyÓyÓ˚ 1° = 
π

180
 ̂ Ó˚!í˛Î˚yl =  0.01746 ̂ Ó˚!í˛Î˚yl å≤ÃyÎ˚ä

Ü˛ Ï̂Î˚Ü˛!ê˛ §yôyÓ˚î ˆÜ˛y Ï̂îÓ˚ !í˛@˝Ã# ˛õ!Ó˚Ùy˛õ ~ÓÇ ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy Į̈̂ õÓ˚ Ù Ï̂ôƒ §¡õÜ≈̨  !l Ï̂¡¨Ó˚ §yÓ˚!î Ï̂ï˛ ˆòGÎ˚y
•°ı
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≤Ãï˛# Ï̂Ü˛Ó˚ ≤Ãã˛!°ï˛ Ó˚#!ï˛ åNotational Conventionä
ˆÎ Ï̂•ï%̨  ̂ Ü˛yîà%̂ Ï°y ̨õ!Ó˚Ùy˛õ Ü˛Ó˚y •Î˚ !í˛@˝Ã# Ï̂ï˛ Óy ̂ Ó˚!í˛Î˚y Ï̂lñ xyÙÓ˚y ~•z Ó˚#!ï˛ ̂ Ù Ï̂l !l•z ̂ Îñ Îál xyÙÓ˚y θ°

!°!á ï˛ál xyÙÓ˚y Ó%!V˛ ˆÜ˛y Ï̂îÓ˚ !í˛@˝Ã# ˛õ!Ó˚Ùy˛õ θ ~ÓÇ Îál xyÙÓ˚y ˆÜ˛y Ï̂ly ˆÜ˛yî Ï̂Ü˛ !°!á βñ ï˛ál xyÙÓ˚y
Ó%!V˛ ̂ Ü˛y Ï̂îÓ˚ ̨ õ!Ó˚Ùy˛õ β ̂ Ó˚!í˛Î˚yl–

°«˛ Ü˛ Ï̂Ó˚y  ̂ Î ̨Îál ̂ Ü˛y Ï̂îÓ˚ ̨õ!Ó˚Ùy˛õ ̂ Ó˚!í˛Î˚y Ï̂l ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ï˛ál ̂ Ó˚!í˛Î˚yl ¢∑!ê˛ ≤ÃyÎ˚•z Óyò

ˆòGÎ˚y •Î˚– xÌ≈yÍñ π=180° ~ÓÇ 
π

4
45= °  ˆÜ˛ ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy Į̈̂ õ ˆ°áy •Î˚ π  ~ÓÇ 

π

4
–  xï˛~Ó

Ó° Ï̂ï˛ ̨õy!Ó˚

ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy˛õ = 
π

180
 ×  !í˛@˝Ã# ˛õ!Ó˚Ùy˛õ

!í˛@˝Ã# ̨ ˛õ!Ó˚Ùy˛õ = 
180

π
×  ̂ Ó˚!í˛Î˚yl ̨õ!Ó˚Ùy˛õ

í z̨òy•Ó˚î 1   40° 20′ ˆÜ˛ ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy Į̈̂ õ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚y–
§Ùyôyl xyÙÓ˚y çy!l ̂ Î

180° =  π ˆÓ˚!í˛Î˚yl

xï˛~Ó 40° 20′  = 40 
1

3
 !í˛@˝Ã# =  

π

180
×

121

3
 ˆÓ˚!í˛Î˚yl = 

121

540

π

 ˆÓ˚!í˛Î˚yl

§%ï˛Ó̊yÇ 40° 20′ = 
121

540

π

 ˆÓ˚!í˛Î˚yl

í z̨òy•Ó˚î 2  6 ˆÓ˚!í˛Î˚yl Ï̂Ü˛ !í˛@˝Ã# Ï̂ï˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚y–
§Ùyôyl  xyÙÓ˚y çy!l ˆÎ π ˆÓ˚!í˛Î˚yl = 180°

§%ï˛Ó˚yÇ 6 ˆÓ˚!í˛Î˚yl =  
180

π
×6 !í˛@˝Ã# = 

1080 7

22

×
 !í˛@˝Ã#

= 343
7

11
 !í˛@˝Ã# = 343° + 

7 60

11

×
!Ù!lê˛ [ ˆÎ Ï̂•ï%̨  1°  = 60′ ]

= 343° + 38′  + 
2

11
!Ù!lê˛ [ ˆÎ Ï̂•ï%̨  as 1′ = 60″ ]

= 343° + 38′ + 10.9″ = 343°38′ 11″ å≤ÃyÎ˚ä
§%ï˛Ó̊yÇ 6 ̂ Ó˚!í˛Î˚yl = 343° 38′ 11″ å≤ÃyÎ˚ä
í z̨òy•Ó˚î 3  ~Ü˛!ê˛ Ó,̂ Ï_Ó˚ ˆÜ˛wfiÌ ˆÜ˛yî 60° Îy 37.4 ˆ§!Ù ˜òâ≈ƒ !Ó!¢T˛ Ó,_ã˛y˛õ Ï̂Ü˛ !SÈß¨ Ü˛ Ï̂Ó˚ñ ï˛ Ï̂Ó

Ó,_!ê˛Ó˚ Óƒy§yô≈ !lî≈Î˚ Ü˛ Ï̂Ó˚y– åπ =
22

7
 ô Ï̂Ó˚yä
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§Ùyôyl ı ~áy Ï̂l l = 37.4 ˆ§!Ùñ θ = 60° = 
60

180

π

ˆÓ˚!í˛Î˚yl =
π

3

xï˛~Óñ r =
l

θ

 • Ï̂° xyÙÓ˚y ˛õy•z

r =
37 4 3 37 4 3 7

22

. .×
=

× ×

π

 = 35.7 ˆ§!Ù

í z̨òy•Ó˚î 4  ~Ü˛!ê˛ â!í ¸̨Ó˚ !Ù!l Ï̂ê˛Ó˚ ÜÑ̨ yê˛y!ê˛ 1.5 ̂ §!Ù ò#â≈– 40 !Ù!l Ï̂ê˛ ÜÑ̨ yê˛y!ê˛Ó˚ x@˝ÃË˛yà Ü˛ï˛ ò)Ó˚c x!ï˛Ü ̨ Ù
Ü˛ Ï̂Ó˚⁄ åπ = 3.14 ô Ï̂Ó˚yä

§Ùyôyl  60 !Ù!l Ï̂ê˛ â!í ¸̨Ó˚ !Ù!l Ï̂ê˛Ó˚ ÜÑ̨ yê˛y!ê˛ ~Ü˛ÓyÓ˚ ̨õ)î≈ xyÓï≈̨ l Ü˛ Ï̂Ó˚– §%ï˛Ó˚yÇ 40 !Ù!l Ï̂ê˛ ÜÑ̨ yê˛y!ê˛ 
2

3
 xÇ¢

xyÓï≈̨ l Ü˛ Ï̂Ó˚– §%ï˛Ó˚yÇñ θ = × °
2

3
360  Óy 

4

3

π

 ̂ Ó˚!í˛Î˚yl– §%ï˛Ó˚yÇ !l Ï̂î≈Î˚ ò)Ó˚c x!ï˛Ü ̨ Ù Ü˛Ó˚̂ ÏÓ

 l = r θ  =  1.5 ×
4

3

π  ˆ§!Ù = 2π ˆ§!Ù = 2 ×3.14 ˆ§!Ù = 6.28 ˆ§!Ù–

í z̨òy•Ó˚î 5 Î!ò §Ùyl ̃ ò Ï̂â≈ƒÓ˚ Ó,_ã˛y˛õ ò%!ê˛ Ó,̂ Ï_Ó˚ ̂ Ü˛ Ï̂w ÎÌyÜ ̨ Ï̂Ù 650  ~ÓÇ 1100 §¡ø%á ̂ Ü˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚
ï˛ Ï̂Ó Ó,_ ò%!ê˛Ó˚ Óƒy§y Ï̂ô≈Ó˚ xl%̨ õyï˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl  ôÓ˚y ÎyÜ˛ r

1
  ~ÓÇ r

2
 ò%!ê˛ Ó,̂ Ï_Ó˚ Óƒy§yô≈ñ ï˛y• Ï̂°

θ
1
 = 65° = 

π

180
65×  = 

13

36

π

 ˆÓ˚!í˛Î˚yl

~ÓÇ θ
2
  = 110° = 

π

180
110×  = 

22

36

π

 ˆÓ˚!í˛Î˚yl

ô Ï̂Ó˚yñ ≤Ã!ï˛!ê˛ Ó,_ã˛y Į̈̂ õÓ˚ ˜òâ≈ƒ  =  l  – ï˛y• Ï̂° l =  r
1
θ

1
 =  r

2
θ

2
,  ï˛y ˆÌ Ï̂Ü˛ ˛õyÓ

13

36

π

 × r
1
 = 

22

36

π

× r
2 
,
 
 xÌ≈yÍñ 

r

r

1

2

= 
22

13

§%ï˛Ó˚yÇ  r
1
 : r

2
 = 22 : 13

xl%¢#°l# 3.1

1. !l¡¨!°!áï˛ !í˛@˝Ã# ̨õ!Ó˚Ùy˛õà%̂ Ï°y Ï̂Ü˛ xl%Ó)̨̊ õ ̂ Ó˚!í˛Î˚yl ̨õ!Ó˚Ùy Į̈̂ õ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚yı
(i) 25° (ii) – 47°30′ (iii) 240°      (iv) 520°
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!ã˛e 3.6

2. !l¡¨!°!áï˛ ̂ Ó˚!í˛Î˚yl ̨õ!Ó˚Ùy˛õà%̂ Ï°y Ï̂Ü˛ xl%Ó)̨̊ õ !í˛@˝Ã# ̨ õ!Ó˚Ùy Į̈̂ õ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚y ı åπ =
22

7
 ô Ï̂Ó˚yä

(i)
11

16
(ii) – 4 (iii)

5

3

π

(iv)
7

6

π

3. ~Ü˛ !Ù!l Ï̂ê˛ ~Ü˛!ê˛ ã˛yÜ˛y 360 ÓyÓ˚ ̨ õ)î≈ xyÓï≈̨ l Ü˛ Ï̂Ó˚– ã˛yÜ˛y!ê˛ ~Ü˛ ̂ § Ï̂Ü˛ Ï̂u˛ Ü˛ï˛ ̂ Ó˚!í˛Î˚yl â%Ó˚̂ ÏÓ⁄

4. 100 ̂ §!Ù Óƒy§yô≈ !Ó!¢T˛ ̂ Ü˛y Ï̂ly Ó,̂ Ï_Ó˚ 22 ̂ §!Ù ò#â≈ ̂ Ü˛y Ï̂ly Ó,_ã˛y˛õ G•z Ó,̂ Ï_Ó˚ ̂ Ü˛ Ï̂w ̂ Î §¡ø%á

ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ñ !í˛@˝Ã# ˛õ!Ó˚Ùy Į̈̂ õ ï˛yÓ˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y åπ =
22

7
 ô Ï̂Ó˚yä

5. 40 ̂ §!Ù Óƒy Ï̂§Ó˚ ̂ Ü˛y Ï̂ly Ó,̂ Ï_Ó˚ çƒyÈüÈ~Ó˚ ̃ òâ≈ƒ 20 ̂ §!Ù • Ï̂° çƒyÈüÈ~Ó˚ í z̨̨ õã˛y Į̈̂ õÓ˚ ̃ òâ≈ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

6. Î!ò §Ùyl ̃ ò Ï̂â≈ƒÓ˚ Ó,_ã˛y˛õ ò%!ê˛ Ó,̂ Ï_Ó˚ ̂ Ü˛ Ï̂w ÎÌyÜ ̨ Ï̂Ù 60° ~ÓÇ 75° §¡ø%á ̂ Ü˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ ï˛ Ï̂Ó
Ó,_ ò%!ê˛Ó˚ Óƒy§y Ï̂ô≈Ó˚ xl%̨ õyï˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

7. 75 ̂ §!Ù ̃ òâ≈ƒ !Ó!¢T˛ ~Ü˛!ê˛ ̂ òy° Ï̂Ü˛Ó˚ x@˝ÃË˛yà !l¡¨!°!áï˛ ̃ ò Ï̂â≈ƒÓ˚ Ó,_ã˛y˛õ í z̨Í˛õß¨ Ü˛Ó˚̂ Ï° ̂ òy°Ü˛!ê˛
≤Ã!ï˛ Ï̂«˛ Ï̂e ̂ Î ̂ Ü˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ ï˛y Ï̂òÓ˚ ̂ Ó˚!í˛Î˚yl ̨õ!Ó˚Ùy Į̈̂ õ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚y

(i) 10 ̂ §!Ù (ii) 15  ̂ §!Ù (iii) 21 ̂ §!Ù

3.3 !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛ åTrigonometric Functionsä

˛õ)Ó≈Óï˛#≈ ̂ ◊!î Ï̂ï˛ñ xyÙÓ̊y §Ù Ï̂Ü˛yî# !eË%̨ Ï̂çÓ̊ §)- Ï̂Ü˛y Ï̂îÓ̊ §y Į̈̂ õ Ï̂«˛ Óy•%à%̂ Ï°yÓ̊ xl%̨ õyï˛ !l Ï̂Î̊ ̨õí˛̧y Ï̂¢yly
Ü˛ Ï̂Ó˚!SÈ– ~ál xyÙÓ˚y ˆÎ ˆÜ˛y Ï̂ly ˆÜ˛y Ï̂îÓ˚ ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy Į̈̂ õÓ˚ §y Į̈̂ õ Ï̂«˛ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ xl%̨ õy Ï̂ï˛Ó˚
ôyÓ˚îy Ï̂Ü˛ !Óhfl,Ïï˛ Ü˛ Ï̂Ó˚ ~à%̂ Ï°y Ï̂Ü˛ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛
!• Ï̂§ Ï̂Ó ̨õí ¸̨Ó–

ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ ~Ü˛Ü˛ Ó,_ñ ÎyÓ˚ ˆÜ˛w fiÌylyAÜ˛
x«˛m Ï̂Î̊Ó̊ Ù)°!Ó®%̂ Ïï˛ xÓ!fiÌï˛– ô!Ó̊ P (a,b) Ó,̂ Ï_Ó̊ í z̨̨ õÓ̊
ˆÎ ̂ Ü˛y Ï̂ly ~Ü˛!ê˛ !Ó®% ~ÓÇ ̂ Ü˛yî AOP=x ̂ Ó̊!í˛Î̊yl xÌ≈yÍ
Ó,_ã˛y Į̈̂ õÓ˚ ̃ òâ≈ƒ AP=x å!ã˛e 3.6ä–

xyÙÓ˚y Ó° Ï̂ï˛ ̨õy!Ó˚ Cos x = a  ~ÓÇ Sin x =  b–
ˆÎ Ï̂•ï%̨  ∆OMP ~Ü˛!ê˛ §Ù Ï̂Ü˛yî# !eË%̨ Ï̂çñ §%ï˛Ó˚yÇ xyÙÓ˚y
˛õy•z OM2 + MP2 = OP2 xÌÓy a2 + b2 = 1

ï˛y• Ï̂° ~Ü˛Ü˛ Ó,̂ Ï_Ó˚ í z̨̨ õÓ˚ ≤Ã!ï˛!ê˛ !Ó®%Ó˚ xÓfiÌy Ï̂lÓ˚
çlƒ xyÙÓ˚y ˛õy•z a2 + b2 = 1 Óyñ cos2 x + sin2 x = 1

ˆÎˆÏ•ï%˛ ~Ü˛ÓyÓ˚ ˛õ)î≈ xyÓï≈˛ˆÏl Ó,ˆÏ_Ó˚ ˆÜ˛ˆÏw 2π

ˆÓ˚!í˛Î˚yl ˆÜ˛yî í˛zÍ˛õß¨ •Î˚ñ §%ï˛Ó˚yÇ  ∠AOB = 
π

2
,
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∠AOC= π  ~ÓÇ ∠AOD = 
3

2

π

–  ̂ Î ̂ Ü˛yîà%̂ Ï°y 
π

2
 ~Ó˚ xá[˛˛ à%!îï˛Ü˛ åintegral multiplesäñ ̂ §•z

ˆÜ˛yîà%̂ Ï°y Ï̂Ü˛ ˛õyò!fiÌï˛ ˆÜ˛yî åquadrantal anglesä Ó°y •Î˚– ~ál A, B, C ~ÓÇ D !Ó®%à%̂ Ï°yÓ˚
fiÌylyAÜ˛ ÎÌyÜ ̨ Ï̂Ù (1, 0), (0,1), (–1,0) ~ÓÇ  (0,–1), §%ï˛Ó˚yÇ ̨õyò!fiÌï˛ ̂ Ü˛yîà%̂ Ï°yÓ˚ çlƒ xyÙÓ˚y ̨õy•zñ

cos 0° = 1 sin 0° = 0,

cos 
π

2
= 0 sin 

π

2
= 1

cosπ = − 1 sinπ = 0

cos 
3

2

π

= 0 sin 
3

2

π

= –1

cos 2π = 1 sin 2π = 0

~ál Î!ò xyÙÓ˚y P !Ó®%Ó˚ xÓfiÌyl ̂ Ì Ï̂Ü˛ ~Ü˛ÓyÓ˚ ̨õ)î≈ xyÓï≈̨ l Ü˛!Ó˚ ï˛ Ï̂Ó ̨õ%lÓ˚yÎ˚ P !Ó®%Ó˚ xÓfiÌy Ï̂l•z
!Ê˛ Ï̂Ó˚ xy§Ó– §%ï˛Ó˚yÇ xyÙÓ˚y xyÓ˚G °«˛ Ü˛!Ó˚ ˆÎñ Î!ò x ˆÜ˛yî!ê˛Ó˚ § Ï̂Aà 2π ~Ó˚ ˆÜ˛y Ï̂ly xá[˛ à%!îï˛ Ï̂Ü˛
ˆÜ˛yî Ó,!Âô ˛õyÎ˚ åÓy •…y§ä ˛õyÎ˚ñ ï˛ Ï̂Ó  sin x !Ü˛ÇÓy cosx ~Ó˚ Ùyl x˛õ!Ó˚Ó!ï≈̨ ï˛ Ìy Ï̂Ü˛–
§%ï˛Ó˚yÇñ sin (2nπ + x)  = sinx, n ∈ Z ,  cos (2nπ + x) = cosx, n ∈ Z

xyÓyÓ˚G sin x = 0 • Ï̂°ñ x = 0, ± π,  ± 2π , ± 3π, ...

xÌ≈yÍñ Îál x ˆÜ˛yî!ê˛ π ~Ó˚ ˆÜ˛y Ï̂ly xá[˛ à%!îï˛Ü˛ñ

~ÓÇ  cos x = 0 Îál x = ± 
π

2
, ± 

3

2

π

 , ± 
5

2

π

, ...

xÌ≈yÍ cos x ~Ó˚ Ùyl ¢)lƒ • Ï̂Î˚ ÎyÎ˚ Îálñ x ˆÜ˛yî!ê˛ π

2
 ~Ó˚ ˆÜ˛y Ï̂ly !Ó Ï̂çyí ¸̨ à%!îï˛Ü˛–

§%ï˛Ó˚yÇ sin x  = 0  ⇒ x = nπππππñ ˆÎáy Ï̂l n ˆÎ ˆÜ˛y Ï̂ly xá[˛ §Çáƒy–

 cos x = 0 ⇒ x = (2n + 1) 
π

2
ñ ˆÎáy Ï̂l n ˆÎ Ï̂Ü˛y Ï̂ly xá[˛ §Çáƒy–

§y•zl åSineä ~ÓÇ ̂ Ü˛y§y•zl åCosineä x Į̈̂ õ«˛ Ï̂Ü˛Ó̊ §y Į̈̂ õ Ï̂«˛ xlƒ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛à%̂ Ï°y !l¡̈!°!áï˛
Ë˛y Ï̂Ó §ÇK˛yï˛ ı

cosec x = 
1

sin x
, x ≠  nπñ ˆÎáy Ï̂l n ˆÎ ˆÜ˛y Ï̂ly xá[˛ §Çáƒy–

sec x    = 
1

cos x
, x ≠ (2n + 1) 

π

2
ñ ˆÎáy Ï̂l n ˆÎ ˆÜ˛y Ï̂ly xá[˛ §Çáƒy–

tan x     = 
sin

cos

x

x
, x ≠ (2n +1)

π

2
ñ ˆÎáy Ï̂l n ˆÎ ˆÜ˛y Ï̂ly xá[˛ §Çáƒy–

cot x     = 
cos

sin

x

x
, x ≠ n πñ ˆÎáy Ï̂l n ˆÎ Ï̂Ü˛y Ï̂ly xá[˛ §Çáƒy–



!e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛     57

x§ÇK˛yï˛

!ã˛e  3.7

xyÙÓ˚y ˆòáÓ ˆÎñ §ÙhflÏ ÓyhflÏÓ §Çáƒy x ~Ó˚ çlƒñ sin2 x + cos2 x = 1

~ ̂ Ì Ï̂Ü˛ ̨õyGÎ˚y ÎyÎ˚

1 + tan2 x = sec2 x  åˆÜ˛l⁄ä

1 + cot2 x = cosec2 x  åˆÜ˛l⁄ä

˛õ)Ó≈Óï≈̨ # ˆ◊!îà%̂ Ï°y Ï̂ï˛ 0°, 30°, 45°, 60° ~ÓÇ  90° !e Ï̂Ü˛yî!Ù!ï˛Ü˛ xl%̨ õyï˛§Ù)̂ Ï•Ó˚ Ùyl xyÙÓ˚y
xy Ï̂°yã˛ly Ü˛ Ï̂Ó˚!SÈ– ~•z ˆÜ˛yîà%̂ Ï°yÓ˚ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ùylñ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ xl%̨ õyï˛ Îy ˆï˛yÙÓ˚y
˛õ)Ó≈Óï˛#≈ ̂ ◊!îà%̂ Ï°y Ï̂ï˛ xôƒÎ˚l Ü˛ Ï̂Ó˚SÈ ï˛yÓ˚ §Ùyl– xï˛~Ó xyÙÓ˚y !l¡¨!°!áï˛ §yÓ˚!î!ê˛ ̨õy•zı

0°
π

6

π

4

π

3

π

2
π

3

2

π

2π

sin 0
1

2

1

2

3

2
1  0 – 1  0

cos 1
3

2

1

2
 

1

2
0 – 1   0  1

tan 0
1

3
  1 3   0  0

cosec x, sec x ~ÓÇ cot x ~Ó˚ Ùylà%̂ Ï°y
ÎÌyÜ ̨ Ï̂Ù sin x, cos x ~ÓÇ tan x ~Ó̊ x Ï̂lylƒÜ˛–

3.3.1 !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛ §Ù)̂ Ï•Ó˚ !ã˛•´
(Sign of trigonometric functions)ı

Ù Ï̂l Ü˛Ó̊y ÎyÜ  Ù)°!Ó®%̂ Ïï˛ ̂ Ü˛w ~ÓÇ ~Ü˛Ü˛
Óƒy§yô≈ !Ó!¢T˛ Ó,̂ Ï_Ó̊åunit circleä í z̨̨ õÓ̊ P(a,b)

ˆÎ ˆÜ˛ylG ~Ü˛!ê˛ !Ó®% ~ÓÇ ∠AOP = x, Î!ò
∠AOQ = – x •Î˚ñ ï˛y• Ï̂° Q !Ó®%Ó˚ fiÌylyAÜ˛
(a, –b) • Ï̂Ó å!ã˛e 3.7ä– §%ï˛Ó˚yÇ

cos (– x) = cos x

~ÓÇ sin (– x) = – sin x

ˆÎ Ï̂•ï%̨  ~Ü˛Ü˛ Ó,̂ Ï_Ó˚ í z̨̨ õÓ˚ P (a, b)  ̂ Î ̂ Ü˛ylG
!Ó®% ï˛y• Ï̂° – 1 ≤ a ≤ 1 ~ÓÇ – 1 ≤  b ≤ 1,

x§ÇK˛yï˛
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x ˆÜ˛y Ï̂îÓ˚ §Ü˛° Ùy Ï̂lÓ˚ çlƒ•z xyÙÓ˚y ˛õy•z – 1 ≤ cos x ≤ 1 ~ÓÇ –1 ≤ sin x ≤ 1 – ˛õ)Ó≈Óï≈̨ #

ˆ◊!îà%̂ Ï°y Ï̂ï˛ xyÙÓ˚y !¢ Ï̂á!SÈ ˆÎ ≤ÃÌÙ ˛õy Ï̂ò å0 < x < 
π

2
ä a ~ÓÇ b í z̨Ë˛Î˚•z ôlydÜ˛ñ !mï˛#Î˚ ˛õy Ï̂ò˛

å
π

2
 < x <πä a }îydÜ˛ ~ÓÇ b ôlydÜ˛ñ ï,̨ ï˛#Î˚ ˛õy Ï̂ò åπ < x < 

3

2

π

ä a ~ÓÇ b í z̨Ë˛Î˚•z }îydÜ˛

~ÓÇ ã˛ï%̨ Ì≈ ˛õy Ï̂ò å
3

2

π

 < x < 2πä a  ôlydÜ˛ ~ÓÇ b }îydÜ˛– §%ï˛Ó˚yÇ sin x ôlydÜ˛ Îál

0 < x < π ~ÓÇ }îydÜ˛ Îál π < x < 2π – xl%Ó)̊̂ Į̈ õ cos x ôlydÜ˛ Îál  0 < x < 
π

2
 ~ÓÇ

}îydÜ˛ Îál  
π

2
 <  x < 

3

2

π

 ~ÓÇ ôlydÜ˛ Îál 
3

2

π

<  x < 2π– xl%Ó˚)ˆÏ˛õ !Ó!Ë˛ß¨ ˛õyˆÏò

xÓ!fiÌï˛ x˛õÓ˚ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛à%̂ Ï°yÓ˚ !ã˛•´ !l¡¨!l!áï˛ §yÓ˚!î Ï̂ï˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •°–

I II III IV

sin x + +  –  –

cos x +  –  –  +

tan x +  –  +  –

cosec x + +  –  –

sec x +  –  –  +

cot x +  –  +  –

3.3.2  !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛à%̂ Ï°yÓ˚ ̂ «˛e åxM˛°ä ~ÓÇ ≤Ã§yÓ˚ å ̨õyÕ‘yä åDomain and range of

trigonometric functionsä  §y•zl ~ÓÇ ̂ Ü˛y§y•zl x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §ÇK˛yl%§y Ï̂Ó˚ xyÙÓ˚y °«˛ Ü˛!Ó˚ ̂ Î §Ü˛°
ÓyhflÏÓ Ùy Ï̂lÓ˚ çlƒ ~Ó˚y §ÇK˛yï˛– xyÓ˚G ̂ òáy Îy Ï̂FSÈ ̂ Î x ~Ó˚ ≤Ã!ï˛!ê˛ ÓyhflÏÓ Ùy Ï̂lÓ˚ çlƒ

– 1 ≤ sin x ≤ 1 ~ÓÇ  – 1 ≤ cos x ≤ 1

xÌ≈yÍ  y = sin x ~ÓÇ y = cos x x Į̈̂ õ«˛Ü˛ ò%!ê˛Ó˚ §ÇK˛yÓ˚ ˆ«˛e •° §Ü˛° ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛ ~ÓÇ

≤Ã§yÓ˚ •° xhs˝Ó˚y° [–1, 1] xÌ≈yÍ – 1 ≤ y ≤ 1 –
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≤ÃÌÙ ˛õyò !mï˛#Î˚ ̨ õyò ï,̨ ï˛#Î˚ ̨õyò ã˛ï%̨ Ì≈ ̨õyò

sin 0 ˆÌˆÏÜ˛ 1 ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ 1 ˆÌˆÏÜ˛ 0 ˛õÎ≈hs˝ •…y§ ˛õyÎ˚ 0 ˆÌˆÏÜ˛ –1 ˛õÎ≈hs˝ •…y§ ˛õyÎ˚ –1 ˆÌˆÏÜ˛ 0 ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚

cos 1 ˆÌˆÏÜ˛ 0 ˛õÎ≈hs˝ •…y§ ˛õyÎ˚ 0 ˆÌˆÏÜ˛ –1 ˛õÎ≈hs˝ •…y§ ˛õyÎ˚ –1 ˆÌˆÏÜ˛ 0 ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ 0 ˆÌˆÏÜ˛ 1 ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚

tan 0 ˆÌˆÏÜ˛ ∞ ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ – ∞ ˆÌˆÏÜ˛ 0 ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ 0 ˆÌˆÏÜ˛ ∞ ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ – ∞ ˆÌˆÏÜ˛ 0 ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚

cot ∞ ˆÌˆÏÜ˛ 0 ˛õÎ≈hs˝ •…y§ ˛õyÎ˚ ˛ 0 ˆÌˆÏÜ˛ – ∞ ˛õÎ≈hs˝ •…y§ ˛õyÎ˚ ∞ ˆÌˆÏÜ˛ 0 ˛õÎ≈hs˝ •…y§ ˛õyÎ˚ 0 ˆÌ Ï̂Ü˛ – ∞  ˛õÎ≈hs˝ •…y§ ˛õyÎ̊

sec 1 ˆÌˆÏÜ˛ ∞ ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ – ∞ ˆÌˆÏÜ˛ –1˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ –1 ˆÌˆÏÜ˛ – ∞ ˛õÎ≈hs˝ •…y§ ˛õyÎ˚ ∞ ˆÌˆÏÜ˛ 1 ˛õÎ≈hs˝ •…y§ ˛õyÎ˚

cosec ∞ ̂ ÌˆÏÜ˛ 1 ̨õÎ≈hs˝ •…y§ ̨ õyÎ˚ 1 ˆÌˆÏÜ˛ ∞ ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ – ∞ ˆÌˆÏÜ˛ –1 ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ –1 ˆÌ Ï̂Ü˛ – ∞ ˛õÎ≈hs˝ •…y§ ˛õyÎ̊

ˆÎ Ï̂•ï%̨  cosec x = 
1

sin x
ñ y = cosec x  x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §ÇK˛yÓ˚ ˆ«˛eÈüÈ~Ó˚ ˆ§ê˛!ê˛ •°

{ x : x ∈ R ~ÓÇ x ≠ n π, n ∈ Z} ~ÓÇ ≤Ã§yÓ˚ÈüÈ ~Ó˚ ˆ§ê˛!ê˛ •°

{y : y ∈ R, y  ≥ 1  xÌÓy y  ≤ – 1} –

~Ü˛•zË˛y Ï̂Óñ y = sec x x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §ÇK˛yÓ˚ ˆ«˛e  {x : x ∈ R  ~ÓÇ x ≠ (2n + 1) 
π

2
, n ∈ Z}

~ÓÇ ≤Ã§yÓ˚ {y : y  ∈ R, y  ≤ – 1 xÌÓy  y ≥ 1} –   y = tan x x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §ÇK˛yÓ˚ ˆ«˛e{x : x ∈ R

~ÓÇ x ≠ (2n + 1) 
π

2
, n ∈ Z} ~ÓÇ ≤Ã§yÓ˚ •° §Ü˛° ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛–  y = cot x x Į̈̂ õ«˛ Ï̂Ü˛Ó˚

§ÇK˛yÓ˚ ˆ«˛e {x : x  ∈ R ~ÓÇ  x ≠ n π, n ∈ Z} ~ÓÇ ≤Ã§yÓ˚ •° §Ü˛° ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛–

xyÙÓ˚y xyÓ˚G °«˛ Ü˛!Ó˚ ̂ Îñ ≤ÃÌÙ ̨õy Ï̂ò x, 0  ̂ Ì Ï̂Ü˛  
π

2
 xhs˝̂ ÏÓ˚ Ó,!Âô ̂ ˛õ Ï̂° sin x ~Ó˚ Ùyl 0 ̂ Ì Ï̂Ü˛ 1 ̨õÎ≈hs˝

Ó,!Âô ˛õyÎ˚ó xyÓyÓ˚ xñ  
π

2
 ˆÌ Ï̂Ü˛  π xhs˝ Ï̂Ó˚ Ó,!Âô ˆ˛õ Ï̂° sin x  ~Ó˚ Ùyl 1 ˆÌ Ï̂Ü˛ 0 ˛õÎ≈hs˝ •…y§ ˛õyÎ˚– ï,̨ ï˛#Î˚

˛õy Ï̂ò xñ π  ̂ Ì Ï̂Ü˛ 
3

2

π

 xhs˝ Ï̂Ó˚ Ó,!Âô ̂ ˛õ Ï̂° sin x ~Ó˚ Ùyl 0 ̂ Ì Ï̂Ü˛ –1 ̨ õÎ≈hs˝ •…y§ ̨õyÎ˚ ~ÓÇ ̨õ!Ó˚̂ Ï¢ Ï̂£Ï ã˛ï%̨ Ì≈

˛õy Ï̂ò sin xñ –1 ̂ Ì Ï̂Ü˛ 0 xhs˝̂ ÏÓ˚ Ó,!Âô ̂ ˛õ Ï̂° xñ 
3

2

π

 ̂ Ì Ï̂Ü˛ 2π ̨õÎ≈hs˝ Ó,!Âô ̨õyÎ˚– ~Ü˛•zË˛y Ï̂Óñ xyÙÓ˚y xlƒylƒ

!e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛à%̂ Ï°yÓ˚ !Ó£Ï̂ ÏÎ˚ xy Ï̂°yã˛ly Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚– !l¡¨!°!áï˛ §yÓ˚!î ̂ Ì Ï̂Ü˛ ̨õyGÎ˚y ÎyÎ˚ı

Ùhs˝Óƒ     í z̨̨ õ Ï̂Ó˚Ó˚ §yÓ˚!î ˆÌ Ï̂Ü˛ 0 < x < 
π

2
 ~Ó˚ çlƒ tan xñ 0 ˆÌ Ï̂Ü˛ ∞ åx§#Ùä ˛õÎ≈hs˝ Ó,!Âô ˛õyÎ˚ñ ~•z

!ÓÓ,!ï˛!ê˛ §• Ï̂ç Ó%V˛yÎ˚ ˆÎ 0 < x < 
π

2
 xhs˝ Ï̂Ó˚ x  Ó,!Âô ˆ˛õ Ï̂° tan x Ó,!Âô ˛õyÎ˚ ~ÓÇ ô Ï̂Ó˚ ˆlGÎ˚y ÎyÎ˚ x ~Ó˚

Ùyl 
π

2
 ~Ó˚ !ò Ï̂Ü˛ ̂ à Ï̂° ~Ó˚ Ùyl •zFSÈyÙï˛ Ó Ï̂í ¸̨y ôlydÜ˛ Ùy Ï̂lÓ˚ !ò Ï̂Ü˛ x@˝Ã§Ó˚ •Î˚– ~Ü˛•zË˛y Ï̂Ó Ó°y ÎyÎ˚ ̂ Î
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!ã˛e 3.10 !ã˛e 3.11

!ã˛e 3.8

!ã˛e 3.9

ã˛ï%̨ Ì≈ ̨ õy Ï̂ò cosec x ~Ó˚ Ùyl –1  ̂ Ì Ï̂Ü˛ – ∞ å}îydÜ˛ x§#Ùä ̨õÎ≈hs˝ •…y§ ̨õyÎ˚ñ ~Ó˚ xÌ≈ x ∈ (
3

2

π

, 2π)

~Ó˚ çlƒ cosec x  •…y§ ˛õyÎ˚ ~ÓÇ ô Ï̂Ó˚ ˆlGÎ˚y ÎyÎ˚ x ~Ó˚ Ùyl 2π ~Ó˚ !ò Ï̂Ü˛ ˆà Ï̂° ~Ó˚ Ùyl •zFSÈyÙï˛ Ó Ï̂í ¸̨y
}lydÜ˛ Ùy Ï̂lÓ˚ !ò Ï̂Ü˛ x@˝Ã§Ó˚ •Î˚– ∞  ~ÓÇ  – ∞ ≤Ãï˛#Ü˛ò%!ê˛ !ò Ï̂Î˚ !l!ò≈T˛ Ó˚Ü˛ Ï̂ÙÓ˚ x Į̈̂ õ«˛Ü˛ ~ÓÇ ã˛° Ï̂Ü˛Ó˚
˜Ó!¢T˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚–

xyÙÓ˚y ˆòá Ï̂ï˛ ˛õy•z ˆÎ sin x ~ÓÇ cos x ~Ó˚ Ùylà%̂ Ï°yÓ˚ 2π xhs˝ Ï̂Ó˚ ˛õÓ˚̨ õÓ˚ ˛õ%lÓ˚yÓ,!_ •Î˚–
cosec x ~ÓÇ sec x ~Ó˚ Ùylà%̂ Ï°yG 2π xhs˝ Ï̂Ó˚ ˛õÓ˚̨ õÓ˚ ˛õ%lÓ˚yÓ,!_ •Î˚–
˛õÓ˚Óï˛#≈ xl%̂ ÏFSÈ Ï̂ò xyÙÓ˚y ˆòá Ï̂ï˛ ˛õy•z ˆÎ tan (π+x)=tan x– §%ï˛Ó˚yÇ tan x ~Ó˚ Ùyl π xhs˝ Ï̂Ó˚

˛õÓ˚̨ õÓ˚ ˛õ%lÓ˚yÓ,!_ • Ï̂Ó– ˆÎ Ï̂•ï%̨  cot x •°  tan x ~Ó˚ x Ï̂lylƒÜ˛ñ ~Ó˚ ÙylG π xhs˝ Ï̂Ó˚ ˛õÓ˚̨ õÓ˚ ˛õ%lÓ˚yÓ,!_



!e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛     61

!ã˛e  3.12 !ã˛e 3.13

• Ï̂Ó– !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ôyÓ˚îy ~ÓÇ ˜Ó!¢T˛ƒ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ xyÙÓ˚y ~•z x Į̈̂ õ«˛Ü˛à%̂ Ï°yÓ˚ ˆ°á!ã˛e

xAÜ˛l Ü˛Ó˚̂ Ïï˛ ̨ õy!Ó˚– ~•z x Į̈̂ õ«˛Ü˛à%̂ Ï°yÓ˚ ̂ °á!ã˛e í z̨̨ õ Ï̂Ó˚ Ó!î≈ï˛–

í z̨òy•Ó˚î 6  Î!ò cos x =  –  
3

5
ñ x ï,̨ ï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛ñ x˛õÓ˚ ˛õÑyã˛!ê˛ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ùyl

!lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  ˆÎ Ï̂•ï%̨  cos x  = – 
3

5
ñ xyÙÓ˚y ˛õy•z sec x = −

5

3

~ál sin2 x + cos2 x = 1, xÌ≈yÍ, sin2 x = 1 – cos2 x

Óyñ sin2 x = 1 – 
9

25

16

25
=

§%ï˛Ó˚yÇ sin x = ± 
4

5

ˆÎ Ï̂•ï%̨  x ï,̨ ï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛ñ sin x }îydÜ˛

§%ï˛Ó̊yÇ sin x = – 
4

5

Îy ̂ Ì Ï̂Ü˛ xyÓ˚G ̨õyGÎ˚y ÎyÎ˚ÈüüüÈ

cosec x = 
− 5

4
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xyÓyÓ˚G xyÙÓ˚y ̨õy•z

tan x = 
sin

cos

x

x
 = 

4

3
   ~ÓÇ cot x = 

cos

sin

x

x
 = 

3

4

í z̨òy•Ó˚î 7  Î!ò cot x = – 
5

12
ñ x !mï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛ñ x˛õÓ˚ ˛õÑyã˛!ê˛ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ùyl

!lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ̂ Î Ï̂•ï%̨ cot x = – 
5

12
ñ xyÙÓ˚y ˛õy•z tan x  = – 

12

5

~ál sec2 x = 1 + tan2 x = 1 + 
144

25

169

25
=

§%ï˛Ó̊yÇ sec x = ± 
13

5

ˆÎ Ï̂•ï%̨  x !mï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛ ï˛y•z sec x  }îydÜ˛ • Ï̂Ó –

§%ï˛Ó̊yÇ sec x = – 
13

5

Îy ̂ Ì Ï̂Ü˛ xy Ï̂Ó˚y ̨ õy•z

cos x = −
5

13

xyÓyÓ˚G xyÙÓ˚y ̨õy•z
sin x =  tan x cos x

        = (– 
12

5
) × (– 

5

13
) = 

12

13

~ÓÇ cosec x = 
1

sin x
= 

13

12

í z̨òy•Ó˚î 8  
31

3

π

 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl xyÙÓ˚y çy!l ˆÎñ  2π xhs˝̂ ÏÓ˚ sin x ~Ó˚ Ùyl ˛õ%lÓ˚yÓ,!_ •Î˚–

§%ï˛Ó̊yÇ sin 
31

3

π

 = sin (10π + 
π

3
) = sin 

π

3
 = 

3

2
–



!e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛     63

í z̨òy•Ó˚î 9  cos (–1710°) ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl  xyÙÓ˚y çy!l ˆÎñ 2π xÌÓy 360° xhs˝ Ï̂Ó˚ cos x ~Ó˚ Ùyl ˛õ%lÓ˚yÓ,!_ •Î˚–
§%ï˛Ó˚yÇñ cos (–1710°) = cos (–1710° + 5 × 360°)

 = cos (–1710° + 1800°) = cos 90° = 0

xl%¢#°l# ÈüÈ 3.2

1  ̂ Ì Ï̂Ü˛ 5 ̨ õÎ≈hs˝ ≤ÃŸ¿à%̂ Ï°yÓ˚ x˛õÓ˚ ̨ õÑyã˛!ê˛ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

1. cos x = – 
1

2
, x ï,̨ ï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛–

2. sin x = 
3

5
, x !mï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛–

3. cot x = 
3

4
ñ x  ï,̨ ï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛–

4. sec x = 
13

5
ñ x ã˛ï%̨ Ì≈ ˛õy Ï̂ò xÓ!fiÌï˛–

5. tan x = – 
5

12
, x !mï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛–

6 ̂ Ì Ï̂Ü˛ 10 l¡∫Ó˚ ̨õÎ≈hs˝ ≤ÃŸ¿à%̂ Ï°yÓ˚ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

6. sin 765° 7. cosec (– 1410°)

8. tan 
19

3

π

9. sin (– 
11

3

π

)

10. cot (– 
15

4

π

)

3.4 ò%!ê˛ ̂ Ü˛y Ï̂îÓ˚ ̂ ÎyàÊ˛° G !Ó Ï̂Î˚yàÊ˛ Ï̂°Ó˚ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛ åTrigonometric Functions

of Sum and Difference of Two Angles)

~•z xl%̂ ÏFSÈ̂ Ïòñ ò%!ê˛ §ÇáƒyÓ̊ åˆÜ˛y Ï̂îÓ̊ä ̂ ÎyàÊ˛° ~ÓÇ !Ó Ï̂Î̊yàÊ˛ Ï̂°Ó̊ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó̊ Ó̊y!¢Ùy°y
~ÓÇ Ó˚y!¢Ùy°y §ÇÜ ̨ yhs˝ !Ó£ÏÎ˚à%̂ Ï°y !lÓ)̨̊ õî Ü˛Ó˚Ó– ~•z §¡õ!Ü≈̨ ï˛ ≤ÃyÌ!ÙÜ˛ ˛Ê˛°yÊ˛°à%̂ Ï°y Ï̂Ü˛ !e Ï̂Ü˛yî!Ù!ï˛Ü˛
x Ï̂Ë˛ò  Ó°y •Î˚– xyÙÓ˚y ˆò Ï̂á!SÈ ˆÎñ

1. sin (– x)  = – sin x

2. cos (– x) = cos x

~ál xyÙÓ˚y xy Ï̂Ó˚y !Ü˛S%È Ê˛°yÊ˛° ≤ÃÙyî Ü˛Ó˚Ó–
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!ã˛e  3.14

3. cos (x + y) = cos x cos y – sin x sin y

ôÓ˚y ÎyÜ˛ ~Ü˛Ü˛ Ó,̂ Ï_Ó˚ ˆÜ˛w Ù)°!Ó®%̂ Ïï˛–  ô Ï̂Ó˚y P
4
OP

1
 ˆÜ˛y Ï̂îÓ˚ Ùyl x ~ÓÇ P

1
OP

2
 ˆÜ˛y Ï̂îÓ˚ Ùyl

y– ï˛ál P
4
OP

2
 ˆÜ˛y Ï̂îÓ˚ Ùyl (x + y)– xyÓ˚G ô Ï̂Ó˚y P

4
OP

3
 ˆÜ˛y Ï̂îÓ˚ Ùyl å–yä– §%ï˛Ó˚yÇñ P

1
, P

2
, P

3

~ÓÇ P
4
 ~Ó˚ fiÌylyAÜ˛à%̂ Ï°y • Ï̂Ó P

1
(cos x, sin x),  P

2
 [cos (x + y), sin (x + y)], P

3 
[cos (–

y), sin (– y)] ~ÓÇ P
4
 (1, 0) (!ã˛e 3.14)–

ôÓ˚y ÎyÜ˛ !eË%̨ çmÎ˚ P
1
OP

3
 ~ÓÇ P

2
OP

4 
–

ï˛yÓ˚y §Ó≈§Ù åˆÜ˛l⁄ä– §%ï˛Ó˚yÇ P
1
P

3
 ~ÓÇ P

2
P

4
 §Ùyl– ò)Ó˚̂ ÏcÓ˚ §)e ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ xyÙÓ˚y ˛õy•z

P
1
P

3

2 = [cos x – cos (– y)]2  + [sin x – sin(–y]2

= (cos x – cos y)2 + (sin x + sin y)2

= cos2 x + cos2 y – 2 cos x cos y + sin2 x + sin2 y + 2sin x sin y

= 2 – 2 (cos x cos y – sin x sin y) (ˆÜ˛l⁄)

xyÓ˚Gñ    P
2
P

4
2 = [1 – cos (x + y)] 2 + [0 – sin (x + y)]2

= 1 – 2cos (x + y) + cos2 (x + y) + sin2 (x + y)

= 2 – 2 cos (x + y)
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ˆÎˆÏ•ï%˛ P
1
P

3
= P

2
P

4 
ñ xyÙÓ˚y ˛õy•z P

1
P

3

2 = P
2
P

4

2

§%ï˛Ó˚yÇñ  2 –2 (cos x cos y – sin x sin y) = 2 – 2 cos (x + y)

§%ï˛Ó˚yÇ  cos (x + y) = cos x cos y – sin x sin y

4. cos (x – y) = cos x cos y + sin x sin y

(3) lÇ x Ï̂Ë˛ Ï̂ò y ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  –y Ó!§ Ï̂Î˚ñ xyÙÓ˚y ˛õy•z
cos (x + (– y)) = cos x cos (– y) – sin x sin (– y)

Óyñ cos (x – y) = cos x cos y + sin x sin y

5. cos (
π

2
− x ) = sin x

(4) lÇ x Ï̂Ë˛ Ï̂ò x ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  
π

2
 ~ÓÇ y ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  x Ó!§ Ï̂Î˚ñ xyÙÓ˚y ˛õy•z

cos (
π

2
− x ) = cos 

π

2
 cos x + sin 

π

2
 sin x = sin x

6. sin (
π

2
− x ) = cos x

 x Ï̂Ë˛ò å5ä ˆÜ˛ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ˛õy•z

sin (
π

2
– x) = cos 

π π

2 2
− −



















x  = cos x

7. sin (x + y) = sin x cos y + cos x sin y

 xyÙÓ˚y çy!l ˆÎñ

sin (x + y) = cos 
π

2
− +









( )x y  = cos ( )

π

2
− −









x y

 = cos (
π

2
– x) cos y + sin (

π

2
– x) sin y

 = sin x cos y + cos x sin y

8. sin (x – y) = sin x cos y – cos x sin y

Î!ò å7ä lÇ x Ï̂Ë˛ Ï̂ò y ~Ó˚ ˛õ!Ó˚Ó Ï̂ï ≈̨ –y Ó§y•zñ ï˛ Ï̂Ó xyÙÓ˚y ~•z Ê˛°!ê˛ ˛õy•z–
9. 3, 4, 7 ~ÓÇ 8 lÇ x Ï̂Ë˛òyÓ°# Ï̂ï˛ x G y ~Ó˚ §%!ÓôyçlÜ˛ Ùyl Ó!§ Ï̂Î˚ñ xyÙÓ˚y l# Ï̂ã˛Ó˚ ˛Ê˛°yÊ˛°à%̂ Ï°y

˛õy•zı

cos ( )
π

2
+ x  = – sin x sin ( )

π

2
+ x  = cos x

cos (πππππ – x)  = – cos x sin (πππππ – x)  = sin x
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cos (πππππ + x)  = – cos x sin (πππππ + x)  = – sin x

   cos (2πππππ – x) = cos x sin (2πππππ – x) = – sin x

xl%Ó)̊̂ Į̈ õñ tan x, cot x, sec x ~ÓÇ cosec x ~Ó˚ Ê˛°yÊ˛° ˛õyGÎ˚y ÎyÎ˚ sin x ~ÓÇ cos x ~Ó˚ Ê˛°yÊ˛ Ï̂°Ó˚
§y•y Ï̂Îƒ–

10.  x, y  ~ÓÇ (x + y) ~Ó˚ ˆÜ˛y Ï̂ly!ê˛•z Î!ò 
π

2
 ~Ó˚ xÎ%@¬ à%!îï˛Ü˛ ly •Î˚ñ ï˛ Ï̂Ó

tan (x + y)  = 

tan + tan

1 tan tan

x y

x y−

ˆÎ Ï̂•ï%̨  x, y ~ÓÇ (x + y) ~Ó˚ ˆÜ˛y Ï̂ly!ê˛•z 
π

2
 ~Ó˚ xÎ%@¬ à%!îï˛Ü˛ lÎ˚ ï˛y•zñ ~ ˆÌ Ï̂Ü˛ ˛õyGÎ˚y ÎyÎ˚ cos x,

cos y ~ÓÇ cos (x + y)  ¢)lƒ lÎ˚– ~ál

tan (x + y) = 
sin( )

cos( )

x y

x y

+

+
 = 

sin cos cos sin

cos cos sin sin

x y x y

x y x y

+

−

°Ó ~ÓÇ •Ó˚̂ ÏÜ˛ cos x cos y  myÓ˚y Ë˛yà Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ˛õy•z

tan (x + y) = 

sin cos

cos cos

cos sin

cos cos

cos cos

cos cos

sin sin

x y

x y

x y

x y

x y

x y

x y

+

−
ccos cosx y

= 

tan tan

tan tan

x y

x y

+

−1

11.             tan ( x – y)  = 

tan tan

1 + tan tan

x y

x y

−−

(10) lÇ x Ï̂Ë˛ Ï̂ò y ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  (–y) Ó!§ Ï̂Î˚ñ xyÙÓ˚y ˛õy•z
  tan (x – y) = tan [x + (– y)]

=  
tan tan ( )

tan tan ( )

tan tan

tan tan

x y

x y

x y

x y

+ −

− −
=

−

+1 1

12. x, y  ~ÓÇ (x+y) ~Ó˚ ˆÜ˛y Ï̂ly!ê˛•z Î!ò πππππ ~Ó˚ à%!îï˛Ü˛ ly •Î˚ñ ï˛ Ï̂Ó

 cot ( x + y) = 

cot cot 1

cot cot

x y

y x

−

+
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ˆÎ Ï̂•ï%̨ ñ x, y ~ÓÇ (x+y) ~Ó˚ ̂ Ü˛y Ï̂ly!ê˛•z π ~Ó˚ à%!îï˛Ü˛ lÎ˚ ï˛y•zñ ~ ˆÌ Ï̂Ü˛ xyÙÓ˚y ˛õy•z sin xñ sin y ~ÓÇ
sin (x + y) ¢)lƒ lÎ˚– ~ál

cot ( x + y) = 
cos ( )

sin ( )

cos cos sin sin

sin cos cos sin

x y

x y

x y x y

x y x y

+

+
=

−

+

°Ó ~ÓÇ •Ó˚̂ ÏÜ˛ sin x sin y myÓ˚y Ë˛yà Ü˛ Ï̂Ó˚ xyÙÓ˚y ˛õy•z

cot (x + y) = 
cot cot 1x y

y x

−

+cot cot

13. cot (x – y)=

cot cot 1

cot cot

x y

y x

+

−

(12) lÇ x Ï̂Ë˛ Ï̂òñ y ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  (–y) Ó!§ Ï̂Î˚ñ xyÙÓ˚y ~•z Ê˛°yÊ˛° ˛õy•z–

14. cos 2x  = cos2x – sin2 x = 2 cos2 x – 1 = 1 – 2 sin2 x = 
1 tan

1 + tan

2

2

− x

x

xyÙÓ˚y çy!lñ
cos (x + y) = cos x  cos y – sin x sin y

y ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  x Ó!§ Ï̂Î˚ñ xyÙÓ˚y ˛õy•z
cos 2x  = cos2x – sin2 x

= cos2
 x – (1 – cos2 x) = 2 cos2x – 1

xyÓyÓ̊ñ  cos 2x  = cos2 x – sin2 x

= 1 – sin2 x – sin2 x = 1 – 2 sin2
 x.

ï˛y• Ï̂°ñ cos 2x = cos2 x – sin 2 x  =  
cos sin

cos sin

2 2

2 2

x x

x x

−

+

°Ó ~ÓÇ •Ó˚̂ ÏÜ˛ cos2 x myÓ˚y Ë˛yà Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ˛õy•z

cos 2x = 
1 tan

1+ tan

2

2

− x

x

15. sin 2x = 2 sinx cos x = 

2tan

1 tan
2

x

x+

xyÙÓ˚y çy!lñ sin (x + y) = sin x cos y + cos x sin y

y ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  x Ó!§ Ï̂Î˚ñ xyÙÓ˚y ˛õy•z  sin 2x = 2 sin x cos x

xyÓyÓ˚ñ  sin 2x = 
2

2 2

sin cos

cos sin

x x

x x+
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°Ó G •Ó˚̂ ÏÜ˛ cos2 x myÓ˚y Ë˛yà Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ˛õy•z

sin 2x = 
2

1
2

tan

tan

x

x+

16. tan 2x = 
2tan

1 tan
2

x

x−

xyÙÓ˚y çy!lñ

tan (x + y) = 
tan tan

tan tan

x y

x y

+

−1

y ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  x Ó!§ Ï̂Î˚ ˛õy•zñ tan
2 tan

tan
2

2
1

x
x

x

=
−

17. sin 3x  = 3 sin x – 4 sin3 x

xyÙÓ˚y çy!lñ
sin 3x  = sin (2x + x)

= sin 2x cos x + cos 2x sin x

= 2 sin x cos x cos x + (1 – 2sin2
 x) sin x

= 2 sin x (1 – sin2
 x) + sin x – 2 sin3

 x

= 2 sin x – 2 sin3
 x + sin x – 2 sin3

 x

= 3 sin x – 4 sin3
 x

18. cos 3x = 4 cos3
 x – 3 cos x

xyÙÓ˚y çy!lÈñ
             cos 3x = cos (2x +x)

= cos 2x  cos x – sin 2x sin x

= (2cos2
 x – 1) cos x – 2sin x cos x sin x

= (2cos2
 x – 1) cos x – 2cos x (1 – cos2

 x)

= 2cos3
 x – cos x – 2cos x + 2 cos3

 x

= 4cos3
 x – 3cos x

19. tan 3
3 tan tan

1 3tan

3

2
x

x x

x
=

−

−

xyÙÓ˚y çy!lñ tan 3x = tan (2x + x)

=  
tan tan

tan tan

2

1 2

x x

x x

+

−
=

−
+

−
−

2

1

1
2

1

2

2

tan

tan
tan

tan tan

tan

x

x
x

x x

x

.
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=
+ −

− −
=

−

−

2

1 2

3

1 3

3

2 2

3

2

tan tan tan

tan tan

tan tan

tan

x x x

x x

x x

x

20. (i) cos x + cos y = 2cos
2

cos
2

x y x y+ −

(ii) cos x – cos y = – 2sin
2

sin
2

x y x y+ −

(iii) sin x + sin y = 2sin
2

cos
2

x y x y+ −

(iv) sin x – sin y = 2cos
2

sin
2

x y x y+ −

xyÙÓ˚y çy!l ˆÎñ
cos (x + y) = cos x cos y – sin x sin y ... (1)

~ÓÇ cos (x – y) = cos x cos y + sin x sin y ... (2)

(1) ~ÓÇ (2) ˆÜ˛ ˆÎyà Ü˛ Ï̂Ó˚ G !Ó Ï̂Î˚yà Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ˛õy•z
cos (x + y) + cos(x – y) =  2 cos x cos y ... (3)

~ÓÇ cos (x + y) – cos (x – y) = – 2 sin x sin y ... (4)

xyÓyÓ̊ñ sin (x + y) = sin x cos y + cos x sin y ... (5)

~ÓÇ sin (x – y) = sin x cos y – cos x sin y ... (6)

(5) ~ÓÇ (6) ˆÎyà Ü˛ Ï̂Ó˚ G !Ó Ï̂Î˚yà Ü˛ Ï̂Ó˚ ˛õy•zñ
sin (x + y) + sin (x – y) = 2 sin x cos y ... (7)

sin (x + y) – sin (x – y) = 2cos x sin y ... (8)

ô!Ó˚ x + y = θ  ~ÓÇ x – y = φ ñ ï˛y• Ï̂°

x y=
+







 =

−









θ φ θ φ

2 2

(3), (4), (7) ~ÓÇ (8) ~ x G y ~Ó˚ Ùyl Ó!§ Ï̂Î˚ñ xyÙÓ˚y ˛õy•z

cos θ + cos φ = 2 cos 
θ φ θ φ+









−









2 2
cos

cos θ – cos φ = – 2 sin 
θ φ θ φ+









−









2 2
sin

sin θ + sin φ  = 2 sin  
θ φ θ φ+









−









2 2
cos

~ÓÇ
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sin θ – sin φ = 2 cos  
θ φ θ φ+









−









2 2
sin

ˆÎ Ï̂•ï%̨  θ ~ÓÇ φ  ~Ó˚ ˆÎ Ï̂Ü˛y Ï̂ly ÓyhflÏÓ Ùyl • Ï̂ï˛ ˛õy Ï̂Ó˚ñ ï˛y•z θ  ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  x ~ÓÇ φ ~Ó˚ ˛õ!Ó˚Ó Ï̂ï≈̨  y
Ó!§ Ï̂Î˚ xyÙÓ˚y ˛õy•z ÈüüüÈ

cos x + cos y = 2 cos 
x y x y+ −

2 2
cos ; cos x – cos y = – 2 sin 

x y x y+ −

2 2
sin ,

sin x + sin y = 2 sin 
x y x y+ −

2 2
cos ; sin x – sin y = 2 cos 

x y x y+ −

2 2
sin

Ùhs˝Óƒ    x Ï̂Ë˛ò (20) ~Ó˚ §y•y Ï̂Îƒñ xyÙÓ˚y !l Ï̂¡¨Ó˚ Ê˛°yÊ˛°à%̂ Ï°y ≤ÃÙyî Ü˛Ó˚̂ Ïï˛ ˛õy!Ó˚ı

21.   (i)   2 cos x cos y = cos (x + y) + cos (x – y)

(ii) –2 sin x sin y = cos (x + y) – cos (x – y)

(iii) 2 sin x cos y = sin (x + y) + sin (x – y)

(iv) 2 cos x sin y = sin (x + y) – sin (x – y)

í z̨òy•Ó˚î 10  ≤ÃÙyî Ü˛ Ï̂Ó˚y 3
6 3

4
5

6 4
1sin sec sin cot

π π π π
− =

§Ùyôyl ÓyÙ˛õ«˛ = 3
6 3

4
5

6 4
sin sec sin cot

π π π π
−

 = 3 × 
1

2
 × 2 – 4 sin π

π
−











6
× 1 = 3 – 4 sin 

π

6

= 3 – 4 × 
1

2
  = 1 = í˛yl˛õ«˛

í z̨òy•Ó˚î 11 sin 15° ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl   xyÙÓ˚y çy!lñ

sin 15°   = sin (45° – 30°)

= sin 45° cos 30° – cos 45° sin 30°

= 
1

2

3

2

1

2

1

2

3 1

2 2
× − × =

−

í z̨òy•Ó˚î 12  tan 
13

12

π
~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
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§Ùyôyl

tan 
13

12

π
 = tan π

π
+











12
 = tan 

π π π

12 4 6
= −









tan

=

tan tan

tan tan

π π

π π
4 6

1
4 6

1
1

3

1
1

3

3 1

3 1
2 3

−

+
=

−

+
=

−

+
= −

í z̨òy•Ó˚î 13  ≤ÃÙyî Ü˛ Ï̂Ó˚y

sin ( )

sin ( )

tan tan

tan tan

x y

x y

x y

x y

+

−
=

+

−

§Ùyôyl

ÓyÙ˛õ«˛ =
+

−
=

+

−

sin ( )

sin ( )

sin cos cos sin

sin cos cos sin

x y

x y

x y x y

x y x y

°Ó ~ÓÇ •Ó˚̂ ÏÜ˛ cos x cos y  myÓ˚y Ë˛yà Ü˛ Ï̂Ó˚ ˛õy•zÈüüüÈ

sin ( )

sin ( )

tan tan

tan tan

x y

x y

x y

x y

+

−
=

+

−

í z̨òy•Ó˚î 14  ˆòáyG ˆÎñ
tan 3 x tan 2 x tan x = tan 3x – tan 2 x – tan x

§Ùyôyl  xyÙÓ˚y çy!l ˆÎñ 3x = 2x + x

ï˛y• Ï̂°ñ tan 3x  = tan (2x + x)

Óyñ tan
tan 2 tan

1 tan 2 tan
3x

x x

x x
=

+

−

Óyñ tan 3x – tan 3x tan 2x tan x = tan 2x + tan x

Óyñ tan 3x – tan 2x – tan x = tan 3x tan 2x tan x

∴ tan 3x tan 2x tan x = tan 3x – tan 2x – tan x

í z̨òy•Ó˚î 15 ≤ÃÙyî Ü˛ Ï̂Ó˚y

cos cos cos
π π

4 4
2+









+ −









=x x x

§Ùyôyl  20 (i) lÇ x Ï̂Ë˛ò ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ̨ õy•z
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ÓyÙ˛õ«˛ =  cos cos
π π

4 4
+









+ −









=x x

=
+ + −

















+ − −
















2
4 4

2

4 4

2
cos cos

( )
π π π π

x x x x

= 2 cos 
π

4
 cos x = 2 × 

1

2
 cos x = 2 cos x = í˛yl˛õ«˛

í z̨òy•Ó˚î 16  ≤ÃÙyî Ü˛ Ï̂Ó˚y 
cos cos

sin sin
cot

7 5

7 5

x x

x x
x

+

−
=

§Ùyôyl   20 (i) ~ÓÇ 20 (iv) lÇ x Ï̂Ë˛òyÓ!° ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ˛õy•zñ

ÓyÙ˛õ«˛   = 

2
7 5

2

7 5

2

2
7 5

2

7 5

2

cos cos

cos sin

x x x x

x x x x

+ −

+ −  = 
cos

sin
cot

x

x
x=  =  í˛yl˛õ«˛

í z̨òy•Ó˚î 17  ≤ÃÙyî Ü˛ Ï̂Ó˚y  
sin sin sin

cos cos
tan

5 2 3

5

x x x

x x
x

− +

−
=

§Ùyôyl

ÓyÙ˛õ«˛ = 
sin sin sin

cos cos

5 2 3

5

x x x

x x

− +

−
= =

+ −

−

sin sin sin

cos cos

5 2 3

5

x x x

x x

=
−

−

2sin cos sin

2sin 3 sin 2  

3 2 2 3x x x

x x
= −

−sin (cos )

sin3 sin 2  

3 2 1x x

x x

  =
−

=
1 2

2

2

2

2
cos

sin

sin

sin cos

x

x

x

x x
=  tan x  =  í˛yl˛õ«˛
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xl%¢#°l# ÈüÈ 3.3

≤ÃÙyî Ü˛ Ï̂Ó˚yı

1.sin2 
π

6
+ cos2 

π

3
– tan2 

π

4

1

2
= − 2.   2sin2

π

6
+ cosec2  

7

6 3

3

2

2π π
cos =

3. cot sec tan
2 2

6

5

6
3

6
6

π π π
+ + =co 4.  2

3

4
2

4
2

3
10

2 2 2
sin cos sec

π π π
+ + =

5.  Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚yı
(i) sin 75° (ii) tan 15°

!l¡¨!°!áï˛à%̂ Ï°y ≤ÃÙyî Ü˛ Ï̂Ó˚yı

6. cos cos sin sin sin (
π π π π

4 4 4 4
−









 −









 − −









 −









 =x y x y xx y+ )

7.

tan

tan

tan

tan

π

π

4

4

1

1

2+










−










=
+

−











x

x

x

x

8.
cos ( ) cos ( )

sin ( ) cos

cot
π

π
π

+ −

− +










=
x x

x x

x

2

2

9. cos cos ( ) cot cot ( )
3

2
2

3

2
2 1

π

π

π

π+








 + −









 + +









 =x x x x

10. sin (n + 1)x sin (n + 2)x + cos (n + 1)x cos (n + 2)x = cos x

11. cos cos sin
3

4

3

4
2

π π
+









 − −









 = −x x x

12. sin2 6x – sin2 4x = sin 2x sin 10x 13. cos2 2x – cos2 6x = sin 4x sin 8x

14. sin2 x + 2 sin 4x + sin 6x = 4 cos2 x sin 4x

15. cot 4x (sin 5x + sin 3x) = cot x (sin 5x – sin 3x)

16.
cos cos

sin sin

sin

cos

9 5

17 3

2

10

x x

x x

x

x

−

−
= −       17. 

sin sin

cos cos
tan

5 3

5 3
4

x x

x x
x

+

+
=

18.

sin sin

cos cos
tan

x y

x y

x y−

+
=

−

2
19. 

sin sin

cos cos
tan

x x

x x
x

+

+
=

3

3
2

20.
sin sin

sin cos
sin

x x

x x
x

−

−
=

3
2

2 2 21. 
cos cos cos

sin sin sin
cot

4 3 2

4 3 2
3

x x x

x x x
x

+ +

+ +
=
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22. cot x cot 2x – cot 2x cot 3x – cot 3x cot x = 1

23. tan
tan ( tan )

tan tan
4

4 1

1 6

2

2 4
x

x x

x x

=
−

− +
24. cos 4x = 1 – 8sin2 x cos2 x

25. cos 6x = 32 cos6 x – 48cos4 x + 18 cos2 x – 1

3.5   !e Ï̂Ü˛yî!Ù!ï˛Ü˛ §Ù#Ü˛Ó˚î (Trigonometric Equations)

~Ü˛ ã˛°Ó˚y!¢ !Ó!¢T˛ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛Ü˛ §ÇÜ ̨ yhs˝ §Ù#Ü˛Ó˚î Ï̂Ü˛ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ §Ù#Ü˛Ó˚î Ó°y •Î˚–
~•z xl%̂ ÏFSÈ Ï̂ò xyÙÓ˚y ~•z ≤ÃÜ˛yÓ˚ §Ù#Ü˛Ó˚̂ ÏîÓ˚ §Ùyôyl !lî≈Î˚ Ü˛Ó˚Ó– xyÙÓ˚y •z!ï˛Ù Ï̂ôƒ ̂ ç Ï̂l!SÈ ̂ Î sin x  ~ÓÇ
cos x ~Ó˚ Ùylà%̂ Ï°y 2π ~Ó˚ xhs˝Ó˚y Ï̂° ̨õÓ˚flõÓ˚ ̨õ%lÓ˚yÓ,!_ •Î˚ ~ÓÇ tan x ~Ó˚ Ùylà%̂ Ï°y π xhs˝Ó˚y Ï̂° ̨õÓ˚̨ õÓ˚
˛õ%lÓ˚yÓ,!_ •Î˚– !e Ï̂Ü˛yî!Ù!ï˛Ü˛ §Ù#Ü˛Ó˚̂ ÏîÓ˚ ~Ó)̨̊ õ §Ùyôyl Îy•y 0 ≤  x <  2π ~ xÓ!fiÌï˛ ï˛y Ï̂Ü˛ Ù%áƒ
§Ùyôyl  Ó°y •Î˚– ‘n’ xá[˛ ÙylÎ%=˛ ̂ Î Ó˚y!¢Ùy°y !e Ï̂Ü˛yî!Ù!ï˛Ü˛ §Ù#Ü˛Ó˚̂ Ïî §Ü˛° §Ùyôylà%̂ Ï°y Ï̂Ü˛ ≤ÃÜ˛y¢
Ü˛ Ï̂Ó˚ ï˛y Ï̂Ü˛ §yôyÓ˚î §Ùyôyl Ó°y •Î˚– xyÙÓ˚y ‘Z’ ˆÜ˛ xá[˛ §ÇáƒyÓ˚ ˆ§ê˛ !• Ï̂§ Ï̂Ó ≤ÃÜ˛y¢ Ü˛Ó˚Ó–

!l¡¨!°!áï˛ í z̨òy•Ó˚îà%̂ Ï°y !e Ï̂Ü˛yî!Ù!ï˛Ü˛ §Ù#Ü˛Ó˚îà%̂ Ï°yÓ˚ §Ùyôyl Ü˛Ó˚̂ Ïï˛ §•yÎ˚Ü˛ • Ï̂Ó–

í z̨òy•Ó˚î 18 §Ù#Ü˛Ó˚î sin x =
3

2
 ~Ó˚ Ù%áƒ §Ùyôylà%̂ Ï°y !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  xyÙÓ˚y çy!l ˆÎ sin
π

3

3

2
=  ~ÓÇ  sin sin sin

2

3 3 3

3

2

π

π

π π

= −








 = =

§%ï˛Ó˚yÇ Ù%áƒ §Ùyôylà%̂ Ï°y •° x =
π

3
 ~ÓÇ 

2

3

π

í z̨òy•Ó˚î 19  tan x = −
1

3
 §Ù#Ü˛Ó˚̂ ÏîÓ˚ Ù%áƒ §Ùyôylà%̂ Ï°y !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  xyÙÓ˚y çy!l ˆÎñ tan
π

6

1

3
=  –  §%ï˛Ó˚yÇñ tan tanπ

π π

−








 = − = −

6 6

1

3

~ÓÇ tan tan2
6 6

1

3
π

π π

−








 = − = −

§%ï˛Ó̊yÇ tan tan
5

6

11

6

1

3

π π

= = −

§%ï˛Ó˚yÇ Ù%áƒ §Ùyôylà%̂ Ï°y •° 
5

6

π

 ~ÓÇ 
11

6

π

xyÙÓ˚y ~ál !e Ï̂Ü˛yî!Ù!ï˛Ü˛ §Ù#Ü˛Ó˚̂ ÏîÓ˚ §yôyÓ˚î §Ùyôyl ̂ ÓÓ˚ Ü˛Ó˚Ó– xyÙÓ˚y •z!ï˛Ù Ï̂ôƒ ̂ ò Ï̂á!SÈ ̂ Îñ
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sinx = 0 • Ï̂° x = nπñ ˆÎáy Ï̂l n ∈ Z

cosx = 0 • Ï̂° x= (2n + 1)
π

2
 ñ ˆÎáy Ï̂l n ∈ Z

~ál xyÙÓ˚y !l¡¨!°!áï˛ ̨Ê˛°yÊ˛°à%̂ Ï°yÓ˚ ≤ÃÙyî Ü˛Ó˚Ó ı
í z̨̨ õ˛õyòƒ 1  ˆÎ ˆÜ˛y Ï̂ly ÓyhflÏÓ §Çáƒy x ~ÓÇ y ~Ó˚ çlƒñ

sin x = sin y • Ï̂° x = nπ + (–1)n y ñ ˆÎáy Ï̂l n ∈ Z

≤ÃÙyî ı Î!ò sin x = sin yñ ï˛ Ï̂Ó sin x – sin y = 0

Óyñ  2cos 
x y x y+ −

2 2
sin  = 0

xÌ≈yÍ   cos 
x y+

2
 = 0   Óy  sin 

x y−

2
 = 0

§%ï˛Ó̊yÇ
x y+

2
 = (2n + 1)

π

2
  Óy 

x y−

2
= nπñ ˆÎáy Ï̂l n ∈ Z

xÌ≈yÍ x = (2n + 1) π – y  Óy x = 2nπ + y, ˆÎáy Ï̂l n ∈ Z.

xï˛~Ó x = (2n + 1)π + (–1)2n + 1 y  Óy  x = 2nπ +(–1)2n y ˆÎáy Ï̂l n ∈ Z

í z̨̨ õ Ï̂Ó˚y=˛ ò%̂ Ïê˛y Ùyl Ï̂Ü˛ ~Ü˛!eï˛ Ü˛ Ï̂Ó˚ ̨õy•z
x = nπ + (–1)n y, ˆÎáy Ï̂l n ∈ Z.

í z̨̨ õ˛õyòƒ 2  ˆÎ ˆÜ˛y Ï̂ly ÓyhflÏÓ §Çáƒy x ~ÓÇ y ~Ó˚ çlƒñ cos x = cos y • Ï̂° x = 2nπ ± yñ
ˆÎáy Ï̂l  n ∈ Z

≤ÃÙyî   Î!ò cos x = cos y, ï˛ Ï̂Ó

cos x – cos y = 0  xÌ≈yÍ   –2 sin 
x y+

2
 sin 

x y−

2
 = 0

• Ï̂° sin 
x y+

2
 = 0    Óy   sin 

x y−

2
 = 0

§%ï˛Ó̊yÇ
x y+

2
 = nπ  Óy 

x y−

2
 = nπñ ˆÎáy Ï̂l n ∈ Z

xÌ≈yÍ x = 2nπ – yñ Óy x = 2nπ + y ˆÎáy Ï̂l n ∈ Z

xï˛~Ó x = 2nπ ± y, ˆÎáy Ï̂l n ∈ Z

í z̨̨ õ˛õyòƒ 3  Î!ò x ~ÓÇ y ñ 
π

2
 ~Ó˚ xÎ%@¬ à%!îï˛Ü˛ ly •Î˚ ï˛ Ï̂Ó ≤ÃÙyî Ü˛ Ï̂Ó˚y tan x = tan y

• Ï̂° x = nπ + yñ ˆÎáy Ï̂l n ∈ Z
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≤ÃÙyî  Î!ò tan x = tan y •Î˚ ï˛ Ï̂Ó tan x – tan y = 0

Óyñ 
sin cos cos sin

cos cos

x y x y

x y

−
= 0

xÌ≈yÍ sin (x – y) = 0  åˆÜ˛l⁄ä
§%ï˛Ó˚yÇ x – y= nπ  xÌy≈Í x = nπ + yñ ˆÎáy Ï̂l n ∈ Z

í z̨òy•Ó˚î 20 §Ùyôyl Ü˛ Ï̂Ó˚y ı Sin x =
− 3

2

§Ùyôyl   xyÙÓ˚y ˛õy•z   Sin x = – 
3

2
 =  − = +









 =sin sin sin

π

π

π π

3 3

4

3

xï˛~Ó  sin x = sin
4

3

π

xÌ≈yÍ x n
n= + −π

π

  ( )1
4

3
ñ ˆÎáy Ï̂l  n ∈ Z.

AoT˛Óƒ   Sin x= – 
3

2
  §Ù#Ü˛Ó˚̂ ÏîÓ˚ x ~Ó˚ ~Ü˛!ê˛ Ùyl 

4

3

π

 – x ~Ó˚ x˛õÓ˚ ˆÜ˛y Ï̂ly ~Ü˛!ê˛ Ùyl

ˆlGÎ˚y ÎyÎ˚ ÎyÓ˚ çlƒ Sin x= – 
3

2
 •Î˚– ≤ÃyÆ §Ùyôylà%̂ Ï°y ~Ü˛•z Î!òG ï˛yÓ˚y !Ë˛ß¨Ó)̊̂ Į̈ õ ò,¢ƒÙyl–

í z̨òy•Ó˚î 21 §Ùyôyl Ü˛ Ï̂Ó˚y cos x =
1

2

§Ùyôyl   xyÙÓ˚y ˛õy•z cos cosx = =
1

2 3

π

§%ï˛Ó˚yÇ x n= ±2
3

π

π

ñ ˆÎáy Ï̂l n ∈ Z

í z̨òy•Ó˚î 22 §Ùyôyl Ü˛ Ï̂Ó˚y tan cot2
3

x x= − +










π

§Ùyôylı xyÙÓ˚y ˛õy•zñ tan cot2
3

x x= − +










π

 = tan
π π

2 3
+ +









x
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Óy tan tan2
5

6
x x= +











π

§%ï˛Ó˚yÇ    2
5

6
x n x= + +π

π

ñ  ˆÎáy Ï̂l  n∈Z

x n= +π

π5

6
ñ ˆÎáy Ï̂l n∈Z

í z̨òy•Ó˚î 23   §Ùyôyl Ü˛ Ï̂Ó˚y  sin 2x – sin 4x + sin 6x = 0

§Ùyôyl  §Ù#Ü˛Ó˚î!ê˛ !°á Ï̂ï˛ ̨õy!Ó˚

sin sin sin6 2 4 0x x x+ − =

Óyñ 2 4 2 4 0sin cos sinx x x− =

xÌ≈yÍ sin ( cos )4 2 2 1 0x x − =

§%ï˛Ó̊yÇ sin 4x = 0    Óy  cos 2
1

2
x =

xÌ≈yÍ sin 4x = 0  Óyñ cos cos2
3

x =
π

xï˛~Ó 4x n= À   Óyñ 2 2
3

x n= ±π

π

ñ ˆÎáy Ï̂l n∈Z

xÌ≈yÍ x
n

=
π

4
 Óyñ x n= ±π

π

6
  ˆÎáy Ï̂l n∈Z

í z̨òy•Ó˚î 24    §Ùyôyl Ü˛ Ï̂Ó˚y  2 cos2 x + 3 sin x = 0

§Ùyôyl   §Ù#Ü˛Ó˚î!ê˛ !°á Ï̂ï˛ ̨ õy!Ó˚

2 1 3 0
2−( ) + =sin sinx x

Óyñ 2 3 2 0
2

sin sinx x− − =

Óyñ ( sin ) (sin )2 1 2 0x x+ − =

xï˛~Ó sin x = –
1

2
   Óy sin x = 2

!Ü˛v sin x = 2  x§Ω˛Ó åˆÜ˛l⁄ä

§%ï˛Ó̊yÇ sin x =  –
1

2
 = sin

7

6

π
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xï˛~Óñ §Ùyôyl!ê˛ • Ï̂Ó

x n
n= + −π

π

( )1
7

6
ñ ˆÎáy Ï̂l n ∈ Z

xl%¢#°l# 3.4

!l¡¨!°!áï˛ §Ù#Ü˛Ó˚îà%̂ Ï°yÓ˚ Ù%áƒ ~ÓÇ §yôyÓ˚î §Ùyôyl !lî≈Î˚ Ü˛ Ï̂Ó˚yı

1. tan x = 3 2. sec x = 2

3. cot x = − 3 4. cosec x = – 2

!l¡¨!°!áï˛ §Ù#Ü˛Ó˚îà%̂ Ï°yÓ˚ ≤Ã!ï˛!ê˛Ó˚ §yôyÓ˚î §Ùyôyl !lî≈Î˚ Ü˛ Ï̂Ó˚yı
5. cos 4 x = cos 2x 6. cos 3x + cosx– cos 2x = 0

7. sin 2x + cos x= 0 8. sec2 2x = 1– tan 2x

9. sin x + sin 3x + sin 5x = 0

!Ó!Óô í z̨òy•Ó˚îÙy°y

í z̨òy•Ó˚î 25  Î!ò sin x = 
3

5
ñ cos y = −

12

13
ñ ˆÎáy Ï̂l x ~ÓÇ y í z̨Ë˛Î˚•z !mï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛ ï˛ Ï̂Ó

sin (x + y) ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl  xyÙÓ˚y çy!l ˆÎñ

sin (x + y) = sin x cos y + cos x sin y ... (1)

~ál cos2 x= 1 – sin2 x = 1 – 
9

25

16

25
=

§%ï˛Ó̊yÇ cos x = ±
4

5

ˆÎ Ï̂•ï%̨  x !mï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛ñ ï˛y• Ï̂° cos x }îydÜ˛–

§%ï˛Ó̊yÇ cos x = −
4

5

~ál sin2y = 1 – cos2y = 1 – 
144

169

25

169
=

xÌ≈yÍ sin y = ±
5

13

ˆÎ Ï̂•ï%̨  y !mï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛ñ ï˛y•z sin y ôlydÜ˛– §%ï˛Ó˚yÇ  sin y = 
5

13

(i) lÇ §Ù#Ü˛Ó˚̂ Ïî sin x, sin y, cos x ~ÓÇ cos y ~Ó˚ Ùylà%̂ Ï°y Ó!§ Ï̂Î˚ ˛õy•z
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sin( )x y+ = × −








 + −









×

3

5

12

13

4

5

5

13
=  − − = −

36

65

20

65

56

65

í z̨òy•Ó˚î 26 ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎ

cos cos cos cos sin sin2
2

3
9

2
5

5

2
x

x
x

x
x

x
− =

§Ùyôyl   xyÙÓ˚y ˛õy•z

ÓyÙ˛õ«˛ = 
1

2
2 2

2
2

9

2
3cos cos cos cosx

x x
x−








= 
1

2
2

2
2

2

9

2
3

9

2
3cos cos cos cosx

x
x

x x
x

x
x+









 + −









 − +









 − −





















=
1

2

5

2

3

2

15

2

3

2
cos cos cos cos

x x x x
+ − −







= 

1

2

5

2

15

2
cos cos

x x
−








= 
1

2
2

5

2

15

2

2

5

2

15

2

2
−

+
















−






























sin sin

x x x x




= − −








 =sin sin sin sin5

5

2
5

5

2
x

x
x

x

 = í˛yl˛õ«˛

í z̨òy•Ó˚î 27  tan 
π

8
 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ôÓ˚y ÎyÜ˛  x =
π

8
ñ ï˛ Ï̂Ó 2

4
x =

π

~ál tan
tan

tan
2

2

1
2

x
x

x
=

−

Óyñ tan

tan

tan

π

π

π4

2
8

1
8

2

=
−

ôÓ˚y ÎyÜ˛  y = tan 
π

8
ñ ï˛ Ï̂Ó 1 = 

2

1
2

y

y−
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Óy  y2 + 2y – 1 = 0

§%ï˛Ó̊yÇ y = 
− ±

= − ±
2 2 2

2
1 2

ˆÎ Ï̂•ï%̨
π

8
 ≤ÃÌÙ ˛õy Ï̂ò xÓ!fiÌï˛ñ ï˛y• Ï̂° y = tan 

π

8
 ôlydÜ˛–

§%ï˛Ó̊yÇ tan
π

8
2 1= −

í z̨òy•Ó˚î 28   Î!ò tan ,x x= < <
3

4

3

2
π

π

ñ sin
x

2
, cos

x

2
 ~ÓÇ tan

x

2
 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  ˆÎ Ï̂•ï%̨  π
π

< <x
3

2
ñ ï˛y• Ï̂° cosx }îydÜ˛

xï˛~Ó
π π

2 2

3

4
< <

x

§%ï˛Ó˚yÇñ sin 
x

2
 ôîydÜ˛ ~ÓÇ cos  

x

2
 }îydÜ˛

~ál sec2 x = 1 + tan2 x =  1
9

16

25

16
+ =

§%ï˛Ó̊yÇ cos2 x = 
16

25
  Óy cos x = −

4

5
 åˆÜ˛l⁄ä

~ál 2
2

2
sin

x
  = 1 –  cos x  = 1

4

5

9

5
+ =

§%ï˛Ó̊yÇ sin2 
x

2
 = 

9

10

Óy sin
x

2
 =  

3

10
 åˆÜ˛l⁄ä

xyÓyÓ̊ 2cos2 
x

2
 = 1+ cos x = 1

4

5

1

5
− =

§%ï˛Ó̊yÇ cos2 
x

2
  = 

1

10
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Óy cos 
x

2
 = −

1

10
 åˆÜ˛l⁄ä

§%ï˛Ó̊yÇ tan 
x

2
 = 

sin

cos

x

x

2

2

3

10

10

1
= ×

−







  = – 3

í z̨òy•Ó˚î 29 ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎ cos2 x + cos2
x x+









 + −









 =

π π

3 3

3

2

2
cos

§Ùyôyl   xyÙÓ˚y ˛õy•z

ÓyÙ˛õ«˛ = 1 2

2

1 2
2

3

2

1 2
2

3

2

+
+

+ +










+

+ −










cos
cos cos

x
x x

π π

.

= 
1

2
3 2 2

2

3
2

2

3
+ + +









 + −



















cos cos cosx x x

π π

= 
1

2
3 2 2 2

2

3
+ +







cos cos cosx x

π

= 
1

2
3 2 2 2

3
+ + −



















cos cos cosx x π

π

= 
1

2
3 2 2 2

3
+ −







cos cos cosx x

π

= 
1

2
3 2 2

3

2
+ −[ ] =cos cosx x  = í˛yl˛õ«˛

ï,̨ ï˛#Î˚ xôƒy Ï̂Î˚Ó˚ !Ó!Óô xl%¢#°l#
˛≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎı

1. 2
13

9

13

3

13

5

13
0cos cos cos cos

π π π π

+ + =

2. (sin 3x + sin x) sin x + (cos 3x – cos x) cos x = 0
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3. (cos x + cos y)2 + (sin x – sin y)2 = 4 cos2  
x y+

2

4. (cosx– cos y)2 + (sinx– sin y)2 = 4 sin2 
x y−

2

5. sin x + sin 3x + sin 5x + sin 7x = 4 cos x cos 2x sin 4x

6 .6 .6 .6 .6 .
(sin sin ) (sin sin )

(cos cos ) (cos cos )
tan

7 5 9 3

7 5 9 3

x x x x

x x x x

+ + +

+ + +
= 66x

7. sin 3x + sin 2x – sin x = 4sin x cos 
x

2
 cos 

3

2

x

!l¡¨!°!áï˛ ≤Ã!ï˛!ê˛ ˆ«˛ Ï̂e sin 
x

2
 , cos 

x

2
   ~ÓÇ  tan 

x

2
   ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y :

8. tanx =   −
4

3
, x !mï˛#Î˚ ˛õy Ï̂ò xÓ!fiÌï˛ 9. cos x = −

1

3
, x ï,̨ ï˛#Î˚ ̨ õy Ï̂ò xÓ!fiÌï˛

10. sinx = 
1

4
, x !mï˛#Î˚ ̨ õy Ï̂ò xÓ!fiÌï˛

§yÓ˚§Ç Ï̂«˛˛õ

® Î!ò r Óƒy§yô≈!Ó!¢T˛ ~Ü˛!ê˛ Ó,̂ Ï_ l ̃ òâ≈ƒ!Ó!¢T˛ Ó,_ã˛y˛õ ̂ Ü˛ Ï̂w θ ̂ Ó˚!í˛Î˚yl ̂ Ü˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ ï˛ Ï̂Ó

l = r θ

®  ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy˛õ = 
π

180
×  !í˛@˝Ã# ˛õ!Ó˚Ùy˛õ

®  !í˛@˝Ã# ˛õ!Ó˚Ùy˛õ = 
180

π

×  ˆÓ˚!í˛Î˚yl ˛õ!Ó˚Ùy˛õ

®cos2 x + sin2 x = 1

®1 + tan2 x = sec2 x

®1 + cot2 x = cosec2 x

®cos (2nπ + x) = cos x

® sin (2nπ + x) = sin x

® sin (– x) = – sin x

®cos (– x) = cos x
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®cos (x + y) = cos x cos y – sin x sin y

®cos (x – y) = cos x cos y + sin x sin y

®cos (
π

2
− x ) = sin x

® sin (
π

2
− x ) = cos x

® sin (x + y) = sin x cos y + cos x sin y

® sin (x – y) = sin x cos y – cos x sin y

®cos 
π

2
+









x = – sin x sin 

π

2
+









x  = cos x

cos (π  – x) = – cos x sin (π  – x) = sin x

cos (π  + x)  = – cos x sin (π  + x) = – sin x

cos (2π  – x) = cos x sin  (2π  – x) = – sin x

®Î!ò x, y ~ÓÇ (x ±  y) ˆÜ˛y Ï̂ly!ê˛•z 
π

2
 ~Ó˚ xÎ%@¬ à%!îï˛Ü˛ ly •Î˚ ï˛ Ï̂Ó

tan (x + y) = 
tan tan

tan tan

x y

x y

+

−1

® tan (x – y) = 
tan tan

tan tan

x y

x y

−

+1

®Î!ò x, y  ~ÓÇ (x ±  y) ˆÜ˛y Ï̂ly!ê˛•z π ~Ó˚ à%!îï˛Ü˛ ly •Î˚ ï˛ Ï̂Ó

cot (x + y) = 
cot cot 

cot cot 

x y

y x

−

+

1

®cot (x – y) = 
cot

cot

x y

y x

cot 1

cot

+

−

®cos 2x = cos2 x – sin2 x = 2cos2 x – 1 = 1 – 2 sin2 x =
−

+

1

1

2

2

tan

tan

x

x
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® sin 2x = 2 sinx cos x =
+

2

1
2

tan

tan

x

x

® tan 2x = 
2

1
2

tan

tan

x

x−

® sin 3x = 3sinx – 4sin3x

®cos 3x = 4cos3x – 3cosx

® tan 3x = 
3

1 3

3

2

tan tan

tan

x x

x

−

−

® (i) cos x + cos y = 2cos 
x y x y+ −

2 2
cos

(ii) cos x – cos y = – 2sin 
x y x y+ −

2 2
sin

(iii) sin x + sin y = 2 sin
x y x y+ −

2 2
cos

(iv) sin x – sin y = 2cos 
x y x y+ −

2 2
sin

® (i) 2cos x cos y = cos (x+ y) + cos (x– y)

(ii) – 2sin x sin y = cos (x + y) – cos (x – y)

(iii) 2sin x cos y = sin (x + y) + sin (x – y)

(iv) 2 cos x sin y = sin (x + y) – sin (x – y)–

® sin x = 0 • Ï̂° x = nπ, ˆÎáy Ï̂l n ∈ Z –

®cos x = 0 • Ï̂° x = (2n + 1) 
π

2
, ˆÎáy Ï̂l n ∈ Z –

®  sin x = sin y • Ï̂° x = nπ + (– 1)n y, ˆÎáy Ï̂l n ∈ Z –

®cos x = cos y, • Ï̂° x = 2nπ ± y, ˆÎáy Ï̂l n ∈ Z –

® tan x = tan y • Ï̂° x = nπ + y, ˆÎáy Ï̂l n ∈ Z –
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— vvvvv —

˙!ï˛•y!§Ü˛ ˆ≤Ã«˛y˛õê˛

Ë˛yÓ˚ï˛Ó Ï̂£Ï≈ §Ó≈≤ÃÌÙ !e Ï̂Ü˛yî!Ù!ï˛Ó˚ ã˛ã≈̨ y ¢%Ó%̊ • Ï̂Î˚!SÈ°– ≤Ãyã˛#l Ë˛yÓ˚ï˛#Î˚ à!îï˛K˛ xyÎ≈Ë˛R å476äñ
Ó ·à%Æ å598äñ Ë˛yflÒÓ˚ I (600) ~ÓÇ Ë˛yflÒÓ̊ II (1114) ~Ó̊y à%Ó̊%c˛õ)î≈ Ê˛°yÊ˛° !ò Ï̂Î̊!SÈ̂ Ï°l– ~§Ü˛° Ê˛°yÊ˛°
§¡õ!Ü≈̨ ï˛ K˛yl ≤ÃÌ Ï̂Ù Ë˛yÓ̊ï˛Ó£Ï≈ ̂ Ì Ï̂Ü˛ Ùôƒ≤Ãy Ï̂ã˛ƒ ~ÓÇ ̂ §áyl ̂ Ì Ï̂Ü˛ •zí ẑ̨ ÏÓ̊y Į̈̂ õ !ÓhflÏyÓ̊ °yË˛ Ü˛ Ï̂Ó̊!SÈ°– !@˝ÃÜ˛Ó̊yG
!e Ï̂Ü˛yî!Ù!ï˛ !l Ï̂Î˚ ã˛ã≈̨ y ¢%Ó%̊ Ü˛ Ï̂Ó˚ !Ü˛v Ë˛yÓ˚ï˛#Î˚ ò,!T˛Ë˛!Aà ̨õ!Ó˚!ã˛ï˛ •GÎ˚yÓ˚ ̨õ Ï̂Ó˚ ̂ òáy ̂ à° ï˛y Ï̂òÓ˚ ò,!T˛Ë˛!Aà
x Ï̂lÜ˛ê˛y•z ç!ê˛° !SÈ°– ~!ê˛ §ÙhflÏ !ÓŸªÓƒy!˛õ fl∫#Ü,̨ !ï˛ °yË˛ Ü˛ Ï̂Ó˚!SÈ°–

Ë˛yÓ˚ï˛Ó Ï̂£Ï≈ñ xyô%!lÜ˛ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ˛õ)Ó≈§)Ó˚# Ï̂òÓ˚ ˆÜ˛y Ï̂ly ˆÜ˛y Ï̂îÓ˚ §y•zl x Į̈̂ õ«˛ Ï̂Ü˛Ó˚
í z̨̨ õfiÌy˛õl ï˛y Ï̂òÓ˚ ~Ü˛!ê˛ Ù)°ƒÓyl Siddhantas å§Çfl,Òï˛ ̂ çƒy!ï˛£Ï#Î˚ Ü˛yÎ≈ä Îy à!î Ï̂ï˛Ó˚ •z!ï˛•y Ï̂§ à%Ó%̊c˛õ)î≈
Ë)̨ !ÙÜ˛y ̨≤Ãòyl Ü˛ Ï̂Ó˚–

Ë˛yflÒÓ˚ I å≤ÃyÎ˚ 600ä 90o ˆÌ Ï̂Ü˛ Óí ¸̨ ˆÜ˛y Ï̂îÓ˚ çlƒ §y•zl x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ùyl !lî≈̂ ÏÎ˚Ó˚ §)e§Ù)•
!ò Ï̂Î˚!SÈ Ï̂°l– 1600 ¢ï˛y!∑ Ï̂ï˛ Ùy°Î˚y°Ù Ë˛y£ÏyÎ˚ Ü˛yÎ≈ Yuktibhasa (Period) ̂ ï˛ sin (A + B) !ÓhflÏy Ï̂Ó˚Ó˚
≤ÃÙyî xy Ï̂SÈ– Ë˛yflÒÓ˚ II §y•zl xÌÓy ̂ Ü˛y§y•zl ~Ó˚ 18°, 36°, 54°, 72° •zï˛ƒy!òÓ˚ §!ë˛Ü˛ Ó)̨̊ õ !ò Ï̂Î˚!SÈ Ï̂°l–

ˆçƒy!ï≈̨ !Óò Sir John F. W. Hersehel (1813) arc sin x, arc cos x ~Ó˚ ≤Ãï˛#Ü˛ ÎÌyÜ ̨ Ï̂Ù
sin–1 x, cos–1 x  •zï˛ƒy!òÓ˚ ≤ÃhflÏyÓ !ò Ï̂Î˚!SÈ Ï̂°l– í z̨Fã˛ï˛y ~ÓÇ ò)Ó˚c §ÇÜ ̨ yhs˝ §Ù§ƒyÓ˚ ˆ«˛ Ï̂e Thales å≤ÃyÎ˚
600 BC) ~Ó˚ lyÙ xAày!Aà Ë˛y Ï̂Ó ç!í ¸̨ï˛– !ï˛!l !Ù¢ Ï̂Ó˚Ó˚ ~Ü˛!ê˛ ̂ @˝Ãê˛ !˛õÓ˚y!Ù Ï̂í˛Ó˚ í z̨Fã˛ï˛y !lî≈̂ ÏÎ˚Ó˚ Ü,̨ !ï˛ Ï̂ï ¥̨Ó˚
x!ôÜ˛yÓ˚#ñ ~çlƒ í z̨!l ~Ü˛!ê˛ !˛õÓ˚y!Ù Ï̂í˛Ó˚ SÈyÎ˚yÓ˚ ̃ òâ≈ƒ ~ÓÇ í z̨Fã˛ï˛y çyly §•yÎ˚Ü˛ ò Ï̂[˛Ó˚ åÓy gnomonä ̃ òâ≈ƒ
ˆÙ Į̈̂ õñ ~ Ï̂òÓ˚ xl%̨ õy Ï̂ï˛Ó˚ ï%̨ °ly Ü˛ Ï̂Ó˚l–

H

S
=

h

s
 = tan (§)̂ ÏÎ≈Ó˚ í z̨ß¨!ï˛ ˆÜ˛yî)

§Ù%̂ ÏoÓ˚ çy•y Ï̂çÓ˚ ò)Ó˚c !lî≈̂ ÏÎ˚Ó˚ Ü,̨ !ï˛c Thales ˆÜ˛ ˆòGÎ˚y ÎyÎ˚– ò)Ó˚c !lî≈̂ ÏÎ˚Ó˚ çlƒ í z̨!l §ò,¢
!eË%̨ Ï̂çÓ˚ Óy•%à%̂ Ï°yÓ˚ §Ùyl%̨ õy Ï̂ï˛Ó˚ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚l– §ò,¢ !eË%̨ Ï̂çÓ˚ ô Ï̂Ù≈Ó˚ §y•y Ï̂Îƒ í z̨Fã˛ï˛y ~ÓÇ ò)Ó˚c §ÇÜ ̨ yhs˝
≤Ã Ï̂Ÿ¿Ó˚ §Ùyôylñ ≤Ãyã˛#l Ë˛yÓ˚ï˛#Î˚̂ ÏòÓ˚ Ü˛y Ï̂çG ̨õyGÎ˚y ÎyÎ˚–
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xôƒyÎ˚ 4

(Principle of Mathematical Induction)

!çÉ !˛õÎ˚yˆÏly
(1858-1932)

ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛

4.1  Ë)˛!ÙÜ˛y
ày!î!ï˛Ü˛ !ã˛hs˝̂ ÏlÓ˚ ~Ü˛!ê˛ Ù)° !Ë˛!_ •° xÓ Ï̂Ó˚y•# Î%!=˛ ådeductive

reasoningä– ~Ü˛!ê˛ !Ó!ôÓ!•Ë)≈˛ï˛ñ ~ÓÇ xÓˆÏÓ˚y•# Î%!=˛Ó˚ í˛zòy•Ó˚îñ lƒyÎ˚
¢yˆÏflfÓ˚ xôƒyÎ˚ ˆÌˆÏÜ˛ à,•#ï˛ñ Îy !ï˛l!ê˛ !ÓÓ,!ï˛ˆÏï˛ Î%!=˛Ó˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢
Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚ ı

(a) § Ï̂Ü ̨ !ê˛§ ~Ü˛çl Ùyl%£Ï
(b) §Ü˛° Ùyl%£Ï ÙÓ˚î¢#°ñ ï˛y•z
(c) § Ï̂Ü ̨ !ê˛§ ÙÓ˚î¢#°–
Î!ò (a) G (b)  !ÓÓ,!ï˛à%̂ Ï°y §ï˛ƒ •Î̊ñ ï˛ Ï̂Ó (c) §ï˛ƒ !• Ï̂§ Ï̂Ó ≤Ã!ï˛!¤˛ï˛–

~ê˛y Ï̂Ü˛ §Ó˚° ày!î!ï˛Ü˛ í z̨òy•Ó˚î !• Ï̂§ Ï̂Ó ̃ ï˛!Ó˚̂ Ïï˛ xyÙÓ˚y !°á Ï̂ï˛ ̨õy!Ó˚ ı
(i) xyê˛ñ ò%•z myÓ˚y !ÓË˛yçƒñ
(ii) ˆÜ˛y Ï̂ly §Çáƒy ò%•z myÓ̊y !ÓË˛yçƒ • Ï̂° ï˛y ~Ü˛!ê˛ Î%@¬ §Çáƒyñ ï˛y•z
(iii) xyê˛ ~Ü˛!ê˛ Î%@¬ §Çáƒy–
~Ó)̊̂ Ï˛õ §ÇˆÏ«˛ˆÏ˛õ xÓˆÏÓ˚y•# •° ~Ü˛!ê˛ ≤Ã!Ü ˛Î˚y ÎyÓ˚ §y•yˆÏÎƒ ≤Ãò_ ~Ü˛!ê˛ !ÓÓ,!ï˛ ≤ÃÙyî Ü˛Ó˚y ÎyÎ˚ ÎyˆÏÜ˛

à!î Ï̂ï˛Ó̊ Ë˛y£ÏyÎ̊ §yôyÓ̊îï˛ xyl%Ùy!lÜ˛ Ü˛Ìl åConjectureä xÌÓy í z̨̨ õ˛õyòƒ åTheoremä Ó°y •Î̊– Îy Ï̂òÓ̊ Ï̂Ü˛
Ü˛ï˛à%̂ Ï°y ̃ Óô xÓ Ï̂Ó˚y•# ôy˛õ !l‹õß¨ Ü˛ Ï̂Ó˚ ≤ÃÙyî Ü˛Ó˚y •Î˚ ~ÓÇ ï˛y ~Ü˛!ê˛ ≤ÃÙyî Ó)̊̂ Į̈ õ ≤Ã!ï˛!¤˛ï˛ • Ï̂ï˛G ̨õy Ï̂Ó˚ñ
lyG • Ï̂ï˛ ̨õy Ï̂Ó˚– xÌ≈yÍ xÓ Ï̂Ó˚y•#Ó˚ ≤Ã Ï̂Î˚yà §yôyÓ˚î ̂ «˛e ̂ Ì Ï̂Ü˛ !Ó Ï̂¢£Ï ̂ «˛ Ï̂eÓ˚ !ò Ï̂Ü˛ ÎyGÎ˚y–

xÓ Ï̂Ó˚y•#Ó˚ !Ó˛õÓ˚# Ï̂ï˛ ≤Ã!ï˛ Ï̂«˛ Ï̂e xy Ï̂Ó˚y•# Î%!=˛ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ Ùyôƒ Ï̂Ù xyl%Ùy!lÜ˛ Ü˛Ì Ï̂lÓ˚
!ÓÜ˛y¢ §yôl Ü˛Ó˚y ÎyÎ˚– à!îï˛¢yˆÏflf ~Ó˚ Ó•%°yÇˆÏ¢ ≤ÃˆÏÎ˚yà xyˆÏSÈ ~ÓÇ ~!ê˛ ~Ü˛!ê˛ !ÓK˛yl§¡øï˛ ôyÓ˚îyÓ˚
ã˛y!ÓÜ˛y!ë˛ñ Îy Ó˚y!¢ï˛Ìƒ §Ç@˝Ã• ~ÓÇ !ÓˆÏŸ’£ÏˆÏî Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚– xï˛~Óñ §•ç Ë˛y£ÏyÎ˚ xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚
Úxy Ï̂Ó˚y•îÛ åinductionä ¢∑!ê˛Ó˚ Ùy Ï̂l •° !Ó Ï̂¢£Ï ̂ «˛e Óy !Ó£Ï̂ ÏÎ˚Ó˚ §yôyÓ˚î#Ü˛Ó˚î–

vAnalysis and natural philosophy owe their most important discoveries to

this fruitful means, which is called induction. Newton was indebted

to it for his theorem of the binomial and the principle of

universal gravity. – LAPLACE v
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Fig 4.1

Ó#çà!îï˛ Óy à!îˆÏï˛Ó˚ xlƒylƒ ¢yáyÎ˚ ÈnüÈ§Ù,!°ï˛ !Ü˛S%È Ê˛°yÊ˛° Óy !ÓÓ,!ï˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ñ ˆÎáyˆÏl
nÈüÈ~Ü˛!ê˛ ôlydÜ˛ xá[˛ §Çáƒy– ~§Ó !ÓÓ,!ï˛à%̂ Ï°yÓ˚ ≤ÃÙy Ï̂î ÓƒÓ•,ï˛ í z̨̨ õÎ%=˛ l#!ï˛ Îy !Ó Ï̂¢£Ï ̂ Ü˛Ô¢° !Ë˛!_Ü˛ñ

ï˛yˆÏÜ˛ ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ Ó°y •Î˚ åprinciple of mathematical inductionä–

4.2  ˆ≤Ã£Ïîy åMotivationä

à!îï˛¢y Ï̂flfñ xyÙÓ˚y §¡õ)î≈ xy Ï̂Ó˚y• Ï̂îÓ˚ ~Ü˛!ê˛ xyÜ˛yÓ˚ ÓƒÓ•yÓ˚ Ü˛Ó˚Ó Îy Ï̂Ü˛ ày!î!ï˛Ü˛ xy Ï̂Ó˚y•î Ó°y •Î˚–
ày!î!ï˛Ü˛ xyˆÏÓ˚y•ˆÏîÓ˚ Ù)° l#!ï˛ ̂ ÓyV˛yˆÏlyÓ˚ çlƒ ôˆÏÓ˚y ̨õyï˛°y xyÎ˚ï˛yÜ˛yÓ˚ ê˛y!°Ó˚ åTilesä ~Ü˛!ê˛ ̂ §ê˛ Ó˚yáy
•° å!ã˛e 4.1. ~ ˆò Ï̂áyä–

Îál ̨≤ÃÌÙ ê˛y!°ê˛y Ï̂Ü˛ !l Ï̂ò≈!¢ï˛ !ò Ï̂Ü˛ ôyE˛y ̂ òGÎ˚y •Î˚ñ ï˛ Ï̂Ó §Óà%̂ Ï°y ê˛y!° ̨õí ¸̨̂ ÏÓ– ~Ü˛òÙ !l!Ÿã˛ï˛ ̂ Î
§Óà%ˆÏ°y ê˛y!° ˛õˆÏí˛¸ ÎyˆÏÓ– ~ê˛y çyly ÎˆÏÌT˛ ˆÎ

(a) ≤ÃÌÙ ê˛y!°!ê˛ ˛õˆÏí˛¸ ~ÓÇ
(b) ~•z âê˛lyÎ˚ Îál ̂ Ü˛yˆÏly ê˛y!° ̨õˆÏí˛¸ñ ï˛ˆÏÓ ~Ó˚ ̨ õÓ˚Óï≈˛# ê˛y!° xÓ¢ƒ•z ̨ õí˛¸ˆÏÓ
~ê˛y •° ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛Ó˚ Ù)°!Ë˛!_–
xyÙÓ˚y çy!lñ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛ N ÓyhflÏÓ §ÇáƒyÓ˚ ~Ü˛!ê˛ !Ó Ï̂¢£Ï Ü ̨ !ÙÜ˛ í z̨̨ õ Ï̂§ê˛– ≤ÃÜ,̨ ï˛˛õ Ï̂«˛ N •°

ÓyhflÏÓ §Çáƒy RÈüÈ~Ó˚ «%˛oï˛Ù í˛z˛õˆÏ§ê˛ ÎyÓ˚ !l¡¨!°!áï˛ ôÙ≈ xyˆÏSÈ ı
~Ü˛!ê˛ ̂ §ê˛ S ̂ Ü˛ ~Ü˛!ê˛ xyˆÏÓ˚y•# ̂ §ê˛ Ó°y •ˆÏÓñ Î!ò 1∈ S ~ÓÇ x + 1 ∈ S Îál x ∈ S •Î˚– ̂ ÎˆÏ•ï%˛

N •° RÈüÈ~Ó˚ «%˛oï˛Ù xyˆÏÓ˚y•# í˛z˛õˆÏ§ê˛ñ xï˛~Ó N ̂ §ê˛!ê˛ RÈüÈ~Ó˚ ˆÎ ˆÜ˛yˆÏly xyˆÏÓ˚y•# í˛z˛õˆÏ§ˆÏê˛ ÌyÜ˛ˆÏÓ–

ò,T˛yhs˝ ı

ÙˆÏl Ü˛ˆÏÓ˚yñ xyÙÓ˚y ôlydÜ˛ xá[˛ §Çáƒy 1, 2, 3,...,n-~Ó˚ §Ù!T˛ !lî≈ˆÏÎ˚Ó˚ §)e !lô≈yÓ˚î Ü˛Ó˚ˆÏï˛ ã˛y•zñ
xÌ≈yÍ ˆÎ §)eñ n = 3 •ˆÏ° 1 + 2 + 3 ~Ó˚ Ùylñ n = 4 • Ï̂° 1 + 2 + 3 + 4 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚ ~ÓÇ

•zï˛ƒy!ò– ÙˆÏl Ü˛ˆÏÓ˚y xyÙyˆÏòÓ˚ ˆÜ˛yˆÏlyË˛yˆÏÓ !ÓŸªy§ çß√yˆÏï˛ ˛õyˆÏÓ˚    1 + 2 + 3+...+ n = 
n n( )+1

2
~ §)e!ê˛ §ï˛ƒ–

ÓyhflÏ̂ ÏÓ !Ü˛Ë˛y Ï̂Ó ~ §)e!ê˛ ≤ÃÙyî Ü˛Ó˚y ÎyÎ˚⁄ xyÙÓ˚y xÓ¢ƒ ~•z !ÓÓ,!ï˛ n ÈüÈ~Ó˚ ôlydÜ˛ xá[˛ Ùyl Îï˛ á%!¢
!lˆÏÎ˚ Îyã˛y•z Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚ñ !Ü˛v ~ ˛õÂô!ï˛  nÈüÈ~Ó˚ §Ü˛° ÙyˆÏlÓ˚ çlƒ §)e!ê˛ ≤ÃÙyî Ü˛Ó˚ˆÏï˛ ˛õyÓ˚ˆÏÓ ly– ~ê˛y
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Ü˛Ó˚̂ Ïï˛ xyÙy Ï̂òÓ˚ ~Ùl ~Ü˛!ê˛ Ü˛yÎ≈¢,C Ï̂°Ó˚ ≤Ã Ï̂Î˚yçl ÎyÓ˚ ≤ÃË˛y Ï̂Ó §)e!ê˛ !Ó Ï̂¢£Ï ̂ ÏÜ˛y Ï̂ly ôlydÜ˛ xá[˛ Ùy Ï̂lÓ˚
çlƒ §ï˛ƒ • Ï̂° Î!ò ï˛y !ë˛Ü˛ ˛õÓ̊Óï≈̨ # ôlydÜ˛ xá[˛ Ùy Ï̂lG fl∫Î̊Ç!Ü ̨ Î̊Ë˛y Ï̂Ó §ï˛ƒ • Ï̂Î̊ ÎyÎ̊ ~ÓÇ ~Ó̊)̂ Į̈ õ ã˛° Ï̂ï˛
ÌyÜ˛ Ï̂Ó– ~ ôÓ˚ˆÏlÓ˚ Ü˛yÎ≈¢,C° ày!î!ï˛Ü˛ xyˆÏÓ˚y•î ̨ õÂô!ï˛ myÓ˚y í˛zÍ˛õß¨ •Î˚– ~Ùlê˛y !ÓˆÏÓã˛ly Ü˛Ó˚y ÎyÎ˚–

4.3  ày!î!ï˛Ü˛ xyˆÏÓ˚y•ˆÏîÓ˚ l#!ï˛ åThe Principle of Mathematical Inductionä

ÙˆÏl Ü˛ˆÏÓ˚yñ fl∫yË˛y!ÓÜ˛ §Çáƒy n §¡∫!°ï˛ P(n) ~Ü˛!ê˛ ≤Ãò_ ày!î!ï˛Ü˛ !ÓÓ,!ï˛ ~Ó)̨̊ õ ˆÎñ
(i) !ÓÓ,!ï˛!ê˛ n = 1 ~Ó˚ çlƒ §ï˛ƒ xÌ≈yÍ P(1) §ï˛ƒñ ~ÓÇ
(ii) Î!ò !ÓÓ,!ï˛!ê˛ n = k ~Ó˚ çlƒ åˆÎáyˆÏl k ˆÎ ˆÜ˛yˆÏly ôlydÜ˛ xá[˛ §Çáƒyä §ï˛ƒ •ˆÏ°ñ ï˛ˆÏÓ

!ÓÓ,!ï˛!ê˛ n = k + 1 ~Ó˚ çlƒG §ï˛ƒ •Î˚ñ xÌ≈yÍ P(k) §ï˛ƒ •ˆÏ° P (k + 1)G §ï˛ƒ •Î˚–
ï˛y•ˆÏ° P(n) !ÓÓ,!ï˛!ê˛ §Ü˛° fl∫yË˛y!ÓÜ˛ §Çáƒy n ~Ó˚ çlƒ §ï˛ƒ •ˆÏÓ–
ôÙ≈ (i) ¢%ô%Ùye ï˛ˆÏÌƒÓ˚ ~Ü˛!ê˛ !ÓÓ,!ï˛– ~Ùl ˛õ!Ó˚!fiÌ!ï˛G •ˆÏï˛ ˛õyˆÏÓ˚ ˆÎ !ÓÓ,!ï˛!ê˛ n ≥ 4 ~ §ï˛ƒ •Î˚–

~ˆÏ«˛ˆÏe ôy˛õÈüÈ1 ¢%Ó%̊ • Ï̂Ó n=4 ˆÌ Ï̂Ü˛ ~ÓÇ n=4 ~Ó˚ ˆ«˛ Ï̂e Ê˛°yÊ˛° xÌ≈yÍ P(4) Îyã˛y•z Ü˛Ó˚Ó–
ôÙ≈ (ii) ~Ü˛!ê˛ ¢ï≈˛§yˆÏ˛õ«˛ ôÙ≈– ~ê˛y !l!Ÿã˛ï˛ Ü˛ˆÏÓ˚ ÓˆÏ° ly ˆÎ n=k ~Ó˚ çlƒ §ï˛ƒ– !Ü˛v ~ê˛y Ó Ï̂° ˆÎ

n=k ~Ó˚ çlƒ §ï˛ƒ • Ï̂° n = k + 1 ~Ó˚ çlƒG §ï˛ƒ •Î˚– §%ï˛Ó˚yÇ ~•z ô Ï̂Ù≈Ó˚ §ï˛ƒï˛y !§Âô Ü˛Ó˚yÓ˚ çlƒ ̂ Ü˛Ó°
¢ï≈̨ Ù)°Ü˛ ≤ÃhflÏyÓly ≤ÃÙyî Ü˛Ó˚̂ Ïï˛ • Ï̂Ó ı

Î!ò !ÓÓ,!ï˛!ê˛ n=k ~Ó˚ çlƒ §ï˛ƒñ ï˛ Ï̂Ó ~!ê˛ n = k + 1 ~Ó˚ çlƒG §ï˛ƒ • Ï̂Ó–
~!ê˛ˆÏÜ˛ xˆÏlÜ˛ §ÙÎ˚ xyˆÏÓ˚y•# ôy˛õ åInductive stepäG Ó°y •Î˚– ~•z xyˆÏÓ˚y•# ôyˆÏ˛õ !ÓÓ,!ï˛!ê˛ n=k

~Ó˚ çlƒ §ï˛ƒô Ï̂Ó˚ ˆlGÎ˚yÓ˚ Ü˛“ly Ï̂Ü˛ xy Ï̂Ó˚y•# ˛õ!Ó˚Ü˛“ly åInductive hypothesisä Ó°y •Î˚–
í z̨òy•Ó˚î fl∫Ó)̨̊ õñ à!î Ï̂ï˛ ≤ÃyÎ˚•z ̂ Ü˛y Ï̂ly lÙ%lyÓ˚ xl%Ó)̨̊ õ §)e ̂ áÑyçy •Î˚ ̂ ÎÙlñ

1 = 12   =1

4 = 22 = 1 + 3

9 = 32 = 1 + 3 + 5

16 = 42 = 1 + 3 + 5 + 7 •zï˛ƒy!ò–
~ê˛y °«˛ƒ Ü˛Ó˚y á%Ó•z ≤Ã Ï̂Î˚yçlñ ~áy Ï̂l ≤ÃÌÙ ò%!ê˛ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ ÎyàÊ˛° •° !mï˛#Î˚ fl∫yË˛y!ÓÜ˛

§ÇáƒyÓ˚ Óà≈ñ ≤ÃÌÙ !ï˛l!ê˛ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ §Ù!T˛ •° ï,˛ï˛#Î˚ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ Óà≈ ~ÓÇ ~Ë˛yˆÏÓ
•ˆÏFSÈ– §%ï˛Ó˚yÇ ~•z lÙ%ly ̂ ÌˆÏÜ˛ ̨ õyGÎ˚y ÎyÎ˚

1 + 3 + 5 + 7 + ... + (2n – 1) = n2

xÌ≈yÍñ ≤ÃÌÙ n §ÇáƒÜ˛ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ §Ù!T˛ •° n-~Ó˚ Óà≈–
ã˛ˆÏ°y xyÙÓ˚y !°!á

P(n): 1 + 3 + 5 + 7 + ... + (2n – 1) = n2.

xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚Óñ n-~Ó˚ §Ó Ùy Ï̂l P(n) §ï˛ƒ– ày!î!ï˛Ü˛ xyˆÏÓ˚y•ˆÏîÓ˚ ≤ÃÌÙ ôyˆÏ˛õ ≤ÃÙyî Ü˛Ó˚ˆÏï˛ •ˆÏÓ
P(1) §ï˛ƒ– ~•z ôy˛õˆÏÜ˛ Ó°y •Î˚ !Ë˛!_hflÏÓ˚ åbasic stepä–

flõT˛ï˛•z ı 1 = 12 xÌ≈yÍ P(1) §ï˛ƒ–
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˛õÓ˚Óï≈˛# ôy˛õˆÏÜ˛ Ó°y •Î˚ xyˆÏÓ˚y•#hflÏÓ˚ åinductive stepä– ~ál xyÙÓ˚y ôˆÏÓ˚ !l•z P(k) §ï˛ƒñ ̂ Îáy Ï̂l
k ôlydÜ˛ xá[˛ §Çáƒy ~ÓÇ xyÙyˆÏòÓ˚ ≤ÃÙyî Ü˛Ó˚ˆÏï˛ •ˆÏÓ P (k + 1) §ï˛ƒ– ˆÎˆÏ•ï%˛ P(k) §ï˛ƒñ xyÙÓ˚y
˛õy•zÈüüüÈ

1 + 3 + 5 + 7 + ... + (2k – 1) = k2 ... (1)

ô Ï̂Ó˚y 1 + 3 + 5 + 7 + ... + (2k – 1) + {2(k +1) – 1} ... (2)

= k2 + (2k + 1) = (k + 1)2  [(1) lÇ ≤ÃˆÏÎ˚yˆÏà]

xï˛~Óñ P (k + 1) §ï˛ƒ ~ÓÇ ~ál xyˆÏÓ˚y•î ≤ÃÙyî §¡õ)î≈ •°–
§%ï˛Ó˚yÇñ §Ó fl∫yË˛y!ÓÜ˛ §Çáƒy n ~Ó˚ çlƒ P(n) §ï˛ƒ–

í˛zòy•Ó˚î 1  n ≥ 1 • Ï̂°ñ ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ

12 + 22 + 32 + 42 +…+ n2     = 
n n n( )( )+ +1 2 1

6
.

§Ùyôyl : ô!Ó˚ ≤Ãò_ !ÓÓ,!ï˛!ê˛ P(n)ñ xÌ≈yÍ

P(n) :  12 + 22 + 32 + 42 +…+ n2     = 
n n n( ) ( )+ +1 2 1

6

n = 1, ~Ó˚ çlƒñ P(1): 1 = 
1 1 1 2 1 1

6

( )( )+ × +

=  
1 2 3

6
1

× ×

=  Îy §ï˛ƒñ

ÙˆÏl Ü˛ˆÏÓ˚yñ ˆÜ˛yˆÏly ôlydÜ˛ xá[˛ §Çáƒy k ~Ó˚ çlƒ P (k) §ï˛ƒ–

xÌ≈yÍñ 12 + 22 + 32 + 42 +…+ k2     = 
k k k( ) ( )+ +1 2 1

6
... (1)

~ál xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚̂ ÏÓy ˆÎñ P(k + 1)G §ï˛ƒ–
xyÙÓ˚y ˛õy•zñ (12  +22  +32  +42  +…+k2  ) + (k + 1) 2

=
k k k

k
( ) ( )

( )
+ +

+ +

1 2 1

6
1

2
 [(1) lÇ ≤ÃˆÏÎ˚yˆÏà]

=
k k k k( ) ( ) ( )+ + + +1 2 1 6 1

6

2

=
( ) ( )k k k+ + +1 2 7 6

6

2

=
( ) ( ){ ( ) }k k k+ + + + +1 1 1 2 1 1

6

§%ï˛Ó˚yÇ P(k + 1) §ï˛ƒñ Îál P (k) §ï˛ƒ–
xï˛~Óñ ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ xl%ÎyÎ˚# §Ü˛° fl∫yË˛y!ÓÜ˛ §Çáƒy nÈüÈ~Ó˚ çlƒ P(n) !ÓÓ,!ï˛!ê˛ §ï˛ƒ–
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í˛zòy•Ó˚î 2  ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ §Ó fl∫yË˛y!ÓÜ˛ §Çáƒy nÈüÈ~Ó˚ çlƒñ 2n >n.

§Ùyôyl : ô Ï̂Ó˚y P(n):  2n > n

Îál n =1, 21 >1 xï˛~Ó P(1) §ï˛ƒ–
ÙˆÏl Ü˛ˆÏÓ˚y P(k) §ï˛ƒñ k ˆÎ ˆÜ˛yˆÏly fl∫yË˛y!ÓÜ˛ §Çáƒyñ xÌ≈yÍ

2k  > k ... (1)

~ál xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚̂ ÏÓy ˆÎ P(k + 1) §ï˛ƒ Îál P(k) §ï˛ƒ •Î˚–
(1)ÈüÈ~Ó˚ í˛zË˛Î˚˛õ«˛ˆÏÜ˛ 2 !òˆÏÎ˚ à%î Ü˛ˆÏÓ˚ xyÙÓ˚y ̨ õy•z

2. 2k

 

 > 2k

i.e., 2 k + 1 > 2k = k + k > k + 1

xï˛~Óñ P(k + 1) §ï˛ƒ Îál P(k) G §ï˛ƒ– §%ï˛Ó˚yÇñ ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ xl%ÎyÎ˚# nÈüÈ~Ó˚ §Ü˛°
ôlydÜ˛ xá[˛ ÙyˆÏl P(n) !ÓÓ,!ï˛!ê˛ §ï˛ƒ–
í z̨òy•Ó˚î 3  §Ó n ≥ 1 • Ï̂°ñ ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎ

1

1 2

1

2 3

1

3 4

1

1 1. . .
...

( )
+ + + +

+

=

+n n

n

n
.

§Ùyôyl : xyÙÓ˚y !°áˆÏï˛ ˛õy!Ó˚ÈüüüÈ

P(n):  
1

1 2

1

2 3

1

3 4

1

1 1. . .
...

( )
+ + + +

+

=

+n n

n

n

~ál P(1):
1

1 2

1

2

1

1 1.
= =

+

 Îy §ï˛ƒ– §%ï˛Ó˚yÇ n = 1 ~Ó˚ çlƒ P(n) §ï˛ƒ–

ÙˆÏl Ü˛ˆÏÓ˚yñ ˆÜ˛yˆÏly fl∫yË˛y!ÓÜ˛ §Çáƒy kÈüÈ~Ó˚ çlƒ P(k) §ï˛ƒñ

xÌ≈yÍñ 
1

1 2

1

2 3

1

3 4

1

1 1. . .
...

( )
+ + + +

+

=

+k k

k

k
... (1)

xyÙyˆÏòÓ˚ ≤ÃÙyî Ü˛Ó˚ˆÏï˛ •ˆÏÓ P(k + 1) §ï˛ƒ Îál P(k) §ï˛ƒ •Î˚–
xyÙÓ˚y ˛õy•zÈüüüÈ

1

1 2

1

2 3

1

3 4

1

1

1

1 2. . .
...

( ) ( ) ( )
+ + + +

+

+

+ +k k k k

= 
1

1 2

1

2 3

1

3 4

1

1

1

1 2. . .
...

( ) ( ) ( )
+ + + +

+












+

+ +k k k k

= 
k

k k k+

+

+ +1

1

1 2( )( )
[(1) lÇ ≤ÃˆÏÎ˚yˆÏà]
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= 
k k

k k

( )

( ) ( )

+ +

+ +

2 1

1 2
 = 

( )

( ) ( )

k k

k k

2
2 1

1 2

+ +

+ +
 = 

k

k k

+( )

+( ) +( )

1

1 2

2

 = 
k

k

k

k

+

+

=

+

+( ) +

1

2

1

1 1

xï˛~Óñ P(k + 1) §ï˛ƒ •Î˚ Îál P(k) §ï˛ƒ •Î˚– §%ï˛Ó˚yÇ ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ xl%§yˆÏÓ˚ §Ó
fl∫yË˛y!ÓÜ˛ §Çáƒy nÈüÈ~Ó˚ çlƒ P(n) §ï˛ƒ–
í˛zòy•Ó˚î 4  n ˆÎ ˆÜ˛yˆÏly fl∫yË˛y!ÓÜ˛ §Çáƒy •ˆÏ°ñ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 7n – 3n §Ó≈òy 4 !òˆÏÎ˚ !ÓË˛yçƒ–
§Ùyôyl : xyÙÓ˚y !°áˆÏï˛ ̨ õy!Ó˚

P(n) :  7n – 3n, 4 !òˆÏÎ˚ !ÓË˛yçƒ–
xyÙÓ˚y °«˛ƒ Ü˛!Ó˚ñ P(1): 71 – 31 = 4, Îy 4 !òˆÏÎ˚ !ÓË˛yçƒ–
§%ï˛Ó˚yÇ n = 1 ~Ó˚ çlƒ P(n) §ï˛ƒ–
ôˆÏÓ˚yñ ˆÜ˛yˆÏly fl∫yË˛y!ÓÜ˛ §Çáƒy kÈüÈ~Ó˚ çlƒ P(k) §ï˛ƒ–
xÌ≈yÍñ P(k) : 7k – 3k, 4 !òˆÏÎ˚ !ÓË˛yçƒ–
xyÙÓ˚y !°áˆÏï˛ ˛õy!Ó˚ 7k – 3k = 4dñ ˆÎáy Ï̂l d ∈ NÉ
~álñ xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚Ó P(k + 1) §ï˛ƒ Îál P(k) §ï˛ƒ •Î˚–
~ál 7(k + 1) – 3(k + 1) = 7(k  + 1) – 7.3k + 7.3k – 3(k  + 1)

= 7(7k – 3k) + (7 – 3)3k  = 7(4d) + (7 – 3)3k

= 7(4d) + 4.3k  =  4(7d + 3k)

ˆ¢£Ï °y•zl ˆÌˆÏÜ˛ñ xyÙÓ˚y ˆò!á ˆÎ 7(k  + 1)  – 3(k  + 1), 4 !òˆÏÎ˚ !ÓË˛yçƒ– xï˛~Ó P(k + 1) §ï˛ƒ Îál
P(k) §ï˛ƒ •Î˚– §%ï˛Ó˚yÇ ày!î!ï˛Ü˛ xyˆÏÓ˚y•ˆÏîÓ˚ l#!ï˛ ≤ÃˆÏÎ˚yˆÏà P(n) !ÓÓ,!ï˛!ê˛ ≤Ã!ï˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy nÈüÈ~Ó˚
çlƒ §ï˛ƒ •Î˚–
í z̨òy•Ó˚î 5  ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ (1 + x)n ≥ (1 + nx), ˆÎáy Ï̂l n ˆÎ ˆÜ˛yˆÏly fl∫yË˛y!ÓÜ˛ §Çáƒyñ x > – 1 –
§Ùyôyl : ôˆÏÓ˚y ≤Ãò_ !ÓÓ,!ï˛!ê˛ P(n)ñ

xÌ≈yÍñ P(n): (1 + x)n ≥ (1 + nx), ˆÎáy Ï̂l x > – 1 –
°«˛ƒ Ü˛ˆÏÓ˚y n = 1ÈüÈ~Ó˚ çlƒ P(n) §ï˛ƒñ ˆÎˆÏ•ï%˛ ( 1+x) ≥  (1 + x)ñ ~áy Ï̂l x > –1 –
Ù Ï̂l Ü˛!Ó˚ñ P(k): (1 + x)k   ≥ (1 + kx), x > – 1 §ï˛ƒ •Î˚– ... (1)

xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚Ó P(k + 1) §ï˛ƒñ x > –1 Îál P(k) §ï˛ƒ •Î˚– ... (2)

~álñ (1 + x)k + 1 = (1 + x)k (1 + x) xˆÏË˛ò!ê˛ˆÏÜ˛ !ÓˆÏÓã˛ly Ü˛Ó˚–
ˆòGÎ˚y xyˆÏSÈ x > –1, §%ï˛Ó˚yÇ (1+x) > 0

xï˛~Óñ (1 + x)k ≥ (1 + kx) ≤ÃˆÏÎ˚yˆÏà xyÙÓ˚y ˛õy•z
(1 + x) k + 1 ≥ (1 + kx)(1 + x)

xÌ≈yÍ (1 + x)k + 1 ≥  (1 + x + kx + kx2).                                              ... (3)
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~áyˆÏl k ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ~ÓÇ x2  ≥ 0 Îy Ï̂ï˛ kx2  ≥ 0

xï˛~Óñ (1 + x + kx + kx2) ≥ (1 + x + kx),

§%ï˛Ó˚yÇ xyÙÓ˚y ̨õy•zñ

(1 + x)k + 1   ≥ (1 + x + kx)

xÌ≈yÍ (1 + x)k + 1   ≥  [1 + (1 + k)x]

~Ë˛y Ï̂Óñ (2)ÈüÈ~Ó˚ !ÓÓ,!ï˛!ê˛ ≤ÃÙy!îï˛ •°– §%ï˛Ó˚yÇ ày!î!ï˛Ü˛ xyˆÏÓ˚y•ˆÏîÓ˚ l#!ï˛ xl%ÎyÎ˚#ñ §Ó fl∫yË˛y!ÓÜ˛

§Çáƒy nÈüÈ~Ó˚ çlƒ P(n) !ÓÓ,!ï˛!ê˛ §ï˛ƒ–

í z̨òy•Ó˚î 6  ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ §Ó n ∈ N çlƒ 2.7n + 3.5n – 5, 24 myÓ˚y !ÓË˛yçƒ–

§Ùyôyl : ô!Ó˚ ≤Ãò_ !ÓÓ,!ï˛!ê˛ P(n) §%ï˛Ó˚yÇñ P(n) : 2.7n + 3.5n – 5ñ 24 myÓ˚y !ÓË˛yçƒ– °«˛ƒ Ü˛ˆÏÓ˚yñ n =

1 ~Ó˚ çlƒ P(n) §ï˛ƒñ ˆÎˆÏ•ï%˛ 2.7 + 3.5 – 5 = 24, Îy 24 myÓ˚y !ÓË˛yçƒ– ÙˆÏl Ü˛Ó˚y ÎyÜ˛ñ P(k) §ï˛ƒ–

xÌ≈yÍ 2.7k + 3.5k – 5 = 24qñ ˆÎáyˆÏl q ∈ N ... (1)

~ál xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚Ó ˆÎ P(k + 1) §ï˛ƒ Îál P(n) §ï˛ƒ •Î˚–

xyÙÓ˚y ˛õy•zÈüüüÈ

2.7k+1 + 3.5k+1 – 5 = 2.7k . 71 + 3.5k . 51 – 5

=7 [2.7k + 3.5k – 5 – 3.5k + 5] + 3.5k . 5 – 5

=7 [24q – 3.5k + 5] + 15.5k –5

=7 × 24q – 21.5k + 35 + 15.5k – 5

=7 × 24q – 6.5k + 30

=7 × 24q – 6 (5k – 5)

=7 × 24q – 6 (4p)  [(5k – 5) •° 4ÈüÈ~Ó˚ à%!îï˛Ü˛ (ˆÜ˛l ?)]

=7 × 24q – 24p

=24 (7q – p)

=24 × r; r = (7q – p) ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ... (2)

(1) lÇÈüÈ~Ó˚ í˛yl ˛õˆÏ«˛Ó˚ Ó˚y!¢Ùy°y!ê˛ 24 myÓ˚y !ÓË˛yçƒ– xï˛~Ó P(k + 1) §ï˛ƒ Îál P(k) §ï˛ƒ •Î˚–

§%ï˛Ó˚yÇ ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ xl%ÎyÎ˚#ñ §Ó n ∈ NÈüÈ~Ó˚ çlƒ P(n) §ï˛ƒ–
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í˛zòy•Ó˚î 7  ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ

12 + 22 + ... + n2  > 
n

3

3
, n ∈ N

§Ùyôyl : ôˆÏÓ˚y ≤Ãò_ !ÓÓ,!ï˛!ê˛ P(n)

xÌ≈yÍñ P(n) : 12 + 22 + ... + n2  > 
n

3

3
, n ∈ N

°«˛ƒ Ü˛ˆÏÓ˚yñ n = 1 ~Ó˚ çlƒ P(n) §ï˛ƒñ ˆÎˆÏ•ï%˛ 1
1

3

2

3

>

Ù Ï̂l Ü˛!Ó˚ñ P(k) §ï˛ƒ

xÌ≈yÍ P(k) : 12 + 22 + ... + k2  > 
k

3

3
...(1)

xyÙÓ˚y ~ál ≤ÃÙyî Ü˛Ó˚Ó P(k + 1) §ï˛ƒ Îál P(k) §ï˛ƒ •Î˚–
xyÙÓ˚y ˛õy•zñ 12 + 22 + 32 + ... + k2 + (k + 1)2

= + + +( ) + +( ) > + +( )1 2 1
3

1
2 2 2 2

3
2

... k k
k

k [(1) myÓ˚y]

= 
1

3
 [k3 + 3k2 + 6k + 3]

= 
1

3
 [(k + 1)3 + 3k + 2] > 

1

3
 (k + 1)3

xï˛~Óñ P(k + 1) G §ï˛ƒ Îál P(k) §ï˛ƒ •Î˚– §%ï˛Ó˚yÇ ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ xl%ÎyÎ˚# §Ó
n ∈ NÈüÈ~Ó˚ çlƒ  P(n) §ï˛ƒ–
í˛zòy•Ó˚î 8  ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ (ab)n = anbn ˆÎáy Ï̂l n ˆÎ ˆÜ˛y Ï̂ly
fl∫yË˛y!ÓÜ˛ §Çáƒy–
§Ùyôyl : ôˆÏÓ˚y P(n) •° ≤Ãò_ ày!î!ï˛Ü˛ !ÓÓ,!ï˛

xÌ≈yÍñ P(n) : (ab)n = anbn.

xyÙÓ˚y °«˛ƒ Ü˛!Ó˚ ˆÎñ n = 1 ~Ó˚ çlƒ P(n) §ï˛ƒñ ˆÎˆÏ•ï%˛ (ab)1 = a1b1.

ô!Ó˚ñ P(k) §ï˛ƒ xÌ≈yÍ
(ab)k = akbk ... (1)

xyÙÓ˚y ~ál ≤ÃÙyî Ü˛Ó˚Ó P(k + 1) §ï˛ƒ Îál P(k) §ï˛ƒ •Î˚–
~álñ xyÙÓ˚y ˛õy•zñ
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(ab)k + 1 = (ab)k (ab)

= (ak bk) (ab) [(1) lÇ ≤ÃˆÏÎ˚yˆÏà]

= (ak . a1) (bk . b1) = ak+1 . bk+1

xï˛~Óñ P(k + 1) G §ï˛ƒ Îál P(k) §ï˛ƒ •Î˚– §%ï˛Ó˚yÇ ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ xl%ÎyÎ˚# §Ó

n ∈ NÈüÈ~Ó˚ çlƒ  P(n) §ï˛ƒ–

xl%¢#°l# 4.1

!l¡¨!°!áï˛ !ÓÓ,!ï˛à%ˆÏ°y ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ ≤ÃˆÏÎ˚yˆÏà ≤ÃÙyî Ü˛ˆÏÓ˚yñ ˆÎáyˆÏl §Ó n ∈ N.

1. 1 + 3 + 32 + ... + 3n – 1 = 
( )3 1

2

n
−

.

2. 13 + 23 + 33 + … +n3 = 
n n( )+











1

2

2

.

3. 1
1

1 2

1

1 2 3

1

1 2 3

2

1
+

+

+

+ +

+ +

+ + +

=

+( ) ( ) ( ) ( )
...

...n

n

n
.

4. 1.2.3 + 2.3.4 +…+ n(n+1) (n+2) = 
n n n n( ) ( ) ( )+ + +1 2 3

4
.

5. 1.3 + 2.32 + 3.33 +…+ n.3n = 
( )2 1 3 3

4

1
n

n
− +

+

.

6. 1.2 + 2.3 + 3.4 +…+ n.(n+1) = 
n n n( )( )+ +









1 2

3
.

7. 1.3 + 3.5 + 5.7 +…+ (2n–1) (2n+1) = 
n n n( )4 6 1

3

2
+ −

.

8. 1.2 + 2.22 + 3.23 + ...+n.2n = (n–1) 2n + 1 + 2.

9.
1

2

1

4

1

8

1

2
1

1

2
+ + + + = −...

n n .

10.

1

2 5

1

5 8

1

8 11

1

3 1 3 2 6 4. . .
...

( ) ( ) ( )
+ + + +

− +

=

+n n

n

n
.

11.

1

1 2 3

1

2 3 4

1

3 4 5

1

1 2

3

4 1 2. . . . . .
...

( )( )

( )

( ) ( )
+ + + +

+ +

=

+

+ +n n n

n n

n n
.
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12. a + ar + ar2 +…+ arn-1 = 
a r

r

n
( )−

−

1

1
.

13. 1
3

1
1

5

4
1

7

9
1

2 1
1

2

2
+












+












+












+

+










= +...

( )
( )

n

n

n .

14. 1
1

1
1

1

2
1

1

3
1

1
1+












+












+












+












= +... ( )

n
n .

15. 12 + 32  + 52  + …+ (2n–1)2  = 
n n n( ) ( )2 1 2 1

3

− +

.

16.

1

1 4

1

4 7

1

7 10

1

3 2 3 1 3 1. . .
...

( )( ) ( )
+ + + +

− +

=

+n n

n

n
.

17.

1

3 5

1

5 7

1

7 9

1

2 1 2 3 3 2 3. . .
...

( )( ) ( )
+ + + +

+ +

=

+n n

n

n
.

18. 1 + 2 + 3 +…+ n < 
1

8
(2n + 1)2.

19. n (n + 1) (n + 5) •° 3-~Ó˚ à%!îï˛Ü˛–

20. 102n – 1 + 1 §Ó≈òy 11 !òˆÏÎ˚ !ÓË˛yçƒ–
21. x2n – y2n, x + y !òˆÏÎ˚ !ÓË˛yçƒ–

22. 32n+2 – 8n – 9 §Ó≈òy 8 !òˆÏÎ˚ !ÓË˛yçƒ–

23. 41n – 14n •° 27-~Ó˚ à%!îï˛Ü˛–
24. (2n + 7) < (n + 3)2.

§yÓ˚§ÇˆÏ«˛˛õ

® ày!î!ï˛Ü˛ !ã˛hs˝ˆÏl ~Ü˛!ê˛ Ù)° !Ë˛!_ •° xÓˆÏÓ˚y•# Î%!=˛ ådeductive reasoningä– xÓˆÏÓ˚y•#Ó˚
!Ó˛õÓ˚# Ï̂ï˛ñ ≤Ã!ï˛ Ï̂«˛ Ï̂e xy Ï̂Ó˚y•#Î%!=˛ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ Ùyôƒ Ï̂Ù xyl%Ùy!lÜ˛ Ü˛Ì Ï̂lÓ˚ !ÓÜ˛y¢

§yôl Ü˛Ó˚y ÎyÎ˚– xï˛~Ó §•ç Ë˛y£ÏyÎ˚ xyÙÓ˚y Ó°ˆÏï˛ ̨õy!Ó˚ xyˆÏÓ˚y•îÛ åinductionä ¢∑!ê˛Ó˚ xÌ≈

•° !Ó Ï̂¢£Ï ̂ «˛e Óy !Ó£Ï̂ ÏÎ˚Ó˚ §yôyÓ˚î#Ü˛Ó˚î–

® ày!î!ï˛Ü˛ xy Ï̂Ó˚y•î l#!ï˛ ~Ùl ~Ü˛!ê˛ •y!ï˛Î˚yÓ˚ ÎyÓ˚ ≤Ã Ï̂Î˚y Ï̂à !Ó!Ë˛ß¨ ≤ÃÜ˛yÓ˚ ày!î!ï˛Ü˛ !ÓÓ,!ï˛Ó˚ ≤ÃÙyî

Ü˛Ó˚y ÎyÎ˚– ˆÎ ˆÜ˛yˆÏly ôlydÜ˛ ˛õ)î≈ §Çáƒy nÈüÈ~Ó˚ çlƒ ≤Ã!ï˛!ê˛ ày!î!ï˛Ü˛ !ÓÓ,!ï˛ˆÏï˛ P(n) ôÓ˚y •Î˚–
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— vvvvv —

≤ÃÌ Ï̂Ù n = 1 ~Ó˚ ˆ«˛ˆÏe ~Ó˚ §ï˛ƒï˛y Îyã˛y•z Ü˛Ó˚y •Î˚– ï˛yÓ˚˛õÓ˚ ôlydÜ˛ xá[˛ §Çáƒy kÈüÈ~Ó˚ çlƒ
P(k) §ï˛ƒ Ü˛“ly Ü˛ˆÏÓ˚ P(k + 1) §ï˛ƒ ≤ÃÙyî Ü˛Ó˚y •Î˚–

˙!ï˛•y!§Ü˛ ˆ≤Ã«˛y˛õê˛

xlƒylƒ ôyÓ˚îy G ̨õÂô!ï˛Ó˚ !Ó˛õÓ˚# Ï̂ï˛ ày!î!ï˛Ü˛ xy Ï̂Ó˚y• Ï̂îÓ˚ Ùyôƒ Ï̂Ù ≤ÃÙyî Ü˛Ó˚yÓ˚ !Ó£ÏÎ˚!ê˛ ̂ Ü˛y Ï̂ly

!l!ò≈T˛ Óƒ!=˛ Ü˛ï,≈̨ Ü˛ !Ó Ï̂¢£Ï Ù%•)̂ Ïï≈̨  xy!Ó‹,Òï˛ •Î˚!l–

~ê˛y Ü˛!Ìï˛ xy Ï̂SÈ ̂ Î !˛õÌy Ï̂àyÓ˚#Î˚̂ ÏòÓ˚ ày!î!ï˛Ü˛ xy Ï̂Ó˚y•î l#!ï˛Ó˚ §y Ï̂Ì ̨õ!Ó˚!ã˛!ï˛ !SÈ°– ày!î!ï˛Ü˛

xy Ï̂Ó˚y•î l#!ï˛Ó˚ §)e˛õyï˛ Ê˛Ó˚y!§ à!îï˛K˛ ̂ Óœ•zç ̨õyflÒy° åBlaise Pascalä Ü˛ Ï̂Ó˚̂ ÏSÈl Ó Ï̂° ôÓ˚y •Î˚–

•zÇ Ï̂Ó˚ç à!îï˛K˛ çl GÎ˚y!°§ xy Ï̂Ó˚y•î åinductionä lyÙ!ê˛ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚l–

˛õÓ˚Óï≈˛#Ü˛yˆÏ° !m˛õò í˛z˛õ˛õyˆÏòƒÓ˚ ≤ÃÙyˆÏî ~ l#!ï˛Ó˚ ≤ÃˆÏÎ˚yà Ü˛Ó˚y •Î˚–

!í˛  ÙÓ˚àƒyl à!î Ï̂ï˛Ó˚ ̂ «˛ Ï̂e !Ó!Ë˛ß¨ !Ó£Ï̂ ÏÎ˚Ó˚ Ó•% xÓòyl ̂ Ó˚̂ Ïá ̂ à Ï̂SÈl– G!l•z ≤ÃÌÙ Óƒ!=˛ !Î!l

ÚÚày!î!ï˛Ü˛ xyˆÏÓ˚y•îÛÛ §ÇK˛y!Î˚ï˛ Ü˛ˆÏÓ˚l ~ÓÇ lyÙÜ˛Ó˚î Ü˛ˆÏÓ˚l– ày!î!ï˛Ü˛ ̂ ◊!îÓ˚ x!Ë˛§y!Ó˚c !lî≈ˆÏÎ˚
!í˛ÈüÈÙÓ˚àƒy Ï̂lÓ˚ !lÎ˚Ù !ÓÜ˛!¢ï˛ Ü˛ Ï̂Ó˚l–

G. Peano í˛zlyÓ˚ Ü˛yˆÏçÓ˚ ÙyôƒˆÏÙ §%flõT˛ xl%ˆÏÙÎ˚ !ÓÓ,!ï˛Ù)°Ü˛ ̂ §ê˛ ̂ ÌˆÏÜ˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚

ôÙ≈yÓ!° !ÓÓ,!ï˛ Ü˛ Ï̂Ó˚lñ Îy ~ál !˛õÎ˚y Ï̂lyÓ˚ fl∫ï˛!§Âô !• Ï̂§ Ï̂Ó áƒyï˛– ày!î!ï˛Ü˛ xy Ï̂Ó˚y•î l#!ï˛Ó˚ xlƒÓ)̨̊ õ
~Ü˛!ê˛ !ÓÓ,!ï˛ •° !˛õÎ˚y Ï̂lyÓ˚ fl∫ï˛/!§Âôà%̂ Ï°yÓ˚ ~Ü˛!ê˛–
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ç!ê˛° Ó̊y!¢ ~ÓÇ !mâyï˛ §Ù#Ü˛Ó̊î
Complex Numbers and Quadratic Equations

xôƒyÎ̊È 5

vMathematics is the Queen of Sciences and Arithmetic is the Queen of

Mathematics. – GAUSS v

5.1  Ë )̨!ÙÜ˛y

˛õ)Ó≈Óï˛#≈ ̂ ◊!î Ï̂ï˛ñ  xyÙÓ̊y ~Ü˛ã˛° G !mã˛° Ó̊y!¢!Ó!¢T˛  ~Ü˛âyï˛  §Ù#Ü˛Ó̊î
~ÓÇ ~Ü˛ã˛° Ó˚y!¢!Ó!¢T˛  !mâyï˛  §Ù#Ü˛Ó˚î  ̨õ Ï̂í ¸̨!SÈ– xyÙÓ˚y ̂ ò Ï̂á!SÈ ̂ Î
x2 +1 = 0 §Ù#Ü˛Ó˚î!ê˛Ó˚ ̂ Ü˛y Ï̂ly ÓyhflÏÓ §Ùyôyl ̂ l•z– x2 + 1 = 0 ̂ Ì Ï̂Ü˛
˛õy•z x2 = – 1 ~ÓÇ §Ó  ÓyhflÏÓ §ÇáƒyÓ˚ Óà≈ xÈüÈ}îydÜ˛– xï˛~Óñ
xyÙy Ï̂òÓ̊ ÓyhflÏÓ §Çáƒy ̨õÂô!ï˛̂ ÏÜ˛ xyÓ̊G Ó,•ÍÓ̊)̂ Į̈ õ §¡±§y!Ó̊ï˛ Ü˛Ó̊y ≤Ã̂ ÏÎ̊yçl
Îy Ï̂ï˛ xyÙÓ˚y x2 = – 1 §Ù#Ü˛Ó˚̂ ÏîÓ˚ §Ùyôyl Ü˛Ó˚̂ Ïï˛ ̨ õy!Ó˚– xy§ Ï̂°ñ Ù)°
í ẑ̨ Ïj¢ƒ  •° ax2 + bx + c = 0 §Ù#Ü˛Ó˚î  §Ùyôyl  Ü˛Ó˚yñ ˆÎáy Ï̂l
D = b2 –  4ac < 0 Îy ÓyhflÏÓ §Çáƒy ˛õÂô!ï˛ Ï̂ï˛ §Ω˛Ó lÎ˚–

5.2  ç!ê˛° Ó˚y!¢ åComplex Numbersä

ã˛ Ï̂°y xyÙÓ˚y −1  ˆÜ˛ i ≤Ãï˛#Ü˛ !ò Ï̂Î˚ !ã˛!•´ï˛ Ü˛!Ó˚– ï˛álñ xyÙÓ˚y ˛õy•z i2 = –1ñ ~Ó˚ Ùy Ï̂l ~•z ˆÎ i •° x2

+ 1 = 0 §Ù#Ü˛Ó˚̂ ÏîÓ˚ ~Ü˛!ê˛ §Ùyôyl–

ˆÎ ̂ Ü˛y Ï̂ly Ó˚y!¢ ÎyÓ˚ xyÜ˛yÓ˚ a + ib ̂ Îáy Ï̂l a G b ̨ÓyhflÏÓ §Çáƒyñ ~ ôÓ˚̂ ÏlÓ˚ Ó˚y!¢ Ï̂Ü˛ ç!ê˛° Ó˚y!¢ Ó Ï̂°–

ˆÎÙlñ  2 + i3,  (– 1) + i 3 ,  4
1

11
+

−







i  •° ç!ê˛° Ó˚y!¢–

ç!ê˛° Ó˚y!¢  z = a + ib ̂ ï˛ñ  a •° ÈzüÈ~Ó˚ ÓyhflÏÓ xÇ¢ñ Îy Re z !ò Ï̂Î˚ ̂ ÓyV˛y Ï̂ly •Î˚ ~ÓÇ b •°  zÈüÈ~Ó˚
Ü˛y“!lÜ˛ xÇ¢ Îy ˆÓyV˛y Ï̂ly •Î˚ Im z myÓ˚y– ˆÎÙlñ z =2 + i5 ~Ó˚ !ò Ï̂Î˚ Re z =2 ~ÓÇ Im z = 5

ò%!ê˛ ç!ê˛° Ó˚y!¢ z
1
 = a + ib ~ÓÇ z

2
 = c + id §Ùyl • Ï̂Ó Î!ò a = c  ~ÓÇ b = d •Î˚–
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í˛zòy•Ó˚î 1 ı Î!ò 4x + i(3x – y) = 3 + i (– 6) •Î˚ñ ˆÎáˆÏl x G y ÓyhflÏÓ §Çáƒyñ ï˛ˆÏÓ x G y ~Ó˚ Ùyl
!lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı  ̂ òGÎ˚y xy Ï̂SÈ
4x + i (3x – y) = 3 + i (–6) ... (1)

(1) ~Ó˚ ÓyhflÏÓ G Ü˛y“!lÜ˛ xÇ¢ ï%̨ °ly Ü˛ Ï̂Ó˚̨  ̨ õy•zñ
4x = 3,    3x – y = – 6,

Îyñ ~Ü˛ Ï̂Îy Ï̂à §Ùyôyl Ü˛ Ï̂Ó˚ ˛õyGÎ˚y ÎyÎ˚ñ  x =
3

4
  G y =

33

4
–

5.1  ç!ê˛° Ó˚y!¢Ó˚ Ó#çà!îï˛  åAlgebra of Complex Numbersä
˛~ !ÓË˛y Ï̂àñ xyÙÓ˚y ç!ê˛° ̨Ó˚y!¢Ó˚ Ó#çày!î!ï˛Ü˛ ôyÓ˚îyÓ˚ !ÓÜ˛y¢ âê˛y Ï̂Óy–

5.3.1  ò%!ê˛ ç!ê˛° Ó˚y!¢Ó˚ ˆÎyà åAddition of two complex numbersä  ôˆÏÓ˚yñ z
1
 = a + ib ~ÓÇ

z
2
 = c + id ˆÎ ˆÜ˛yˆÏly ò%!ê˛ ç!ê˛° Ó˚y!¢– ï˛y•ˆÏ°ñ ˆÎyàÊ˛°  z

1
 + z

2
  !l¡¨Ó˚)˛ˆÏõ §ÇK˛y!Î˚ï˛ ı

z
1
 + z

2
 = (a + c) + i (b + d), Îy xyÓyÓ˚ ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢–

ˆÎÙlñ  (2 + i3) + (– 6 +i5) = (2 – 6) + i (3 + 5) = – 4 + i 8 –
ç!ê˛° Ó˚y!¢Ó˚ ̂ Îyà !l¡¨!°!áï˛ ôÙ≈à%ˆÏ°y !§Âô Ü˛ˆÏÓ˚ ı

(i) xyÓÂô §)e ÈüüüÈ ò%!ê˛ ç!ê˛° Ó˚y!¢Ó˚ ̂ ÎyàÊ˛°G ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢ xÌ≈yÍñ §Ü˛° ç!ê˛° Ó˚y!¢  z
1
G

z
2
üÈ~Ó˚ çlƒ z

1
 + z

2
 ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢–

(ii) !Ó!lÙÎ˚ !lÎ˚ÙÈüüüÈ ˆÎ ˆÜ˛yˆÏly ò%!ê˛ ç!ê˛° Ó˚y!¢  z
1
 G z

2
  ~Ó˚ ˆ«˛ Ï̂e z

1
 + z

2
 = z

2

 + z
1
 –

(iii) §ÇˆÏÎyà !lÎ˚ÙÈüüüÈ ˆÎ ˆÜ˛y Ï̂ly !ï˛l!ê˛ ç!ê˛° Ó˚y!¢ z
1
, z

2
, G z

3
, ñ  ~Ó˚ ˆ«˛ Ï̂eñ  (z

1
 + z

2
) + z

3

= z
1
 + (z

2
 + z

3
)–

(iv) ˆÎyàç x Ï̂Ë˛ Ï̂òÓ˚ x!hflÏcÈüüüÈ ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢  0 + i .0 (0 ̂ Ü˛ §)!ã˛ï˛ Ü˛ Ï̂Ó˚) ~Ó˚ x!hflÏc xy Ï̂SÈñ
Îy Ï̂Ü˛  Ó°y  •Î˚  ̂ Îyàç  x Ï̂Ë˛ò Óy ¢)lƒ ç!ê˛° Ó˚y!¢ñ ~Ùl ̂ Îñ §Ü˛° ç!ê˛° Ó˚y!¢  z ~Ó˚ çlƒñ
z + 0 = z –

(v) ˆÎyàç !Ó˛õÓ˚#ï˛ ~Ó˚ x!hflÏcÈüüüÈ ≤Ã!ï˛!ê˛ ç!ê˛° Ó˚y!¢  z = a + ib, ~Ó˚ çlƒ xyÙÓ˚y ~Ü˛!ê˛ ç!ê˛°
Ó˚y!¢ – a + i (– b) ( –  z myÓ˚y §)!ã˛ï˛ •Î˚) ˛õy•zñ ÎyˆÏÜ˛  z ~Ó˚ ˆÎyàç !Ó˛õÓ˚#ï˛ Óy }îydÜ˛
z Ó°y •Î˚– xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎñ  z + (–z) = 0  (ˆÎyàç xˆÏË˛ò) –

5.3.2  ò%!ê˛ ç!ê˛° Ó˚y!¢Ó˚ xhs˝Ó˚ åDifference of two complex numbersä  ˆÎ ˆÜ˛y Ï̂ly ò%!ê˛ ≤Ãò_
ç!ê˛° Ó˚y!¢  z

1
 G z

2
 ~Ó˚ ˆ«˛ˆÏeñ ~ˆÏòÓ˚ xhs˝Ó˚  z

1
 – z

2
 !l¡¨Ó˚)ˆÏ˛õ §ÇK˛y!Î˚ï˛ ı

z
1
 – z

2
 = z

1
 + (– z

2
).

í z̨òy•Ó̊îfl∫Ó̊)̨ õñ (6 + 3i) – (2 – i) = (6 + 3i) + (– 2 + i ) = 4 + 4i

~ÓÇ (2 –  i) – (6 + 3i) = (2 – i) + ( – 6 – 3i) = – 4 – 4i
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5.3.3  ò%!ê˛ ç!ê˛° Ó˚y!¢Ó˚ à%î åMultiplication of two complex numbersä ôˆÏÓ˚yñ z
1
 = a + ib

~ÓÇ z
2
 = c + id ˆÎ ˆÜ˛yˆÏly ò%!ê˛ ç!ê˛° Ó˚y!¢– ï˛y•ˆÏ°ñ à%îÊ˛°  z

1
 z

2
 !l¡¨Ó˚)ˆÏ˛õ §ÇK˛y!Î˚ï˛ ı

z
1
 z

2
 = (ac –  bd) + i(ad + bc)

ˆÎÙl, (3 + i5) (2 + i6) = (3 × 2 – 5 × 6) + i(3 × 6 + 5 × 2) = – 24 + i28

ç!ê˛° Ó˚y!¢Ó˚ à%î !l¡¨!°!áï˛ ôÙ≈yÓ!° ˆÙˆÏl ã˛ˆÏ°ñ Îy xyÙÓ˚y ≤ÃÙyî SÈyí˛¸y !ÓÓ,ï˛ Ü˛Ó˚!SÈ–
(i) xyÓÂô !lÎ˚Ù ÈüüüÈ ò%!ê˛ ç!ê˛° Ó˚y!¢Ó˚ à%îÊ˛°G ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢– §Ó ç!ê˛° Ó˚y!¢ z

1 
G z

2
 ~Ó˚

ˆ«˛ˆÏe à%îÊ˛°  z
1
 z

2
 ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢–

(ii) !Ó!lÙÎ˚ !lÎ˚Ù ÈüüüÈ  ˆÎ ˆÜ˛y Ï̂ly ò%!ê˛ ç!ê˛° Ó˚y!¢  z
1
 G z

2
 ÈüÈ~Ó˚ ˆ«˛ Ï̂eñ

z
1
 z

2
 = z

2
 z

1

.

(iii) §Ç Ï̂Îyà !lÎ˚Ù üüüÈ  ˆÎ ˆÜ˛yˆÏly !ï˛l!ê˛ ç!ê˛° Ó˚y!¢ z
1
, z

2
 G z

3
, ÈüÈ~Ó˚ ˆ«˛ˆÏeñ

(z
1
 z

2
) z

3
 = z

1
 (z

2
 z

3
).

(iv) à%îç xˆÏË˛ˆÏòÓ˚ x!hflÏcÈüüüÈ  ~Ùl ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢Ó˚  1 + i 0 (1 !òˆÏÎ˚ §)!ã˛ï˛ •Î˚),  x!hflÏc
xyˆÏSÈñ ÎyˆÏÜ˛ à%îç xˆÏË˛ò  Ó°y •Î˚ñ ˆÎáy Ï̂l §Ü˛° ç!ê˛° Ó˚y!¢Ó˚ ˆ«˛ Ï̂e  z.1 = z –

(v) à%îç  !Ó˛õÓ˚#ï˛ ~Ó˚  x!hflÏcÈüüüÈ ≤Ã!ï˛!ê˛  xÈüÈ¢)lƒ  ç!ê˛°  Ó˚y!¢  z = a + ib  xÌÓy a + bi

(a ≠ 0, b ≠ 0),  ~Ó˚  ˆ«˛ Ï̂eñ xyÙÓ˚y  ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢ 
a

a b

i
b

a b
2 2 2 2+

+
−

+
 ( 

1

z
 Óy

z–1 !òˆÏÎ˚ §)!ã˛ï˛ •Î˚) ˛õy•zñ ÎyˆÏÜ˛ z ~Ó˚ à%îç !Ó˛õÓ˚#ï˛ Ó°y •Î˚ñ ˆÎáy Ï̂l z
z

.
1

1=  åà%îç

x Ï̂Ë˛òä–
(vi) Ó^˝ê˛l !lÎ˚Ù ˆÎ ˆÜ˛y Ï̂ly !ï˛l!ê˛ ç!ê˛° Ó˚y!¢  z

1
, z

2
 G z

3
 ~Ó˚ ˆ«˛ Ï̂e

(a)  z
1
 (z

2
 + z

3
) = z

1
 z

2
 + z

1
 z

3

(b)  (z
1
 + z

2
) z

3
 = z

1
 z

3
 + z

2
 z

3

5.3.4  ò%!ê˛ ç!ê˛° Ó˚y!¢Ó˚ Ë˛yà åDivision of two complex numbers ä ≤Ãò_ ˆÎ ˆÜ˛y Ï̂ly ò%!ê˛ ç!ê˛°

Ó˚y!¢ z
1 
G z

2
, ~Ó˚ ˆ«˛ Ï̂e  

z

z

1

2

= Ë˛yà!ê˛ˆÏÜ˛ §ÇK˛y!Î˚ï˛ Ü˛Ó˚y •Î˚

z

z
z

z

1

2

1

2

1
=  ñ ˆÎáy Ï̂l z

2
0≠ –

í˛zòy•Ó˚îfl∫Ó˚)˛õñ ôˆÏÓ˚y z
1
 = 6 + 3i ~ÓÇ z

2
 = 2 – i

ï˛ál
z

z
i

i

1

2

6 3
1

2
= + ×

−









( )  = (6 + 3i) 

2

2 1

1

2 1
2 2 2 2

+ −( )
+

− −( )
+ −( )















i



100       à!îï˛

= 6 3
2

5
+( )

+







i

i

 = 
1

5
12 3 6 6

1

5
9 12− + +( )  = +( )i i

5.3.5  i  ~Ó˚ âyˆÏï˛Ó˚ §)ã˛Ü˛ å Power of i ä xyÙÓ˚y çy!l ˆÎñ

i i i i i
3 2

1= = −( ) = − , i i
4 2

2 2
1 1= ( ) = −( ) =

i i i i i
5 2

2 2
1= ( ) = −( ) = ,  i i

6 2
3 3

1 1= ( ) = −( ) = −  •zï˛ƒy!ò–

xyÙÓ˚y xyÓ˚G ˛õy•zñ    i
i

i

i

i
i i

i

− −= × =
−

= − = =
−

= −1 2

2

1

1

1 1

1
1, ,

     i

i i

i

i

i
i i

i

− −= =
−

× = = = = =3

3

4

4

1 1

1

1 1

1
1,

§yôyÓ˚îË˛yˆÏÓñ ˆÎ ˆÜ˛yˆÏly xá[˛ §Çáƒy k ~Ó˚ çlƒñ  i4k = 1, i4k + 1 = i, i4k + 2 = –1, i4k + 3 = – i

5.3.6  ~Ü˛!ê˛ }îydÜ˛ ÓyhflÏÓ §ÇáƒyÓ˚ Óà≈Ù)° §Ù)•  åThe square roots of a negative real

number ä

°«˛ Ü˛ Ï̂Ó˚yñ   i2 = –1 ~ÓÇ  ( – i)2 = i2 = – 1

§%ï˛Ó˚yÇ  – 1 ~Ó˚ Óà≈Ù)° à%̂ Ï°y • Ï̂°y i, – i – Îy•z ˆ•yÜ˛ −1 , ≤Ãï˛#Ü˛ !òˆÏÎ˚ xyÙÓ˚y ¢%ô%Ùye i ˆÜ˛ Ó%!V˛–

~ál xyÙÓ˚y ˆò!á ˆÎñ  i ~ÓÇ –i í˛zË˛Î˚•z x2 + 1 = 0 Óy  x2 = –1 §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl–

~Ü˛•zË˛y Ï̂Óñ 3
2 2

i( ) = ( )3  i2 = 3 (– 1) = – 3

−( )3
2

i  = −( )3
2

 i2 = – 3–

§%ï˛Ó˚yÇñ  –3 ~Ó˚ Óà≈Ù)°à%̂ Ï°y •°  3 i  ~ÓÇ − 3 i –

xyÓyÓ˚ñ  −3  ≤Ãï˛#Ü˛ ¢%ô%Ùye 3 i  ÈüÈˆÜ˛ ˆÓyV˛yÎ˚ xÌ≈yÍñ  −3  = 3 i –

§yôyÓ˚îï˛ñ Î!ò a ~Ü˛!ê˛ ôlydÜ˛ ÓyhflÏÓ §Çáƒy •Î˚ñ ï˛ˆÏÓ −a  = a −1  = a i ,

~ê˛y xyÙyˆÏòÓ˚ çyly xyˆÏSÈ ˆÎñ  a b×  = ab  ˆÎáy Ï̂l a G b ôlydÜ˛ ÓyhflÏÓ §Çáƒy– ~•z

Ê˛°yÊ˛° §ï˛ƒ •Î˚ Îál a > 0, b < 0  xÌÓy a < 0,  b > 0 –  a < 0, b < 0 •ˆÏ° !Ü˛ •ˆÏÓ⁄ ã˛ˆÏ°y xyÙÓ˚y
˛õÓ˚#«˛y Ü˛ˆÏÓ˚ ̂ ò!á–
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°«˛ Ü˛ Ï̂Ó˚yÈüüüÈ

i
2

1 1 1 1= − − = −( ) −( )  (§Ó ÓyhflÏÓ §ÇáƒyÓ˚ çlƒ a b×  = ab  ôˆÏÓ˚ !lˆÏÎ˚)

= 1  = 1,  Îy i2 = –1 •GÎ˚yÓ˚ âê˛lyˆÏÜ˛ !ÓˆÏÓ˚y!ôï˛y Ü˛ˆÏÓ˚–

xï˛~Óñ  a b ab× ≠  Î!ò a ~ÓÇ b í˛zË˛Î˚•z }îydÜ˛ ÓyhflÏÓ §Çáƒy •Î˚–

~SÈyí ¸̨yGñ Î!ò Èa ~ÓÇ b üÈ~Ó˚ ˆÎ ˆÜ˛yˆÏly ~Ü˛!ê˛ ¢)lƒ •Î˚ñ ï˛ˆÏÓñ flõT˛ï˛•zñ a b ab× = = 0–

5.3.7 xˆÏË˛òyÓ°#  åIdentitiesä xyÙÓ˚y !l¡¨!°!áï˛ xˆÏË˛ò!ê˛ ≤ÃÙyî Ü˛Ó˚ÏÓ–

z z z z z z
1 2

2

1

2

2

2

1 2
2+( ) = + + , §Ó ç!ê˛° Ó˚y!¢  z

1
 G z

2
 ~Ó˚ çlƒ–

≤ÃÙyî ı  xyÙÓ˚y ˛õy•zñ (z
1
 + z

2
)2 = (z

1
 + z

2
) (z

1
 + z

2
),

=  (z
1
 + z

2
) z

1
 + (z

1
 + z

2
) z

2
(Ó ˝̂ê˛l !lÎ˚Ù)

= z z z z z z
1

2

2 1 1 2 2

2+ + + (Ó ˝̂ê˛l !lÎ˚Ù)

    = z z z z z z
1

2

1 2 1 2 2

2+ + +   (à%ˆÏîÓ˚ !Ó!lÙÎ˚ !lÎ˚Ù)

    = z z z z
1

2

1 2 2

2
2+ +

~Ü˛•zË˛yˆÏÓñ xyÙÓ˚y !l¡¨!°!áï˛ xˆÏË˛òà%ˆÏ°y ≤ÃÙyî Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚ ı

(i) z z z z z z
1 2

2

1

2

1 2 2

2
2−( ) = − +

(ii) z z z z z z z z
1 2

3

1

3

1

2

2 1 2

2

2

3
3 3+( ) = + + +

(iii) z z z z z z z z
1 2

3

1

3

1

2

2 1 2

2

2

3
3 3−( ) = − + −

(iv) z z z z z z
1

2

2

2

1 2 1 2
− = +( ) −( )

≤ÃÜ,̨ ï˛˛õ Ï̂«˛ñ xlƒ x Ï̂lÜ˛ x Ï̂Ë˛òyÓ°# ̂ Îà%̂ Ï°y §Ó ÓyhflÏÓ §ÇáƒyÓ˚ çlƒ §ï˛ƒ ̂ §à%̂ Ï°y §Ó ç!ê˛° Ó˚y!¢Ó˚
ˆ«˛ˆÏeG §ï˛ƒ ÓˆÏ° ≤ÃÙyî Ü˛Ó˚y ÎyÎ˚–
í˛zòy•Ó˚î 2 ı !l¡¨!°!áï˛à%ˆÏ°yˆÏÜ˛  a + bi  åÓy a + ib ä xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y ı

(i) −( ) 







5

1

8
i i (ii) −( ) ( ) −









i i i2

1

8

3

§Ùyôyl ı (i) −( ) 







 =

−
=

−
−( ) = = +5

1

8

5

8

5

8
1

5

8

5

8
0

2
i i i i

(ii) −( ) ( ) −








 = ×

× ×
× = ( ) =i i i i i i i2

1

8
2

1

8 8 8

1

256

1

256

3

5 2
2
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§Ùyôyl ı  xyÙÓ˚y ˛õy•zñ  (5 – 3i)3 = 53 – 3 × 52 × (3i) + 3 × 5 (3i)2 – (3i)3

= 125 –  225i – 135 + 27i  = – 10 – 198i.

í˛zòy•Ó˚î 4  − + −( ) −( )3 2 2 3 i  ˆÜ˛  a + ib xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  xyÙÓ˚y ˛õy•zñ  − + −( ) −( ) = − +( ) −( )3 2 2 3 3 2 2 3i i i

= − + + − = − +( ) + +( )6 3 2 6 2 6 2 3 1 2 2
2

i i i i

5.4  ~Ü˛!ê˛ ç!ê˛° Ó̊y!¢Ó̊ Ù!í˛í z̨°y§ ~ÓÇ xl%Órô#‡≤Ã!ï˛ Ï̂Îyà# åThe Modulus and the Conjugate

of a Complex Numberä

ôˆÏÓ˚yñ  z = a + ib ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢– ï˛ Ï̂Ó  z ÈüÈ~Ó˚ Ù!í˛í˛z°y§ˆÏÜ˛ñ  | z | !òˆÏÎ˚ §%!ã˛ï˛ Ü˛Ó˚y •Î˚ ~ÓÇ

xÈüÈ}îydÜ˛ ÓyhflÏÓ §Çáƒy  a b
2 2+ myÓ˚y §ÇK˛y!Î˚ï˛ •Î˚ñ xÌ≈yÍñ  | z | = a b

2 2+  ~ÓÇ z ÈüÈ~Ó˚

xl%Órô#ñ Îy z  !òˆÏÎ˚ §%!ã˛ï˛ Ü˛Ó˚y •Î˚ñ ï˛y •° ç!ê˛° Ó˚y!¢ a –  ib,  xÌ≈yÍñ z  = a –  ib –

ˆÎÙlñ 3 3 1 10
2 2+ = + =i ,  2 5 2 5 29

2 2− = + − =i ( ) ,

~ÓÇ 3 3+ = −i i ,   2 5 2 5− = +i i ,    − −3 5i  = 3i – 5

°«˛ Ü˛ˆÏÓ˚y ̂ Îñ x¢)lƒ ç!ê˛° Ó˚y!¢ zÈüÈ~Ó˚ à%îç !Ó˛õÓ˚#ï˛ åmultiplicative inverseä •°ÈüüüÈ

z–1 =  
1

2 2 2 2 2 2
a ib

a

a b

i
b

a b

a ib

a b+
=

+
+

−

+
=

−

+
=

z

z
2

xÌÓyñ  z z z=
2

~SÈyí˛¸yGñ !l¡¨!°!áï˛ Ê˛°yÊ˛°à%ˆÏ°y §•ˆÏç•z xç≈l Ü˛Ó˚y ÎyÎ˚– ˆÎ ˆÜ˛yˆÏly ò%!ê˛ ç!ê˛° Ó˚y!¢ z
1
  G z

2

~Ó˚ ˆ«˛ˆÏeñ xyÙÓ˚y ˛õy•zÈüüüÈ

(i) z z z z
1 2 1 2

= (ii)
z

z

z

z

1

2

1

2

= ñ ˆÎáyˆÏl z
2

0≠

(iii) z z z z
1 2 1 2

=      (iv) z z z z
1 2 1 2

± = ±     (v) 
z

z

z

z

1

2

1

2









 = ñ ˆÎáyˆÏl  z

2
 ≠ 0.

í˛zòy•Ó˚î 5  2 –  3i ~Ó˚ à%îç !Ó˛õÓ˚#ï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
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§Ùyôyl ı  ôˆÏÓ˚yñ  z = 2 –  3i

ï˛ Ï̂Ó z  = 2 + 3i  ~ÓÇ z
2 2 2

2 3 13= + − =( )

§%ï˛Ó˚yÇñ  2 – 3i ~Ó˚ à%îç !Ó˛õÓ˚#ï˛ •°ÈüüüÈ

z–1 
= =

+
= +

z

z

i
i

2

2 3

13

2

13

3

13

í z̨̨ õ Ï̂Ó˚Ó˚ ≤Ã!Ü ̨ Î˚y!ê˛ Ï̂Ü˛ !l¡¨!°!áï˛ í z̨̨ õy Ï̂Î˚G Ü˛Ó˚y ÎyÎ˚ñ

z–1 =
1

2 3

2 3

2 3 2 3−
=

+

− +i

i

i i( ) ( )

=
2 3

2 3

2 3

13

2

13

3

13
2 2

+

−
=

+
= +

i

i

i
i

( )

í˛zòy•Ó˚î  6  !l¡¨!°!áï˛ à%ˆÏ°yˆÏÜ˛  a + ib xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y ı

(i) 
5 2

1 2

+

−

i

i
(ii)  i –35

§Ùyôyl ı (i)  xyÙÓ˚y ˛õy•zñ  
5 2

1 2

5 2

1 2

1 2

1 2

5 5 2 2 2

1 2
2

+

−
=

+

−
×

+

+
=

+ + −

− ( )
i

i

i

i

i

i

i i

i

=
+

+
=

+
= +

3 6 2

1 2

3 1 2 2

3
1 2 2

i i
i

( )

(ii) i
i

i i
i

i

i

i

i

i
− = =

( )
=

−
× =

−
=35

35
2

17 2

1 1 1

xl%¢#°l#  5.1

 1 lÇ ˆÌ Ï̂Ü˛ 10 lÇ ˛≤ÃŸ¿˛ õÎ≈hs˝  ≤Ãò_ ≤Ã!ï˛!ê˛ ç!ê˛° Ó˚y!¢ˆÏÜ˛ a + ib xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y–

1. 5
3

5
i i( ) −









 2. i i

9 19+ 3. i
−39

4. 3(7 + i7) + i (7 + i7) 5. (1 – i) – ( –1 + i6)
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!ã˛e 5.1

6.  
1

5

2

5
4

5

2
+









 − +









i i 7.

1

3

7

3
4

1

3

4

3
+









 + +



















 − − +









i i i

8. (1 – i)4 9.
1

3
3

3

+








i 10. − −









2

1

3

3

i

11 lÇ ̂ Ì Ï̂Ü˛ 13 lÇ ≤ÃŸ¿˛ ̨ õÎ≈hs˝ ≤Ãò_ ≤Ã!ï˛!ê˛ ç!ê˛° Ó˚y!¢Ó˚ à%îç !Ó˛õÓ˚#ï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y ı

11. 4 –  3i 12. 5 3+ i 13. – i

14. !lˆÏ¡¨Ó˚ Ó˚y!¢Ùy°y!ê˛ˆÏÜ˛  a + ib  xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y ı

3 5 3 5

3 2 3 2

+( ) −( )
+( ) − −( )

i i

i i

5.5  xyÓ̊àƒyu˛ ï˛° ~ÓÇ ̂ ÙÓ̊% xyÜ˛y Ï̂Ó̊ í z̨̨ õfiÌy˛õly åArgand Plane and Polar Representationä

xyÙÓ˚y •z!ï˛ÙˆÏôƒ çy!l ˆÎñ ÓyhflÏÓ §ÇáƒyÓ˚ ≤Ã!ï˛!ê˛ Ü ˛!ÙÜ˛ ˆçyí˛¸ (x, y) ~Ó˚ xl%Ó)̨̊ ˆÏ˛õ XY-§Ùï˛ˆÏ° xyÙÓ˚y
~Ü˛!ê˛ xllƒ !Ó®% ˛õy•z ~ÓÇ !Ó˛õÓ˚#ï˛ Ü ˛ˆÏÙ ~!ê˛
˛õÓ˚flõÓ˚ °¡∫ ̂ Ó˚áyÓ˚ ~Ü˛!ê˛ ̂ § Ï̂ê˛Ó˚ x-x«˛ §y Į̈̂ õ Ï̂«˛
§ï˛ƒ ÎyÓ˚y x G y-x«˛ !•ˆÏ§ˆÏÓ ˛õ!Ó˚!ã˛ï˛– ç!ê˛°
Ó˚y!¢ x + iy Ü ̨ !ÙÜ˛ ̂ çyí ¸̨ (x, y) ˆÏÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚ñ
Îy çƒy!Ù!ï˛Ü˛  Ë˛yˆÏÓ XY-§Ùï˛ˆÏ°Ó˚ í˛z˛õÓ˚ ~Ü˛!ê˛
xllƒ !Ó®% P(x, y) ˆÜ˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚ ~ÓÇ
!Ó˛õÓ˚#ï˛Ü ̨ Ï̂ÙG ~!ê˛ §ï˛ƒ–

Ü˛ Ï̂Î˚Ü˛!ê˛ ç!ê˛° Ó˚y!¢ ̂ ÎÙl 2 + 4i, – 2 + 3i,

0 + 1i, 2 + 0i, – 5 –2i  ~ÓÇ 1 – 2i  Îy Ï̂òÓ˚
xl%Ó˚)˛õ  Ü ˛!ÙÜ˛  ̂ çyí˛¸à%ˆÏ°y •° ÎÌyÜ ˛ˆÏÙ  (2, 4),

( – 2, 3),   (0, 1),   (2, 0),  ( –5, –2),  ~ÓÇ
(1, – 2) – ~ˆÏòÓ˚ çƒy!Ù!ï˛Ü˛ Ë˛yˆÏÓ ÎÌyÜ ˛ˆÏÙ  A,

B, C, D, E, G F !Ó®% !ò Ï̂Î̊ !ã˛e 5.1 ̂ Ïï˛ í z̨̨ õfiÌy˛õl
Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ–

~Ü˛!ê˛ ï˛°ñ ÎyÓ˚ ≤Ã!ï˛!ê˛ !Ó®% ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢ˆÏÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚ñ ï˛yˆÏÜ˛ ç!ê˛° ï˛°  Óy xyÓ˚àƒyu˛
ï˛° Ó Ï̂°–

flõT˛ï˛•zñ xyÓ˚àƒyu˛ ï˛ˆÏ°ñ ç!ê˛° Ó˚y!¢ x + iy ~Ó˚ Ù!í˛í z̨°y§  = x y
2 2+  •°  P(x, y) !Ó®%
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~ÓÇ Ù)°!Ó®%  O (0, 0) ~Ó˚ Ù Ï̂ôƒ ò)Ó˚c (!ã˛e 5.2) –  x- xˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ !Ó®%à%ˆÏ°y a + i 0

xyÜ˛yˆ ÏÓ ˚Ó ˚ ç!ê˛° Ó˚y!¢à%ˆ Ï°yˆ ÏÜ˛ !lˆÏò ≈¢ Ü˛ˆ ÏÓ ˚ ~ÓÇ  y-xˆÏ«˛Ó˚ í˛ zõÓ˚ xÓ!fiÌï˛ !Ó®%à%ˆ Ï°y
0 + i b xyÜ˛yˆÏÓ˚Ó˚ ç!ê˛° Ó˚y!¢à%ˆÏ°yˆÏÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚– xyÓ˚àƒyu˛ ï˛ˆÏ° x- x«˛ ~ÓÇ  y- x«˛ˆÏÜ˛ ÎÌyÜ ˛ˆÏÙ
ÓyhflÏÓ x«˛  ~ÓÇ Ü˛y“!lÜ˛ x«˛  Ó°y •Î˚–

!ã˛e 5.2

!ã˛e 5.3

xyÓ˚àƒyu˛ ï˛ˆÏ° ç!ê˛° Ó˚y!¢ z = x + iy ~ÓÇ ï˛yÓ˚ xl%Órô# ‚ z  = x – iy ÎÌyÜ ̨ Ï̂Ù P (x, y)

~ÓÇ Q (x, – y) !Ó®% myÓ˚y í˛z˛õfiÌy˛õl Ü˛Ó˚y •Î˚–
çƒy!Ù!ï˛Ü˛Ë˛yˆÏÓñ  (x, – y) !Ó®% •° ÓyhflÏÓ xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ (x, y) !Ó®% ~Ó˚ ò˛õ≈î ≤Ã!ï˛!Ó¡∫ åmirror

imageä (!ã˛e 5.3)–
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5.5.1  ˛ç!ê˛° Ó˚y!¢Ó˚ ˆÙÓ˚% xyÜ˛yˆÏÓ˚ í˛z˛õfiÌy˛õl
åPolar representation of a complex

numberä  ôˆÏÓ˚y P !Ó®%!ê˛ ç!ê˛° Ó˚y!¢ z = x + iy

ˆÜ˛ í z̨̨ õfiÌy˛õl Ü˛ Ï̂Ó˚– ô Ï̂Ó˚yñ !l Ï̂ò≈!¢ï˛ ̂ Ó˚áyÇ¢ OP ~Ó˚
˜òâ≈ƒ r ~ÓÇ OP ôlydÜ˛ x- xˆÏ«˛Ó˚ §ˆÏAà θ ˆÜ˛yî
Ü˛ˆÏÓ˚ (!ã˛e 5.4)–

xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎ P !Ó®%!ê˛ ÓyhflÏÓ §ÇáƒyÓ˚
Ü ̨ !ÙÜ˛ ̂ çyí ¸̨ (r, θ) ̂ Ü˛ xllƒÓ)̊̂ Į̈ õ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ñ Îy Ï̂Ü˛
P !Ó®%Ó˚ ̂ ÙÓ˚% fiÌylyAÜ˛ ÓˆÏ°– xyÙÓ˚y Ù)°!Ó®%ˆÏÜ˛ ̂ ÙÓ˚%
~ÓÇ x xˆÏ«˛Ó˚ ôlydÜ˛ !òÜ˛ˆÏÜ˛ ≤ÃyÓ˚!Ω˛Ü˛ ˆÓ˚áy ô!Ó˚–

xyÙÓ˚y ˛õy•zñ x = r cos θ, y = r sin θ –
§%ï˛Ó˚yÇñ  z = r (cos θ + i sin θ) Îy Ï̂Ü˛ ç!ê˛° Ó˚y!¢Ó˚ ˆÙÓ˚% xyÜ˛yÓ˚ åpolar formä Ó°y •Î˚– ~áyˆÏlñ

r x y z= + =2 2  •° ÈzüÈ~Ó˚ Ù!í˛í z̨°y§ ~ÓÇ θ •° z ~Ó˚ xyÓ˚à%ˆÏÙrê˛ åÓy xƒyÙ!≤’!ê˛í˛zí˛äñ ÎyˆÏÜ˛ arg z

!ò Ï̂Î˚ §)!ã˛ï˛ Ü˛Ó˚y •Î˚–
ˆÎ ˆÜ˛yˆÏly x¢)lƒ åz ≠ 0ä ç!ê˛° Ó˚y!¢Ó˚ ˆ«˛ˆÏe,  0 ≤ θ < 2π Ï̂ï˛ θÈüÈ~Ó˚ ˆÜ˛Ó° ~Ü˛!ê˛ Ùyl Ìy Ï̂Ü˛–

Îy•z ˆ•yÜ˛ñ  2π, ˜òˆÏâ≈ƒÓ˚ xlƒ ˆÎ ˆÜ˛yˆÏly xhs˝Ó˚y°ñ ˆÎÙl – π <  θ ≤ π G ~Ùl ~Ü˛!ê˛ xhs˝Ó˚y° • Ï̂ï˛
˛õyˆÏÓ˚– xyÙÓ˚y θ ~ÓÇ ~Ùl Ùyl ˆlÏÓ ˆÎl π <  θ ≤  π •Î˚ñ Î!ò !ÓˆÏ¢£Ï !Ü˛S%È í˛zˆÏÕ‘á ly ÌyˆÏÜ˛ ï˛ˆÏÓ ~ˆÏÜ˛
zÈüÈ~Ó˚ Ù%áƒ xyÓ˚à%ˆÏÙrê˛ Ó°y •Î˚ ~ÓÇ arg z, myÓ˚y §)!ã˛ï˛ •Î˚ (!ã˛e 5.5 ~ÓÇ 5.6)–

!ã˛e 5.4

!ã˛e 5.5 (0 ≤ θ < 2π)

!ã˛e 5.6 (– π < θ ≤ π )
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í˛zòy•Ó˚î 7  ç!ê˛° Ó˚y!¢ z i= +1 3  ˆÜ˛ ˆÙÓ˚% xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ôˆÏÓ˚y  1 = r cos θ, 3  = r sin θ

Óà≈ Ü˛ˆÏÓ˚ ~ÓÇ ˆÎyà Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zñ

r
2 2 2

4cos sinθ θ+( ) =

xÌ≈yÍñ r = =4 2  (≤ÃÌyàï˛Ë˛yˆÏÓñ  r >0)

§%ï˛Ó˚yÇñ cos θ =
1

2
,  sin θ =

3

2
, Îy ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ θ

π

=
3

xï˛~Óñ !lˆÏî≈Î˚ ˆÙÓ˚% xyÜ˛yÓ˚ •°  z i= +








2

3 3
cos sin

π π

ç!ê˛° Ó˚y!¢  z i= +1 3  ˆÜ˛ !ã˛e 5.7 ˆï˛ í˛z˛õfiÌy˛õl Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–

í˛zòy•Ó˚î 8  ç!ê˛° Ó˚y!¢   
−

+

16

1 3i
 ˆÏÜ˛ ˆÙÓ˚% xyÜ˛yˆÏÓ˚ Ó˚)˛õyhs˝Ó˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ≤Ãò_ ç!ê˛° Ó˚y!¢   
−

+
=

−

+
×

−

−

16

1 3

16

1 3

1 3

1 3i i

i

i

         =

− −( )
− ( )

=
−( )
+

16 1 3

1 3

16 1 3

1 3
2

i

i

i

  = − −( ) = − +4 1 3 4 4 3i i  (!ã˛e 5.8).

ô Ï̂Ó˚yñ  – 4 = r cos θ, 4 3  = r sin θ

 Óà≈ Ü˛ˆÏÓ˚ ~ÓÇ ˆÎyà Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zñ

16 + 48 = r
2 2 2

cos sinθ θ+( )
Îy ̂ ÌˆÏÜ˛ ̨õyGÎ˚y ÎyÎ˚         r2 = 64,  xÌ≈yÍ  r = 8

§%ï˛Ó˚yÇñ    cos θ = −
1

2
,  sin θ  = 

3

2

       θ π

π π

= − =
3

2

3

xï˛~Óñ !lˆÏî≈Î˚ ˆÙÓ˚% xyÜ˛yÓ˚ •°  8
2

3

2

3
cos sin

π π

+








i

!ã˛e  5.7

!ã˛e  5.8
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xl%¢#°l# 5.2

1 lÇ ̂ Ì Ï̂Ü˛ 2 lÇ ≤ÃŸ¿ ̨ õÎ≈hs˝ ≤Ã!ï˛!ê˛ ç!ê˛° Ó˚y!¢Ó˚ Ù!í˛í˛z°y§ G xyÓ˚à%ˆÏÙrê˛ !lî≈Î˚ Ü˛ˆÏÓ˚yı

1.  z = – 1 –  i 3 2. z = – 3  + i

3 lÇ ̂ ÌˆÏÜ˛ 8 lÇ ≤ÃŸ¿ ̨ õÎ≈hs˝ ≤Ã!ï˛!ê˛ ç!ê˛° Ó˚y!¢ˆÏÜ˛ ̂ ÙÓ˚% xyÜ˛yˆÏÓ˚ Ó˚)˛õyhs˝!Ó˚ï˛ Ü˛ˆÏÓ˚yı
3. 1 – i 4.  – 1 + i 5.  – 1 – i

6. – 3 7. 3  + i 8. i

5.6  !mâyï˛ §Ù#Ü˛Ó˚î åQuadratic Equationsä
xyÙÓ˚y •z!ï˛ÙˆÏôƒ•z !mâyï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ §yˆÏÌ ˛õ!Ó˚!ã˛ï˛ ~ÓÇ ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ˆÏê˛Ó˚ ˆ«˛ˆÏe ~ˆÏòÓ˚ §Ùyôyl
Ü˛ˆÏÓ˚!SÈñ Îál !lÓ˚)˛õÜ˛ xÈüÈ}îydÜ˛ñ xÌ≈yÍñ  ≥  0 –

ã˛ˆÏ°yñ xyÙÓ˚y l#ˆÏã˛Ó˚ !mâyï˛ §Ù#Ü˛Ó˚î!ê˛ ô!Ó˚ ı
ax2 + bx + c = 0 ˆÎáy Ï̂l a, b, c ÓyhflÏÓ §•à G  a ≠ 0 –
xyÙÓ˚y xyÓ˚G ô!Ó˚ ˆÎñ  b2 – 4ac < 0.

~álñ xyÙÓ˚y çy!l ̂ Î xyÙÓ˚y ç!ê˛° Ó˚y!¢Ó˚ ̂ §ˆÏê˛ }îydÜ˛ ÓyhflÏÓ §ÇáƒyÓ˚ Óà≈Ù)° ̂ ÓÓ˚ Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚–
ï˛y•zñ ç!ê˛° Ó˚y!¢Ó˚ ̂ §ˆÏê˛ í˛z˛õˆÏÓ˚y=˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl ̨ õyGÎ˚y ÎyÎ˚ñ Îy •°ÈüüüÈ

x = 
− ± −

=
− ± −b b ac

a

b ac b i

a

2 2
4

2

4

2

AoT˛Óƒ    ~•z Ù%•)ˆÏï≈˛ñ ˆï˛yÙÓ˚y ˆÜ˛í˛z ˆÜ˛í˛z çylˆÏï˛ xy@˝Ã•# •ˆÏï˛ ˛õyÓ˚ ˆÎñ ~Ü˛!ê˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ Ü˛Î˚!ê˛
Ó#ç xy Ï̂SÈ– ~•z ̂ «˛ Ï̂eñ Ó#çà!î Ï̂ï˛Ó˚ ̂ ÙÔ!°Ü˛ í z̨̨ õ˛õyòƒ !• Ï̂§ Ï̂Ó ̨õ!Ó˚!ã˛ï˛ í z̨̨ õ˛õyòƒ!ê˛ l# Ï̂ã˛ !ÓÓ,ï˛ Ü˛Ó˚y •°
å≤ÃÙyî Óƒï˛#ï˛ä

ÚÚ~Ü˛!ê˛ Ó•%˛õò Ó˚y!¢Ùy°y §Ù#Ü˛Ó˚ˆÏîÓ˚ Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ Ó#ç ÌyÜ˛ˆÏÓ–ÛÛ

~•z í z̨̨ õ˛õy Ï̂òƒÓ˚ Ê˛°fl∫Ó)̨̊ õñ xyÙÓ˚y x˛õ!Ó˚§#Ù à%Ó%̊c˛õ))î≈ !l Ï̂ã˛Ó˚ Ê˛°yÊ˛ Ï̂° ̂ ˛õÔÑS%È Ï̂ï˛ ̨õy!Ó˚–

ÚÚ~Ü˛!ê˛ n âˆÏï˛Ó˚ Ó•%˛õò Ó˚y!¢Ùy°y §Ù#Ü˛Ó˚ˆÏîÓ˚ n §ÇáƒÜ˛ Ó#ç ÌyÜ˛ Ï̂Ó–ÛÛ

í˛zòy•Ó˚î 9  §Ùyôyl Ü˛ˆÏÓ˚y   x2 + 2 = 0

§Ùyôyl ı xyÙÓ˚y ˛õy•z , x2 + 2 = 0

Óyñ   x2 = – 2  xÌ≈yÍ,  x = ± −2  = ± 2 i

í˛zòy•Ó˚î  10  §Ùyôyl Ü˛ˆÏÓ˚y ı   x2 + x + 1= 0

§Ùyôyl ı ~áyˆÏl  b2 – 4ac = 12 – 4 × 1 × 1 = 1 –  4 = – 3
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xï˛~Óñ §Ùyôylà%ˆÏ°y •°  x = 
− ± −

×
=

− ±1 3

2 1

1 3

2

i

í˛zòy•Ó˚î  11  §Ùyôyl Ü˛ Ï̂Ó˚y  5 5 0
2

x x+ + =

§Ùyôyl ı   ~áyˆÏlñ §Ù#Ü˛Ó˚ˆÏîÓ˚ !lÓ˚)˛õÜ˛  =  b2 – 4 ac

 1 4 5 5
2 − × ×     =  1 –  20     =  – 19

xï˛~Ó §Ùyôylà%̂ Ï°y •° ÈüüüÈ

x = 
− ± −

=
− ±1 19

2 5

1 19

2 5

i

xl%¢#°l#  5.3

l#ˆÏã˛Ó˚ §Ù#Ü˛Ó˚îà%ˆÏ°y §Ùyôyl Ü˛ˆÏÓ˚y ı

1. x2 + 3 = 0 2. 2x2 + x + 1 = 0 3. x2 + 3x + 9 = 0

4. – x2 + x – 2 = 0 5. x2 + 3x + 5 = 0 6. x2 – x + 2 = 0

7. 2 2 0
2

x x+ + = 8. 3 2 3 3 0
2

x x− + =

9. x x
2 1

2
0+ + = 10. x

x2

2
1 0+ + =

!Ó!Óô í˛zòy•Ó˚îÙy°y

í˛zòy•Ó˚î 12  
( ) ( )

( )( )

3 2 2 3

1 2 2

− +

+ −

i i

i i
 ~Ó˚ xl%Órô# ç!ê˛° Ó˚y!¢ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  xyÙÓ˚y ˛õy•zñ   
( )( )

( ) ( )

3 2 2 3

1 2 2

− +

+ −

i i

i i

= 
6 9 4 6

2 4 2

+ − +

− + +

i i

i i
 = 

12 5

4 3

4 3

4 3

+

+
×

−

−

i

i

i

i

=
48 36 20 15

16 9

63 16

25

− + +

+
=

−i i i

 = 
63

25

16

25
− i

§%ï˛Ó˚yÇñ   
( ) ( )

( ) ( )

3 2 2 3

1 2 2

− +

+ −

i i

i i
~Ó˚ xl%Órô# •° 

63

25

16

25
+ i
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í˛zòy•Ó˚î 13  l#ˆÏã˛Ó˚ ç!ê˛° Ó˚y!¢à%ˆÏ°yÓ˚ Ù!í˛í˛z°y§ G xyÓ˚à%ˆÏÙrê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

(i) 
1

1

+

−

i

i
 , (ii) 

1

1+ i

§Ùyôyl ı (i)  xyÙÓ˚y ˛õy•z,  
1

1

+

−

i

i
 =

1

1

1

1

1 1 2

1 1

+

−
×

+

+
=

− +

+
=

i

i

i

i

i
i = 0 + i

~álñ xyÙÓ˚y ô!Ó˚ñ 0 = r cos θ, 1 = r sin θ

Óà≈ Ü˛ˆÏÓ˚ ~ÓÇ ˆÎyà Ü˛ˆÏÓ˚ ˛õy•zñ   r2 = 1 xÌ≈yÍñ  r = 1

§%ï˛Ó̊yÇ    cos θ = 0, sin θ = 1

xÌ≈yÍñ  θ
π

=
2

xï˛~Óñ  
1

1

+

−

i

i
 ~Ó˚ Ù!í˛í˛z°y§ •° 1  ~ÓÇ xyÓ˚à%ˆÏÙrê˛ •°  

π

2

(ii)   xyÙÓ˚y ˛õy•zñ
1

1

1

1 1

1

1 1

1

2 2+
=

−

+ −
=

−

+
= −

i

i

i i

i i

( ) ( )

ô!Ó˚ñ
1

2
= r cos θ ,  – 

1

2
 = r sin θ

Óà≈ Ü˛ˆÏÓ˚ ~ÓÇ ̂ Îyà Ü˛ˆÏÓ˚ ̨ õy•zñ    r2 = 
1

2
 xÌ≈yÍñ r =

1

2
;  ñ §%ï˛Ó˚yÇñ = =

−1

2

1

2
; cos , sinθ θ

xÌ≈yÍñ θ

π

=
−

4

xï˛~Óñ   
1

1+ i
 ~Ó˚ Ù!í˛í˛z°y§ •° 

1

2
 ~ÓÇ xyÓ˚à%ˆÏÙrê˛ •° 

− π

4
 –

í˛zòy•Ó˚î 14  Î!ò x + iy = 
a ib

a ib

+

− , ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ  x2 + y2 = 1 –

§Ùyôyl ı  xyÙÓ˚y ˛õy•zñ

x + iy = 
( ) ( )

( ) ( )

a ib a ib

a ib a ib

+ +

− +  = 
a b abi

a b

2 2

2 2

2− +

+
 = 

a b

a b

ab

a b

i

2 2

2 2 2 2

2−

+
+

+



ç!ê˛° Ó˚y!¢ ~ÓÇ !mâyï˛ §Ù#Ü˛Ó˚î       111

§%ï˛Ó̊yÇ,  x –  iy =
a b

a b

ab

a b

i

2 2

2 2 2 2

2−

+
−

+

xï˛~Ó,

x2 + y2 = (x + iy) (x – iy) =  
( )

( ) ( )

a b

a b

a b

a b

2 2 2

2 2 2

2 2

2 2 2

4−

+
+

+
 = 

( )

( )

a b

a b

2 2 2

2 2 2

+

+
 = 1

í˛zòy•Ó˚î 15   
3 2

1 2

+

−

i

i

sin

sin

θ

θ
  !Ó¢%Âô ÓyhflÏÓ •ˆÏ° θ  ~Ó˚ ÓyhflÏÓ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı   xyÙÓ˚y ˛õy•zñ

3 2

1 2

+

−

i

i

sin

sin

θ

θ
 =

( sin )( sin )

( sin )( sin )

3 2 1 2

1 2 1 2

+ +

− +

i i

i i

θ θ

θ θ

=
3 6 2 4

1 4

2

2

+ + −

+

i isin sin sin

sin

θ θ θ

θ
 =  

3 4

1 4

8

1 4

2

2 2

−

+
+

+

sin

sin

sin

sin

θ

θ

θ

θ

i

≤Ãò_ ̂ Î ç!ê˛° Ó˚y!¢!ê˛ ÓyhflÏÓ–

§%ï˛Ó˚yÇñ
8

1 4
2

sin

sin

θ

θ+
 = 0,   xÌ≈yÍ  sin θ = 0

xÌ≈yÍñ     θ = nπ, n ∈ Z.

í˛zòy•Ó˚î 16  ç!ê˛° Ó˚y!¢  z
i

i

=
−

+

1

3 3
cos sin

π π
 ˆÜ˛ ˆÙÓ˚% xyÜ˛yˆÏÓ˚ Ó˚)˛õyhs˝!Ó˚ï˛ Ü˛ˆÏÓ˚y–

§Ùyôyl ı xyÙÓ˚y ˛õy•z,  z =
i

i

−

+

1

1

2

3

2

 =
2 1

1 3

1 3

1 3

2 3 1 3

1 3

( )i

i

i

i

i i−

+
×

−

−
=

+ − +( )
+

 = 
3 1

2

3 1

2

−
+

+
i

~ál ô Ï̂Ó˚yñ
3 1

2

3 1

2

−
=

+
=r rcos , sinθ θ
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Óà≈ Ü˛ˆÏÓ˚ G ˆÎyà Ü˛ˆÏÓ˚ ˛õy•zñ

r
2

2 2

2

3 1

2

3 1

2

2 3 1

4

2 4

4
2=

−







 +

+







 =

( ) +







=
×

=

xï˛~Óñ  r = 2   Îy ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ cos , sinθ θ=
−

=
+3 1

2 2

3 1

2 2

§%ï˛Ó˚yÇñ θ

π π π

= + =
4 6

5

12
    (ˆÜ˛l⁄)

xï˛~Óñ ˆÙÓ˚% xyÜ˛yÓ˚ •°

2
5

12

5

12
cos sin

π π

+








i

˛õM˛Ù xôƒyÎ˚ ÈüÈ~Ó˚ !Ó!Óô xl%¢#°l#

1.  i
i

18

25
3

1
+























 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

2. ˆÎ ˆÜ˛y Ï̂ly ç!ê˛° Ó˚y!¢ z
1
 G z

2
, ~Ó˚ çlƒñ ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ

Re (z
1
 z

2
) = Re z

1
 Re z

2
 – Imz

1
 Imz

2

.

3.  
1

1 4

2

1

3 4

5−
−

+











−

+











i i

i

i
 ̂ Ü˛ xyò¢≈ xyÜ˛yˆÏÓ˚ ̨ õ!Ó˚Ó!ï≈˛ï˛ Ü˛ˆÏÓ˚y–

4. Î!ò  x iy
a ib

c id
− =

−

−
 •Î˚ ñ ï˛ Ï̂Ó ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ x y

a b

c d

2 2
2

2 2

2 2
+( ) =

+

+
.

5. !l¡¨!°!áï˛à%̂ Ï°y Ï̂Ü˛ ̂ ÙÓ%̊ xyÜ˛y Ï̂Ó˚ ̨õ!Ó˚Ó!ï≈̨ ï˛ Ü˛ Ï̂Ó˚y ı

(i)
1 7

2
2

+

−( )
i

i
, (ii)

1 3

1 2

+

−

i

i

 6 lÇ ˆÌ Ï̂Ü˛  9 lÇ ≤ÃŸ¿ ˛õÎ≈hs˝ ≤Ã!ï˛!ê˛ §Ù#Ü˛Ó˚î §Ùyôyl Ü˛ˆÏÓ˚y ı

6. 3 4
20

3
0

2
x x− + = 7.    x x

2
2

3

2
0− + =
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8. 27 10 1 0
2

x x− + = 9.    21 28 10 0
2

x x− + =

10. Î!ò  z
1
 = 2 – i, z

2
 = 1 + i  •Î˚ñ ï˛ˆÏÓ  

z z

z z

1 2

1 2

1

1

+ +

− +  ~Ó˚ Ùyl ˆÓÓ˚ Ü˛ Ï̂Ó˚y–

11. Î!ò  a + ib = 
( )x i

x

+

+

2

2
2 1

 •Î˚ñ ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ  a2 + b2 = 
( )x

x

2 2

2
2

1

2 1

+

+( )
 –

12. ôˆÏÓ˚yñ   z
1
 = 2 – i, z

2
 = –2 + i  – l#ˆÏã˛Ó˚à%ˆÏ°yÓ˚ Ùyl ˆÓÓ˚ Ü˛ˆÏÓ˚y ı

(i) Re
z z

z

1 2

1









 , (ii) Im

1

1 1
z z









  –

13. ç!ê˛° Ó˚y!¢   
1 2

1 3

+

−

i

i
 ~Ó˚ Ù!í˛í˛z°y§ G xyÓ˚à%ˆÏÙrê˛ ˆÓÓ˚ Ü˛ˆÏÓ˚y–

14.   –6 – 24i  ~Ó˚ xl%Órô# (x – iy) (3 + 5i) •ˆÏ° ÓyhflÏÓ §Çáƒy  x G y  ~Ó˚ Ùyl ˆÓÓ˚ Ü˛ˆÏÓ˚y–

15.  
1

1

1

1

+

−
−

−

+

i

i

i

i
 ~Ó˚ Ù!í˛í˛z°y§ !lî≈Î˚ Ü˛ˆÏÓ˚y–

16. Î!ò  (x + iy)3 = u + iv, •Î˚ ñ ï˛ˆÏÓ ˆòáyG ˆÎñ 
u

x

v

y
+ = 4(.(x2–y2)

17. Î!ò α G β !Ë˛ß¨ ç!ê˛° Ó˚y!¢ •Î˚ñ ˆÎáyˆÏl β =1 ï˛ Ï̂Óñ   
β α

α β

−

−1  
. ~Ó˚ Ùyl ˆÓÓ˚ Ü˛ Ï̂Ó˚y–

18. 1 2− =i
x x  §Ù#Ü˛Ó˚ˆÏîÓ˚ x¢)lƒ xá[˛ §ÙyôyˆÏlÓ˚ §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚y–

19. Î!ò  (a + ib) (c + id) (e + if) (g + ih) = A + iB, •Î˚ñ ï˛ Ï̂Ó ˆòáyG ˆÎñ

(a2 + b2) (c2 + d2) (e2 + f 2) (g2 + h2) = A2 + B2

20. Î!ò 
1

1
1

+

−









 =

i

i

m

 •Î˚ñ ï˛ Ï̂Ó  m ÈüÈ~Ó˚ «%˛oï˛Ù ôlydÜ˛ xá[˛ Ùyl ˆÓÓ˚ Ü˛ˆÏÓ˚y–
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§yÓ˚§ÇˆÏ«˛˛õ

®  a + ib  xyÜ˛yˆÏÓ˚Ó˚ ̂ Î ̂ Ü˛yˆÏly Ó˚y!¢ˆÏÜ˛˛ ç!ê˛° Ó˚y!¢ ÓˆÏ°ñ ̂ ÎáyˆÏl a ~ÓÇ b •° ÓyhflÏÓ §Çáƒy–  a
•° ç!ê˛° Ó˚y!¢Ó˚ ÓyhflÏÓ xÇ¢ b •° ~Ó˚ Ü˛y“!lÜ˛ xÇ¢

®ôˆÏÓ˚yñ  z
1
 = a + ib ~ÓÇ  z

2
 = c + id – ï˛ˆÏÓñ

(i) z
1
 + z

2
 = (a + c) + i (b + d)

(ii) z
1
 z

2
  = (ac – bd) + i (ad + bc)

® ˆÎ ˆÜ˛yˆÏly x¢)lƒ ç!ê˛° Ó˚y!¢  z = a + ib (a ≠ 0, b ≠ 0), ~Ó˚ ˆ«˛ˆÏeñ ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢

a

a b

i
b

a b
2 2 2 2+

+
−

+
 ~Ó˚ x!hflÏc xyˆÏSÈñ Îy  

1

z
 Óy  z–1, !òˆÏÎ˚ §)!ã˛ï˛ •Î˚ñ ÎyˆÏÜ˛  z ~Ó˚ à%îç

!Ó˛õÓ˚#ï˛ Ó°y •Î˚ñ ˆÎáy Ï̂l (a + ib) 
a

a b

i
b

a b

2

2 2 2 2+
+

−

+









 = 1 + i0 =1 –

® ˆÎ ˆÜ˛y Ï̂ly xá[˛ §Çáƒy k ~Ó˚ çlƒñ  i4k = 1, i4k + 1 = i, i4k + 2 = – 1, i4k + 3 = – i –

®ç!ê˛° Ó˚y!¢ z = a + ib ~Ó˚ xl%Órô# Óy ≤Ã!ï˛ˆÏÎyà# ç!ê˛° Ó˚y!¢ñ Îy  z  myÓ˚y §)!ã˛ï˛ •Î˚ñ
ï˛y•ˆÏ° z  = a – ib –

®ç!ê˛° Ó˚y!¢  z = x + iy ~Ó˚ ˆÙÓ˚ % xyÜ˛yÓ˚ •°  r (cosθ + i sinθ), ˆÎáyˆÏl

r = x y
2 2+  ( z ÈüÈ~Ó˚ Ù!í˛í˛z°y§) ~ÓÇ cosθ  = 

x

r
, sinθ  = 

y

r
 (θ •° z ~Ó˚

xyÓ˚à%ˆÏÙrê˛ä–   θ,  ~Ùl ̂ Î – π < θ ≤ π !ÓhflÏyˆÏÓ˚ θ ~Ó˚ Ùylà%ˆÏ°yˆÏÜ˛ z ~Ó˚ Ù%áƒ xyÓ˚à%ˆÏÙrê˛ Ó°y
•Î˚–

®~Ü˛!ê˛  n âyˆÏï˛Ó˚ Ó•%˛õò Ó˚y!¢Ùy°y §Ù#Ü˛Ó˚ˆÏîÓ˚ n §ÇáƒÜ˛ Ó#ç ÌyÜ˛ˆÏÓ–

® !mâyï˛ §Ù#Ü˛Ó˚î  ax2 + bx + c = 0, ˆÎáy Ï̂l a, b, c ∈ R, a ≠ 0, b2 – 4ac < 0, ~Ó˚
§Ùyôylà%̂ Ï°y •°

 x = 
− ± −b ac b i

a

4

2

2

 .
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— vvvvv —

˙!ï˛•y!§Ü˛ ˆ≤Ã«˛y˛õê˛

ÓyhflÏÓ §Çáƒy ˛õÂô!ï˛ˆÏï˛ }îydÜ˛ §ÇáƒyÓ˚ Óà≈Ù)ˆÏ°Ó˚ x!hflÏc ˆl•zñ ~•z §ï˛ƒ í˛z˛õ°!kô Ü˛ˆÏÓ˚l
!@˝ÃÜ˛Ó˚y– !Ü˛v ~•z Ü,˛!ï˛ˆÏcÓ˚ òy!ÓòyÓ˚ •ˆÏ°l Ë˛yÓ˚ï˛#Î˚ à!îï˛K˛ Ù•yÓ#Ó˚  (850)ñ !Î!l §Ó≈≤ÃÌÙ
~•z  §Ù§ƒyÓ̊ flõT˛Ë˛y Ï̂Ó í ẑ̨ ÏÕ‘á Ü˛ Ï̂Ó̊l– ÚÚ!ï˛!l ï˛yÓ̊ Ó̊!ã˛ï˛   ‘Ganitasara Sangraha’ à Ï̂Ó£Ïîy˛õ Ï̂e
í ẑ̨ ÏÕ‘á Ü˛ Ï̂Ó˚l ̂ Îñ ~Ü˛!ê˛ }îydÜ˛ Ó˚y!¢Ó˚ ≤ÃÜ,̨ !ï˛ Óà≈Ó˚y!¢ •Î˚ lyñ ï˛y•z ~Ó˚ ̂ Ü˛y Ï̂ly Óà≈Ù)° ̂ l•z–ÛÛ x˛õÓ˚
~Ü˛çl Ë˛yÓ˚ï˛#Î˚ à!îï˛K˛ Ë˛yflÒÓ˚G 1150 §y Ï̂° ï˛yÓ˚ Ó˚!ã˛ï˛ Ó•z BijaganitaÈüÈ~ ̂ ° Ï̂ál “There is

no square root of a negative quantity, for it is not a square.” Cardan (1545)

!l¡¨!°!áï˛ §Ù§ƒy!ê˛Ó˚ §Ùyôy Ï̂lÓ˚ Ü˛Ìy !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚lÈüüüÈ

x + y = 10, xy = 40.

!ï˛!l ~Ó˚ §Ùyôyl !•ˆÏ§ˆÏÓ ˛õyl  x = 5 + −15  ~ÓÇ y = 5 – −15 – ~•z §Ùyôyl!ê˛

!ï˛!l !lˆÏç•z Óy!ï˛° Ü˛ˆÏÓ˚lñ ~!ê˛ ÓˆÏ° ˆÎ §Çáƒyà%ˆÏ°y Úx≤ÃˆÏÎ˚yçl#Î˚Û– Albert Girard å≤ÃyÎ˚
1625ä }îydÜ˛ §ÇáƒyÓ˚ Óà≈Ù)° Ï̂Ü˛ @˝Ã•î Ü˛ Ï̂Ó˚l ~ÓÇ xyÙy Ï̂òÓ˚̂ ÏÜ˛ K˛yï˛ Ü˛ Ï̂Ó˚l ̂ Îñ Ó•%̨ õò §Ù#Ü˛Ó˚̂ ÏîÓ˚

Ùyeyñ ~Ó˚ Ó#ˆÏçÓ˚ §ÇáƒyÓ˚ §Ùyl •Î˚– Euler §Ó≈≤ÃÌÙ −1 ~Ó˚ çlƒ i ≤Ãï˛#Ü˛!ê˛ §)!ã˛Ïï˛ Ü˛ˆÏÓ˚l ~ÓÇ

W.R. Hamilton å≤ÃyÎ˚ 1830ä ç!ê˛° §ÇáƒyˆÏÜ˛ a + ib Ó˚)ˆÏ˛õ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚lñ Îy ÓyhflÏÓ §ÇáƒyÓ˚
Ü ˛ÙÎ%à° (a, b) !òˆÏÎ˚ !ã˛!•´ï˛ Ü˛ˆÏÓ˚ñ ï˛ÌyÜ˛!Ìï˛ ÚÜ˛y“!lÜ˛ §ÇáƒyÛ å imaginary numbersä
õ!Ó˚•yÓ˚ Ü˛ˆÏÓ˚ !Ó¢%Âô ày!î!ï˛Ü˛ §ÇK˛y !lÓ˚)˛õî Ü˛ˆÏÓ˚l–
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6xôƒyÎ˚

vMathematics is the art of saying many things in many

different ways. – MAXWELLv

6.1 Ë)̨ !ÙÜ˛y
˛õ)Ó≈Óï≈̨ # Üœ̨ y Ï̂§ñ xyÙÓ˚y ~Ü˛ã˛° ~ÓÇ !mÈã˛° !Ó!¢T˛ §Ù#Ü˛Ó˚î !l Ï̂Î˚ xôƒÎ˚l Ü˛ Ï̂Ó˚!SÈ ~ÓÇ !Ü˛S%È !ÓÓ,!ï˛Ù)°Ü˛

§Ù§ƒyˆÏÜ˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ xyÜ˛yˆÏÓ˚ xl%Óyò Ü˛ˆÏÓ˚G §Ùyôyl Ü˛ˆÏÓ˚!SÈ– ~ál fl∫yË˛y!ÓÜ˛Ë˛yˆÏÓ•z ≤ÃŸ¿ í˛zë˛ˆÏSÈñ ~Ü˛!ê˛
!ÓÓ,!ï˛Ù)°Ü˛ §Ù§ƒy Ï̂Ü˛ !Ü˛ §Ó§ÙÎ̊ §Ù#Ü˛Ó̊ Ï̂îÓ̊ xyÜ˛y Ï̂Ó̊ xl%Óyò Ü˛Ó̊y §Ω˛Ó⁄ í z̨òy•Ó̊îfl∫Ó̊)̨ õ ̂ ï˛yÙyÓ̊ ̂ ◊!îÜ˛ Ï̂«˛
§ÙhflÏ SÈyeÈüÈSÈye#Ó˚ í z̨Fã˛ï˛y 160 ̂ §!Ù ̂ Ì Ï̂Ü˛ Ü˛Ù– ̂ ï˛yÙyÓ˚ ̂ ◊!îÜ˛«˛ §Ó≈y!ôÜ˛ 60!ê˛ ̂ ê˛!Ó° Óy ̂ ã˛Î˚yÓ˚ Óy í z̨Ë˛Î˚•z
ôyÓ˚î Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚– ~áyˆÏl xyÙÓ˚y ‘<’ «%̨ oï˛Ó˚ (less than)ñ ‘>’ Ó,•_Ó˚ (greater than)ñ ‘≤’ «%˛oï˛Ó˚
xÌÓy §Ùyl (less than or equal)ñ ~ÓÇ ≥ Ó,•_Ó˚ xÌÓy §Ùyl (greater than or equal) !ã˛•´ xhs˝Ë%≈̨ =˛
Ü˛ˆÏÓ˚ !l!ò≈T˛ !Ü˛S%È !ÓÓ,!ï˛ ˛õyÓñ ˆ§à%ˆÏ°y x§Ùï˛y åinequalitiesä !•ˆÏ§ˆÏÓ ˛õ!Ó˚!ã˛ï˛–

~•z xôƒyˆÏÎ˚ xyÙÓ˚y ~Ü˛ã˛° Óy !mã˛° !Ó!¢T˛ x§Ùï˛y !lˆÏÎ˚ xôƒÎ˚l Ü˛Ó˚Ó– !ÓK˛ylñ à!îï˛ñ Ó˚y!¢
!ÓK˛ylñ Ü˛yÙƒyÎ˚l åoptimisationä §Ù§ƒyñ xÌ≈!Óòƒyñ Ù Ï̂ly!Óòƒy •zï˛ƒy!ò !Ó!Ë˛ß¨ !Ó£Ï̂ ÏÎ˚Ó˚ §Ù§ƒy §Ùyôy Ï̂lÓ˚
çlƒ x§Ùï˛yÓ˚ xôƒÎ˚l á%Ó òÓ˚Ü˛yÓ˚–

6.2 x§Ùï˛y (Inequalities)

ã˛ Ï̂°y xyÙÓ˚y !l¡¨!°!áï˛ ̨õ!Ó˚!fiÌ!ï˛!ê˛ !Ó Ï̂Óã˛ly Ü˛!Ó˚ ı
(i)   Ó˚!Ó 200 ê˛yÜ˛y !l Ï̂Î˚ Óyçy Ï̂Ó˚ ã˛y° !Ü˛l Ï̂ï˛ ̂ à°– Óyçy Ï̂Ó˚ ã˛y° 1 ̂ Ü˛!çÓ˚ ̨õƒy Ï̂Ü˛ Ï̂ê˛ ̨õyGÎ˚y ÎyÎ˚– 1

˛õƒy Ï̂Ü˛ê˛ ã˛y Ï̂°Ó˚ Ù)°ƒ 30 ê˛yÜ˛y– Î!ò xñ Îï˛ ̨õƒy Ï̂Ü˛ê˛ ã˛y° !Ü˛ Ï̂l ï˛yÓ˚ §Çáƒy !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ñ ï˛ Ï̂Ó ̂ Î ̨õ!Ó˚Ùyî ê˛yÜ˛y
áÓ˚ã˛ Ü˛ Ï̂Ó˚ ï˛y •° 30x ê˛yÜ˛yñ ̂ ÎˆÏ•ï%˛ ï˛yˆÏÜ˛ ̨õƒyˆÏÜ˛ê˛ !•§yˆÏÓ•z ã˛y° !Ü˛lˆÏï˛ •ˆÏÓñ ï˛y•z ̂ § §¡õ)î≈ 200 ê˛yÜ˛yÓ˚
ã˛y° !Ü˛lˆÏï˛ §ÙÌ≈ lyG •ˆÏï˛ ̨ õyˆÏÓ˚– åˆÜ˛l⁄ä

xï˛~Óñ 30x < 200 ... (1)

flõT˛ï˛•z (i) lÇ !ÓÓ,!ï˛!ê˛ ~Ü˛!ê˛ §Ù#Ü˛Ó˚î lÎ˚ñ Ü˛yÓ˚î ~Ó˚ ÙˆÏôƒ ̂ Ü˛yˆÏly §Ùï˛y !ã˛•´ ̂ l•z–
(ii)  ̂ Ó˚¢ÙyÓ˚ Ü˛yˆÏSÈ 120 ê˛yÜ˛y xyˆÏSÈ ~ÓÇ ~•z ê˛yÜ˛y !òˆÏÎ˚ ̂ § !Ü˛S%È áyï˛y G Ü˛°Ù !Ü˛lˆÏï˛ ã˛yÎ˚– ~Ü˛!ê˛

áyï˛yÓ˚ òyÙ 40 ê˛yÜ˛y ~ÓÇ ~Ü˛!ê˛ Ü˛° Ï̂ÙÓ˚ òyÙ 20 ê˛yÜ˛y– ~ˆÏ«˛ˆÏe Î!ò áyï˛yÓ˚ §Çáƒy x ~ÓÇ Ü˛° Ï̂ÙÓ˚ §Çáƒy
y !òˆÏÎ˚ !lˆÏò≈¢ Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ ï˛yÓ˚ áÓ˚ã˛ •ˆÏÓ (40x  +  20y) ê˛yÜ˛y ~ÓÇ xyÙÓ˚y ˛õy•zÈüüüÈ

40x + 20y ≤ 120 ... (2)

(Linear Inequalities)

˜Ó˚!áÜ˛ x§Ùï˛y
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ˆÎ Ï̂•ï%̨  ~ ˆ«˛ Ï̂e ˆÙyê˛ 120 ê˛yÜ˛y ˛õÎ≈hs˝ áÓ˚ã˛ Ü˛Ó˚y ÎyˆÏÓ– °«˛ Ü˛ˆÏÓ˚yñ å2ä lÇ !ÓÓ,!ï˛!ê˛ !l¡¨!°!áï˛ ò%!ê˛
!ÓÓ,!ï˛ !l Ï̂Î˚ à!ë˛ï˛

40x + 20y < 120 ... (3)

~ÓÇ˛ 40x + 20y = 120 ... (4)

(3) lÇ !ÓÓ,!ï˛!ê˛ ~Ü˛!ê˛ §Ù#Ü˛Ó˚î lÎ˚ñ xÌ≈yÍ ~!ê˛ ~Ü˛!ê˛ x§Ùï˛y Î!òG å4ä lÇ !ê˛ ~Ü˛!ê˛ §Ù#Ü˛Ó˚î–˛˛

 §ÇK˛y 1   ò%!ê˛ ÓyhflÏÓ §Çáƒy Óy ò%!ê˛ Ó#çày!î!ï˛Ü˛ Ó˚y!¢Ùy°y åExpressionsä ‘<’, ‘>’, ‘≤’ xÌÓy ‘≥’

!òˆÏÎ˚ Î%=˛ •ˆÏÎ˚ ~Ü˛!ê˛ x§Ùï˛y åinequalityä àë˛l Ü˛ˆÏÓ˚–
ˆÎÙl (1), (2) ~ÓÇ (3) lÇ !ÓÓ,!ï˛à%ˆÏ°y •° x§Ùï˛y–
3 < 5;  7 > 5 •° §Çáƒy §)ã˛Ü˛ x§Ùï˛yÓ˚ åNumerical Inequalityä í˛zòy•Ó˚îñ
~ÓÇ x < 5; y > 2; x  ≥  3,  y ≤ 4 •° xy«˛!Ó˚Ü˛ x§Ùï˛yÓ˚ åLiteral Inequalitiesä í˛zòy•Ó˚î–
3 < 5 < 7 åÎyˆÏÜ˛ ̨ õí˛¸y •Î˚ 5ñ 3 ̂ Ì Ï̂Ü˛ Ó Ï̂í ¸̨y ~ÓÇ 7 ̂ ÌˆÏÜ˛ ̂ SÈyˆÏê˛yäñ 3 ≤  x < 5 å˛õí˛¸y •Î˚ x, 3 ~Ó˚

ˆã˛ˆÏÎ˚ ÓˆÏí˛¸y Óy §Ùyl ~ÓÇ 5 ̂ Ì Ï̂Ü˛ ̂ SÈy Ï̂ê˛yä ~ÓÇ 2 < y ≤ 4 •° ˜mï˛ x§Ùï˛yÓ˚ ådouble inequalitiesä
í z̨òy•Ó˚î–

xyˆÏÓ˚y !Ü˛S%È x§Ùï˛yÓ˚ í˛zòy•Ó˚î •° ı
ax + b < 0 ... (5)

ax + b > 0 ... (6)

ax + b ≤ 0 ... (7)

ax + b ≥ 0 ... (8)

ax + by < c ... (9)

ax + by > c ... (10)

ax + by ≤ c ... (11)

ax + by ≥  c ... (12)

ax2 + bx + c ≤ 0 ... (13)

ax2 + bx + c > 0 ... (14)

(5), (6), (9), (10) ~ÓÇ (14) ~•z x§Ùï˛yà%ˆÏ°yˆÏÜ˛ ÎÌyÌ≈ x§Ùï˛y åstrict inequalitiesä ~ÓÇ
(7), (8), (11), (12), ~ÓÇ (13) ~•z x§Ùï˛yà%ˆÏ°yˆÏÜ˛ !¢!Ì° x§Ùï˛y åslack inequalitiesä Ó°y •Î˚–
(5) ̂ Ì Ï̂Ü˛ (8) ~•z x§Ùï˛yà%ˆÏ°yˆÏÜ˛ ~Ü˛ã˛° x ~Ó˚ ̃ Ó˚!áÜ˛ x§Ùï˛y ÓˆÏ° åa ≠ 0ä ~ÓÇ (9) ̂ Ì Ï̂Ü˛ (12) ~•z
x§Ùï˛yà%ˆÏ°yˆÏÜ˛ !mã˛° x G y ~Ó˚ ˜Ó˚!áÜ˛ x§Ùï˛y ÓˆÏ° åa ≠ 0, b ≠ 0ä–

(13) G (14) lÇ x§Ùï˛yà%̂ Ï°y ̃ Ó˚!áÜ˛ lÎ˚ å≤ÃÜ,̨ ï˛˛õ Ï̂«˛ ~•z x§Ùï˛yà%̂ Ï°y •° ~Ü˛ã˛° x ~Ó˚ !mÙy!eÜ˛
x§Ùï˛y a ≠ 0ä–

~•z xôƒyˆÏÎ˚ñ xyÙÓ˚y ~Ü˛ G ò%•zã˛° !Ó!¢T˛ ̃ Ó˚!áÜ˛ x§Ùï˛yÓ˚ ÙˆÏôƒ•z xôƒÎ˚l §#ÙyÓÂô Ó˚yáÓ–
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6.3 ~Ü˛ã˛° !Ó!¢T˛ ˜Ó˚!áÜ˛ x§Ùï˛yÓ˚ Ó#çày!î!ï˛Ü˛ §Ùyôyl ~ÓÇ ï˛yˆÏòÓ˚ ˜°!áÜ˛ í˛z˛õfiÌy˛õl
(Algebraic Solutions of Linear Inequalities in One Variable and their

Graphical Representation) :

ã˛ˆÏ°y xyÙÓ˚y í˛zòy•Ó˚îfl∫Ó˚)˛õ 6.2 xl%ˆÏFSÈˆÏòÓ˚ å1ä lÇ x§Ùï˛y 30x < 200 ̂ Ü˛ !Ó Ï̂Óã˛ly Ü˛!Ó˚–
°«˛ Ü˛ Ï̂Ó˚y ~áy Ï̂l ã˛y Ï̂°Ó˚ ̨õƒy Ï̂Ü˛ Ï̂ê˛Ó˚ §Çáƒy Ï̂Ü˛ x !ò Ï̂Î˚ ≤ÃÜ˛y¢ Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ– !l!Ÿã˛ï˛Ë˛y Ï̂Ó x }îydÜ˛ Óy

Ë˛@¿yÇ¢ •ˆÏï˛ ˛õyÓ˚ˆÏÓ ly– ~•z x§Ùï˛yÓ˚ ÓyÙ˛õ«˛ (L.H.S.) •° 30x ~ÓÇ í˛yl˛õ«˛ (RHS) •ˆÏ° 200.

§%ï˛Ó˚yÇ xyÙÓ˚y !°áˆÏï˛ ̨õy!Ó˚
x = 0 ~Ó˚ çlƒ L.H.S. = 30 (0) = 0 < 200 (R.H.S.), Îy §ï˛ƒ
x = 1 ~Ó˚ çlƒ L.H.S. = 30 (1) = 30 < 200 (R.H.S.), Îy §ï˛ƒ
x = 2 ~Ó˚ çlƒ L.H.S. = 30 (2) = 60 < 200, Îy §ï˛ƒ
x = 3 ~Ó˚ çlƒ L.H.S. = 30 (3) = 90 < 200, Îy §ï˛ƒ
x = 4 ~Ó˚ çlƒ L.H.S. = 30 (4) = 120 < 200, Îy §ï˛ƒ
x = 5 ~Ó˚ çlƒ L.H.S. = 30 (5) = 150 < 200, Îy §ï˛ƒ
x = 6 ~Ó˚ çlƒ L.H.S. = 30 (6) = 180 < 200, Îy §ï˛ƒ
x = 7 ~Ó˚ çlƒ L.H.S. = 30 (7) = 210 < 200, Îy !ÙÌƒy
í˛z˛õˆÏÓ˚Ó˚ xÓfiÌy ˆÌˆÏÜ˛ xyÙÓ˚y ˆò!á ˆÎñ x ~Ó˚ ˆÎ §ÙhflÏ ÙyˆÏlÓ˚ çlƒ í˛z˛õˆÏÓ˚Ó˚ x§Ùï˛yà%ˆÏ°y §ï˛ƒ

ï˛yˆÏòÓ˚ Ùyl 0,1,2,3,4,5,6. x ~Ó˚ ~•z §ÙhflÏ Ùyl ÎyˆÏòÓ˚ çlƒ í˛z˛õˆÏÓ˚Ó˚ x§Ùï˛yà%ˆÏ°y §ï˛ƒ ï˛yˆÏòÓ˚ˆÏÜ˛ ~•z
x§Ùï˛yÓ˚  §Ùyôyl Ó Ï̂°  ~ÓÇ {0,1,2,3,4,5,6} ~•z ̂ §ê˛!ê˛ Ï̂Ü˛ §Ùyôyl ̂ §ê˛  Ó Ï̂°–

xï˛~Ó ~Ü˛ã˛° !Ó!¢T˛ ~Ü˛!ê˛ x§Ùï˛yÓ̊ ̂ Î ̂ Ü˛y Ï̂ly §Ùyôyl ã˛°Ó̊y!¢!ê˛Ó̊ ~Ó̊)̨ õ ~Ü˛!ê˛ Ùyl Îy x§Ùï˛y Ï̂Ü˛
§ï˛ƒ !ÓÓ,!ï˛ Ï̂ï˛ ̨õ!Ó˚Ó!ï≈̨ ï˛ Ü˛ Ï̂Ó˚–

xyÙÓ˚y ≤ÃˆÏã˛T˛y G ºy!hs˝ åTrial and error methodä !lÎ˚ˆÏÙ í˛z˛õˆÏÓ˚Ó˚ x§Ùï˛y!ê˛Ó˚ §Ùyôyl !lî≈Î˚
Ü˛ Ï̂Ó˚!SÈñ Îy !Ü˛v á%Ó Ê˛°≤Ãò lÎ˚– flõT˛ï˛•z ~•z ̨õÂô!ï˛ Ï̂ï˛ §ÙÎ˚ ̂ Ó!¢ °y Ï̂à ~ÓÇ x Ï̂lÜ˛ ̂ «˛ Ï̂e ~•z ̨õÂô!ï˛ Ï̂ï˛
Ü˛Ó˚y §Ω˛ÓG •Î˚ ly– x§Ù#Ü˛Ó˚î §Ùyôyl Ü˛Ó˚yÓ˚ çlƒ xyÙyˆÏòÓ˚ xÓ¢ƒ•z Ë˛y° Óy ¢,C°ÓÂô ˆÜ˛Ô¢° ÌyÜ˛y
í˛z!ã˛ï˛– ~Ó˚ xyˆÏà xyÙyˆÏòÓ˚ !Ü˛S%È §Çáƒy§)ã˛Ü˛ x§Ùï˛yÓ˚ ôÙ≈ xôƒÎ˚l ~ÓÇ ï˛yˆÏòÓ˚ˆÏÜ˛ !lÎ˚Ù !•§yˆÏÓ ôˆÏÓ˚
x§Ùï˛yÓ˚ §Ùyôyl Ü˛Ó˚y í˛z!ã˛ï˛–

ˆï˛yÙÓ˚y Ù Ï̂l Ü˛ Ï̂Ó˚ ̂ òá Ï̂Ó Îál ̂ Ü˛y Ï̂ly ̃ Ó˚!áÜ˛ §Ù#Ü˛Ó˚î §Ùyôyl Ü˛!Ó˚ñ xyÙÓ˚y !l¡¨!°!áï˛ !lÎ˚Ùà%̂ Ï°y
xl%§Ó˚î Ü˛!Ó˚–
!lÎ˚Ù 1  ̂ Ü˛yˆÏly §Ù#Ü˛Ó˚ˆÏîÓ˚ í˛zË˛Î˚!òˆÏÜ˛ §Ùyl §Çáƒy ̂ Îyà åÓy !ÓˆÏÎ˚yàä Ü˛Ó˚y ÎyÎ˚–
!lÎ˚Ù 2  §Ù#Ü˛Ó˚ˆÏîÓ˚ í˛zË˛Î˚ ̨ õ«˛ˆÏÜ˛ x¢)lƒ §Ùyl §Çáƒy !òˆÏÎ˚ à%î åÓy Ë˛yàä Ü˛Ó˚y ÎyÎ˚–

x§Ùï˛y §Ùyôyl Ü˛Ó˚yÓ˚ ˆ«˛ˆÏe xyÙÓ˚y ~Ü˛•z !lÎ˚Ù Ùylƒ Ü˛Ó˚ˆÏÓyñ ¢%ô%Ùye 2 lÇ !lÎ˚ˆÏÙÓ˚ ~•z ˛õyÌ≈Ü˛ƒ
SÈyí ¸̨y ̂ Îñ Îál xyÙÓ˚y ̂ Ü˛y Ï̂ly x§Ùï˛yÓ˚ í z̨Ë˛Î˚̨ õ«˛ Ï̂Ü˛ ̂ Ü˛y Ï̂ly }îydÜ˛ §Çáƒy !ò Ï̂Î˚ à%î åÓy Ë˛yàä Ü˛Ó˚Óñ ï˛ál
x§Ù#Ü˛Ó˚ˆÏîÓ˚ !ã˛•´ ̨ õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÓ åxÌ≈yÍ ‘<‘ • Ï̂Ó ‘>’, ≤’ • Ï̂Ó ‘≥’ •zï˛ƒy!ò) ~Ó˚ ̂ Ì Ï̂Ü˛ ~!ê˛ flõT˛ ̂ Î

3 > 2 Îál – 3 < – 2,

– 8 < – 7 Îál (– 8) (– 2) > (– 7) (– 2) , xÌ≈yÍ, 16 > 14.
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ï˛y•z ̂ Ü˛yˆÏly x§Ùï˛y §Ùyôyl Ü˛Ó˚yÓ˚ !lÎ˚Ùà%ˆÏ°y •° ı
!lÎ˚Ù 1  ˆÜ˛yˆÏly x§Ùï˛yÓ˚ í˛zË˛Î˚!òˆÏÜ˛ñ x§Ùï˛yÓ˚ !ã˛•´ ˛õ!Ó˚Óï≈˛l ly Ü˛ˆÏÓ˚•z §Ùyl §Ùyl §Çáƒy ˆÎyà åÓy
!Ó Ï̂Î˚yàä Ü˛Ó˚y ÎyÎ˚–
!lÎ˚Ù 2  x§Ùï˛yÓ˚ í z̨Ë˛Î˚!ò Ï̂Ü˛ ~Ü˛•z ôlydÜ˛ §Çáƒy !ò Ï̂Î˚ à%î åÓy Ë˛yàä Ü˛Ó˚y ÎyÎ˚– !Ü˛v ̂ Ü˛yl }îydÜ˛ §Çáƒy
!òˆÏÎ˚ à%î Óy Ë˛yà Ü˛Ó˚ˆÏ° x§Ùï˛yÓ˚ !ã˛•´!ê˛ !Ó˛õÓ˚#ï˛Ù%á# •ˆÏÓ–

~ál ã˛ˆÏ°y xyÙÓ˚y !Ü˛S%È í˛zòy•Ó˚î !ÓˆÏÓã˛ly Ü˛!Ó˚–

í˛zòy•Ó˚î 1 §Ùyôyl Ü˛ˆÏÓ˚y ı 30 x < 200 Îál

(i) x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy (ii) x ~Ü˛!ê˛ ̨ õ)î≈ §Çáƒy

§Ùyôyl ı ≤Ãò_ 30 x < 200

Óy
30

30

200

30

x
< å!lÎ˚Ù 2ä xÌ≈yÍ x < 20 / 3.

(i) Îál x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒyñ x ~Ó˚ !l¡¨!°!áï˛ ÙyˆÏlÓ˚ çlƒ x§Ùï˛y!ê˛ §ï˛ƒ •ˆÏÓ–
 1, 2, 3, 4, 5, 6.

x§Ùï˛y!ê˛Ó˚ §Ùyôyl ̂ §ê˛!ê˛ •° {1,2,3,4,5,6}.

(ii) Îál x ~Ü˛!ê˛ ˛õ)î≈ §Çáƒyñ ï˛ál x§Ùï˛y!ê˛Ó˚ §Ùyôylà%ˆÏ°y •°
..., – 3, –2, –1, 0, 1, 2, 3, 4, 5, 6

x§Ùï˛y!ê˛Ó˚ §Ùyôyl ̂ §ê˛ •° ={...,–3, –2,–1, 0, 1, 2, 3, 4, 5, 6}

í˛zòy•Ó˚î 2 §Ùyôyl Ü˛ˆÏÓ˚y ı 5x – 3 < 3x +1 Îál

(i) x ~Ü˛!ê˛ ˛õ)î≈ §Çáƒy (ii) x ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy
§Ùyôyl ı xyÙÓ˚y ˛õy•z 5x –3 < 3x + 1

Óy 5x –3 + 3 < 3x +1 +3 (!lÎ˚Ù1)

Óy 5x < 3x +4

Óy 5x – 3x < 3x + 4 – 3x (!lÎ˚Ù 1)

Óy 2x < 4

Óy x < 2 (!lÎ˚Ù 2)

(i) Îál x ~Ü˛!ê˛ ̨ õ)î≈ §Çáƒy •Î˚ñ ï˛ˆÏÓ ≤Ãò_ x§Ùï˛y!ê˛Ó˚ §Ùyôylà%ˆÏ°y •ˆÏÓ
..., – 4, – 3, – 2, – 1, 0, 1

(ii) Îál x ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy •Î˚ñ x§Ùï˛y!ê˛Ó˚ §Ùyôyl •ˆÏÓ x < 2, xÌ≈yÍ §ÙhflÏ ÓyhflÏÓ §Çáƒy xñ
ÎyÓ˚y 2 ˆÌˆÏÜ˛ ˆSÈyˆÏê˛y– ï˛y•z x§Ùï˛y!ê˛Ó˚ §Ùyôyl ˆ§ê˛ •° x ∈ (– ∞, 2)–

xyÙÓ˚y x§Ùï˛yÓ˚ §Ùyôyl fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ §ê˛ñ ̨õ)î≈§ÇáƒyÓ˚ ̂ §ê˛ ~ÓÇ ÓyhflÏÓ §ÇáƒyÓ˚ ̂ §ê˛ •zï˛ƒy!ò Ï̂ï˛
!ÓˆÏÓã˛ly Ü˛ˆÏÓ˚!SÈ– ~ál ˆÌˆÏÜ˛ í˛zˆÏÕ‘á Ü˛Ó˚y ly ÌyÜ˛ˆÏ°ñ ~•z xôƒyˆÏÎ˚ x§Ùï˛yà%ˆÏ°yÓ˚ §Ùyôyl ÓyhflÏÓ §ÇáƒyÓ˚
ˆ§ Ï̂ê˛ ôÓ˚Ó–
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í˛zòy•Ó˚î 3 §Ùyôyl Ü˛ˆÏÓ˚y ı 4x + 3 < 6x +7.

§Ùyôyl ı xyÙÓ˚y ˛õy•z 4x + 3 < 6x + 7

Óy 4x – 6x < 6x + 4 – 6x

Óy – 2x < 4

Óy x > – 2

xÌ≈yÍ ≤Ãò_ x§Ùï˛y!ê˛Ó˚ §Ùyôyl •° x ~Ó˚ §ÙhflÏ ÓyhflÏÓ Ùylñ ÎyÓ˚y 2 ̂ ÌˆÏÜ˛ ÓˆÏí˛¸y– xï˛~Ó §Ùyôyl

ˆ§ê˛!ê˛ • Ï̂Ó (–2, ∞).

í˛zòy•Ó˚î 4  §Ùyôyl Ü˛ˆÏÓ˚y ı
5 2

3 6
5

−

≤ −

x x
.

§Ùyôyl ı xyÙÓ˚y ̨õy•z
5 2

3 6
5

−

≤ −

x x

Óy 2 (5 – 2x)   ≤  x – 30.

Óy 10 – 4x ≤ x – 30

Óy – 5x ≤ – 40,

Óy x  ≥  8

~•zË˛y Ï̂Ó ≤Ãò_ x§Ùï˛yÓ˚ §Ùyôyl •° x ~Ó˚ §ÙhflÏ ÓyhflÏÓ Ùyl ÎyÓ˚y 8 ~Ó˚ ̂ ã˛ Ï̂Î˚ Ó Ï̂í ¸̨y Óy §Ùyl xÌ≈yÍñ

x ∈ [8, ∞).

í˛zòy•Ó˚î 5 §Ùyôyl Ü˛ˆÏÓ˚y ı 7x + 3 < 5x + 9. §Çáƒy ˆÓ˚áyÓ˚ í˛z˛õÓ˚ §Ùyôylà%ˆÏ°y ˆòáyG–

§Ùyôyl ı xyÙÓ˚y ̨õy•z 7x + 3 < 5x + 9

Óy 2x < 6

Óy x < 3

§Ùyôylà%ˆÏ°yÓ˚ ̃ °!áÜ˛ í˛z˛õfiÌy˛õl 6.1. lÇ !ã˛ Ï̂e ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

!ã˛e lÇ 6.1

í˛zòy•Ó˚î 6   §Ùyôyl Ü˛ˆÏÓ˚y ı 
3 4

2

1

4
1

x x−

≥

+

− . §Çáƒy ˆÓ˚áyÓ˚ í˛z˛õÓ˚ §Ùyôylà%ˆÏ°y ˆòáyG–

§Ùyôyl ı xyÙÓ˚y ̨õy•z
3 4

2

1

4
1

x x−

≥

+

−

Óy
3 4

2

3

4

x x−

≥

−

Óy 2 (3x − 4) ≥ (x − 3)
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Óy 6x – 8 ≥ x – 3

Óy 5x ≥ 5  Óy  x ≥ 1

§Ùyôylà%ˆÏ°yÓ˚ ̃ °!áÜ˛ í˛z˛õfiÌy˛õl 6.2. lÇ !ã˛ Ï̂e ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

!ã˛e lÇ 6.2

í˛zòy•Ó˚î 7   ~Ü˛yò¢ ˆ◊!îÓ˚ ~Ü˛çl SÈyˆÏeÓ˚ ≤ÃÌÙ G !mï˛#Î˚ ˛õÎ≈yˆÏÎ˚Ó˚ ˛õÓ˚#«˛yÎ˚ ≤ÃyÆ l¡∫Ó˚ ÎÌyÜ ˛ˆÏÙ 62 G
48– SÈye!ê˛ Óy!£Ï≈Ü˛ ̨ õÓ˚#«˛yÎ˚ l)ƒlï˛Ù Ü˛ï˛ l¡∫Ó˚ ̂ ˛õˆÏ° ï˛yÓ˚ àí˛¸ l¡∫Ó˚ xhs˝ï˛ 60 • Ï̂Ó⁄

§Ùyôyl ı ôˆÏÓ˚y SÈye!ê˛ Óy!£Ï≈Ü˛ ̨õÓ˚#«˛yÎ˚ x l¡∫Ó˚ ̂ ˛õˆÏÎ˚ˆÏSÈ–

ï˛ Ï̂Óñ
62 48

3
60

+ +

≥

x

Óy 110 + x ≥ 180

Óy x ≥ 70

xï˛~Ó SÈye!ê˛ Ï̂Ü˛ à Ï̂í ¸̨ xhs˝ï˛/ 60 l¡∫Ó˚ ̂ ˛õ Ï̂ï˛ • Ï̂° Óy!£Ï≈Ü˛ ̨õÓ˚#«˛yÎ˚ ï˛y Ï̂Ü˛ xÓ¢ƒ•z l)ƒlï˛Ù 70 l¡∫Ó˚
ˆ˛õˆÏï˛ •ˆÏÓ–

í˛zòy•Ó˚î 8  10 ̂ Ì Ï̂Ü˛ Ó Ï̂í ¸̨y ~Ùl ̨õÓ˚ ̨õÓ˚ Ü ̨ !ÙÜ˛ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ çyí ¸̨ !lî≈Î˚ Ü˛ Ï̂Ó˚yñ Îy Ï̂òÓ˚ §Ù!T˛
40 ̂ Ì Ï̂Ü˛ ̂ SÈy Ï̂ê˛y–

§Ùyôyl ı ôˆÏÓ˚y ̨ õÓ˚ ̨õÓ˚ Ü ˛!ÙÜ˛ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §Çáƒy ò%!ê˛Ó˚ ÙˆÏôƒ ̂ SÈyê˛ §Çáƒy!ê˛ x– §%ï˛Ó˚yÇ x˛õÓ˚ §Çáƒy!ê˛
(x +2).

xyÙÓ˚y ˛õy•zñ x > 10 ... (1)

~ÓÇ x + ( x + 2) < 40 ... (2)

(2) lÇ §Ùyôyl Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z

2x + 2 < 40

xÌ≈yÍ x < 19 ... (3)

(1) G (3) lÇ ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z

10 < x < 19

ˆÎˆÏ•ï%˛ x ~Ü˛!ê˛ xÎ%@¬ §Çáƒyñ x ~Ó˚ Ùylà%ˆÏ°y •ˆÏï˛ ˛õyˆÏÓ˚ 11, 13, 15, 17– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ §Ω˛yÓƒ
ˆçyí˛¸à%ˆÏ°y •° (11, 13), (13, 15), (15, 17), (17, 19) –
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xl%¢#°l# 6.1

1. §Ùyôyl Ü˛ˆÏÓ˚y ı 24x < 100, Îál
(i) x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy (ii) x ~Ü˛!ê˛ xáu˛ §Çáƒy

2. §Ùyôyl Ü˛ˆÏÓ˚y ı –12x > 30, Îál
(i) x ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy (ii) x ~Ü˛!ê˛ xáu˛ §Çáƒy

3. §Ùyôyl Ü˛ Ï̂Ó˚y ı 5x – 3 < 7, Îál
(i) x ~Ü˛!ê˛ xáu˛ §Çáƒy (ii) x ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy

4. §Ùyôyl Ü˛ˆÏÓ˚y ı 3x + 8 >2, Îál
(i) x ~Ü˛!ê˛ xáu˛ §Çáƒy (ii) x ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy

x ~Ó˚ ÓyhflÏÓ Ùy Ï̂lÓ˚ çlƒ 5 ˆÌ Ï̂Ü˛ 16 lÇ ≤ÃˆÏŸ¿Ó˚ x§Ùï˛yà%ˆÏ°yÓ˚ §Ùyôyl Ü˛ˆÏÓ˚y–
5. 4x + 3 < 5x + 7 6. 3x – 7 > 5x – 1

7. 3(x – 1) ≤ 2 (x – 3) 8. 3 (2 – x) ≥ 2 (1 – x)

9. x
x x

+ + <

2 3
11 10.

x x

3 2
1> +

11.
3 2

5

5 2

3

( ) ( )x x−

≤

−

12.
1

2

3

5
4

1

3
6

x
x+












≥ −( )

13. 2 (2x + 3) – 10 < 6 (x – 2) 14. 37 – (3x + 5) > 9x – 8 (x – 3)

15.
x x x

4

5 2

3

7 3

5
<

−

−

−( ) ( )
16.

( ) ( ) ( )2 1

3

3 2

4

2

5

x x x−

≥

−

−

−

xl%¢#°l#Ó˚ 17 ̂ Ì Ï̂Ü˛ 20 ̨õÎ≈hs˝ x§Ùï˛yà%̂ Ï°yÓ˚ §Ùyôyl Ü˛ Ï̂Ó˚y ~ÓÇ ≤Ã Ï̂ï˛ƒÜ˛ ̂ «˛ Ï̂e §Ùyôylà%̂ Ï°y Ï̂Ü˛ §Çáƒy
ˆÓ˚áyÎ˚ ̂ òáyG–
17. 3x – 2 < 2x + 1 18. 5x – 3 ≥ 3x – 5

19. 3 (1 – x) < 2 (x + 4) 20.
x x x

2

(5 2)

3

(7 3)

5
≥

−

−

−

21. Ó˚!Ó ≤ÃÌÙ ò%!ê˛ •zí˛z!lê˛ ˆê˛ˆÏfiê˛ 70 G 75 l¡∫Ó˚ ˆ˛õˆÏÎ˚ˆÏSÈ– ï,˛ï˛#Î˚ •zí˛z!lê˛ ˆê˛ˆÏfiê˛ ˆ§ l)ƒlï˛Ù Ü˛ï˛ l¡∫Ó˚
ˆ˛õˆÏ° ï˛yÓ˚ àí˛¸ l¡∫Ó˚ xhs˝ï˛/˛õˆÏ«˛ 60 • Ï̂Ó⁄

22. ˆÜ˛yˆÏly ˛õyë˛ƒÜ ˛ˆÏÙ ‘A’ ˆ@˝Ãí˛ ˆ˛õˆÏï˛ •ˆÏ° ˛õÑyã˛!ê˛ ˛õÓ˚#«˛yÎ˚ å≤Ã!ï˛!ê˛ 100 l¡∫ˆÏÓ˚Ó˚ä ~Ü˛çlˆÏÜ˛ xÓ¢ƒ•z
àˆÏí˛¸ 90 Óy ï˛yÓ˚ ̂ Ó!¢ l¡∫Ó˚ ̂ ˛õˆÏï˛ •ˆÏÓ– Î!ò ≤ÃÌÙ ã˛yÓ˚!ê˛ ̨ õÓ˚#«˛yÎ˚ §%!lï˛yÓ˚ ≤ÃyÆ l¡∫Ó˚ 87, 92, 94

~ÓÇ 95 •Î˚ñ ï˛ˆÏÓ ˛õM˛Ù ˛õÓ˚#«˛yÎ˚ §%!lï˛y l)ƒlï˛Ù Ü˛ï˛ l¡∫Ó˚ ˆ˛õˆÏ° ˛õyë˛ƒÜ ˛ˆÏÙ ‘A’ ˆ@˝Ãí˛ ˛õyˆÏÓ⁄
23. 10 ̂ Ì Ï̂Ü˛ ̂ SÈy Ï̂ê˛y ~Ùl ̨õÓ˚̨ õÓ˚ Ü ̨ !ÙÜ˛ xÎ%@¬ ôlydÜ˛ xáu˛ §ÇáƒyÓ˚ ̂ çyí ¸̨ !lî≈Î˚ Ü˛ Ï̂Ó˚yñ Îy Ï̂òÓ˚ §Ù!T˛

11 ̂ ÌˆÏÜ˛ ÓˆÏí˛¸y–
24. 5 ̂ ÌˆÏÜ˛ ÓˆÏí˛¸y ~Ùl ̨õÓ˚˛õÓ˚ Ü ˛!ÙÜ˛ Î%@¬ }îydÜ˛ xáu˛ §ÇáƒyÓ˚ ̂ çyí˛¸ !lî≈Î˚ Ü˛ˆÏÓ˚yñ ÎyˆÏòÓ˚ §Ù!T˛ 23

ˆÌ Ï̂Ü˛ ̂ SÈy Ï̂ê˛y–
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25. ˆÜ˛y Ï̂ly !eË%̨ Ï̂çÓ˚ §Ó Ï̂ã˛ Ï̂Î˚ Ó Ï̂í ¸̨y Óy•%!ê˛Ó˚ ̃ òâ≈ƒ §Ó Ï̂ã˛ Ï̂Î˚ ̂ SÈy Ï̂ê˛y Óy•%!ê˛Ó˚ ̃ ò Ï̂â≈ƒÓ˚ 3 à%î ~ÓÇ ï,̨ ï˛#Î˚ Óy•%!ê˛
§Ó≈Ó,•Í Óy•%Ó˚ ˆã˛ˆÏÎ˚ 2 ˆ§!Ù ˆSÈyˆÏê˛y– Î!ò !eË%˛ç!ê˛Ó˚ ˛õ!Ó˚§#Ùy l)ƒlï˛Ù 61 ˆ§!Ù •Î˚ ï˛ˆÏÓ «%˛oï˛Ù
Óy•%!ê˛Ó˚ l)ƒlï˛Ù ̃ òâ≈ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

26. ~Ü˛çl Óƒ!=˛ 91 ˆ§!Ù ˜òˆÏâ≈ƒÓ˚ ~Ü˛!ê˛ ˆÓyí≈˛ˆÏÜ˛ !ï˛l ê%˛Ü˛ˆÏÓ˚y Ü˛Ó˚ˆÏï˛ ã˛yÎ˚– !mï˛#Î˚!ê˛Ó˚ ˜òâ≈ƒ «%˛oï˛Ó˚
ê%̨ Ü˛ Ï̂Ó˚y!ê˛ ̂ Ì Ï̂Ü˛ 3 ̂ §!Ù ̂ Ó!¢ ~ÓÇ ï,̨ ï˛#Î˚ ê%̨ Ü˛ Ï̂Ó˚y!ê˛Ó˚ ̃ òâ≈ƒ «%̨ oï˛Ó˚ ̃ òâ≈ƒ !Ó!¢T˛ ê%̨ Ü˛ Ï̂Ó˚y!ê˛Ó˚ !mà%î– Î!ò
ï,˛ï˛#Î˚ ê%˛Ü˛ˆÏÓ˚y!ê˛Ó˚ ˜òâ≈ƒñ !mï˛#Î˚ ê%˛Ü˛ˆÏÓ˚y!ê˛Ó˚ ˜òˆÏâ≈ƒÓ˚ ˆã˛ˆÏÎ˚ xhs˝ï˛/ 5 ˆ§!Ù ˆÓ!¢ •Î˚ ï˛ˆÏÓ «%˛oï˛Ó˚
ê%̨ Ü˛ Ï̂Ó˚y!ê˛Ó˚ §Ω˛yÓƒ l)ƒlï˛Ù ̃ òâ≈ƒ Ü˛ï˛ • Ï̂Ó⁄
[§Ç Ï̂Ü˛ï˛ : Î!ò «%̨ oï˛Ó˚ ê%̨ Ü˛ Ï̂Ó˚y!ê˛Ó˚ ̃ òâ≈ƒ x •Î˚ñ ï˛ Ï̂Ó !mï˛#Î˚ G ï,̨ ï˛#Î˚ ê %̨̨ Ü˛ Ï̂Ó˚y ò%!ê˛Ó˚ ̃ òâ≈ƒ • Ï̂Ó ÎÌyÜ ̨ Ï̂Ù,

(x + 3) ~ÓÇ 2x– xï˛~Ó, x + (x + 3) + 2x ≤ 91 ~ÓÇ 2x ≥ (x + 3) + 5].

6.4  !mÈã˛° !Ó!¢T˛ ˜Ó˚!áÜ˛ x§Ùï˛yÓ˚ ˜°!áÜ˛ §Ùyôyl (Graphical Solution of Linear

Inequalities in Two Variables)

˛õ)Ó≈Óï≈˛# xl%ˆÏFSÈˆÏòñ xyÙÓ˚y ˆòˆÏá!SÈ ˆÎ ~Ü˛ÈÈã˛° !Ó!¢T˛ ˆÜ˛yˆÏly x§Ùï˛yÓ˚ ˆ°á •° ~Ü˛!ê˛ ã˛y«%˛£Ï
í˛z˛õfiÌy˛õly ~ÓÇ x§Ùï˛yÓ˚ §Ùyôyl ≤ÃÜ˛y¢ Ü˛Ó˚yÓ˚ ~Ü˛!ê˛ §•ç ˛õÂô!ï˛– ~ál xyÙÓ˚y !mÈã˛° !Ó!¢T˛ ˜Ó˚!áÜ˛
x§Ùï˛yÓ˚ ̂ °á !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚̂ ÏÓy–

xyÙÓ˚y çy!l ̂ Î ~Ü˛!ê˛ ̂ Ó˚áy Ü˛yˆÏï≈˛§#Î˚ ï˛°ˆÏÜ˛ ò%!ê˛ xÇˆÏ¢ !ÓË˛=˛ Ü˛ˆÏÓ˚– ≤ÃˆÏï˛ƒÜ˛!ê˛ xÇ¢ xô≈ÈüÈ§Ùï˛°
åhalf planeä ly Ï̂Ù ̨õ!Ó˚!ã˛ï˛– ~Ü˛!ê˛ í z̨Õ‘¡∫ ̂ Ó˚áy ~•z §Ùï˛° Ï̂Ü˛ ÓyÙ G í˛yl xô≈ÈüÈ§Ùï˛ Ï̂° !ÓË˛=˛ Ü˛ Ï̂Ó˚ åleft

and right half planesä ~ÓÇ ~Ü˛!ê˛ !ï˛Î≈Ü˛ ˆÓ˚áy ~•z §Ùï˛°ˆÏÜ˛ !l¡¨ G |ôÁ≈ xô≈§Ùï˛ˆÏ° ålower and

upper half planesä !ÓË˛=˛ Ü˛ˆÏÓ˚– å!ã˛e 6.3 G 6.4ä

Ü˛y Ï̂ï≈̨ §#Î̊ ï˛ Ï̂° ~Ü˛!ê˛ !Ó®% ̂ Ü˛y Ï̂ly ̂ Ó̊áyÓ̊ í z̨̨ õÓ̊ Óy xô≈ §Ùï˛ Ï̂°Ó̊ ≤ÃÌ Ï̂Ù Óy !mï˛#Î̊ xÇ Ï̂¢ xÓfiÌyl Ü˛ Ï̂Ó̊–
~ál xyÙÓ˚y ̂ Ü˛yˆÏly ï˛ˆÏ° xÓ!fiÌï˛ !Ó®%à%ˆÏ°yÓ˚ ÙˆÏôƒ ~ÓÇ x§Ùï˛y ax + by < c Óy ax + by >c.

~Ó˚ ÙˆÏôƒ ˆÜ˛yˆÏly §¡õÜ≈˛ xyˆÏSÈ !Ü˛ ly ï˛y ˛õÓ˚#«˛y Ü˛Ó˚ˆÏÓy–
ã˛ Ï̂°y xyÙÓ˚y ~Ü˛!ê˛ ˆÓ˚áy ax + by = c, a ≠ 0, b  ≠ 0 ˆÜ˛ !Ó Ï̂Óã˛ly Ü˛!Ó˚– ÉÉÉÉÉ å1ä

!ã˛e 6.3 !ã˛e 6.4

ÓyÙ xô≈
§Ùï˛°

í˛yl xô≈
§Ùï˛°

|ôÁ≈ xô≈
§Ùï˛°

!l¡¨ xô≈
§Ùï˛°
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!ã˛e 6.5

~áy Ï̂l !ï˛l!ê˛ §Ω˛yÓly xy Ï̂SÈñ ̂ ÎÙl :
(i)  ax + by =  c (ii) ax + by > c (iii) ax + by < c.

(i) lÇ ~Ó˚ ˆ«˛ˆÏe flõT˛ï˛•z (i) lÇÈüÈˆÜ˛ !§Âô Ü˛ˆÏÓ˚ ~Ùl §Ó !Ó®%•z (x, y) ˆÓ˚áy!ê˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛
~ÓÇ !Ó˛õÓ˚#ï˛ Ü ˛ˆÏÙG ~!ê˛ §ï˛ƒ– (ii) lÇ ̂ «˛ˆÏe ã˛ˆÏ°y xyÙÓ˚y ô!Ó˚ b > 0. ôˆÏÓ˚y P (α,β) !Ó®%!ê˛ ax + by =

c, b > 0, ˆÓ˚áy!ê˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛– §%ï˛Ó˚yÇ aα + bβ = c. ôˆÏÓ˚y Q (α , γ) xô≈§Ùï˛° II-~Ó˚ ~Ü˛!ê˛
Î Ï̂ÌFSÈ !Ó®% (!ã˛e 6.5).

~ál å6.5ä lÇ !ã˛e Óƒyáƒy Ü˛ˆÏÓ˚ ˛õy•z γ > β

åˆÜ˛l⁄ä
Óy b γ > bβ

Óy       aα + b γ > aα + bβ åˆÜ˛l⁄ä
Óy aα + b γ > c

xÌ≈yÍ Q(α, γ), ax + by > c.

x§Ùï˛y!ê˛ Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚–
xï˛~Óñ ax + by = c ̂ Ó˚áy!ê˛Ó˚ í z̨̨ õ Ï̂Ó˚Ó˚ !ò Ï̂Ü˛

xô≈§Ùï˛° II ~Ó˚ §Ü˛° !Ó®%•z ax + by > c ~•z
x§Ùï˛y!ê˛ Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚– !Ó˛õÓ˚#ï˛Ü ̨ Ï̂Ùñ ô Ï̂Ó˚y (α, β)

•° ax + by = c ˆÓ˚áy!ê˛Ó˚ í˛z˛õ!Ó˚fiÌ ~Ü˛!ê˛ !Ó®%
~ÓÇ Q(α, γ) •° ax + by > c x§Ùï˛y!ê˛ˆÏÜ˛ !§Âô Ü˛ˆÏÓ˚ ~Ó˚)˛õ ÎˆÏÌFSÈ ~Ü˛!ê˛ !Ó®%–
§%ï˛Ó˚yÇñ aα + bγ > c

⇒ aα + b γ > aα + bβ (ˆÜ˛l⁄)

⇒ γ > β (ˆÎˆÏ•ï%˛ b > 0)

~Ó˚ xÌ≈ (α, γ) !Ó®%!ê˛ II xô≈ï˛ˆÏ° xÓ!fiÌï˛–
xï˛~Óñ xô≈§Ùï˛° II ~Ó˚ ̂ Î ̂ Ü˛yl !Ó®% ax + by > c, ̂ Ü˛ !§Âô Ü˛ˆÏÓ˚ ~ÓÇ !Ó˛õÓ˚#ï˛Ü ˛ˆÏÙñ ax + by

> c ˆÜ˛ !§Âô Ü˛ˆÏÓ˚ ~Ó)̨̊ õ ˆÎ ˆÜ˛yl !Ó®% xô≈§Ùï˛° II-~ xÓ!fiÌï˛–
b < 0 ~Ó˚ ˆ«˛ˆÏe xyÙÓ˚y xl%Ó˚)ˆÏ˛õ ≤ÃÙyî Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚ ˆÎñ ax + by > c ˆÜ˛ !§Âô Ü˛ Ï̂Ó˚ ~Ó)̨̊ õ ˆÎ

ˆÜ˛yl !Ó®% xô≈§Ùï˛ˆÏ° I-~ xÓ!fiÌï˛ ~ÓÇ !Ó˛õÓ˚#ï˛Ü ˛ˆÏÙG ~!ê˛ §ï˛ƒ–
xï˛~Ó xyÙÓ̊y ~•z !§Âôy Ï̂hs˝ í z̨̨ õl#ï˛ • Ï̂ï˛ ̨õy!Ó̊ ̂ Î §Ü˛° !Ó®% ax + by > c ~•z x§Ùï˛y Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó̊

ï˛yÓ̊y b > 0 Óy b < 0, xl%ÎyÎ̊# xô≈ §Ùï˛° I Óy IIÈüÈ~ xÓfiÌyl Ü˛Ó̊ Ï̂Ó ~ÓÇ !Ó˛õÓ̊#ï˛ Ü ̨ Ï̂ÙG ~!ê˛ §ï˛ƒ–
~•zË˛y Ï̂Óñ ax + by > c x§Ùï˛y!ê˛Ó˚ ˆ°á ˆÎ ˆÜ˛yˆÏly ~Ü˛!ê˛ xô≈§Ùï˛° •ˆÏÓ åÎyˆÏÜ˛ §Ùyôyl xM˛°

ÓˆÏ°ä ~ÓÇ xl%Ó˚)˛õ xô≈ §Ùï˛°!ê˛ SÈyÎ˚yÓ,ï˛Ü˛Ó˚ˆÏîÓ˚ ÙyôƒˆÏÙ ≤ÃÜ˛y!¢ï˛ •Î˚–

        Ùhs˝Óƒ   1. ˆÜ˛yˆÏly x§Ùï˛yÓ˚ §ÙhflÏ §Ùyôyl ˆÎ xM˛° ç%ˆÏí˛¸ ÌyˆÏÜ˛ ï˛yˆÏÜ˛ §Ùyôyl xM˛° ÓˆÏ°–
2. ˆÎ xô≈§Ùï˛°!ê˛ x§Ùï˛y!ê˛ myÓ˚y ≤ÃÜ˛y!¢ï˛ •Î˚ ï˛y !lî≈̂ ÏÎ˚Ó˚ çlƒ ~Ü˛!ê˛ !Ó®% (a, b) [ˆÓ˚áy!ê˛Ó˚ í z̨̨ õÓ˚
lÎ˚] !l Ï̂Î˚ x§Ùï˛y!ê˛ !§Âô Ü˛ Ï̂Ó˚ !Ü˛ Ü˛ Ï̂Ó˚ ly ¢%ô%Ùye ~•zê%̨ Ü%̨  ̨õÓ˚#«˛y Ü˛Ó˚y•z Î Ï̂ÌT˛– Î!ò !Ó®%!ê˛ x§Ùï˛y!ê˛ Ï̂Ü˛
!§Âô Ü˛ˆÏÓ˚ ï˛ˆÏÓ x§Ùï˛y!ê˛ G•z !Ó®%!ê˛ ˆÎ xô≈§Ùï˛ˆÏ° xÓ!fiÌï˛ ï˛yˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚ ~ÓÇ G•z xM˛°ˆÏÜ˛

A
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!ã˛e 6.6

SÈyÎ˚yÓ,ï˛ Ü˛Ó˚̂ ÏÓ– xlƒÌyÎ˚ !Ó®%!ê˛ ̂ Î xô≈§Ùï˛ Ï̂° ̂ l•z ï˛y Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛Ó˚̂ ÏÓ– §%!ÓôyÓ˚ çlƒ (0, 0) !Ó®%!ê˛ Ï̂Ü˛
˛õSÈ® Ü˛Ó˚y •Î˚–
3. Î!ò x§Ùï˛y!ê˛ ax + by ≥ c Óy ax + by ≤ c, xyÜ˛yˆÏÓ˚Ó˚ •Î˚ ï˛ˆÏÓ ax + by = c ̂ Ó˚áyÓ˚ í˛z˛õ!Ó˚fiÌ
!Ó®%à%!°G §Ùyôyl xM˛ Ï̂°Ó˚ xhs˝à≈ï˛ • Ï̂Ó– ̂ § Ï̂«˛ Ï̂e ~Ü˛!ê˛ àyì ¸̨ ̂ Ó˚áy xAÜ˛l Ü˛ Ï̂Ó˚ §Ùyôyl xM˛°!ê˛ Ï̂Ü˛
!ã˛!•´ï˛ Ü˛Ó˚̂ ÏÓ–
4. Î!ò x§Ùï˛y!ê˛ ax  + by > c Óy ax  + by < c, xyÜ˛yˆÏÓ˚Ó˚ •Î˚ ï˛ˆÏÓ ax  + by = c ˆÓ˚áyÓ˚ í˛z˛õÓ˚
xÓ!fiÌï˛ !Ó®%à%ˆÏ°y §Ùyôyl xM˛ˆÏ°Ó˚ xhs˝à≈ï˛ •ˆÏÓ lyñ ï˛y•z ~Ü˛!ê˛ í˛ê˛ Î%=˛ ådotted lineä ̂ Ó˚áy !òˆÏÎ˚
§Ùyôyl xM˛°!ê˛ Ï̂Ü˛ !ã˛!•´ï˛ Ü˛Ó˚̂ ÏÓ–

6.2 lÇ xl%̂ ÏFSÈ Ï̂ò Îál xyÙÓ˚y ̂ Ó˚¢ÙyÓ˚ áyï˛y G Ü˛° Ï̂ÙÓ˚ §Ù§ƒy!ê˛Ó˚ Ó)̨̊ õyhs˝Ó˚ Ü˛ Ï̂Ó˚!SÈ°yÙ ï˛ál ò%•zã˛°
x G y ~Ó˚ !l¡¨!°!áï˛ ˜Ó˚!áÜ˛ x§Ù#Ü˛Ó˚îà%ˆÏ°y ˆ˛õˆÏÎ˚!SÈ°yÙ

40x + 20y  ≤  120 ... (1)

ˆÎ Ï̂•ï%̨  Ó›Ó˚ §Çáƒy Ü˛ál Ë˛@¿yÇ¢ Óy }îydÜ˛ •Î˚ ly ï˛y•z  x G y ¢%ô%Ùye §Ù@˝Ã §Çáƒy • Ï̂Ó ~Ü˛Ìy Ù Ï̂l
ˆÓ˚ˆÏáñ ã˛ˆÏ°y xyÙÓ˚y ~•z x§Ùï˛y!ê˛ˆÏÜ˛ §Ùyôyl Ü˛!Ó˚– ~ˆÏ«˛ˆÏe xyÙÓ˚y x G y ~Ó˚ ÙyˆÏlÓ˚ ~Ùl ˆçyí˛¸ !lî≈Î˚
Ü˛Ó˚Ó ÎyÓ˚ çlƒ (1) lÇ !ÓÓ,!ï˛!ê˛ §ï˛ƒ •ˆÏÓ– ≤ÃÜ,˛ï˛˛õˆÏ«˛ ~ ôÓ˚ˆÏlÓ˚ ˆçyí˛¸à%ˆÏ°y•z •ˆÏÓ (1) lÇ x§Ùï˛y!ê˛Ó˚
§Ùyôyl ̂ §ê˛–

¢%Ó˚% Ü˛Ó˚yÓ˚ çlƒñ ôˆÏÓ˚y x = 0. ~ál (1) lÇ ~Ó˚ ÓyÙ˛õ«˛
= 40x + 20y = 40 (0) + 20y = 20y.

xï˛~Óñ xyÙÓ˚y ˛õy•z 20y ≤ 120 Óyñ y ≤ 6 ... (2)

∴ x = 0, ~Ó˚ çl y ~Ó˚ xl%Ó˚)˛õ Ùylà%ˆÏ°y •ˆÏï˛ ̨õyˆÏÓ˚ ¢%ô%Ùye 0, 1, 2, 3, 4, 5, 6. ~ˆÏ«˛ˆÏe (1) lÇ
~Ó̊ §Ùyôylà%̂ Ï°y • Ï̂Ó (0, 0), (0, 1), (0,2), (0,3), (0,4),

(0, 5) ~ÓÇ (0, 6).

xl%Ó˚)ˆÏ˛õ x = 1, 2 ~ÓÇ 3 ~Ó˚ çlƒ (1) lÇ ~ÓÇ
xlƒylƒ §Ùyôylà%ˆÏ°y •ˆÏï˛ ̨ õyˆÏÓ˚ñ (1, 0), (1, 1), (1, 2),

(1, 3), (1, 4), (2, 0), (2, 1), (2, 2), (3, 0)

~•z §Ùyôylà%ˆÏ°y 6.6 lÇ !ã˛ˆÏe ̂ òáyˆÏly •ˆÏÎ˚ˆÏSÈ–
ã˛ Ï̂°y xyÙÓ˚y ~ál x G y Ùy Ï̂lÓ˚ §#Ùy xá[˛˛ §Çáƒy

ˆÌ Ï̂Ü˛ ÓyhflÏÓ §Çáƒy ̨õÎ≈hs˝ !Óhfl,Ïï˛ Ü˛!Ó˚ ~ÓÇ ~ Ï̂«˛ Ï̂e (1) lÇ
~Ó˚ §Ùyôylà%ˆÏ°y Ü˛# •Î˚ ˆòˆÏáy– ˆï˛yÙÓ˚y ˆòáˆÏÓ ~ˆÏ«˛ˆÏe
˜°!áÜ˛ !lÎ˚Ù á%Ó §%!ÓôyçlÜ˛– ã˛ˆÏ°y xyÙÓ˚y
40x + 20y = 120 ... (3) ~•z §Ù#Ü˛Ó˚î!ê˛
!Ó Ï̂Óã˛ly Ü˛!Ó˚ ~ÓÇ ~Ó˚ ̂ °á!ã˛e xAÜ˛l Ü˛!Ó˚–

(1) lÇ x§Ùï˛y!ê˛Ó̊ ̂ °á!ã˛e xAÜ˛l Ü˛Ó̊yÓ̊ çlƒ xyÙÓ̊y
I lÇ xô≈§Ùï˛ˆÏ°Ó˚ ~Ü˛!ê˛ !Ó®% (0, 0) ô!Ó˚ ~ÓÇ x ~ÓÇ y
~•z Ùyl å1ä lÇ x§Ùï˛y Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚ !Ü˛ ly ̨õÓ˚#«˛y Ü˛!Ó˚–
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xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎ x = 0, y = 0 x§Ùï˛y!ê˛ˆÏÜ˛ !§Âô
Ü˛ˆÏÓ˚– ï˛y•z xyÙÓ˚y Ó!° ˆÎ (I) lÇ xô≈ §Ùï˛°!ê˛•z •° (1) lÇ
x§Ùï˛yÓ˚ ˆ°á!ã˛e å!ã˛e 6.7ä– ˆÎˆÏ•ï%˛ ˆÓ˚áyÓ˚ í˛z˛õ!Ó˚fiÌ
!Ó®%à%ˆÏ°yG å1ä lÇ x§Ùï˛yˆÏÜ˛ !§Âô Ü˛ˆÏÓ˚ñ ï˛y•z ˆÓ˚áy!ê˛G ~•z
ˆ°á!ã˛ Ï̂eÓ˚ ~Ü˛!ê˛ xÇ¢ • Ï̂Ó–

ï˛y•z ≤Ãò_ x§Ùï˛y!ê˛Ó˚ ˆ°á!ã˛e •ˆÏÓ ˆÓ˚áy!ê˛ §• (I) lÇ
xô≈§Ùï˛°– flõT˛ï˛•zñ II lÇ xô≈ §Ùï˛°!ê˛ ~•z ̂ °á!ã˛ Ï̂eÓ˚ xÇ¢
• Ï̂Ó ly– xï˛~Ó å1ä lÇ x§Ùï˛y!ê˛Ó˚ §Ùyôyl ̂ °á!ã˛ˆÏeÓ˚ §Ü˛°
!Ó®%à%ˆÏ°y myÓ˚y à!ë˛ï˛ åˆÓ˚áy §• (I) lÇ xô≈ §Ùï˛°ä–

xyÙÓ˚y ~ál ò%•z ã˛°!Ó!¢T˛ ̃ Ó˚!áÜ˛ x§Ùï˛y §Ùyôyl Ü˛Ó˚yÓ˚
çlƒ í z̨̨ õ Ï̂Ó̊ Ó!î≈ï˛ ̨õÂô!ï˛Ó̊ Óƒyáƒy !Ü˛S%È í z̨òy•Ó̊ Ï̂îÓ̊ §y•y Ï̂Îƒ Ü˛Ó̊ Ï̂Óy–
í˛zòy•Ó˚î 9  ̂ °á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ §Ùyôyl Ü˛ˆÏÓ˚y ı 3x + 2y > 6.

§Ùyôyl ı 3x + 2y = 6 ~Ó˚ ˆ°á!ê˛ 6.8 lÇ !ã˛ˆÏe í˛ˆÏê˛í˛‰ ˆÓ˚áy
myÓ˚y ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

~•z ˆÓ˚áy!ê˛ x-y ï˛°ˆÏÜ˛ ò%!ê˛ xô≈§Ùï˛° I G II ~
!ÓË˛=˛ Ü˛ Ï̂Ó˚– xyÙÓ˚y ~Ü˛!ê˛ !Ó®% (0, 0) [ˆÓ˚áyÓ˚ í z̨̨ õ!Ó˚fiÌ
lÎ̊] !lÓ≈yã˛l Ü˛!Ó̊ñ Îy ̂ Î ̂ Ü˛yl ~Ü˛!ê˛ xô≈ §Ùï˛ Ï̂° xÓfiÌyl
Ü˛ˆÏÓ˚ å!ã˛e 6.8ä ~ÓÇ ~•z !Ó®%!ê˛ ≤Ãò_ x§Ùï˛yˆÏÜ˛ !§Âô
Ü˛ˆÏÓ˚ !Ü˛ ly ï˛y !lô≈yÓ˚î Ü˛!Ó˚– xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎ

3 (0) + 2 (0) > 6

Óy 0 > 6 , Îy !ÙÌƒy
xï˛~Ó å1ä lÇ xô≈§Ùï˛° ≤Ãò_ x§Ùï˛yÓ̊ §Ùyôyl

xM˛° lÎ˚– flõT˛ï˛•z ̂ Ó˚áyÓ˚ í z̨̨ õ!Ó˚fiÌ ̂ Ü˛y Ï̂ly !Ó®%•z ≤Ãò_
ÎÌyÌ≈ x§Ùï˛y Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚ ly– xlƒË˛y Ï̂Ó Ó° Ï̂° ̂ Ó˚áyÓ˚
í˛z˛õ!Ó˚fiÌ !Ó®%à%ˆÏ°y SÈyí˛¸yñ SÈyÎ˚yÓ,ï˛ II lÇ xô≈§Ùï˛°•z
x§Ùï˛y!ê˛Ó˚ §Ùyôyl xM˛°–
í˛zòy•Ó˚î 10   !mÙy!eÜ˛ï˛ˆÏ° ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ §Ùyôyl
Ü˛ˆÏÓ˚y 3x – 6 ≥ 0.

§Ùyôyl ı 3x – 6 = 0 ~Ó˚ ̂ °áy!ã˛e 6.9 lÇ !ã˛ˆÏe ̂ òáyˆÏly
• Ï̂Î˚̂ ÏSÈ–
xyÙÓ̊y ~Ü˛!ê˛ !Ó®% (0, 0) !lÓ≈yã˛l Ü˛!Ó̊ ~ÓÇ ≤Ãò_ x§Ùï˛y Ï̂ï˛
≤Ã!ï˛fiÌy˛õl Ü˛ˆÏÓ˚ xyÙÓ˚y ̂ ò!á ı

3 (0) – 6 ≥ 0  Óy – 6 ≥ 0 Îy !ÙÌƒy– ï˛y•z §Ùyôyl
xM˛°!ê˛ •° x = 2 ˆÓ˚áyÓ˚ í˛yl !òˆÏÜ˛Ó˚ SÈyÎ˚yÓ,ï˛ xM˛°–

!ã˛e 6.7

!ã˛e 6.8

!ã˛e 6.9
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!ã˛e 6.10

!ã˛e 6.11

í˛zòy•Ó˚î  11 y < 2 ̂ Ü˛ ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ §Ùyôyl Ü˛ˆÏÓ˚y–
§Ùyôyl ı y = 2 ~Ó˚ ˆ°á!ã˛e!ê˛ 6.10 lÇ !ã˛ˆÏe ˆòáyˆÏly
• Ï̂Î˚̂ ÏSÈ–

ã˛̂ Ï°y xyÙÓ̊y åIä lÇ xô≈ §Ùï˛̂ Ï°Ó̊ l# Ï̂ã˛Ó̊ !ò Ï̂Ü˛ ~Ü˛!ê˛ !Ó®%
(0, 0) !lÓ≈yã˛l Ü˛!Ó̊ ~ÓÇ ≤Ãò_ x§Ùï˛y Ï̂ï˛  y = 0 Ó!§ Ï̂Î̊ ̨õy•z

1 × 0 < 2 Óy 0 < 2  Îy §ï˛ƒ–
ï˛y•z §Ùyôyl xM˛°!ê˛ •° y = 2 ̂ Ó˚áyÓ˚ l# Ï̂ã˛Ó˚ !ò Ï̂Ü˛Ó˚

SÈyÎ̊yÓ,ï˛ xM˛°– xï˛~Ó ~•z ̂ Ó̊áyÓ̊ !l Ï̂ã˛Ó̊ §ÙhflÏ !Ó®% åˆÓ̊áyÓ̊
í z̨̨ õ!Ó˚fiÌà%̂ Ï°y lÎ˚ä ≤Ãò_ x§Ùï˛yÓ˚ §Ùyôyl–

xl%¢#°l#  6.2

!mÙy!eÜ˛ ï˛ Ï̂° !l¡¨!°!áï˛ x§Ùï˛yà%̂ Ï°y Ï̂Ü˛ ̂ °á!ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ §Ùyôyl Ü˛ Ï̂Ó˚y :
1. x + y < 5 2. 2x + y ≥ 6 3. 3x + 4y ≤ 12

4. y + 8 ≥ 2x 5. x – y ≤ 2 6. 2x – 3y > 6

7. – 3x + 2y ≥ – 6 8. 3y – 5x < 30 9. y < – 2

10. x > – 3.

6.5 !mã˛° !Ó!¢T˛ ˜Ó˚!áÜ˛ x§Ùï˛y ï˛ˆÏsfÓ˚ §Ùyôyl (Solution of System of Linear

Inequalities in Two Variables)

˛õ)Ó≈Óï≈̨ # xl%̂ ÏFSÈ Ï̂òñ ̂ ï˛yÙÓ˚y !¢ Ï̂áSÈ Ü˛#Ë˛y Ï̂Ó ~Ü˛ã˛° Óy !mã˛° !Ó!¢T˛ ̃ Ó˚!áÜ˛ x§Ùï˛yÓ˚ ̃ °!áÜ˛ §Ùyôyl
Ü˛Ó˚ˆÏï˛ •Î˚– xyÙÓ˚y ~ál !Ü˛S%È í˛zòy•Ó˚ˆÏîÓ˚ §y•yˆÏÎƒ Ü˛#Ë˛yˆÏÓ !mÈüÈã˛° !Ó!¢T˛ ˜Ó˚!áÜ˛ x§Ùï˛y ï˛ˆÏsfÓ˚ ˜°!áÜ˛
§Ùyôyl Ü˛Ó˚ˆÏï˛ •Î˚ ï˛yÓ˚ ˛õÂô!ï˛ !lˆÏÎ˚ xyˆÏ°yã˛ly
Ü˛Ó˚Ó–
í z̨òy•Ó˚î  12 !l¡¨!°!áï˛ ̃ Ó˚!áÜ˛ x§Ùï˛yà%̂ Ï°y Ï̂Ü˛
ˆ°á!ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ §Ùyôyl Ü˛ Ï̂Ó˚y–

x + y ≥ 5 ... (1)

x – y ≤ 3 ... (2)

§Ùyôyl ı x + y = 5 ̃ Ó̊!áÜ˛ §Ù#Ü˛Ó̊î!ê˛Ó̊ ̂ °á!ã˛e
6.11 lÇ !ã˛ Ï̂e ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

xyÙÓ˚y °«˛ Ü˛!Ó˚ (1) lÇ x§Ùï˛y!ê˛Ó˚
§Ùyôyl x + y = 5 ˆÓ˚áyÓ˚ í˛z˛õ!Ó˚fiÌ !Ó®%à%ˆÏ°y
§• ̂ Ó˚áy!ê˛Ó˚ í z̨̨ õ Ï̂Ó˚Ó˚ SÈyÎ˚yÓ,ï˛ xM˛° !ò Ï̂Î˚ ≤ÃÜ˛y¢
Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ–

~Ü˛•z x«˛mˆÏÎ˚Ó˚ fl∫yˆÏ˛õˆÏ«˛ x – y = 3

§Ù#Ü˛Ó˚̂ ÏîÓ˚ ˆ°á!ã˛e!ê˛ 6.11 lÇ !ã˛ˆÏe ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈ– xyÙÓ˚y °«˛ Ü˛!Ó˚ (2) lÇ x§Ùï˛y!ê˛Ó˚ §Ùyôyl
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x – y = 3 ˆÓ˚áyÓ˚ í˛z˛õ!Ó˚fiÌ !Ó®%à%ˆÏ°y §• ˆÓ˚áy!ê˛Ó˚ í˛z˛õˆÏÓ˚Ó˚ SÈyÎ˚yÓ,ï˛ xM˛° myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–
flõT˛ï˛•z ò%•z!ê˛ SÈyÎ˚yÓ,ï˛ xM˛ˆÏ°Ó˚ §yôyÓ˚î åcommonä SÈyÎ˚yÓ,ï˛ xM˛°!ê˛•z ≤Ãò_ x§Ùï˛ymˆÏÎ˚Ó˚

§Ùyôyl xM˛°–
í˛zòy•Ó˚î 13  !l¡¨!°!áï˛ x§Ùï˛yà%ˆÏ°yÓ˚ ˜°!áÜ˛
§Ùyôyl Ü˛ Ï̂Ó˚y–

5x + 4y ≤ 40 ... (1)

x ≥ 2 ... (2)

y ≥ 3 ... (3)

§Ùyôyl ı xyÙÓ˚y ≤ÃÌ Ï̂Ù 5x + 4y = 40,  x = 2

~ÓÇ y = 3 ˆÓ˚áyeˆÏÎ˚Ó˚ ˆ°á xAÜ˛l Ü˛Ó˚Ó–
xyÙÓ˚y °«˛ƒ Ü˛!Ó˚ å1ä lÇ x§Ùï˛y 5x + 4y

= 40 ̂ Ó˚áy!ê˛Ó˚ !l Ï̂ã˛Ó˚ SÈyÎ˚yÓ,ï˛ xM˛°!ê˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚
~ÓÇ  (2) lÇ x§Ùï˛y x = 2 ˆÓ˚áy!ê˛Ó˚ í˛yl !òˆÏÜ˛Ó˚
SÈyÎ˚yÓ,ï˛ xM˛°!ê˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚ñ !Ü˛v (3) lÇ x§Ùï˛y
y = 3. ˆÓ˚áy!ê˛Ó˚ í˛z˛õˆÏÓ˚Ó˚ SÈyÎ˚yÓ,ï˛ xM˛°!ê˛ ≤ÃÜ˛y¢
Ü˛ˆÏÓ˚– xï˛~Ó ˆÓ˚áyà%ˆÏ°yÓ˚ í˛z˛õ!Ó˚fiÌ !Ó®%à%ˆÏ°y §•
§yôyÓ˚î SÈyÎ˚yÓ,ï˛ xM˛°!ê˛ (!ã˛e 6.12) ≤Ãò_
x§Ùï˛yà%̂ Ï°yÓ˚ §Ùyôyl–

x Ï̂lÜ˛ ÓyhflÏÓ ̂ «˛ Ï̂e x§Ùï˛yà%̂ Ï°y Ï̂ï˛ xhsË)̨ ≈=˛
ã˛° x G y ≤ÃyÎ˚•z ̨õ!Ó˚Ùyî åquantitiesä !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ñ
Îy Ï̂òÓ˚ }îydÜ˛ Ùyl ÌyÜ˛ Ï̂ï˛ ̨õy Ï̂Ó˚ lyñ í z̨òy•Ó˚îfl∫Ó)̨̊ õ
í z̨Í˛õy!òï˛ ~Ü˛ Ï̂Ü˛Ó˚ §Çáƒyñ Ü ̨ Î˚ Ü˛Ó˚y !ç!l Ï̂§Ó˚ §Çáƒyñ
Ü˛y Ï̂çÓ˚ §Ù Ï̂Î˚Ó˚ ̨õ!Ó˚Ùyî •zï˛ƒy!ò– flõT˛ï˛•z ~ §ÙhflÏ
ˆ«˛ˆÏe x ≥ 0, y ≥ 0 ~ÓÇ §Ùyôyl xM˛°!ê˛ ¢%ô%Ùye
≤ÃÌÙ ̨õyˆÏò•z ÌyÜ˛ˆÏÓ–
í z̨òy•Ó̊î 14 !l¡̈!°!áï˛ x§Ùï˛yà%̂ Ï°yÓ̊ §Ùyôyl Ü˛ Ï̂Ó̊y

8x + 3y ≤ 100 ... (1)

x ≥ 0 ... (2)

y ≥ 0 ... (3)

§Ùyôyl ı xyÙÓ̊y 8x + 3y = 100 ̂ Ó̊áy!ê˛Ó̊ ̂ °á!ã˛e
xAÜ˛l Ü˛Ó˚Ó– 8x + 3y ≤ 100 ~•z x§Ùï˛y!ê˛ó 8x

+3y =100 ~Ó˚ í˛z˛õ!Ó˚fiÌ !Ó®% §•ñ ̂ Ó˚áy!ê˛Ó˚ l#ˆÏã˛Ó˚
!ã˛!•´ï˛ xM˛°!ê˛ Ï̂Ü˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ (!ã˛e 6.13).

!ã˛e 6.12

!ã˛e 6.13
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ˆÎˆÏ•ï%˛ x ≥ 0, y ≥ 0, ï˛y•z ˆÓ˚áy G
x«˛m Ï̂Î̊Ó̊ í z̨̨ õ!Ó̊fiÌ !Ó®%à%̂ Ï°y §• ≤ÃÌÙ ̨õy Ï̂òÓ̊
SÈyÎ˚yÓ,ï˛ xM˛°!ê˛•z ≤Ãò_ x§Ùï˛yà%ˆÏ°yÓ˚
§Ùyôyl–
í˛zòy•Ó˚î 15 !l¡¨!°!áï˛ x§Ùï˛yà%ˆÏ°yˆÏÜ˛
ˆ°á!ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ §Ùyôyl Ü˛ Ï̂Ó˚y

x + 2y ≤ 8 ... (1)

2x + y ≤ 8 ... (2)

x > 0 ... (3)

y > 0 ... (4)

§Ùyôyl ı xyÙÓ˚y x + 2y = 8 G 2x + y =

8 ̂ Ó̊áym Ï̂Î̊Ó̊ ̂ °á!ã˛e xAÜ˛l Ü˛Ó̊ Ï̂Óy– x§Ùï˛y
(1) G (2) ̂ Ó˚áym Ï̂Î˚Ó˚ í z̨̨ õ!Ó˚fiÌ !Ó®%à%̂ Ï°y §•
ˆÓ˚áym Ï̂Î˚Ó˚ l# Ï̂ã˛Ó˚ xM˛°!ê˛ Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚–

ˆÎˆÏ•ï%˛ x ≥  0, y ≥  0, ï˛y•z ≤ÃÌÙ ˛õyˆÏòÓ˚ !ã˛!•´ï˛ xM˛ˆÏ°Ó˚ ≤ÃˆÏï˛ƒÜ˛ !Ó®%•z ≤Ãò_ x§Ùï˛yà%ˆÏ°yÓ˚
§Ùyôyl (!ã˛e 6.14)–

xl%¢#°l# 6.3

!l¡¨!°!áï˛ x§Ùï˛yà%̂ Ï°yÓ˚ ̃ °!áÜ˛ §Ùyôyl Ü˛ Ï̂Ó˚y :

1. x ≥ 3, y ≥ 2 2. 3x + 2y ≤ 12,  x ≥ 1, y ≥ 2

3. 2x + y ≥ 6, 3x + 4y ≤ 12 4. x + y ≥ 4,  2x – y < 0

5. 2x – y >1, x – 2y < – 1 6. x + y ≤ 6,  x + y ≥ 4

7. 2x +  y ≥ 8,  x + 2y ≥ 10 8. x + y ≤ 9,  y > x,  x ≥ 0

9. 5x + 4y ≤ 20,   x ≥ 1, y ≥ 2

10. 3x + 4y  ≤ 60, x +3y ≤ 30, x ≥ 0,  y ≥ 0

11. 2x + y ≥ 4,  x + y ≤ 3,  2x – 3y ≤ 6

12. x – 2y ≤ 3, 3x + 4y  ≥ 12,  x ≥ 0 , y ≥ 1

13. 4x + 3y  ≤ 60, y ≥ 2x,  x ≥ 3,   x, y ≥ 0

14. 3x + 2y ≤ 150, x + 4y ≤ 80,  x ≤ 15,  y ≥ 0, x ≥ 0

15. x + 2y ≤ 10, x + y ≥ 1, x – y ≤ 0, x ≥ 0, y ≥ 0

!ã˛e 6.14
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!Ó!Óô í z̨òy•Ó˚î

í˛zòy•Ó˚î  16 §Ùyôyl Ü˛ˆÏÓ˚y ı –8 ≤ 5x – 3 < 7.

§Ùyôyl ı ~ˆÏ«˛ˆÏeñ ò%!ê˛ x§Ùï˛y xyˆÏSÈñ –8 ≤ 5x – 3 ~ÓÇ 5x – 3 < 7, xyÙÓ˚y ï˛yˆÏòÓ˚ ~Ü˛ˆÏe §Ùyôyl
Ü˛Ó˚̂ ÏÓy–  –8 ≤ 5x –3 < 7

Óy –5 ≤ 5x < 10

Óy    –1 ≤ x < 2

í˛zòy•Ó˚î  17 §Ùyôyl Ü˛ˆÏÓ˚y ı –5 ≤ 
5 3

2

− x
 ≤ 8.

§Ùyôyl ı xyÙÓ˚y ̨õy•z –5  ≤ 
5 3

2

− x
 ≤ 8

Óy –10 ≤ 5 – 3x ≤ 16

Óy –15 ≤ – 3x ≤ 11

Óy 5 ≥ x ≥ – 
11

3

ÎyˆÏÜ˛ xyÙÓ˚y !°áˆÏï˛ ˛õy!Ó˚ 
−11

3
 ≤  x  ≤ 5

í˛zòy•Ó˚î  18 x§Ùï˛yà%ˆÏ°y §Ùyôyl Ü˛ˆÏÓ˚y ı
3x – 7 < 5 + x ... (1)

11 – 5 x ≤ 1 ... (2)

~ÓÇ §Ùyôylà%̂ Ï°y Ï̂Ü˛ §Çáƒy Ï̂Ó˚áyÎ˚ í z̨̨ õfiÌy˛õl Ü˛ Ï̂Ó˚y–
§Ùyôyl ı (1) lÇ x§Ùï˛y ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z

3x – 7 < 5 + x

Óy x < 6 ... (3)

xyÓyÓ˚ (2) lÇ x§Ùï˛y ˆÌˆÏÜ˛ ˛õy•z
11 – 5 x ≤ 1

Óy – 5 x ≤ – 10

xÌ≈yÍñ x ≥ 2 ... (4)

Î!ò xyÙÓ˚y §Çáƒy ̂ Ó˚áyÎ˚ (3) ~ÓÇ (4) lÇ x§Ùï˛yÓ˚ ̂ °á xAÜ˛l Ü˛!Ó˚ ï˛ Ï̂Ó x ~Ó˚ §yôyÓ˚î Ùylà%ˆÏ°y
ˆòáˆÏï˛ ̨ õyÓñ ÎyˆÏòÓ˚ˆÏÜ˛ 6.15 lÇ !ã˛ˆÏe ̂ Ùyê˛y ̂ Ó˚áyÓ˚ ÙyôƒˆÏÙ ̂ òáyˆÏly •ˆÏÎ˚ˆÏSÈ–

!ã˛e 6.15

ï˛y•z x§Ùï˛yà%ˆÏ°yÓ˚ §Ùyôyl •°ñ 2 §• 2 G 6 ~Ó˚ ÙôƒÓï≈˛# §ÙhflÏ ÓyhflÏÓ §Çáƒyñ xÌ≈yÍñ 2 ≤ x < 6
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í˛zòy•Ó˚î  19 ˆÜ˛yˆÏly ˛õÓ˚#«˛yÎ˚ñ •y•zˆÏí»˛yˆÏÜœ˛y!Ó˚Ü˛ xƒy!§ˆÏí˛Ó˚ oÓîˆÏÜ˛ 30°C ˆÌ Ï̂Ü˛ 35°C ï˛y˛õÙyeyÓ˚ ÙˆÏôƒ

Ó˚yá Ï̂ï˛ •Î˚– Î!ò ̂ §!rê˛ Ï̂@˝Ãí˛ ̂ flÒ° ̂ Ì Ï̂Ü˛ Ê˛y Ï̂Ó˚l•y•zê˛ ̂ flÒ Ï̂° Ó)̨̊ õyhs˝Ó˚#Ü˛Ó˚̂ ÏîÓ˚ §)e C = 
5

9
(F – 32) •Î˚ ï˛ Ï̂Óñ

Ê˛y Ï̂Ó˚l•y•zê˛ ̂ flÒ Ï̂° G•z ï˛y˛õÙyeyÓ˚ ≤Ã§yÓ˚ Ü˛ï˛ • Ï̂Óñ ̂ Îáy Ï̂l C G F !ò Ï̂Î˚ ÎÌyÜ ̨ Ï̂Ù !í˛!@˝Ã ̂ §!rê˛ Ï̂@˝Ãí˛ G !í˛!@˝Ã
Ê˛y Ï̂Ó˚l•y•zê˛ ï˛y˛õÙyey ≤ÃÜ˛y!¢ï˛ •Î˚–
§Ùyôyl ı ~!ê˛ ≤Ãò_ ˆÎñ 30 < C < 35–

~ál C = 
5

9
  (F – 32), Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•z

30 < 
5

9
 (F – 32) < 35,

Óy
9

5
 × (30) < (F – 32) <  

9

5
  × (35)

Óy 54 < (F – 32) < 63

Óy 86 < F < 95

xï˛~Óñ ï˛y˛õÙyeyÓ˚ !lˆÏî≈Î˚ ≤Ã§yÓ˚ •° 86° F ~ÓÇ 95° F ~Ó˚ ÙˆÏôƒ–
í z̨òy•Ó˚î  20 ~Ü˛çl ≤Ã›ï˛Ü˛yÓ˚̂ ÏÜ˛Ó˚ Ü˛y Ï̂SÈ 12% xƒy!§í˛ oÓ Ï̂îÓ˚ 600 !°ê˛yÓ˚ xy Ï̂SÈ– ~•z oÓ Ï̂î Ü˛ï˛ !°ê˛yÓ˚
30% xƒy!§í˛ oÓî !Ù!◊ï˛ Ü˛Ó˚ˆÏ° G•z !Ù!◊ï˛ oÓˆÏî xƒy!§ˆÏí˛Ó˚ ˛õ!Ó˚Ùyî 15% ˆÌ Ï̂Ü˛ ˆÓ!¢ñ !Ü˛v 18%

ˆÌˆÏÜ˛ Ü˛Ù •ˆÏÓ⁄
§Ùyôyl ı ôˆÏÓ˚y 30% xƒy!§í˛ oÓî!ê˛ x !°ê˛yÓ˚ !Ù!◊ï˛ Ü˛Ó˚y òÓ˚Ü˛yÓ˚– ï˛ˆÏÓ ˆÙyê˛ !Ù◊ˆÏîÓ˚ ˛õ!Ó˚Ùyî •ˆÏÓ =

(x + 600) !°ê˛yÓ˚
§%ï˛Ó̊yÇ x ~Ó˚ 30% + 600 ~Ó˚ 12% >  (x + 600) ~Ó˚ 15%

~ÓÇ x ~Ó˚ 30% + 600 ~Ó˚ 12% <  (x + 600) ~Ó˚ 18%

Óy
30

100

x
  + 

12

100
 (600) > 

15

100
 (x + 600)

~ÓÇ
30

100

x
  + 

12

100
 (600) < 

18

100
 (x + 600)

Óy 30x + 7200 > 15x + 9000

~ÓÇ 30x + 7200 < 18x + 10800

Óy 15x > 1800 ~ÓÇ 12x < 3600

Óy x > 120 ~ÓÇ x < 300,

xÌ≈yÍ 120 < x < 300
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xï˛~Óñ 30% xƒy!§í˛ oÓˆÏîÓ˚ ̨ õ!Ó˚Ùyî 120 !°ê˛yÓ˚ ̂ Ì Ï̂Ü˛ ̂ Ó!¢ !Ü˛v 300 !°ê˛yÓ˚ ̂ ÌˆÏÜ˛ Ü˛Ù •ˆÏÓ–

£Ï¤˛ xôƒyˆÏÎ˚Ó˚ !Ó!Óô xl%¢#°l#

1 ˆÌ Ï̂Ü˛ 6 lÇ x§Ùï˛yà%ˆÏ°y §Ùyôyl Ü˛ˆÏÓ˚y ı
1. 2 ≤ 3x – 4 ≤ 5 2. 6 ≤ – 3 (2x – 4) < 12

3. − ≤ − ≤3 4
7

2
18

x

4. − <

−

≤15
3 2

5
0

( )x

5. − < −

−

≤12 4
3

5
2

x
6. 7

3 11

2
11≤

+

≤

( )x
.

7 lÇ ̂ Ì Ï̂Ü˛ 10 lÇ ̨õÎ≈hs˝ x§Ùï˛yà%ˆÏ°yÓ˚ §Ùyôyl Ü˛ˆÏÓ˚ §Çáƒy ̂ Ó˚áyÓ˚ í˛z˛õÓ˚ ̃ °!áÜ˛ í˛z˛õfiÌy˛õl Ü˛ˆÏÓ˚y–
7. 5x + 1 > – 24,   5x – 1 < 24

8. 2 (x – 1) < x + 5,   3 (x + 2) > 2 – x

9. 3x – 7 > 2 (x – 6) ,   6 – x > 11 – 2x

10. 5 (2x – 7)  – 3  (2x + 3) ≤ 0 ,    2x + 19  ≤ 6x + 47 .

11. ~Ü˛!ê˛ oÓî Ï̂Ü˛ 68° F G 77° F. ï˛y˛õÙyeyÓ˚ Ù Ï̂ôƒ Ó˚yá Ï̂ï˛ •Î˚– Î!ò ̂ §°!§Î˚y§ (C) Ê˛y Ï̂Ó˚l•y•zê˛ (F)

Ó˚)˛õyhs˝Ó˚#Ü˛Ó˚ˆÏîÓ˚ §)e F =  
9

5
 C + 32  •Î˚ñ ï˛ˆÏÓ !í˛!@˝Ã ˆ§°!§Î˚yˆÏ§ (C) ï˛y˛õÙyeyÓ˚ ≤Ã§yÓ˚ Ü˛# •ˆÏÓ⁄

12. ~Ü˛!ê˛ 8% ˆÓy!Ó˚Ü˛ xƒy!§ˆÏí˛Ó˚ oÓîˆÏÜ˛ °â% Ü˛Ó˚yÓ˚ çlƒ ï˛yÓ˚ §yˆÏÌ 2% ˆÓy!Ó˚Ü˛ xƒy!§ˆÏí˛Ó˚ oÓî

ˆÙ¢yˆÏly •ˆÏ°y– !Ù!◊ï˛ oÓˆÏî ̂ Óy!Ó˚Ü˛ xƒy!§ˆÏí˛Ó˚ ̨õ!Ó˚Ùyî 4% ~Ó˚ ̂ Ó!¢ !Ü˛v 6% ~Ó˚ Ü˛Ù • Ï̂ï˛ • Ï̂Ó– Î!ò

xyÙyˆÏòÓ˚ Ü˛yˆÏSÈ 640 !°ê˛yÓ˚ 8% oÓî ÌyˆÏÜ˛ñ ï˛ˆÏÓ ï˛yÓ˚ ÙˆÏôƒ Ü˛ï˛ !°ê˛yÓ˚ 2% oÓî ˆÙ¢y Ï̂ï˛ • Ï̂Ó⁄

13. 1125 !°ê˛yÓ˚ 45% xƒy!§í˛ oÓ Ï̂îÓ˚ §y Ï̂Ì Ü˛ï˛ !°ê˛yÓ˚ ç° ˆÙ¢y Ï̂° !Ù!◊ï˛ oÓ Ï̂î 25% ~Ó˚ ˆÓ!¢

!Ü˛v 30% ~Ó˚ Ü˛Ù xƒy!§í˛ ÌyÜ˛ˆÏÓ⁄

14. ˆÜ˛yˆÏly Óƒ!=˛Ó˚  IQ åÓ%ÂôƒAÜ˛ä !lî≈ˆÏÎ˚Ó˚ §)e!ê˛ ≤Ãò_

IQ =
MA

CA
 × 100,

ˆÎáy Ï̂l MA •° Ùyl!§Ü˛ ÓÎ˚§ åmental ageä ~ÓÇ CA •ˆÏ°y §ÙÎ˚àï˛ åchronological ageä

ÓÎ˚§– Î!ò ~Ü˛ò° 12 ÓSÈ Ï̂Ó˚Ó˚ !¢¢%Ó˚ ̂ «˛ Ï̂e 80 ≤ IQ ≤ 140 •Î˚ñ ï˛ Ï̂Ó ï˛y Ï̂òÓ˚ Ùyl!§Ü˛ ÓÎ˚̂ Ï§Ó˚ ≤Ã§yÓ˚ !lî≈Î˚

Ü˛ Ï̂Ó˚y–
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§yÓ˚§ÇˆÏ«˛˛õ

®ò%!ê˛ ÓyhflÏÓ §Çáƒy Óy ò%!ê˛ Ó#çày!î!ï˛Ü˛ Ó˚y!¢Ùy°y <, >, ≤ Óy ≥ ≤Ãï˛# Ï̂Ü˛Ó˚ §y•y Ï̂Îƒ Î%=˛ • Ï̂Î˚ x§Ùï˛y
àë˛l Ü˛ Ï̂Ó˚–

® ˆÜ˛yˆÏly x§Ùï˛yÓ˚ í˛zË˛Î˚ ̨ õˆÏ«˛ §Ùyl §Ùyl §Çáƒy ̂ Îyà åÓy !ÓˆÏÎ˚yàä Ü˛Ó˚y ÎyÎ˚–
® ˆÜ˛yˆÏly x§Ùï˛yÓ˚ í˛zË˛Î˚ ˛õ«˛ˆÏÜ˛ ~Ü˛•z ôlydÜ˛ §Çáƒy !òˆÏÎ˚ à%î åÓy Ë˛yàä Ü˛Ó˚y ÎyÎ˚– !Ü˛v í˛zË˛Î˚

˛õ«˛ˆÏÜ˛ Î!ò ̂ Ü˛yˆÏly }îydÜ˛ §Çáƒy !òˆÏÎ˚ à%î åÓy Ë˛yàä Ü˛Ó˚y •Î˚ñ ï˛ál x§Ùï˛yÓ˚ !ã˛•´ ̨õ!Ó˚Ó!ï≈˛ï˛
•Î˚–

®x ~Ó˚ ˆÎ Ùylà%ˆÏ°yñ ˆÜ˛yˆÏly x§Ùï˛yˆÏÜ˛ §ï˛ƒ !ÓÓ,!ï˛ˆÏï˛ ˛õ!Ó˚Ó!ï≈˛ï˛ Ü˛ˆÏÓ˚ ï˛yˆÏòÓ˚ˆÏÜ˛ x§Ùï˛y!ê˛Ó˚
§Ùyôyl ÓˆÏ°–

®  x < a (Óy x > a) ̂ Ü˛ §Çáƒy ̂ Ó˚áyÓ˚ í z̨̨ õfiÌy˛õl Ü˛Ó˚yÓ˚ çlƒ ‘a’ §Çáƒy!ê˛Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ Ó,_ xAÜ˛l
Ü˛ Ï̂Ó˚y ~ÓÇ ‘a’ §Çáƒy!ê˛Ó˚ ÓÑy åÓy í˛ylä !òˆÏÜ˛ ~Ü˛!ê˛ àyì˛¸ ̂ Ó˚áy xAÜ˛l Ü˛ˆÏÓ˚y–

®  x ≤ a (Óy  x ≥ a) ̂ Ü˛ §Çáƒy ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ í z̨̨ õfiÌy˛õl Ü˛Ó˚yÓ˚ çlƒ ‘a’ §Çáƒy!ê˛Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ àyì ¸̨
Ó,_ xAÜ˛l Ü˛ Ï̂Ó˚y ~ÓÇ ‘a’ §Çáƒy!ê˛Ó˚ ÓÑy åÓy í˛ylä !òˆÏÜ˛ ~Ü˛!ê˛ àyì˛¸ ̂ Ó˚áy xAÜ˛l Ü˛ˆÏÓ˚y–

®Î!ò ˆÜ˛yˆÏly x§Ùï˛yˆÏï˛ ≤ Óy ≥ !ã˛•´ ÌyˆÏÜ˛ ï˛ˆÏÓ x§Ùï˛yÓ˚ §ÙyôyˆÏlñ ˆÓ˚áyÓ˚ í˛z˛õÓ˚ xÓ!fiÌï˛
!Ó®%à%ˆÏ°yG xhs˝Ë)≈˛=˛ •ˆÏÓ ~ÓÇ §Ùï˛yÓ˚ àyì˛¸ ˆÓ˚áy !òˆÏÎ˚ !ã˛!•´ï˛ ˆÓ˚áy!ê˛Ó˚ ÓyÙ å!lˆÏã˛ä Óy í˛yl
åí˛z˛õˆÏÓ˚ä ˛õyˆÏ¢Ó˚ ˆÎ xM˛ˆÏ°Ó˚ ~Ü˛!ê˛ ÎˆÏÌFSÈ !Ó®% x§Ùï˛y!ê˛ˆÏÜ˛ !§Âô Ü˛ˆÏÓ˚ ï˛y•z •ˆÏÓ x§Ùï˛yÓ˚
ˆ°á–

®Î!ò ˆÜ˛yˆÏly x§Ùï˛yˆÏï˛ < Óy > !ã˛•´ ÌyˆÏÜ˛ ï˛ˆÏÓ x§Ùï˛yÓ˚ §ÙyôyˆÏlñ ˆÓ˚áyÓ˚ í˛z˛õÓ˚ xÓ!fiÌï˛
!Ó®%à%ˆÏ°y xhs˝Ë%≈˛=˛ •ˆÏÓ ly ~ÓÇ §Ùï˛yÓ˚ í˛ê˛Î%=˛ ̂ Ó˚áy !òˆÏÎ˚ !ã˛!•´ï˛ ̂ Ó˚áy!ê˛Ó˚ ÓyÙ å!lˆÏã˛ä Óy í˛yl
åí˛z˛õˆÏÓ˚ä ˛õyˆÏ¢Ó˚ ˆÎ xM˛ˆÏ°Ó˚ ~Ü˛!ê˛ ÎˆÏÌFSÈ !Ó®% x§Ùï˛y!ê˛ˆÏÜ˛ !§Âô Ü˛ˆÏÓ˚ñ ï˛y•z •ˆÏÓ x§Ùï˛yÓ˚
ˆ°á–

® ˆÜ˛yˆÏly x§Ùï˛yï˛ˆÏsfÓ˚ §Ùyôyl xM˛° ~Ùl ~Ü˛!ê˛ xM˛° Îy ≤Ãò_ x§Ùï˛yà%ˆÏ°yÓ˚ ≤ÃˆÏï˛ƒÜ˛ˆÏÜ˛
~Ü˛§yˆÏÌ !§Âô Ü˛ˆÏÓ˚–

— vvvvv —
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çƒyÜ˛Ó ÓyˆÏl≈Ô°#
(1654-1705)

vEvery body of discovery is mathematical in form because there is no

other guidance we can have – DARWINv

7.1  Ë)˛!ÙÜ˛y

ôˆÏÓ˚yñ ˆï˛yÙyÓ˚ Ü˛yˆÏSÈ l¡∫Ó˚ °Ü‰˛ Î%=˛ ~Ü˛!ê˛ §%ê˛ˆÏÜ˛§ xyˆÏSÈ– l¡∫Ó˚
°Ü‰̨ !ê˛ Ï̂ï˛ 0 ̂ Ì Ï̂Ü˛ 9 ~•z 10 x Ï̂AÜ˛Ó˚ ̂ ° Ï̂Ó°Î%=˛ ã˛yÓ˚!ê˛ ã˛yÜ˛y xy Ï̂SÈ– Î!ò 4!ê˛
!l!ò≈T˛ xAÜ˛ Ï̂Ü˛ ̨õ%lÓ˚yÓ,!_ SÈyí ¸̨y ~Ü˛!ê˛ !l!ò≈T˛ Ü ̨ Ï̂Ù !ÓlƒhflÏ Ü˛Ó˚y ÎyÎ˚ñ ï˛ Ï̂Ó•z
~•z °Ü‰˛!ê˛ˆÏÜ˛ ˆáy°y ÎyÎ˚– ˆÎ ˆÜ˛yˆÏlyË˛yˆÏÓ ï%˛!Ù xAÜ˛à%ˆÏ°yÓ˚ ~•z !l!ò≈T˛
xî%Ü ˛ÙˆÏÜ˛ Ë%˛ˆÏ° ̂ àSÈ– ̂ ï˛yÙyÓ˚ ¢%ô% ̨≤ÃÌÙ xAÜ˛!ê˛ ̂ Î 7 ̂ §ê˛y•z ÙˆÏl xyˆÏSÈ–
°Ü‰˛!ê˛ˆÏÜ˛ á%°ˆÏï˛ •ˆÏ°ñ !ï˛l xˆÏAÜ˛Ó˚ Ü˛ï˛à%ˆÏ°y xl%Ü ˛ÙˆÏÜ˛ ˆï˛yÙyÓ˚ ˛õÓ˚#«˛y
Ü˛Ó˚̂ Ïï˛ • Ï̂Ó⁄ ~•z ≤Ã Ï̂Ÿ¿Ó˚ í z̨_ Ï̂Ó˚Ó˚ çlƒñ ̂ ï˛yÙÓ˚y •Î˚̂ Ïï˛y Óy!Ü˛ 9˚!ê˛ xAÜ˛ • Ï̂ï˛
~Ü˛ˆÏÎyˆÏà 3!ê˛ xAÜ˛ !lˆÏÎ˚ §Ω˛yÓƒ Îï˛ ≤ÃÜ˛yˆÏÓ˚ §yçyˆÏly ÎyÎ˚ ï˛yÓ˚ ~Ü˛!ê˛
ï˛y!°Ü˛y ≤Ã›ï˛ Ü˛Ó̊ Ï̂Ó– !Ü˛v ~•z ̨õÂô!ï˛ Üœ̨ y!hs˝Ü˛Ó̊ • Ï̂Óñ Ü˛yÓ̊îñ §Ω˛yÓƒ xl%Ü ̨ Ù
ÓˆÏí˛¸y •ˆÏï˛ ˛õyˆÏÓ˚– ~•z xôƒyˆÏÎ˚ xyÙÓ˚y àîlyÓ˚ ~Ùl !Ü˛S%È ˆÙÔ!°Ü˛ ˆÜ˛Ô¢°
!¢áÓñ ÎyÓ˚ Ê˛ˆÏ° 3 xˆÏAÜ˛Ó˚ Ü ˛ˆÏÙÓ˚ ÎÌyÎÌ ï˛y!°Ü˛y ≤Ã›ï˛ ly Ü˛ˆÏÓ˚•z ~Ó˚ í˛z_Ó˚ !òˆÏï˛ ˛õyÓ˚Ó– ≤ÃÜ,˛ï˛˛õˆÏ«˛ñ
!Ó!Ë˛ß¨ Ó›Ó˚ §Iy ~ÓÇ !lÓ≈yã˛l §Çáƒyñ ï˛y Ï̂òÓ˚ ÎÌyÎÌ ï˛y!°Ü˛y ̃ ï˛!Ó˚ ly Ü˛ Ï̂Ó˚ !lî≈̂ ÏÎ˚Ó˚ çlƒ ~•z ̂ Ü˛Ô¢°à%̂ Ï°y
á%Ó•z í˛z˛õˆÏÎyà# •ˆÏÓ– ≤ÃÌÙ  ôyˆÏ˛õ xyÙÓ˚y ~Ùl ~Ü˛!ê˛ l#!ï˛ ˛õÓ˚#«˛y Ü˛Ó˚Ó Îy ~•z ˆÜ˛Ô¢°à%ˆÏ°yÓ˚ !¢áˆÏlÓ˚
Ù)° !Ë˛!_–

 7.2  àîlyÓ˚ ̂ ÙÔ!°Ü˛ l#!ï˛ (Fundamental Principle of Counting)

ã˛ Ï̂°y xyÙÓ˚y !l¡¨!°!áï˛ §Ù§ƒy!ê˛ !Ó Ï̂Óã˛ly Ü˛!Ó˚– ̂ Ùy• Ï̂lÓ˚ 3!ê˛ ̨õƒyrê˛ G 2!ê˛ ¢yê≈̨  xy Ï̂SÈ– Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚
ˆ§ ̨õƒyrê˛ G ¢y Ï̂ê≈̨ Ó˚ !Ó!Ë˛ß¨ ̂ çyí ¸̨y ̨õí ¸̨̂ Ïï˛ ̨õy Ï̂Ó˚⁄ ̂ Î Ï̂•ï%̨  3!ê˛ ̨õƒyrê˛ xy Ï̂SÈ ï˛y•z 3 í z̨̨ õy Ï̂Î˚ 1!ê˛ ̨õƒyrê˛ ̨õSÈ® Ü˛Ó˚y
ÎyÎ˚– xl%Ó˚)ˆÏ˛õ ~Ü˛!ê˛ ¢yê≈˛ 2 í˛z˛õyˆÏÎ˚ ̨ õSÈ® Ü˛Ó˚y ÎyÎ˚– ~Ü˛!ê˛ ̨ õƒyˆÏrê˛Ó˚ ≤ÃˆÏï˛ƒÜ˛ ≤ÃÜ˛yˆÏÓ˚Ó˚ ̨ õSÈˆÏ®Ó˚ çlƒ ~Ü˛!ê˛
¢yê≈̨ Ï̂Ü˛ 2 ≤ÃÜ˛y Ï̂Ó̊ ̨õSÈ® Ü˛Ó̊y ÎyÎ̊– §%ï˛Ó̊yÇ ~Ü˛!ê˛ ̨õƒyrê˛ G ~Ü˛!ê˛ ¢y Ï̂ê≈̨ Ó̊ ̂ Ùyê˛ ̨õSÈ̂ Ï®Ó̊ §Çáƒy 3 × 2 = 6 ̂ çyí˛̧y–

ã˛ˆÏ°y xyÙÓ˚y !ï˛l!ê˛ ˛õƒyˆÏrê˛Ó˚ lyÙ ˆòÓ  P
1
, P

2
, P

3
 ~ÓÇ ò%!ê˛ ¢yê≈˛ˆÏÜ˛ lyÙ ˆòÓ S

1
 G S

2
– ï˛ˆÏÓ SÈÎ˚!ê˛

§Ω˛yÓƒ âê˛ly Ï̂Ü˛ 7.1 lÇ !ã˛ˆÏeÓ˚ ÙyôƒˆÏÙ Óî≈ly Ü˛Ó˚y ÎyÎ˚–

7xôƒyÎ˚

(Permutations and Combinations)

!Ólƒy§ G §ÙÓyÎ˚



   !Ólƒy§ G §ÙÓyÎ˚       135

!ã˛e 7.2

ã˛ˆÏ°y xyÙÓ˚y ~Ü˛•z ôÓ˚ˆÏlÓ˚ xlƒ ~Ü˛!ê˛ §Ù§ƒy !ÓˆÏÓã˛ly Ü˛!Ó˚–
¢Ó‰l Ï̂ÙÓ̊ 2!ê˛ fl%Ò° Óƒyàñ 3!ê˛ !ê˛!Ê˛ Ï̂lÓ̊ Óy:

~ÓÇ 2!ê˛ ç Ï̂°Ó˚ ˆÓyï˛° xy Ï̂SÈ– ˆ§ Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚
!ç!l§à%ˆÏ°yˆÏÜ˛ Ó•l Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ å≤ÃˆÏï˛ƒÜ˛
≤ÃÜ˛y Ï̂Ó˚Ó˚ ~Ü˛!ê˛ Ü˛ Ï̂Ó˚ä–

~Ü˛!ê˛ fl%Ò° Óƒyà 2!ê˛ !Ó!Ë˛ß¨ í˛z˛õyˆÏÎ˚ ̨ õSÈ®
Ü˛Ó˚y ÎyÎ˚– ~Ü˛!ê˛ fl%Ò° Óƒy Ï̂àÓ˚ ̨õSÈ Ï̂®Ó˚ ̨õÓ˚ ~Ü˛!ê˛
!ê˛!Ê˛l Óy: Ï̂Ü˛ 3!ê˛ !Ó!Ë˛ß̈ í z̨̨ õy Ï̂Î̊ ̨õSÈ® Ü˛Ó̊y ÎyÎ̊–
xï˛~Ó ~Ü˛ ̂ çyí ¸̨y fl%Ò° Óƒyà G !ê˛!Ê˛l Óy: ̂ Ùyê˛
2 × 3 = 6 ≤ÃÜ˛yˆÏÓ˚ ˛õSÈ® Ü˛Ó˚y ÎyÎ˚– ~•z
ˆçyí ¸̨yà%̂ Ï°yÓ˚ ≤Ã!ï˛!ê˛Ó˚ çlƒ ~Ü˛!ê˛ ç Ï̂°Ó˚ ̂ Óyï˛°
2!ê˛ !Ó!Ë˛ß̈ ≤ÃÜ˛y Ï̂Ó̊ ̨õSÈ® Ü˛Ó̊y ÎyÎ̊– §%ï˛Ó̊yÇ ¢Ó‰lÙ
ˆÙyê˛ 6 × 2 = 12!ê˛ !Ó!Ë˛ß¨ ≤ÃÜ˛yˆÏÓ˚ ~•z
!ç!l§à%̂ Ï°y Ï̂Ü˛ fl%Ò Ï̂° Ó•l Ü˛ Ï̂Ó˚ !l Ï̂Î˚ ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚– Î!ò ò%!ê˛ fl%Ò° Óƒy Ï̂àÓ˚ lyÙ B

1
, B

2
, !ï˛l!ê˛ !ê˛!Ê˛l Óy Ï̂:Ó˚

lyÙ T
1
, T

2
, T

3 
~ÓÇ ò%!ê˛ çˆÏ°Ó˚ ˆÓyï˛ˆÏ°Ó˚ lyÙ W

1
, W

2
 •Î˚ñ ï˛ˆÏÓ ~•z §Ω˛yÓlyà%ˆÏ°yˆÏÜ˛ 7.2 lÇ !ã˛ˆÏeÓ˚

ÙyôƒˆÏÙ í˛z˛õfiÌy˛õl Ü˛Ó˚y ÎyÎ˚–

!ã˛e 7.1
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≤ÃÜ,˛ï˛˛õˆÏ«˛ í˛z˛õˆÏÓ˚Ó˚ ~•z ôÓ˚ˆÏlÓ˚ §Ù§ƒyà%ˆÏ°y !l¡¨!°!áï˛ l#!ï˛ Îy ÚÚàîlyÓ˚ ̂ ÙÔ!°Ü˛ l#!ï˛ÛÛ Óy ÚÚà%îl
l#!ï˛ÛÛ lyˆÏÙ ̨ õ!Ó˚!ã˛ï˛ñ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ §Ùyôyl Ü˛Ó˚y •Î˚– l#!ï˛!ê˛ •°ñ

ÚÚÎ!ò ~Ü˛!ê˛ âê˛ly m §ÇáƒÜ˛ !Ó!Ë˛ß¨ í z̨̨ õy Ï̂Î˚ â Ï̂ê˛ ~ÓÇ ï˛y Ï̂Ü˛ xl%§Ó˚î Ü˛ Ï̂Ó˚ xlƒ ~Ü˛!ê˛ âê˛ly n §ÇáƒÜ˛

!Ó!Ë˛ß¨ í˛z˛õyˆÏÎ˚ âˆÏê˛ñ ï˛ˆÏÓ âê˛ly mˆÏÎ˚Ó˚ ≤Ãò_ Ü ˛ˆÏÙ âê˛yÓ˚ ̂ Ùyê˛ §Çáƒy m×n”–

í z̨̨ õ Ï̂Ó˚Ó˚ l#!ï˛!ê˛ ̂ Î ̂ Ü˛y Ï̂ly §§#Ù §ÇáƒÜ˛ âê˛lyÓ˚ ̂ «˛ Ï̂e §yôyÓ˚î#Ü˛Ó˚î Ü˛Ó˚y ÎyÎ˚– í z̨òy•Ó˚î fl∫Ó)̨̊ õ !ï˛l!ê˛
âê˛lyÓ˚ çlƒ l#!ï˛!ê˛ !l¡¨Ó)̨̊ õ ı

ÚÚÎ!ò ~Ü˛!ê˛ âê˛ly m §ÇáƒÜ˛ !Ó!Ë˛ß¨ í z̨̨ õy Ï̂Î˚ â Ï̂ê˛ ~ÓÇ ï˛y Ï̂Ü˛ xl%§Ó˚î Ü˛ Ï̂Ó˚ xlƒ ~Ü˛!ê˛ âê˛ly n §ÇáƒÜ˛
!Ó!Ë˛ß¨ í˛z˛õyˆÏÎ˚ âˆÏê˛ ~ÓÇ ï˛yˆÏÜ˛ xl%§Ó˚î Ü˛ˆÏÓ˚ ï,˛ï˛#Î˚ ~Ü˛!ê˛ âê˛ly Î!ò p §ÇáƒÜ˛ !Ó!Ë˛ß¨ í˛z˛õyˆÏÎ˚ âˆÏê˛ ï˛ˆÏÓ
≤Ãò_ Ü ˛ˆÏÙ âê˛lyà%ˆÏ°y âê˛yÓ˚ ˆÙyê˛ §Çáƒy •° m × n × p”–

≤ÃÌÙ §Ù§ƒy!ê˛ˆÏï˛ñ ~Ü˛!ê˛ ˛õƒyrê˛ G ~Ü˛!ê˛ ¢yê˛≈ Îï˛ ≤ÃÜ˛yˆÏÓ˚ ˛õ!Ó˚ôyl Ü˛Ó˚y ÎyÎ˚ ï˛yÓ˚ §Çáƒy •°ñ Îï˛
≤ÃÜ˛yˆÏÓ˚ !l¡¨!°!áï˛ âê˛lyà%ˆÏ°y ̨ õÓ˚ ̨ õÓ˚ âê˛ˆÏï˛ ̨ õyˆÏÓ˚ ı

(i) ~Ü˛!ê˛ ̨õƒyrê˛ ̨õSÈ® Ü˛Ó˚yÓ˚ âê˛lyñ (ii) ~Ü˛!ê˛ ¢yê≈̨  ̨õSÈ® Ü˛Ó˚yÓ˚ âê˛ly–

!mï˛#Î˚ §Ù§ƒy!ê˛ˆÏï˛ !lˆÏî≈Î˚ §Çáƒy •°ñ Îï˛ ≤ÃÜ˛yˆÏÓ˚ !l¡¨!°!áï˛ âê˛lyà%ˆÏ°y ̨õÓ˚˛õÓ˚ âê˛ˆÏï˛ ̨ õyˆÏÓ˚ ı

(i) ~Ü˛!ê˛ fl%Ò° Óƒyà ̨õSÈ® Ü˛Ó˚yÓ˚ âê˛ly

(ii) ~Ü˛!ê˛ !ê˛!Ê˛l Ó: ̨õSÈ® Ü˛Ó˚yÓ˚ âê˛ly

(iii) ~Ü˛!ê˛ ç Ï̂°Ó˚ ̂ Óyï˛° ̨õSÈ® Ü˛Ó˚yÓ˚ âê˛ly–

~áy Ï̂lñ ≤Ã Ï̂ï˛ƒÜ˛ ̂ «˛ Ï̂e âê˛lyà%̂ Ï°y !Ó!Ë˛ß¨ §Ω˛yÓƒ Ü ̨ Ï̂Ù âê˛ Ï̂ï˛ ̨õy Ï̂Ó˚– !Ü˛v xyÙy Ï̂òÓ˚ ̂ Î ̂ Ü˛y Ï̂ly ~Ü˛!ê˛
§Ω˛yÓƒ Ü ˛Ù !ÓˆÏÓã˛ly Ü˛Ó˚ˆÏï˛ •ˆÏÓ ~ÓÇ âê˛ly §Ù)ˆÏ•Ó˚ ~•z ̨õSÈ®Ùï˛ Ü ˛ˆÏÙ âê˛yÓ˚ !Ó!Ë˛ß¨ í˛z˛õyˆÏÎ˚Ó˚ §Çáƒy àîly
Ü˛Ó˚ˆÏï˛ •ˆÏÓ–

í˛zòy•Ó˚î 1 ROSE ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°yˆÏÜ˛ !òˆÏÎ˚ xÌ≈Î%=˛ Óy xÌ≈•#lñ ã˛yÓ˚ x«˛Ó˚ !Ó!¢T˛ ¢ˆÏ∑Ó˚ §Çáƒy !lî≈Î˚
Ü˛ Ï̂Ó˚yñ ̂ Îáy Ï̂l x«˛Ó˚à%̂ Ï°yÓ˚ ̨õ%lÓ˚yÓ,!_ Ü˛Ó˚y Îy Ï̂Ó ly–

§Ùyôyl ı ˛õ%lÓ˚yÓ,!_ Ü˛Ó˚y ÎyˆÏÓ ly ~•z Ü˛Ìy ÙˆÏl ˆÓ˚ˆÏá Îï˛ ≤ÃÜ˛yˆÏÓ˚ 4!ê˛ ¢)lƒfiÌyl        4!ê˛

x«˛Ó˚ !òˆÏÎ˚ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ñ ï˛y•z •ˆÏÓ ¢ˆÏ∑Ó˚ §Çáƒy– ≤ÃÌÙ fiÌyl!ê˛ R,O,S,E ~•z 4!ê˛ x«˛ Ï̂Ó˚Ó˚ ˆÎ ˆÜ˛y Ï̂ly
~Ü˛!ê˛ !òˆÏÎ˚ 4!ê˛ !Ó!Ë˛ß¨ ≤ÃÜ˛yˆÏÓ˚ ̨õ)î≈ Ü˛Ó˚y ÎyÎ˚– ï˛yˆÏÜ˛ xl%§Ó˚î Ü˛ˆÏÓ˚ !mï˛#Î˚ fiÌyl!ê˛ Óy!Ü˛ !ï˛l!ê˛ x«˛ˆÏÓ˚Ó˚ ̂ Î
ˆÜ˛yˆÏly ~Ü˛!ê˛ !òˆÏÎ˚ 3 ≤ÃÜ˛yˆÏÓ˚ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ñ ï˛yˆÏÜ˛ xl%§Ó˚î Ü˛ˆÏÓ˚ ï,˛ï˛#Î˚ fiÌyl!ê˛ ò%!ê˛ !Ë˛ß¨ ≤ÃÜ˛yˆÏÓ˚ ˛õ)î≈ Ü˛Ó˚y
ÎyÎ˚ñ ï˛y Ï̂Ü˛ xl%§Ó˚î Ü˛ Ï̂Ó˚ ã˛ï%̨ Ì≈ fiÌyl!ê˛ 1 ≤ÃÜ˛y Ï̂Ó˚ ̨õ)î≈ Ü˛Ó˚y ÎyÎ˚– ï˛ Ï̂Óñ à%îl l#!ï˛ myÓ˚y 4!ê˛ fiÌyl Îï˛ ≤ÃÜ˛y Ï̂Ó˚
˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ ï˛yÓ˚ §Çáƒy 4 × 3 × 2 × 1 = 24

xï˛~Ó !lˆÏî≈Î˚ ¢ˆÏ∑Ó˚ §Çáƒy = 24
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AoT˛Óƒ   Î!ò x«˛Ó˚à%ˆÏ°yÓ˚ ˛õ%lÓ˚yÓ,!_ Ü˛Ó˚y ÎyÎ˚ñ ï˛ˆÏÓ Ü˛Î˚!ê˛ ¢∑ àë˛l Ü˛Ó˚y ˆÎˆÏï˛y⁄ ≤ÃˆÏï˛ƒˆÏÜ˛•z á%Ó
§• Ï̂ç•z Ó%V˛ Ï̂ï˛ ̨õyÓ˚̂ ÏÓ ̂ Îñ 4!ê˛ ¢)lƒfiÌy Ï̂lÓ˚ ≤Ã Ï̂ï˛ƒÜ˛!ê˛ Ï̂Ü˛ ̨õÓ˚̨ õÓ˚ 4!ê˛ !Ë˛ß¨ í z̨̨ õy Ï̂Î˚ ̨õ)î≈ Ü˛Ó˚y ÎyÎ˚– xï˛~Ó
!lˆÏî≈Î˚ ¢∑ §Çáƒy  = 4 × 4 × 4 × 4 = 256.

í z̨òy•Ó˚î 2  4!ê˛ !Ó!Ë˛ß¨ Ó˚Ç ~Ó˚ ̨õï˛yÜ˛y xy Ï̂SÈ– ~Ü˛!ê˛Ó˚ l# Ï̂ã˛ xy Ï̂Ó˚Ü˛!ê˛ ~Ë˛y Ï̂Ó 2!ê˛ ̨õï˛yÜ˛y ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ Ü˛ï˛
ôÓ˚̂ ÏlÓ˚ !Ó!Ë˛ß¨ §Ç Ï̂Ü˛ï˛ ̃ ï˛!Ó˚ Ü˛Ó˚y ÎyÎ˚⁄

§Ùyôyl ı Îï˛ ≤ÃÜ˛yˆÏÓ˚ 2!ê˛ ¢)lƒfiÌyl  4!ê˛ !Ó!Ë˛ß¨ Ó˚Ç ~Ó˚ ̨ õï˛yÜ˛y !òˆÏÎ˚ ̨ õÓ˚˛õÓ˚ ̨ õ)î≈ Ü˛Ó˚y ÎyÎ˚ñ ï˛y•z

• Ï̂Ó §Ç Ï̂Ü˛ï˛ §Çáƒy– í z̨̨ õ Ï̂Ó˚Ó˚ ¢)lƒ fiÌyl!ê˛ 4!ê˛ !Ó!Ë˛ß¨ ̨õï˛yÜ˛y ̂ Ì Ï̂Ü˛ ̂ Î ̂ Ü˛y Ï̂ly ~Ü˛!ê˛ !ò Ï̂Î˚ 4!ê˛ !Ë˛ß¨ í z̨̨ õy Ï̂Î˚
˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ñ ÎyˆÏÜ˛ xl%§Ó˚î Ü˛ˆÏÓ˚ !lˆÏã˛Ó˚ ¢)lƒfiÌyl!ê˛ Óy!Ü˛ !ï˛l!ê˛ ̨ õï˛yÜ˛y ̂ ÌˆÏÜ˛ ̂ Î ̂ Ü˛yˆÏly ~Ü˛!ê˛ ̨ õï˛yÜ˛y
!ò Ï̂Î˚ 3!ê˛ !Ë˛ß¨ í˛z˛õyˆÏÎ˚ ̨ õ)î≈ Ü˛Ó˚y ÎyÎ˚– xï˛~Ó à%îˆÏlÓ˚ l#!ï˛ xl%ÎyÎ˚#ñ !lˆÏî≈Î˚ §ÇˆÏÜ˛ˆÏï˛Ó˚ §Çáƒy = 4 × 3 =

12.

í z̨òy•Ó˚î 3 ~Ü˛•z xAÜ˛ ~Ü˛y!ôÜ˛ ÓyÓ˚ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ 1, 2, 3, 4, 5 xAÜ˛à%̂ Ï°yÓ˚ §y•y Ï̂Îƒ 2˛ x Ï̂AÜ˛Ó˚ Ü˛Î˚!ê˛ Î%@¬
§Çáƒy àë˛l Ü˛Ó˚y ÎyÎ˚⁄

§Ùyôyl ı Îï˛ ≤ÃÜ˛y Ï̂Ó˚ 2!ê˛ ¢)lƒfiÌyl   5!ê˛ xAÜ˛ !ò Ï̂Î˚ ̨õÓ˚̨ õÓ˚ ̨õ)î≈ Ü˛Ó˚y ÎyÎ˚ñ ï˛y•z • Ï̂Ó ò%•z xAÜ˛ !Ó!¢T˛

Î%@¬ §ÇáƒyÓ˚ §Çáƒy– ~ˆÏ«˛ˆÏe xyÙÓ˚y ~Ü˛ˆÏÜ˛Ó˚ fiÌyl ̂ ÌˆÏÜ˛ ̨ õ)î≈ Ü˛Ó˚y ¢%Ó˚% Ü˛Ó˚Óñ Ü˛yÓ˚î ~•z fiÌyl!ê˛ ¢%ô%Ùye 2
G 4 myÓ˚y 2 ≤ÃÜ˛yˆÏÓ˚ ̨ õ)î≈ Ü˛Ó˚y ÎyÎ˚ó ÎyˆÏÜ˛ xl%§Ó˚î Ü˛ˆÏÓ˚ ò¢ˆÏÜ˛Ó˚ fiÌyl!ê˛ñ ̂ ÎˆÏ•ï%˛ ~Ü˛•z xAÜ˛ ~Ü˛y!ôÜ˛ ÓyÓ˚
ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyÎ˚ ï˛y•zñ 5!ê˛ xAÜ˛ myÓ˚y 5!ê˛ !Ó!Ë˛ß¨ ≤ÃÜ˛y Ï̂Ó˚ ̨õ)î≈ Ü˛Ó˚y ÎyÎ˚– §%ï˛Ó˚yÇ à%îl l#!ï˛ xl%ÎyÎ˚# !l Ï̂î≈Î˚
ò%•z xˆÏAÜ˛Ó˚ Î%@¬ §ÇáƒyÓ˚ §Çáƒy = 2 × 5 xÌ≈yÍ 10–

í z̨òy•Ó˚î 4 Î!ò 5!ê˛ !Ó!Ë˛ß¨ ̨õï˛yÜ˛y Ìy Ï̂Ü˛ñ ï˛ Ï̂Ó xhs˝ï˛ ò%!ê˛ !Ó!Ë˛ß¨ ̨õï˛yÜ˛y ~Ü˛!ê˛ Ü ̨ Ï̂Ù å~Ü˛!ê˛ x˛õÓ˚!ê˛Ó˚ !l Ï̂ã˛ä
~Ü˛!ê˛ òˆÏ[˛Ó˚ í˛z˛õÓ˚ !ÓlƒhflÏ Ü˛ˆÏÓ˚ Ü˛ï˛ ≤ÃÜ˛yÓ˚ §ÇˆÏÜ˛ï˛ ̃ ï˛!Ó˚ Ü˛Ó˚y ÎyÎ˚ ï˛y !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı ~Ü˛!ê˛ §ÇˆÏÜ˛ˆÏï˛ 2!ê˛ñ 3!ê˛ñ 4!ê˛ Óy 5!ê˛ ˛õï˛yÜ˛y ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚– ã˛ˆÏ°y xyÙÓ˚y ~ál 2!ê˛ñ 3!ê˛ñ 4!ê˛
~ÓÇ 5!ê˛ ˛õï˛yÜ˛y !òˆÏÎ˚ à!ë˛ï˛ §Ω˛yÓƒ §ÇˆÏÜ˛ˆÏï˛Ó˚ §Çáƒy xy°yòyË˛yˆÏÓ àîly Ü˛!Ó˚ ~ÓÇ §Çáƒyà%ˆÏ°y ÎÌyÜ ˛ˆÏÙ
ˆÎyà Ü˛!Ó˚–

2!ê˛ ˛õï˛yÜ˛y myÓ˚y í˛zÍ˛õß¨ §ÇˆÏÜ˛ˆÏï˛Ó˚ §Çáƒy •ˆÏÓ 5!ê˛ ˛õï˛yÜ˛y !òˆÏÎ˚ 2!ê˛ fiÌyl  ˛õÓ˚˛õÓ˚ Îï˛

≤ÃÜ˛yˆÏÓ˚ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ ï˛yÓ˚ §Ùyl– à%îl l#!ï˛ xl%§yˆÏÓ˚ ~•z §Çáƒy 5 × 4 = 20–

xl%Ó˚)ˆÏ˛õñ 3!ê˛ ̨ õï˛yÜ˛y !òˆÏÎ˚ í˛zÍ˛õß¨ §ÇˆÏÜ˛ˆÏï˛Ó˚ §Çáƒy •ˆÏÓ 5!ê˛ ̨ õï˛yÜ˛y !òˆÏÎ˚ 3!ê˛ fiÌyl 

˛õÓ˚ ˛õÓ˚ Îï˛ ≤ÃÜ˛yˆÏÓ˚ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ ï˛yÓ˚ §Ùyl–
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§ÇˆÏÜ˛ï˛ §Çáƒy 5 × 4 × 3 = 60–
~Ë˛yˆÏÓ x@˝Ã§Ó˚ •ˆÏÎ˚ xyÙÓ˚y ̨ õy•z ̂ Î
4!ê˛ ̨õï˛yÜ˛y !òˆÏÎ˚ ̃ ï˛!Ó˚ §ÇˆÏÜ˛ï˛ §Çáƒy = 5 × 4 × 3 × 2 = 120

5!ê˛ ̨õï˛yÜ˛y !òˆÏÎ˚ ̃ ï˛!Ó˚ §ÇˆÏÜ˛ï˛ §Çáƒy = 5 × 4 × 3 × 2 × 1 = 120

§%ï˛Ó˚yÇ !l Ï̂î≈Î˚ §Ç Ï̂Ü˛ Ï̂ï˛Ó˚ §Çáƒy= 20 + 60 + 120 + 120 = 320–

xl%¢#°l# 7.1

1. 1, 2, 3, 4 ~ÓÇ 5 ~•z xAÜ˛à%ˆÏ°y !òˆÏÎ˚ 3 xAÜ˛!Ó!¢T˛ Ü˛Î˚!ê˛ §Çáƒy àë˛l Ü˛Ó˚y ÎyˆÏÓñ ÎálÈüüüÈ

(i) xAÜ˛à%̂ Ï°yÓ˚ ̨õ%lÓ˚yÓ,!_ Ü˛Ó˚y ÎyÎ˚

(ii) xAÜ˛à%̂ Ï°yÓ˚ ̨õ%lÓ˚yÓ,!_ Ü˛Ó˚y ÎyÎ˚ ly

2. Î!ò ~Ü˛•z xAÜ˛ ~Ü˛y!ôÜ˛ÓyÓ˚ ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyÎ˚ ï˛ Ï̂Ó 1, 2, 3, 4, 5, 6  ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ !ï˛l x Ï̂AÜ˛Ó˚ Ü˛Î˚!ê˛
Î%@¬ §Çáƒy àë˛l Ü˛Ó˚y ÎyÎ˚⁄

3. ˆÜ˛yˆÏly x«˛ˆÏÓ˚Ó˚ ˛õ%lÓ˚yÓ,!_ ly Ü˛ˆÏÓ˚ñ •zÇˆÏÓ˚!ç Óî≈Ùy°yÓ˚ ≤ÃÌÙ 10!ê˛ x«˛Ó˚ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ 4 x«˛ Ï̂Ó˚Ó˚
Ü˛Î˚!ê˛ §ÇˆÏÜ˛ï˛ åcodeä àë˛l Ü˛Ó˚y ÎyÎ˚⁄

4. ~Ü˛!ê˛ xAÜ˛ ~Ü˛y!ôÜ˛ÓyÓ̊ ÓƒÓ•yÓ̊ ly Ü˛ Ï̂Ó̊ñ 0 ̂ Ì Ï̂Ü˛ 9 ̨õÎ≈hs˝ xAÜ˛à%̂ Ï°y !ò Ï̂Î̊ 5 x Ï̂AÜ˛Ó̊ Ü˛Î̊!ê˛ ̂ ê˛!° Ï̂Ê˛yl
l¡∫Ó˚ àë˛l Ü˛Ó˚y ÎyÎ˚ñ Î!ò ≤ÃˆÏï˛ƒÜ˛ ̂ ê˛!°ˆÏÊ˛yl l¡∫Ó˚ 67 !òˆÏÎ˚ ¢%Ó˚% •Î˚⁄

5. ~Ü˛!ê˛ Ù%oy 3 ÓyÓ˚ !lˆÏ«˛˛õ Ü˛Ó˚y •° ~ÓÇ ï˛yÓ˚ Ê˛°yÊ˛° !°!˛õÓÂô Ü˛Ó˚y •°– §Ω˛yÓƒ Ê˛°yÊ˛ˆÏ°Ó˚ §Çáƒy
Ü˛ï˛ • Ï̂Ó⁄

6. ˛õÑyã˛!ê˛ !Ó!Ë˛ß¨ Ó˚Ç ~Ó˚ ̨õï˛yÜ˛y xy Ï̂SÈ– ò%!ê˛ ̨õï˛yÜ˛yñ ~Ü˛!ê˛ x˛õÓ˚!ê˛Ó˚ l# Ï̂ã˛ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ Ü˛Î˚!ê˛ !Ë˛ß¨ !Ë˛ß¨
§ÇˆÏÜ˛ï˛ ̃ ï˛!Ó˚ Ü˛Ó˚y ÎyÎ˚⁄

7.3 !Ólƒy§ (Permutations)

˛õ)Ó≈Óï≈̨ # xl%̂ ÏFSÈ Ï̂òÓ˚ 1lÇ í z̨òy•Ó˚̂ Ïî xyÙÓ˚y ≤ÃÜ,̨ ï˛˛õ Ï̂«˛ x«˛ Ï̂Ó˚Ó˚ !Ó!Ë˛ß¨ §Ω˛yÓƒ §Iy ̂ ÎÙl ROSE,

REOS, ...– •zï˛ƒy!òÓ˚ §Çáƒy àîly Ü˛ˆÏÓ˚!SÈ°yÙ– ~áyˆÏlñ ~•z ï˛y!°Ü˛yÎ˚ ≤ÃˆÏï˛ƒÜ˛!ê˛ §Iy xlƒ!ê˛ ˆÌˆÏÜ˛
xy°yòy– xlƒË˛yˆÏÓ Ó°ˆÏï˛ ̂ àˆÏ°ñ x«˛Ó˚à%ˆÏ°yÓ˚ ̂ °áyÓ˚ Ü ˛Ù á%Ó•z à%Ó˚%c˛õ)î≈– ≤ÃˆÏï˛ƒÜ˛ §IyˆÏÜ˛ Ó°y •Î˚ 4!ê˛
!Ó!Ë˛ß¨ x«˛ˆÏÓ˚Ó˚ ≤ÃˆÏï˛ƒÜ˛ˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà !lˆÏÎ˚ !Ólƒy§ åpermutationä– ~ál Î!ò xyÙyˆÏòÓ˚ NUMBER

¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°y ˆÌˆÏÜ˛ñ x«˛Ó˚à%ˆÏ°yÓ˚ ˛õ%lÓ˚yÓ,!_Ó˚ xl%ˆÏÙyòl SÈyí˛¸yñ xÌ≈Î%=˛ Óy xÌ≈•#l 3 x«˛Ó˚ !Ó!¢T˛
¢ˆÏ∑Ó˚ §Çáƒy !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •Î˚ñ ï˛ˆÏÓ xyÙyˆÏòÓ˚ NUM, NMU, MUN, NUB, ..., •zï˛ƒy!ò §IyÓ˚ àîly
Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ~áy Ï̂l xyÙÓ˚y 6!ê˛ !Ë˛ß¨ x«˛Ó˚ ̂ Ì Ï̂Ü˛ 3!ê˛ x«˛ Ï̂Ó˚Ó˚ ~Ü˛ Ï̂e !Ólƒy§ àîly Ü˛!Ó˚– ~ Ï̂«˛ Ï̂e !l Ï̂î≈Î˚
¢ˆÏ∑Ó˚ §Çáƒy 6 × 5 × 4 = 120 åà%îl l#!ï˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ä–

Î!ò x«˛Ó˚à%ˆÏ°yÓ˚ ̨ õ%lÓ˚yÓ,!_ xl%ˆÏÙy!òï˛ •Î˚ñ ï˛ˆÏÓ !lˆÏî≈Î˚ ¢ˆÏ∑Ó˚ §Çáƒy 6 × 6 × 6 = 216
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§ÇK˛y 1  !Ólƒy§ •°ñ !Ü˛S%È §ÇáƒÜ˛ Ó› ˆÌˆÏÜ˛ Ü˛ˆÏÎ˚Ü˛!ê˛ Óy §Óà%ˆÏ°yˆÏÜ˛ !lˆÏÎ˚ !l!ò≈T˛ Ü ˛ˆÏÙ §Iy–
!l¡¨!°!áï˛ í z̨̨ õÈüÈxl%̂ ÏFSÈ Ï̂ò xyÙÓ˚y ~•z ≤ÃŸ¿à%̂ Ï°yÓ˚ ï˛yÍ«˛!îÜ˛ í z̨_Ó˚ ̂ òGÎ˚yÓ˚ çlƒ §)e !lî≈Î˚ Ü˛Ó˚Ó–

7.3.1  !Ó!Ë˛ß¨ Ó›Ó˚ §Óà%ˆÏ°yˆÏÜ˛ !lˆÏÎ˚ !Ólƒy§ åPermutations when all the objects are

distinctä
í˛z˛õ˛õyòƒ 1  ̂ Ü˛yˆÏly Ó›Ó˚ ̨õ%lÓ˚yÓ,!_ ly Ü˛ˆÏÓ˚ n §ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó› ̂ ÌˆÏÜ˛ r §ÇáƒÜ˛ Ó›Ó˚ !Ólƒy§ §Çáƒy •°
n ( n – 1) ( n – 2). . .( n – r + 1), Îy nP

r
 !òˆÏÎ˚ §)!ã˛ï˛ Ü˛Ó˚y •Î˚ñ ˆÎáyˆÏl 0 < r ≤ n –

≤ÃÙyî r §ÇáƒÜ˛ ¢)lƒfiÌylˆÏÜ˛      . . .   n §ÇáƒÜ˛ Ó›

    ←   r ¢)lƒfiÌyl   →
!òˆÏÎ˚ Îï˛ ≤ÃÜ˛yˆÏÓ˚ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ ï˛y•z •ˆÏÓ ~Ó˚ !Ólƒy§ §Çáƒy– ≤ÃÌÙ fiÌyl!ê˛ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ n ≤ÃÜ˛yˆÏÓ˚ñ ÎyˆÏÜ˛

xl%§Ó˚î Ü˛ Ï̂Ó˚ !mï˛#Î˚ fiÌyl!ê˛ ̨õ)î≈ Ü˛Ó˚y ÎyÎ˚ (n – 1) ≤ÃÜ˛y Ï̂Ó˚ñ ~ Ï̂Ü˛ xl%§Ó˚î Ü˛ Ï̂Ó˚ ï,̨ ï˛#Î˚ fiÌyl!ê˛ ̨õ)î≈ Ü˛Ó˚y ÎyÎ˚

(n – 2) ≤ÃÜ˛yˆÏÓ˚ÉÉÉÉÉÉÉÉÉÉ ~Ó˚)ˆÏ˛õ r ï˛Ù fiÌyl!ê˛ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ (n – (r – 1)) ≤ÃÜ˛yˆÏÓ˚– §%ï˛Ó˚yÇ r §ÇáƒÜ˛
¢)lƒfiÌylˆÏÜ˛ ˛õÓ˚˛õÓ˚ ˛õ)î≈ Ü˛Ó˚y ÎyÎ˚ n(n – 1) (n – 2) . . .   (n – (r – 1)) Óy n ( n – 1) (n – 2) ...

(n – r + 1) ≤ÃÜ˛yˆÏÓ˚–
nP

r
 ~Ó˚ çlƒ ~•z Ó˚y!¢Ùy°y!ê˛ Ü˛T˛Ü˛Ó˚ ~ÓÇ xyÙyˆÏòÓ˚ ~Ü˛!ê˛ ≤Ãï˛#ˆÏÜ˛Ó˚ òÓ˚Ü˛yÓ˚ñ Îy xyÙyˆÏòÓ˚ ~•z

Ó̊y!¢Ùy°y!ê˛Ó̊ xyÜ˛yÓ̊ ̂ SÈy Ï̂ê˛y Ü˛Ó̊ Ï̂ï˛ §y•yÎƒ Ü˛Ó̊ Ï̂Ó– n! ≤Ãï˛#Ü˛!ê˛ å˛õí˛̧y •Î̊ Ê˛ƒy Ï̂Qy!Ó̊ Ï̂Î̊° n Óy n Ê˛ƒy Ï̂Qy!Ó̊Î̊y°ä

xyÙyˆÏòÓ˚ §y•yÎƒ Ü˛Ó˚ˆÏÓ– l#ˆÏã˛Ó˚ ˛õyˆÏë˛ n! ≤ÃÜ,˛ï˛˛õˆÏ«˛ Ü˛# ˆÓyV˛yÎ˚ ï˛y xyÙÓ˚y !¢áÓ–
7.3.2  Ê˛ƒyˆÏQy!Ó˚ˆÏÎ˚° ≤Ãï˛#Ü˛ åFactorial notationä  n! ≤Ãï˛#Ü˛!ê˛ ≤ÃÌÙ n §ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚
à%îÊ˛° ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚ñ xÌ≈yÍ 1 × 2 × 3 × . . . × (n – 1) × n ˆÜ˛ n! myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– xyÙÓ˚y ~•z
≤Ãï˛#Ü˛!ê˛ˆÏÜ˛ ˛õ!í˛¸ Ún Ê˛ƒyˆÏQy!Ó˚ˆÏÎ˚°Û– xï˛~Ó 1 × 2 × 3 × 4 × . . .  × (n – 1) × n = n !

1 = 1 !

1 × 2 = 2 !

1× 2 × 3 = 3 !

1 × 2 × 3 × 4 = 4 ! ~ÓÇ Ü ̨ Ù¢ ã˛° Ï̂Ó–
xyÙÓ˚y §ÇK˛y!Î˚ï˛ Ü˛!Ó˚ 0 ! = 1

xyÙÓ˚y !°áˆÏï˛ ˛õy!Ó˚   5 ! = 5 × 4 ! = 5 × 4 × 3 ! = 5 × 4 × 3 × 2 !

= 5 × 4 × 3 × 2 × 1!

flõT˛ï˛•z ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy n ~Ó˚ çlƒ
   n ! = n (n  –  1) !

= n (n  –  1) (n  –  2) !  (Îál n ≥ 2)

= n (n  –  1) (n  –  2)  (n  –  3) !  (Îál n ≥ 3)

~ÓÇ Ü ̨ Ù¢ ã˛° Ï̂Ó–
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í˛zòy•Ó˚î 5 Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ı (i) 5 ! (ii) 7 ! (iii) 7 ! – 5!

§Ùyôyl ı (i) 5 ! = 1 × 2 × 3 × 4 × 5 = 120

(ii) 7 ! = 1 × 2 × 3 × 4 × 5 × 6 ×7 = 5040

(iii) 7 !  –  5! = 5040  –  120 = 4920

í˛zòy•Ó˚î 6  àîly Ü˛ Ï̂Ó˚y ı (i) 
7

5

!

!
(ii) 

12!

10! 2( ) ( !)

§Ùyôyl ı (i) xyÙÓ˚y ˛õy•z 
7

5

!

!
 = 

7 6 5

5

× × !

!
 = 7 × 6 = 42

(ii)
12!

10! 2( ) ( !)
  = 

12 11 10

10 2

× × ( )

( )× ( )

!

!
 = 6 × 11 = 66

í˛zòy•Ó˚î 7  Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ı 
n

r n r

!

! !−( )
, Îál n = 5, r = 2

§Ùyôyl ı xyÙyˆÏòÓ˚ !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ 
5

2 5 2

!

! !−( )
 (ˆÎˆÏ•ï%˛ n = 5, r = 2)

xyÙÓ˚y ˛õy•zñ 
5

2 5 2

!

! !−( )
= 

5

2 3

5 4

2
10

!

! !×

=

×

=

í˛zòy•Ó˚î 8  Î!ò 
1

8

1

9 10! ! !
+ =

x

 •Î˚ñ ï˛ˆÏÓ x !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı xyÙÓ˚y ˛õy•z 
1

8

1

9 8 10 9 8! ! !
+

×

=

× ×

x

§%ï˛Ó˚yÇñ 1
1

9 10 9
+ =

×

x
      Óyñ  

10

9 10 9
=

×

x

§%ï˛Ó˚yÇñ x = 100

xl%¢#°l# 7.2

1. Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ı
(i) 8 ! (ii) 4 ! – 3 !
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2. 3 ! + 4 ! = 7 ! •ˆÏÓ !Ü˛? 3.  àîly Ü˛ˆÏÓ˚y ı 
8

6 2

!

! !×

4. Î!ò 
1

6

1

7 8! ! !
+ =

x

 •Î˚ñ ï˛ˆÏÓ x !lî≈Î˚ Ü˛ˆÏÓ˚y– 5. Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y ı 
n

n r

!

!−( )
 Îálñ

(i) n = 6, r = 2 (ii) n = 9, r = 5

7.3.3  nP
r 
§)e !lî≈Î˚ (Derivation of the formula for nP

r
)

n

r

n

n r
P

!
=

−( )!
, 0 ≤ r ≤ n

~ál ã˛ˆÏ°y xyÙÓ˚y !Ê˛ˆÏÓ˚ Îy•z ̇  ̨ õ!Ó˚!fiÌ!ï˛ˆÏï˛ ̂ ÎáyˆÏl xyÙÓ˚y !l¡¨!°!áï˛ §)e!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚!SÈ°yÙ ı
nP

r
 = n (n – 1) (n – 2) . . .  (n – r + 1)

~Ó˚ •Ó˚ G °Ó Ï̂Ü˛ (n – r) (n – r – 1) . . . 3 × 2 × 1, myÓ˚y à%î Ü˛ˆÏÓ˚ ˛õy•z

n

r

n n n n r n r n r

n r n r
P =

−( ) −( ) − +( ) −( ) − −( ) × ×

−( ) − −( )

1 2 1 1 3 2 1

1

... ...

....3 2 1× ×
 = 

n

n r

!

!−( )
,

~•zË˛y Ï̂Ó
n

r

n

n r
P

!

!
=

−( )
ñ ˆÎáyˆÏl 0 < r ≤ n

nP
r 
~Ó˚ ~•z §)e!ê˛ xyˆÏàÓ˚!ê˛Ó˚ ̂ ã˛ˆÏÎ˚ xˆÏlÜ˛ ̂ Ó!¢ §%!ÓôyçlÜ˛–

xl%Ó)̊̂ Ï˛õñ Îál r = n, 
n

n

n
nP = =

!

!
!

0

!Ólƒy§ àîly •° ¢%ô%Ùye !Ü˛S%È Óy §ÙhflÏ Ó›ˆÏÜ˛ ~Ü˛ˆÏe Îï˛ ≤ÃÜ˛yˆÏÓ˚ ̨õ%l/§!Iï˛ Ü˛Ó˚y ÎyÎ˚ ï˛yÓ˚ §Çáƒy

!lî≈Î˚– ̂ Ü˛y Ï̂ly Ó› Ï̂Ü˛ ly !l Ï̂Î˚ §Iy xyÓ˚ §ÙhflÏ Ó› Ï̂Ü˛ ̂ Ê˛ Ï̂° Ó˚yáy ~Ü˛•z Óƒy˛õyÓ˚ ~ÓÇ ~!ê˛ Ü˛Ó˚yÓ˚ ̂ Ü˛Ó°Ùye

~Ü˛!ê˛ í˛z˛õyÎ˚•z xyˆÏSÈ– ï˛y•z xyÙÓ˚y ̂ ˛õˆÏï˛ ̨ õy!Ó˚

n P
0
 = 1 = 

n

n

n

n

!

!

!

( )!
=

− 0
... (1)

§%ï˛Ó˚yÇ (1) lÇ §)e!ê˛ r = 0 ~Ó˚ çlƒ ≤Ã Ï̂Îyçƒ–

ï˛y•z  
n

r

n

n r
r nP

!

!
=

−( )

≤ ≤, 0
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í˛z˛õ˛õyòƒ 2  n §ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ r §ÇáƒÜ˛ Ó›ˆÏÜ˛ ÓyÓ˚ÓyÓ˚ !lˆÏÎ˚ !Ólƒy§ §Çáƒy •ˆÏÓ nr–

≤ÃÙyî!ê˛ 1 lÇ í˛z˛õ˛õyˆÏòƒÓ˚ ~Ü˛òÙ xl%Ó˚)˛õ ~ÓÇ ï˛y•z ~!ê˛ ˛õyë˛Ü˛ˆÏòÓ˚ ≤ÃÙyî Ü˛Ó˚yÓ˚ çlƒ Ó˚yáy •°–

~ál xyÙÓ˚y nP
r 
§)e!ê˛Ó˚ ÓƒÓ•yÓ˚ G ï˛yÓ˚ í˛z˛õˆÏÎy!àï˛y Óƒyáƒy Ü˛Ó˚yÓ˚ çlƒ ˛õ)Ó≈Óï≈˛# xl%ˆÏFSÈˆÏòÓ˚ !Ü˛S%È

§Ù§ƒyÓ˚ §Ùyôyl Ü˛Ó˚Ó–

1 lÇ í˛zòy•Ó˚ˆÏîñ !lˆÏî≈Î˚ ¢∑ §Çáƒy = 4P
4
 = 4! = 24, ~áyˆÏl ˛õ%lÓ˚yÓ,!_ ly Ü˛ˆÏÓ˚ !Ólƒy§– Î!ò

˛õ%lÓ˚yÓ,!_ Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ !lˆÏî≈Î˚ ¢∑ §Çáƒy •ˆÏÓ 44 = 256–

NUMBER ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°y ̂ ÌˆÏÜ˛ 3!ê˛ x«˛Ó˚ !lˆÏÎ˚ à!ë˛ï˛ ¢ˆÏ∑Ó˚ §Çáƒy

= 
6

3

6

3
P

!

!
=  = 4 × 5 × 6 = 120, ~áyˆÏlG !Ólƒy§ ˛õ%lÓ˚yÓ,!_ ly Ü˛ˆÏÓ˚– Î!ò ˛õ%îÓ˚yÓ,!_ Ü˛Ó˚y •Î˚ñ

ï˛ˆÏÓ !lˆÏî≈Î˚ ¢ˆÏ∑Ó˚ §Çáƒy •ˆÏÓ 63 = 216.

~Ü˛ Óƒ!=˛ ~ˆÏÜ˛Ó˚ x!ôÜ˛ ˛õò òá° Ü˛Ó˚ˆÏÓ ly ~•z ¢ˆÏï≈˛ 12 çl ˆ°y Ï̂Ü˛Ó˚ ~Ü˛!ê˛ ò° ˆÌ Ï̂Ü˛ ~Ü˛çl

§Ë˛y˛õ!ï˛ G §•ÈüÈ§Ë˛y˛õ!ï˛ !lÓ≈y!ã˛ï˛ •GÎ˚yÓ˚ §Çáƒy = 12

2

12

10
11 12P

!

!
= = ×  = 132.

7.3.4  §Óà%ˆÏ°y !Ó!Ë˛ß¨ lÎ˚ ~Ùl Ó› §Ù)ˆÏ•Ó˚ !Ólƒy§ (Permutations when all the objects are

not distinct objects)  ôˆÏÓ˚y xyÙyˆÏòÓ˚ ROOT ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°yÓ˚ ˛õ%l/§IyÓ˚ §Çáƒy !lî≈Î˚ Ü˛Ó˚ˆÏï˛
•ˆÏÓ– ~ˆÏ«˛ˆÏe ¢∑!ê˛Ó˚ x«˛Ó˚à%ˆÏ°yÓ˚ ≤Ã!ï˛!ê˛ !Ë˛ß¨ lÎ˚– ~áyˆÏl ò%!ê˛ O xyˆÏSÈñ ÎyÓ˚y ~Ü˛•z ≤ÃÜ˛yˆÏÓ˚Ó˚– ã˛ˆÏ°y
xyÙÓ˚y §yÙ!Î˚Ü˛Ë˛yˆÏÓ 2!ê˛ O ˆÜ˛ !Ë˛ß¨ ÙˆÏl Ü˛!Ó˚ñ ï˛yˆÏòÓ˚ˆÏÜ˛ ô!Ó˚ O

1
 ~ÓÇ O

2
– ~ Ï̂«˛ Ï̂e 4!ê˛ !Ë˛ß¨ x«˛Ó˚̂ ÏÜ˛

~Ü˛ Ï̂e !l Ï̂Î˚ !Ólƒy§ §Çáƒy • Ï̂Ó 4!– ~•z !Ólƒy§à%̂ Ï°yÓ˚ Ù Ï̂ôƒ ô Ï̂Ó˚y ~Ü˛!ê˛ RO
1
O

2
T– ~•z !Ólƒy Ï̂§Ó˚ !l!Ó˚̂ Ïá

xyÙÓ˚y ˛õy•z 2! !ê˛ !Ólƒy§ ˆÎÙlñ RO
1
O

2
T ~ÓÇ RO

2
O

1
T– Î!ò O

1
 G O

2 
ˆÜ˛ !Ë˛ß¨ Ó˚)ˆÏ˛õ Ë˛yÓy ly •Î˚

xÌ≈yÍ Î!ò O
1
 G O

2
 ~Ó˚ çyÎ˚àyÎ˚ O •Î˚ ï˛ˆÏÓ ~Ó˚y ~Ü˛•z ôÓ˚ˆÏlÓ˚ !Ólƒy§ •Î˚–

§%ï˛Ó˚yÇñ !lˆÏî≈Î˚ !Ólƒy§ §Çáƒy = 
4

2
3 4 12

!

!
= × =

O
1
, O

2
 !Ë˛ß¨ •ˆÏ° !Ólƒy§ §Ù)•       O

1
, O

2
 ~Ü˛•z O •ˆÏ° !Ólƒy§ §Ù)•

RO O T

RO O T

1 2

2 1





 –––––––––––––––––––––→ R O O T

TO O R

TO O R

1 2

2 1





 –––––––––––––––––––––→ T O O R
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R O T O

R O T O

1 2

2 1





 –––––––––––––––––––––→ R O T O

T O R O

T O R O

1 2

2 1





 –––––––––––––––––––––→ T O R O

R TO O

R TO O

1 2

2 1





 –––––––––––––––––––––→ R T O O

T R O O

T R O O

1 2

2 1





 –––––––––––––––––––––→ T R O O

O  O  R T

O  O T R

1 2

2 1 





 –––––––––––––––––––––→ O O R T

O R O T

O R O T

1 2

2 1





 –––––––––––––––––––––→ O R O T

O  T O  R

O  T O  R

1 2

2 1





 –––––––––––––––––––––→ O T O R

O  R T O

O  R T O

1 2

2 1





 –––––––––––––––––––––→ O R T O

O  T R O

O  T R O

1 2

2 1





 –––––––––––––––––––––→ O T R O

O  O T R

O  O T R

1 2

2 1 





 –––––––––––––––––––––→ O O T R

ã˛ Ï̂°y xyÙÓ˚y ̂ ò!áñ INSTITUTE ¢ Ï̂∑Ó˚ x«˛Ó˚à%̂ Ï°y Ï̂Ü˛ Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚ !ÓlƒhflÏ Ü˛Ó˚y ÎyÎ˚– ~ Ï̂«˛ Ï̂e 9!ê˛
x«˛ˆÏÓ˚Ó˚ ÙˆÏôƒ I 2 ÓyÓ˚ñ ~ÓÇ T 3 ÓyÓ˚ ~ˆÏ§ˆÏSÈ–

xyÙÓ˚y §yÙ!Î˚Ü˛Ë˛yˆÏÓ ~•z x«˛Ó˚à%ˆÏ°yˆÏÜ˛ !Ë˛ß¨ !Ë˛ß¨ ôÓ˚ˆÏÓy ~ÓÇ ï˛yˆÏòÓ˚ lyÙ ˆòˆÏÓy I
1
, I

2
, T

1
,  T

2
,

T
3
–  ï˛ Ï̂Ó ~ Ï̂«˛ Ï̂e 9!ê˛ !Ë˛ß¨ !Ë˛ß¨ x«˛ Ï̂Ó˚Ó˚ ≤Ã Ï̂ï˛ƒÜ˛ Ï̂Ü˛ ~Ü˛ Ï̂e !l Ï̂Î˚ !Ólƒy§ §Çáƒy • Ï̂Ó 9 !– ô Ï̂Ó˚y ~Ó)̨̊ õ ~Ü˛!ê˛

!Ólƒy§ •° I
1
NT

1
SI

2
T

2
U E T

3
– ~áyˆÏl Î!ò I

1
, I

2
 ~Ü˛ ly •Î˚ ~ÓÇ T

1
, T

2
, T

3
 ~Ü˛ ly •Î˚ñ ï˛ˆÏÓ I

1
, I

2

ˆÜ˛ 2! ≤ÃÜ˛yˆÏÓ˚ ~ÓÇ T
1
, T

2
, T

3
 ˆÜ˛ 3! ≤ÃÜ˛yˆÏÓ˚ !ÓlƒhflÏ Ü˛Ó˚y ÎyÎ˚– §%ï˛Ó˚yÇñ  2! × 3! §ÇáƒÜ˛ !Ólƒy§ !ë˛Ü˛
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~Ü˛•z Ó˚Ü˛Ù • Ï̂Ó ~ÓÇ ï˛y I
1
NT

1
SI

2
T

2
UET

3
 !ÓlƒyˆÏ§Ó˚ xl%Ó˚)˛õ •ˆÏÓ– xï˛~Óñ !Ë˛ß¨ !Ë˛ß¨ !ÓlƒyˆÏ§Ó˚ ˆÙyê˛

§Çáƒy •ˆÏÓ 
9!

2! 3!

xyÙÓ˚y !lˆÏ¡¨Ó˚ í˛z˛õ˛õyòƒ!ê˛ !ÓÓ,ï˛ å≤ÃÙyî ly Ü˛ˆÏÓ˚ä Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚ ı

í˛z˛õ˛õyòƒ 3 n §ÇáƒÜ˛ Ó›Ó˚ ÙˆÏôƒ Î!ò p §ÇáƒÜ˛ ~Ü˛•z ≤ÃÜ˛yˆÏÓ˚Ó˚ ~ÓÇ Óy!Ü˛Ó˚y !Ë˛ß¨ •Î˚ñ ï˛ˆÏÓ ~•z n §ÇáƒÜ˛

Ó›Ó˚ !Ólƒy§ §Çáƒy  = 
n

p

!

!
–

≤ÃÜ,̨ ï˛˛õ Ï̂«˛ ~•z í z̨̨ õ˛õyòƒ!ê˛ Ï̂Ü˛ xyÙÓ˚y xyÓ˚G §yôyÓ˚îË˛y Ï̂Ó !°á Ï̂ï˛ ̨õy!Ó˚–

í˛z˛õ˛õyòƒ 4 n §ÇáƒÜ˛ Ó›Ó˚ ÙˆÏôƒ Î!ò p
1
 §ÇáƒÜ˛ Ó› ≤ÃÌÙ ≤ÃÜ˛yˆÏÓ˚Ó˚ñ p

2 
§ÇáƒÜ˛ Ó› !mï˛#Î˚ ≤ÃÜ˛yˆÏÓ˚Ó˚ñ ...p

k

§ÇáƒÜ˛ Ó› kÈüÈï˛Ù ≤ÃÜ˛yˆÏÓ˚Ó˚ ~ÓÇ Óy!Ü˛à%ˆÏ°y !Ë˛ß¨ ≤ÃÜ˛yˆÏÓ˚Ó˚ •Î˚ñ ï˛ˆÏÓ ~•z n §ÇáƒÜ˛ Ó›Ó˚ !Ólƒy§ §Çáƒy

n

p p p
k

!

! ! !
1 2

...

í˛zòy•Ó˚î 9 ALLAHABAD ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°yÓ˚ !Ólƒy§ §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı ~áyˆÏl 9!ê˛ Ó› åx«˛Ó˚ä xyˆÏSÈñ ÎyÓ˚ ÙˆÏôƒ ‘A’ ã˛yÓ˚!ê˛ñ ‘L’ ò%!ê˛ñ ~ÓÇ Óy!Ü˛à%ˆÏ°y ≤ÃˆÏï˛ƒˆÏÜ˛ !Ë˛ß¨–

§%ï˛Ó˚yÇñ !lˆÏî≈Î˚ !Ólƒy§ §Çáƒy = 
9

4 2

5 6 7 8 9

2

!

! !
=

× × × ×

 = 7560

í˛zòy•Ó˚î 10 1 ̂ ÌˆÏÜ˛ 9 ̨ õÎ≈hs˝ xAÜ˛à%ˆÏ°yÓ˚ ̨ õ%lÓ˚yÓ,!_ ly Ü˛ˆÏÓ˚ ~ˆÏòÓ˚ §y•yˆÏÎƒ 4 xˆÏAÜ˛Ó˚ Ü˛Î˚!ê˛ §Çáƒy àë˛l
Ü˛Ó˚y ÎyÎ˚⁄

§Ùyôyl ı ~áyˆÏl Ü ˛ˆÏÙÓ˚ à%Ó˚%c xyˆÏSÈ– í˛zòy•Ó˚îfl∫Ó˚)˛õ 1234 ~ÓÇ 1324 ò%!ê˛ !Ë˛ß¨ §Çáƒy–

§%ï˛Ó˚yÇñ 9!ê˛ !Ë˛ß¨ xAÜ˛ ̂ Ì Ï̂Ü˛ 4!ê˛ˆÏÜ˛ !lˆÏÎ˚ !Ólƒy§ §Çáƒy •ˆÏÓ 4 xAÜ˛ !Ó!¢T˛ à!ë˛ï˛ !Ó!Ë˛ß¨ §Çáƒy–

§%ï˛Ó˚yÇñ !lˆÏî≈Î˚ à!ë˛ï˛ ã˛yÓ˚ xˆÏAÜ˛Ó˚ §Çáƒy = P =
9!

9 4 !
=

9!

5!

9

4
−( )

 = 9 × 8 × 7 × 6 = 3024.

í˛zòy•Ó˚î 11 0, 1, 2, 3, 4, 5 xAÜ˛à%ˆÏ°yÓ˚ ˛õ%lÓ˚yÓ,!_ ly Ü˛ˆÏÓ˚ ~ˆÏòÓ˚ §y•yˆÏÎƒ 100 G 1000 ~Ó˚ ÙôƒÓï≈̨ #
Ü˛Î˚!ê˛ §Çáƒy àë˛l Ü˛Ó˚y ÎyÎ˚⁄

§Ùyôyl ı 100 G 1000 ~Ó˚ ÙôƒÓï≈˛# §Ó §Çáƒy•z 3 xAÜ˛ !Ó!¢T˛– xyÙyˆÏòÓ˚ ≤ÃÌˆÏÙ 6!ê˛ xAÜ˛ ˆÌ Ï̂Ü˛ 3!ê˛
xAÜ˛ Ï̂Ü˛ ~Ü˛ Ï̂e !l Ï̂Î̊ !Ólƒy§ §Çáƒy àîly Ü˛Ó̊ Ï̂ï˛ • Ï̂Ó– ~•z !Ólƒy Ï̂§Ó̊ §Çáƒy • Ï̂Ó 6P

3
– !Ü˛v ~•z !Ólƒy§à%̂ Ï°y Ï̂ï˛
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!Ü˛S%È ̂ «˛ Ï̂e 0 ¢ï˛ Ï̂Ü˛Ó˚ fiÌy Ï̂l ã˛ Ï̂° xy Ï̂§– í z̨òy•Ó˚îfl∫Ó)̨̊ õ ~Ó)̨̊ õ §Çáƒyà%̂ Ï°y •° 092, 042, . . . •zï˛ƒy!ò– ~Ó˚y
≤ÃÜ,˛ï˛˛õˆÏ«˛ 2 xAÜ˛ !Ó!¢T˛ §Çáƒy ~ÓÇ !lˆÏî≈Î˚ !Ólƒy§ §Çáƒy !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏ° 6P

3 
ˆÌˆÏÜ˛ ~Ó˚)˛õ ò%•z xAÜ˛

!Ó!¢T˛ §Çáƒy !Ó Ï̂Î˚yà Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ~Ó)̨̊ õ ò%•z x Ï̂AÜ˛Ó˚ §Çáƒy !lî≈̂ ÏÎ˚Ó˚ çlƒ 0 ̂ Ü˛ ¢ï˛ Ï̂Ü˛Ó˚ fiÌy Ï̂l !fiÌÓ˚ ̂ Ó˚̂ Ïá

Óy!Ü˛ 5!ê˛ xAÜ˛ ˆÌ Ï̂Ü˛ 2!ê˛ xAÜ˛ˆÏÜ˛ ~Ü˛ˆÏe !lˆÏÎ˚ ˛õ%l!Ó≈lƒy§ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– ~Ó˚)˛õ !ÓlƒyˆÏ§Ó˚ §Çáƒy 5P
2
–

§%ï˛Ó˚yÇñ !l Ï̂î≈Î˚ !Ólƒy§ §Çáƒy = P P
!

!

!

!

6

3

5

2

6

3

5

3
− = −

= 4 × 5 × 6  –  4 ×5 = 100

í˛zòy•Ó˚î 12  n ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚yñ Îál

(i) n n
nP P

35
42 4= >, (ii)

n

n

P

P
=

5

3

4

1

4

− , n > 4

§Ùyôyl ı  (i) ≤Ãò_ñ

n n
P P

5 3
42=

Óyñ n (n – 1) (n – 2) (n – 3) (n – 4) = 42 n(n – 1) (n – 2)

ˆÎˆÏ•ï%˛ñ n > 4 §%ï˛Ó˚yÇñ  n(n – 1) (n – 2) ≠ 0

§%ï˛Ó˚yÇñ í˛zË˛Î˚˛õ«˛ˆÏÜ˛ n(n – 1) (n – 2) myÓ˚y Ë˛yà Ü˛ˆÏÓ˚ ˛õy•zñ
(n – 3) (n – 4) = 42

Óyñ n2  –  7n  –  30 = 0

Óyñ n2 – 10n + 3n – 30 = 0

Óyñ (n – 10) (n + 3) = 0

Óyñ n  –  10 = 0  xÌÓy   n + 3 = 0

Óyñ n = 10    xÌÓy     n =  – 3

ˆÎˆÏ•ï%˛ n }îydÜ˛ •ˆÏï˛ ˛õyˆÏÓ˚ lyñ ï˛y•z  n = 10 –

(ii) ≤Ãò_ 

n

n

P

P
1

4

4
5

3
−

=

§%ï˛Ó˚yÇñ 3n (n – 1) (n – 2) (n – 3) = 5(n – 1) (n – 2) (n – 3) (n – 4)

Óyñ 3n = 5 (n – 4) [ˆÎˆÏ•ï%˛ (n – 1) (n – 2) (n – 3) ≠ 0, n > 4]

Óyñ n = 10



146       à!îï˛

í˛zòy•Ó˚î 13 Î!ò 5 4P
r
 = 6 5P

r–1
 •Î˚ ï˛ˆÏÓ r ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı xyÙÓ˚y ˛õy•zñ 5 6
4 5

1
P

r r
=

−
P

Óyñ 5
4

4
6

5

5 1
×

−( )

= ×

− +( )

!

!

!

!r r

Óyñ 
5

4

6 5

5 1 5 5 1

!

!

!

!−( )

=

×

− +( ) −( ) − −( )r r r r

Óyñ (6  –  r) (5  –  r) = 6

Óyñ r2  –  11r + 24 = 0

Óyñ r2 – 8r – 3r + 24 = 0

Óyñ (r  –  8) (r  –  3) = 0

Óyñ r = 8   xÌÓy  r = 3

xï˛~Óñ r = 8, 3

í˛zòy•Ó˚î 14 DAUGHTER ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°y ˆÌˆÏÜ˛ 8!ê˛ x«˛ˆÏÓ˚Ó˚ !Ë˛ß¨ !Ë˛ß¨ §Iy §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚yñ
Îál

(i) §Ó fl∫Ó˚Óî≈à%ˆÏ°y ~Ü˛ˆÏe ÌyˆÏÜ˛ñ

(ii) §Ó fl∫Ó˚Óî≈à%̂ Ï°y ~Ü˛ Ï̂e Ìy Ï̂Ü˛ ly–

§Ùyôyl ı (i) DAUGHTER ¢∑!ê˛ˆÏï˛ 8!ê˛ !Ë˛ß¨ !Ë˛ß¨ x«˛Ó˚ xyˆÏSÈñ ̂ ÎáyˆÏl 3!ê˛ fl∫Ó˚Óî≈ ÎÌy A,U ~ÓÇ E
xyˆÏSÈ– ˆÎˆÏ•ï%˛ fl∫Ó˚Óî≈à%ˆÏ°y ~Ü˛ˆÏe ÌyÜ˛ˆÏï˛ •ˆÏÓñ ï˛y•z xyÙÓ˚y  !Ü˛S%È«˛ˆÏîÓ˚ çlƒ ï˛yˆÏòÓ˚ˆÏÜ˛ ~Ü˛!ê˛ x«˛Ó˚
!•ˆÏ§ˆÏÓ ôÓ˚Ó (AUE)– ~•z x«˛Ó˚!ê˛ §• Óy!Ü˛ ˛õÑyã˛!ê˛ x«˛Ó˚ !Ù!°ˆÏÎ˚ ˆÙyê˛ x«˛Ó˚ §Çáƒy •ˆÏÓ 6!ê˛– ~•z 6!ê˛
x«˛ Ï̂Ó˚Ó˚ §Óà%̂ Ï°y Ï̂Ü˛ ~Ü˛ Ï̂e !l Ï̂Î˚ !Ólƒy§ §Çáƒy = 6P

6
 = 6!– ~•z 6! ≤ÃÜ˛y Ï̂Ó˚Ó˚ !Ólƒy Ï̂§Ó˚ ≤Ã Ï̂ï˛ƒÜ˛ ≤ÃÜ˛y Ï̂Ó˚Ó˚

çlƒ A, U, E fl∫Ó˚Óî≈ !ï˛l!ê˛ˆÏÜ˛ !lˆÏçˆÏòÓ˚ ÙˆÏôƒ 3! ≤ÃÜ˛yˆÏÓ˚ !ÓlƒhflÏ Ü˛Ó˚y ÎyÎ˚– xï˛~Óñ à%îl l#!ï˛ xl%ÎyÎ˚#
!lˆÏî≈Î˚ !Ólƒy§ §Çáƒy = 6 ! × 3 ! = 4320

(ii) fl∫Ó˚Óî≈à%̂ Ï°y Ü˛ál•z ~Ü˛ Ï̂e ÌyÜ˛ Ï̂Ó ly ~Ó)̨̊ õ !Ólƒy§ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ñ xyÙÓ˚y ≤ÃÌ Ï̂Ù ~•z 8!ê˛ x«˛Ó˚̂ ÏÜ˛
~Ü˛ Ï̂e !l Ï̂Î˚ §Ω˛yÓƒ §Ó !Ólƒy§ !lî≈Î˚ Ü˛Ó˚Ó– ~Ó)̨̊ õ !Ólƒy§ §Çáƒy 8! – ï˛yÓ˚̨ õÓ˚ ~•z §Çáƒy!ê˛ ̂ Ì Ï̂Ü˛ fl∫Ó˚Óî≈à%̂ Ï°y
§Ó≈òy ~Ü˛ˆÏe ÌyˆÏÜ˛ ~Ó˚)˛õ !Ólƒy§ §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚ñ ï˛yˆÏÜ˛ !ÓˆÏÎ˚yà Ü˛Ó˚Ó–

§%ï˛Ó˚yÇñ !l Ï̂î≈Î˚ !Ólƒy§ §Çáƒy = 8 ! – 6 ! × 3 ! = 6 ! (7×8  –  6)

= 2 × 6 ! (28 – 3)

= 50 × 6 ! = 50 × 720 = 36000
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í˛zòy•Ó˚î 15 4!ê˛ °y°ñ 3!ê˛ •°%òñ ~ÓÇ 2!ê˛ §Ó%ç Ó˚ˆÏ.Ó˚ ã˛yÜ˛!ï˛ˆÏÜ˛ Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ ~Ü˛!ê˛ §y!Ó˚ˆÏï˛ !ÓlƒhflÏ Ü˛Ó˚y
ÎyÎ˚ñ Î!ò ~Ü˛•z Ó˚ˆÏ.Ó˚ ã˛yÜ˛!ï˛à%ˆÏ°y §ò,¢ •Î˚–
§Ùyôyl ı ̂ Ùyê˛ ã˛yÜ˛!ï˛Ó˚ §Çáƒy = 4 + 3 + 2 = 9, ~•z 9!ê˛ ã˛yÜ˛!ï˛Ó˚ ÙˆÏôƒ 4!ê˛ ≤ÃÌÙ ≤ÃÜ˛yˆÏÓ˚Ó˚ å°y°äñ 3!ê˛
!mï˛#Î˚ ≤ÃÜ˛yˆÏÓ˚Ó˚ å•°%òä ~ÓÇ 2!ê˛ ï,˛ï˛#Î˚ ≤ÃÜ˛yˆÏÓ˚Ó˚ å§Ó%çä–

§%ï˛Ó˚yÇñ !Ólƒy§ §Çáƒy =
9!

4! 3! 2!
= 1260

í z̨òy•Ó˚î 16  “INDEPENDENCE” ¢ Ï̂∑Ó˚ x«˛Ó˚à%̂ Ï°yÓ˚ !Ólƒy§ §Çáƒy !lî≈Î˚ Ü˛ Ï̂Ó˚y– Ü˛ï˛à%̂ Ï°y !Ólƒy Ï̂§Ó˚
ˆ«˛ Ï̂eñ

(i) ¢∑à%ˆÏ°y P !òˆÏÎ˚ ¢%Ó˚% •Î˚
(ii) fl∫Ó˚Óî≈à%̂ Ï°y ~Ü˛ Ï̂e Ìy Ï̂Ü˛
(iii) fl∫Ó˚Óî≈à%̂ Ï°y Ü˛ál•z ~Ü˛ Ï̂e Ìy Ï̂Ü˛ ly
(iv) ¢∑à%̂ Ï°y I !òˆÏÎ˚ ¢%Ó˚% ~ÓÇ P !òˆÏÎ˚ ̂ ¢£Ï •Î˚⁄

§Ùyôyl ı ~áyˆÏl 12!ê˛ x«˛Ó˚ xyˆÏSÈñ ÎyÓ˚ ÙˆÏôƒ N xyˆÏSÈ 3 ÓyÓ˚ñ E xyˆÏSÈ 4 ÓyÓ˚ñ D xyˆÏSÈ 2 ÓyÓ˚ ~ÓÇ

Óy!Ü˛à%̂ Ï°y ≤Ã Ï̂ï˛ƒ Ï̂Ü˛ !Ë˛ß¨– §%ï˛Ó˚yÇñ !l Ï̂î≈Î˚ !Ólƒy§ §Çáƒy = =

12

3 4 2
1663200

!

! ! !

  (i) P ̂ Ü˛ §Ó≈y Į̈̂ õ«˛y ÓÑy!ò Ï̂Ü˛Ó˚ xÓfiÌy Ï̂l !fiÌÓ˚ ̂ Ó˚̂ Ïá xyÙÓ˚y Óy!Ü˛ 11!ê˛ x«˛Ó˚̂ ÏÜ˛ !ÓlƒhflÏ Ü˛Ó˚Ó– §%ï˛Ó˚yÇ P

!òˆÏÎ˚ ¢%Ó˚% ~Ó˚)˛õ !lˆÏî≈Î˚ ¢ˆÏ∑Ó˚ §Çáƒy = =

11

3 2 4
138600

!

! ! !

 (ii) ≤Ãò_ ¢∑!ê˛ˆÏï˛ 5!ê˛ fl∫Ó˚Óî≈ xyˆÏSÈñ ÎyÓ˚ ÙˆÏôƒ E xyˆÏSÈ 4!ê˛ñ I xyˆÏSÈ 1!ê˛– ̂ ÎˆÏ•ï%˛ fl∫Ó˚Óî≈à%ˆÏ°y ~Ü˛ˆÏe

ÌyÜ˛ˆÏÓ ï˛y•z ï˛yˆÏòÓ˚ˆÏÜ˛ xyÙÓ˚y 1!ê˛ x«˛Ó˚ EEEEI  !•ˆÏ§ˆÏÓ !ÓˆÏÓã˛ly Ü˛Ó˚Ó– ~•z 1!ê˛ x«˛Ó˚ ~ÓÇ

Óy!Ü˛ 7!ê˛ x«˛Ó˚ !ÙˆÏ° ̂ Ùyê˛ x«˛Ó˚ §Çáƒy 8ñ ÎyÓ˚ ÙˆÏôƒ N xyˆÏSÈ 3!ê˛ñ D xy Ï̂SÈ 2!ê˛– §%ï˛Ó˚yÇ ~•z 8!ê˛

x«˛Ó˚̂ ÏÜ˛ 
8!

3! 2!
 ≤ÃÜ˛y Ï̂Ó˚ !ÓlƒhflÏ Ü˛Ó˚y ÎyÎ˚– ~ál 

8!

3! 2!
 ≤ÃÜ˛yÓ˚ !Ólƒy Ï̂§Ó˚ ≤Ã!ï˛!ê˛ ≤ÃÜ˛y Ï̂Ó˚Ó˚ çlƒñ 5!ê˛

fl∫Ó˚Óî≈ E, E, E, E ~ÓÇ I ̂ Ü˛ !l Ï̂ç Ï̂òÓ˚ Ù Ï̂ôƒ 
5!

4!
 ≤ÃÜ˛y Ï̂Ó˚ !ÓlƒhflÏ Ü˛Ó˚y ÎyÎ˚– §%ï˛Ó˚yÇñ à%î Ï̂lÓ˚ !lÎ˚̂ ÏÙ

!l Ï̂î≈Î˚ !Ólƒy§ §Çáƒy = 
8!

3! 2!

!

!
× =

5

4
16800

(iii) !l Ï̂î≈Î˚ §Iy §Çáƒy
=  ̂ Ùyê˛ !Ólƒy§ §Çáƒy åˆÜ˛ylG ¢ï≈˛ SÈyí˛¸yäÈüüüÈ fl∫Ó˚Óî≈à%ˆÏ°y ~Ü˛ˆÏe ÌyˆÏÜ˛ ~Ó˚)˛õ !Ólƒy§ §Çáƒy
= 1663200 – 16800  = 1646400
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(iv) I ~ÓÇ P ˆÜ˛ ≤Ãy!hs˝Ü˛ xÓfiÌyˆÏl !fiÌÓ˚ ˆÓ˚ˆÏá (I ˆÜ˛ ÓyÙ ≤Ãy Ï̂hs˝ ~ÓÇ P ˆÜ˛ í˛yl ≤Ãy Ï̂hs˝) Óy!Ü˛ 10!ê˛

x«˛ˆÏÓ˚Ó˚ !Ólƒy§ §Çáƒy = 
10

3 2 4

!

! ! !
= 12600

xl%¢#°l# 7.3

1. ˆÜ˛y Ï̂ly x Ï̂AÜ˛Ó˚ ̨õ%lÓ˚yÓ,!_ ly Ü˛ Ï̂Ó˚ 1ˆÌ Ï̂Ü˛ 9 ̨õÎ≈hs˝ xAÜ˛à%̂ Ï°y !ò Ï̂Î˚ 3 x Ï̂AÜ˛Ó˚ Ü˛Î˚!ê˛ §Çáƒy àë˛l Ü˛Ó˚y
ÎyÎ̊⁄

2. ˆÜ˛yˆÏly xAÜ˛ ÓyÓ˚ÓyÓ˚ ÓƒÓ•yÓ˚ ly Ü˛ˆÏÓ˚ 4 xˆÏAÜ˛Ó˚ Ü˛Î˚!ê˛ §Çáƒy àë˛l Ü˛Ó˚y ÎyÎ˚⁄
3. ˆÜ˛y Ï̂ly xAÜ˛ ÓyÓ˚ÓyÓ˚ ÓƒÓ•yÓ˚ ly Ü˛ Ï̂Ó˚ 1, 2, 3, 4, 6, 7 xAÜ˛à%̂ Ï°y ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ 3 x Ï̂AÜ˛Ó˚ Ü˛Î˚!ê˛ Î%@¬

§Çáƒy àë˛l Ü˛Ó˚y ÎyÎ˚⁄
4. Î!ò ̂ Ü˛y Ï̂ly xAÜ˛ ÓyÓ˚ ÓyÓ˚ ÓƒÓ•yÓ˚ ly Ü˛Ó˚y •Î˚ ï˛ Ï̂Ó 1, 2, 3, 4, 5 xAÜ˛à%̂ Ï°y ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ 4 x Ï̂AÜ˛Ó˚

Ü˛Î˚!ê˛ §Çáƒy àë˛l Ü˛Ó˚y ÎyÎ˚⁄ ï˛yˆÏòÓ˚ ÙˆÏôƒ Ü˛Î˚!ê˛ Î%@¬ •ˆÏÓ⁄
5. Î!ò ~Ü˛ Óƒ!=˛ ~Ü˛y!ôÜ˛ ˛õò òá° ly Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ 8 çl ˆ°y Ï̂Ü˛Ó˚ ò° ˆÌ Ï̂Ü˛ Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚ ~Ü˛çl

§Ë˛y˛õ!ï˛ G ~Ü˛çl §•ÈüÈ§Ë˛y˛õ!ï˛ !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚⁄
6. Î!ò n – 1P

3
 : nP

4
 = 1 : 9 •Î˚ ï˛ˆÏÓ n !lî≈Î˚ Ü˛ˆÏÓ˚y–

7. r ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y Îál (i) 5 6

1
2P P

r r
=

−
(ii) 5 6

1
P P

r r
=

−

8. ~Ü˛!ê˛ x«˛Ó˚̂ ÏÜ˛ ˆÜ˛Ó°Ùye ~Ü˛ÓyÓ˚ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ EQUATION ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°y !òˆÏÎ˚ Ü˛Î˚!ê˛
xÌ≈Î%=˛ Óy xÌ≈•#l ¢∑ àë˛l Ü˛Ó˚y ÎyÎ˚⁄

9. ˆÜ˛y Ï̂ly x«˛Ó˚̂ ÏÜ˛ ~Ü˛y!ôÜ˛ÓyÓ˚ ÓƒÓ•yÓ˚ ly Ü˛ Ï̂Ó˚ MONDAY ¢ Ï̂∑Ó˚ x«˛Ó˚à%̂ Ï°y • Ï̂ï˛ Ü˛Î˚!ê˛ xÌ≈Î%=˛
Óy xÌ≈•#l ¢∑ àë˛l Ü˛Ó˚y ÎyˆÏÓñ Î!ò
(i) 4 !ê˛ x«˛Ó˚ˆÏÜ˛ ~Ü˛ˆÏe ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ñ   (ii)   §Óà%ˆÏ°y x«˛Ó˚ˆÏÜ˛ ~Ü˛ˆÏe ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ñ

(iii) §Óà%ˆÏ°y x«˛Ó˚ˆÏÜ˛ ~Ü˛ˆÏe ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ñ !Ü˛v ≤ÃÌÙfiÌyˆÏl fl∫Ó˚Óî≈ ÌyˆÏÜ˛⁄
10. MISSISSIPPI ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°yÓ˚ Ü˛ï˛à%ˆÏ°y !Ë˛ß¨ !ÓlƒyˆÏ§ ã˛yÓ˚!ê˛ I ~Ü˛ˆÏe ÌyÜ˛ˆÏÓ ly⁄
11. PERMUTATIONS ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°yˆÏÜ˛ Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ !ÓlƒhflÏ Ü˛ˆÏÓ˚ ¢∑ àë˛l Ü˛Ó˚y ÎyˆÏÓ Î!ò

(i) ¢∑à%ˆÏ°y P !òˆÏÎ˚ ¢%Ó˚% ~ÓÇ S !òˆÏÎ˚ ̂ ¢£Ï •Î˚ñ (ii) ¢∑à%̂ Ï°y Ï̂ï˛ fl∫Ó̊Óî≈à%̂ Ï°y ~Ü˛ Ï̂e Ìy Ï̂Ü˛ñ
(iii) ¢∑à%ˆÏ°yˆÏï˛ P G S ~Ó˚ ÙˆÏôƒ §Ó≈òy 4!ê˛ x«˛Ó˚ ÌyˆÏÜ˛

7.4 §ÙÓyÎ̊ (Combinations)

ô Ï̂Ó̊y X, Y, Z •° !ï˛lçl °l ˆê˛!l§ ˆá Ï̂°yÎ̊y Ï̂í˛̧Ó̊ ~Ü˛!ê˛ ò°– ò%Ûçl ˆá Ï̂°yÎ̊y Ï̂í˛̧Ó̊ ~Ü˛!ê˛ ò° àë˛l
Ü˛Ó̊ Ï̂ï˛ • Ï̂Ó– ~•z Ü˛yç!ê˛ xyÙÓ̊y Ü˛ï˛ Ó̊Ü˛Ù Ë˛y Ï̂Ó Ü˛Ó̊ Ï̂ï˛ ̨õy!Ó̊⁄ X G Y ̂ Ü˛ !l Ï̂Î̊ à!ë˛ï˛ ò°!ê˛ !Ü˛ Y G X ̂ Ü˛ !l Ï̂Î̊
à!ë˛ï˛ ò° ˆÌ Ï̂Ü˛ xy°yòy? lyñ ~áy Ï̂l Ü ̨Ù à%Ó̊%c˛õ)î≈ lÎ̊– ≤ÃÜ,̨ ï˛̨ õ Ï̂«˛ ò°!ê˛ !ï˛l!ê˛ §Ω˛yÓƒ í z̨̨ õy Ï̂Î̊ àë˛l Ü˛Ó̊y ÎyÎ̊–
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~à%ˆÏ°y •° XY, YZ ~ÓÇ ZX (!ã˛e 7.3) –
~áy Ï̂l ≤Ã Ï̂ï˛ƒÜ˛!ê˛ !lÓ≈yã˛l Ï̂Ü˛ Ó°y •Î˚ñ 3!ê˛ !Ó!Ë˛ß¨ Ó› ̂ ÌˆÏÜ˛ 2!ê˛ˆÏÜ˛ ~Ü˛ˆÏe !lˆÏÎ˚ §ÙÓyÎ˚– §ÙÓyˆÏÎ˚

Ü ˛ˆÏÙÓ˚ ̂ Ü˛yˆÏly à%Ó˚%c ̂ l•z–
~ál xyÓ˚G Ü˛ˆÏÎ˚Ü˛!ê˛ í˛zòy•Ó˚î !ÓˆÏÓã˛ly Ü˛Ó˚y ÎyÜ˛– 12 çl Óƒ!=˛ ~Ü˛!ê˛ âˆÏÓ˚Ó˚ ÙˆÏôƒ §y«˛yï˛ Ü˛Ó˚ˆÏ°y

~ÓÇ ̨õÓ˚flõÓ˚ ̨ õÓ˚flõˆÏÓ˚Ó˚ §yˆÏÌ Ü˛Ó˚Ùò≈l Ü˛Ó˚ˆÏ°y– xyÙÓ˚y Ü˛#Ë˛yˆÏÓ Ü˛Ó˚Ùò≈ˆÏlÓ˚ §Çáƒy !lô≈yÓ˚î Ü˛Ó˚Ó– X ~Ó˚
§y Ï̂Ì Y ~Ó˚ Ü˛Ó˚Ùò≈l ~ÓÇ Y ~Ó˚ §y Ï̂Ì X ~Ó˚ Ü˛Ó˚Ùò≈l ò%!ê˛ !Ë˛ß¨ !Ë˛ß¨ Ü˛Ó˚Ùò≈l lÎ˚– ~áy Ï̂l Ü ̨ Ù à%Ó%̊c˛õ)î≈ lÎ˚–
12 !ê˛ !Ë˛ß¨ Ó› ̂ Ì Ï̂Ü˛ ~Ü˛ Ï̂Îy Ï̂à 2 !ê˛ Ó›Ó˚ §ÙÓyÎ˚ §Çáƒy•z •ˆÏÓ Ü˛Ó˚Ùò≈ˆÏlÓ˚ §Çáƒy–

~Ü˛!ê˛ Ó,̂ Ï_Ó˚ í z̨̨ õÓ˚ 7!ê˛ !Ó®% xyˆÏSÈ– ~•z !Ó®%à%ˆÏ°yˆÏÜ˛ ˆçyí˛¸yÎ˚ ˆçyí˛¸yÎ˚ Î%=˛ Ü˛ˆÏÓ˚ Ü˛Î˚!ê˛ çƒy xAÜ˛l

Ü˛Ó˚y ÎyˆÏÓ⁄ 7!ê˛ !Ë˛ß¨ Ó› ˆÌˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà 2!ê˛ Ó›Ó˚ §ÙÓyÎ˚ §Çáƒy•z •ˆÏÓ çƒyÈüÈ~Ó˚ §Çáƒy–
xyÙÓ˚y ~ál n §ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà r §ÇáƒÜ˛ Ó›Ó˚ §ÙÓyÎ˚ §Çáƒy !lî≈ˆÏÎ˚Ó˚ §)e

≤Ã!ï˛¤˛y Ü˛Ó˚Ó– ~!ê˛ Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ nC
r
 myÓ˚y–

ô Ï̂Ó˚y xyÙy Ï̂òÓ˚ Ü˛y Ï̂SÈ A, B, C ~ÓÇ D ~•z ã˛yÓ˚!ê˛ Ó› xy Ï̂SÈ– Î!ò xyÙÓ˚y ï˛y Ï̂òÓ˚ Ùôƒ ̂ Ì Ï̂Ü˛ ~Ü˛ Ï̂Îy Ï̂à
2!ê˛ Ü˛ˆÏÓ˚ Ó› !lˆÏÎ˚ §ÙÓyÎ˚ ˜ï˛!Ó˚ Ü˛!Ó˚ñ ï˛ˆÏÓ ï˛yÓ˚y •ˆÏÓ AB, AC, AD, BC, BD ~ÓÇ CD– ˆÎˆÏ•ï%˛ Ü ˛Ù

§ÙÓyÎ˚̂ ÏÜ˛ ̨õ!Ó˚Óï≈̨ l Ü˛ Ï̂Ó˚ lyñ ï˛y•z AB ~ÓÇ BA ~Ü˛•z §ÙÓyÎ˚ • Ï̂Ó– ~•z Ü˛yÓ˚̂ Ïî•z xyÙÓ˚y BA, CA, DA,

CB, DB G DC ̂ Ü˛ ~•z ï˛y!°Ü˛yÎ˚ xhs˝Ë%≈̨ =˛ Ü˛!Ó˚!l– ~áy Ï̂l 4!ê˛ !Ó!Ë˛ß¨ Ó› ̂ Ì Ï̂Ü˛ ~Ü˛ Ï̂Îy Ï̂à ò%!ê˛ Ü˛ Ï̂Ó˚ Ó›
!l Ï̂Î˚ 6!ê˛ §ÙÓyÎ˚ •ˆÏÓñ xÌ≈yÍ 4C

2
 = 6–

~•z ï˛y!°Ü˛yÎ˚ ≤ÃˆÏï˛ƒÜ˛!ê˛ §ÙÓyˆÏÎ˚Ó˚ çlƒ xyÙÓ˚y 2! !ê˛ !Ólƒy§ ˛õy•zñ Ü˛yÓ˚î ≤ÃˆÏï˛ƒÜ˛!ê˛ §ÙÓyˆÏÎ˚Ó˚ 2!ê˛

Ó›ˆÏÜ˛ 2! ≤ÃÜ˛yˆÏÓ˚ !ÓlƒhflÏ Ü˛Ó˚y ÎyÎ˚– xï˛~Ó !lˆÏî≈Î˚ !Ólƒy§ §Çáƒy = 4C
2
 × 2!

xlƒ!òˆÏÜ˛ñ 4!ê˛ !Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà 2!ê˛ Ó›Ó˚ !Ólƒy§ §Çáƒy = 4P
2

§%ï˛Ó˚yÇñ  4P
2
 = 4C

2
 × 2!   Óyñ  

4

4 2 2

4

2

!

! !
C

−( )

=

~ál ô Ï̂Ó̊y xyÙy Ï̂òÓ̊ Ü˛y Ï̂SÈ A, B, C, D, E ~•z ̨õÑyã˛!ê˛ !Ó!Ë˛ß̈ Ó› xy Ï̂SÈ– Î!ò xyÙÓ̊y ï˛y Ï̂òÓ̊ Ùôƒ ̂ Ì Ï̂Ü˛
~Ü˛ Ï̂Îy Ï̂à 3!ê˛ Ü˛ Ï̂Ó̊ Ó› !l Ï̂Î̊ §ÙÓyÎ̊ ̃ ï˛!Ó̊ Ü˛!Ó̊ñ ï˛ Ï̂Ó ï˛yÓ̊y • Ï̂Ó ABC, ABD, ABE, BCD, BCE, CDE,

ACE, ACD, ADE, BDE– ~•z 5C
3 
!ê˛ §ÙÓy Ï̂Î̊Ó̊ ≤Ã Ï̂ï˛ƒÜ˛!ê˛Ó̊ çlƒ xyÙÓ̊y 3! !ê˛ !Ólƒy§ ˛õy•zñ Ü˛yÓ̊î

≤Ã Ï̂ï˛ƒÜ˛!ê˛ §ÙÓy Ï̂Î̊Ó̊ 3!ê˛ Ó› Ï̂Ü˛ 3! ≤ÃÜ˛y Ï̂Ó̊ !ÓlƒhflÏ Ü˛Ó̊y ÎyÎ̊– §%ï˛Ó̊yÇ ̂ Ùyê˛ !Ólƒy§ §Çáƒy = 5

3
3C × !

!ã˛e 7.3
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§%ï˛Ó˚yÇñ    5P
3
 = 5C

3
 × 3!  Óy

5

5 3 3

5

3

!

! !
C

−( )

=

í z̨̨ õ Ï̂Ó˚Ó˚ í z̨òy•Ó˚îà%̂ Ï°y ̂ Ì Ï̂Ü˛ !Ólƒy§ G §ÙÓy Ï̂Î˚Ó˚ §¡∫rô §¡õ!Ü≈̨ ï˛ !l¡¨!°!áï˛ í z̨̨ õ˛õyòƒ!ê˛ í z̨̨ õfiÌy˛õl

Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚–

í˛z˛õ˛õyòƒ 5 n

r

n

r
rP C != × , 0 < r ≤ n

≤ÃÙyî ı nC
r
 §ÇáƒÜ˛ §ÙÓy Ï̂Î˚Ó˚ ≤Ã Ï̂ï˛ƒÜ˛!ê˛Ó˚ çlƒñ xyÙÓ˚y r! §ÇáƒÜ˛ !Ólƒy§ ̨õy•zñ Ü˛yÓ˚î ≤Ã Ï̂ï˛ƒÜ˛!ê˛ §ÙÓy Ï̂Î˚Ó˚

r §ÇáƒÜ˛ Ó›ˆÏÜ˛ r! ≤ÃÜ˛yˆÏÓ˚ !ÓlƒhflÏ Ü˛Ó˚y ÎyÎ˚–

xï˛~Óñ n §ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà r §ÇáƒÜ˛ Ó›Ó˚ ˆÙyê˛ !Ólƒy§ §Çáƒy •ˆÏÓ nC
r
 × r!–

xlƒË˛yˆÏÓñ ~!ê˛ •ˆÏÓ nP
r
–

xï˛~Óñ n

r

n

r
rP C != × , 0 < ≤r n

 Ùhs˝Óƒ ı 1. í˛z˛õˆÏÓ˚Ó˚ í˛z˛õ˛õyòƒ ˆÌˆÏÜ˛ ˛õy•zñ 
n

n r
r

n

r

!

!
C !,

−( )

= ×  xÌ≈yÍ  
n

r

n

r n r
C

!

! !
=

−( )

!ÓˆÏ¢£ÏË˛yˆÏÓ Î!ò r = n •Î˚ñ ï˛ˆÏÓ 
n

n

n

n
C

!

! !
= =

0
1

2. xyÙÓ˚y §ÇK˛y!Î˚ï˛ Ü˛!Ó˚ nC
0
 = 1ñ xÌ≈yÍ n §ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó› ̂ Ì Ï̂Ü˛ ~Ü˛!ê˛G Ó› ly ̂ lGÎ˚yÓ˚ §ÙÓyÎ˚

§Çáƒy Ï̂Ü˛ 1 !•§y Ï̂Ó !Ó Ï̂Óã˛ly Ü˛Ó˚y •Î˚– §ÙÓy Ï̂Î˚Ó˚ àîly •° ¢%ô%Ùye !Ü˛S%È Óy §Ü˛° Ó› Ï̂Ü˛ ~Ü˛ Ï̂e Ü˛ï˛

≤ÃÜ˛y Ï̂Ó˚ !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ ï˛yÓ˚ àîly Ü˛Ó˚y– ̂ Ü˛y Ï̂ly Ó›•z !lÓ≈yã˛l ly Ü˛Ó˚y Óy ï˛y Ï̂òÓ˚ §Óà%̂ Ï°y Ï̂Ü˛ ̂ Ê˛ Ï̂°

Ó˚yáy ~Ü˛•z Ü˛Ìy– xyÙÓ˚y çy!l ~ Ü˛yç xyÙÓ˚y ~Ü˛Ó˚Ü˛Ù Ë˛y Ï̂Ó•z Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚– ~Ë˛y Ï̂Ó xyÙÓ˚y ̂ ÓyV˛y°yÙ
nC

0
 = 1 –

3. ˆÎˆÏ•ï%˛ñ  
n

n

n!

! !
C

0 0
1

0
−( )

= = , ï˛y•z n

r

n

r n r
C =

−( )

!

! !
 §)e!ê˛ r = 0 ~Ó˚ ç Ï̂lƒG ≤Ã Ï̂Îyçƒ–

xï˛~Ó  
n

r

n

r n r
C =

−( )

!

! !
, 0 ≤ r ≤ n

4.
n

n r

n

n r n n r

C
−

=

−( ) − −( )( )

!

! !
  = 

n

n r r

!

! !−( )
  = nC

r
,
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xÌ≈yÍñ n §ÇáƒÜ˛ Ó› ̂ ÌˆÏÜ˛ r §ÇáƒÜ˛ Ó›Ó˚ !lÓ≈yã˛l §Çáƒy xyÓ˚ (n – r) §ÇáƒÜ˛ Ó›Ó˚ ≤Ãï˛ƒyáƒyˆÏlÓ˚ §Çáƒy
~Ü˛•z–

5. nC
a
 = nC

b
 ⇒  a = b  Óy a = n – b xÌ≈yÍ, n = a + b

í˛z˛õ˛õyòƒ 6 n

r

n

r

n

r
C C C+ =

−

+

1

1

≤ÃÙyî ı xyÙÓ˚y ˛õy•z 
n

r

n

r

n

r n r

n

r n r
C C

!

! !

!

! !
+ =

−( )

+

−( ) − +( )
−1

1 1

= 
n

r r n r

!

! !× −( ) −( )1
 + 

n

r n r n r

!

! !−( ) − +( ) −( )1 1

= 
n

r n r

!

! !−( ) −( )1
 

1 1

1r n r
+

− +











= 
n

r n r

n r r

r n r

!

! !−( ) −( )

×

− + +

− +( )1

1

1
 = 

n

r n r

n

r

+( )

+ −( )

=
+

1

1

1
!

! !
C

í˛zòy•Ó˚î 17 Î!ò n n
C C

9 8
=  •Î˚ ï˛ˆÏÓ nC

17
 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı xyÙÓ˚y ˛õy•zñ n n
C C

9 8
=

xÌ≈yÍñ
n

n

n

n

!

! !

!

! !9 9 8 8−( )

=

−( )

Óyñ
1

9

1

8
=

−n
   Óyñ   n  –  8 = 9    Óyñ    n = 17

§%ï˛Ó˚yÇñ n
C C

17

17

17
1= =

í˛zòy•Ó˚î 18    2 çl ˛õ%Ó˚%£Ï G 3 çl Ù!•°y ˆÌ Ï̂Ü˛ 3 çˆÏlÓ˚ ~Ü˛!ê˛ Ü˛!Ù!ê˛ àë˛l Ü˛Ó˚ˆÏï˛ •ˆÏÓ– Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚
~•z Ü˛!Ù!ê˛!ê˛ àë˛l Ü˛Ó˚y ÎyÎ˚⁄ ~•z Ü˛!Ù!ê˛à%ˆÏ°yÓ˚ ÙˆÏôƒ Ü˛ï˛à%ˆÏ°y Ü˛!Ù!ê˛ˆÏï˛ 1 çl ˛õ%Ó˚%£Ï ~ÓÇ 2 çl Ù!•°y
ÌyÜ˛ Ï̂Ó⁄

§Ùyôyl ı ~áy Ï̂l Ü ̨ Ï̂ÙÓ˚ ̂ Ü˛ylG Óƒy˛õyÓ˚ ̂ l•z– §%ï˛Ó˚yÇñ xyÙy Ï̂òÓ˚ §ÙÓyÎ˚ àîly Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ~áy Ï̂l Ü˛!Ù!ê˛Ó˚
§Çáƒy •°ñ 5 çl !Ó!Ë˛ß¨ Óƒ!=˛ ˆÌ Ï̂Ü˛ ~Ü˛ Ï̂e 3 çl Óƒ!=˛Ó˚ §ÙÓyˆÏÎ˚Ó˚ §ÇáƒyÓ˚ §Ùyl– xï˛~Óñ !lˆÏî≈Î˚

§ÙÓyˆÏÎ˚Ó˚ §Çáƒy = 
5

3

5

3 2

4 5

2
10C

!

! !
= =

×

=
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~ál 2 çl ˛õ%Ó˚%£Ï ˆÌˆÏÜ˛ 1 çl ˛õ%Ó˚%£Ï !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 2C
1 
≤ÃÜ˛y Ï̂Ó˚ ~ÓÇ 3 çl Ù!•°y ˆÌ Ï̂Ü˛ 2 çl

Ù!•°y !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 3C
2
 ≤ÃÜ˛yˆÏÓ˚–

§%ï˛Ó˚yÇ !lˆÏî≈Î˚ Ü˛!Ù!ê˛Ó˚ §Çáƒy  = 
2

1

3

2

2

1 1

3

2 1
6C C

!

! !

!

! !
× = × =

í z̨òy•Ó˚î 19   52 !ê˛ ï˛y Ï̂§Ó˚ ~Ü˛!ê˛ ̨õƒy Ï̂Ü˛ê˛ ̂ Ì Ï̂Ü˛ Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚ 4!ê˛ ï˛y§ ̨õSÈ® Ü˛Ó˚y ÎyÎ˚⁄ ~Ó˚ Ù Ï̂ôƒ Ü˛ï˛à%̂ Ï°y
ˆ«˛ Ï̂e

(i) ã˛yÓ˚!ê˛ ï˛y§•z ~Ü˛ çyˆÏï˛Ó˚ åsuitä •ˆÏÓñ

(ii) ã˛yÓ˚!ê˛ ï˛y§ ã˛yÓ˚!ê˛ !Ó!Ë˛ß¨ çy Ï̂ï˛Ó˚ • Ï̂Óñ

(iii) ã˛yÓ˚!ê˛ Ù%áyÓÎ˚Ó ï˛y§ åface cardä • Ï̂Ó–

(iv) ò%!ê˛ ï˛y§ °y° ~ÓÇ ò%!ê˛ ï˛y§ Ü˛yˆÏ°y •ˆÏÓñ

(v) ã˛yÓ˚!ê˛ ï˛y§•z ~Ü˛•z Ó˚Ç ~Ó˚ •ˆÏÓ⁄

§Ùyôyl ı  52 !ê˛ ï˛y§ ˆÌˆÏÜ˛ 4 !ê˛ ï˛yˆÏ§Ó˚ ˛õSÈˆÏ®Ó˚ §Çáƒy •ˆÏÓ 52 !ê˛ !Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ ~Ü˛ˆÏe 4!ê˛ Ó›Ó˚
§ÙÓyÎ˚ §ÇáƒyÓ˚ §Ùyl–

§%ï˛Ó˚yÇ !l Ï̂î≈Î˚ !lÓ≈yã˛l §Çáƒy = 
52

4

52

4 48

49 50 51 52

2 3 4
C

!

! !
= =

× × ×

× ×

       = 270725

  (i) ~áy Ï̂l 4 ôÓ˚̂ ÏlÓ˚ Óy çy Ï̂ï˛Ó˚ ï˛y§ ı Ó%̊•zï˛lñ !ã˛Ó˚ï˛lñ •zflÒyÓlñ •Ó˚ï˛l xy Ï̂SÈ ~ÓÇ ≤Ã Ï̂ï˛ƒÜ˛ ôÓ˚̂ ÏlÓ˚ 13!ê˛
Ü˛ˆÏÓ˚ ï˛y§ xyˆÏSÈ– §%ï˛Ó˚yÇ 13C

4 
≤ÃÜ˛yˆÏÓ˚ 4!ê˛ Ó˚%•zï˛lˆÏÜ˛ ̨õSÈ® Ü˛Ó˚y ÎyÎ˚– xl%Ó˚)ˆÏ˛õ 4!ê˛ !ã˛Ó˚ï˛lˆÏÜ˛ 13C

4

≤ÃÜ˛y Ï̂Ó˚ñ 4!ê˛ •zflÒyÓlˆÏÜ˛ 13C
4 
≤ÃÜ˛y Ï̂Ó˚ñ ~ÓÇ 4!ê˛ •Ó˚ï˛lˆÏÜ˛ 13C

4
 ≤ÃÜ˛yˆÏÓ˚ ˛õSÈ® Ü˛Ó˚y ÎyÎ˚–

§%ï˛Ó˚yÇ ̂ Ùyê˛ !lÓ≈yã˛l §Çáƒy = 13C
4
 + 13C

4 
+ 13C

4 
+ 13C

4

= 4
13

4 9
2860× =

!

! !

 (ii) ~áy Ï̂l ≤Ã Ï̂ï˛ƒÜ˛ ôÓ˚̂ ÏlÓ˚ Óy çy Ï̂ï˛Ó˚ åsuitä 13!ê˛ Ü˛ Ï̂Ó˚ ï˛y§ xy Ï̂SÈ– §%ï˛Ó˚yÇ 13!ê˛ Ó%̊•zï˛l ̂ Ì Ï̂Ü˛ 1!ê˛ ï˛y§
˛õSÈ® Ü˛Ó˚y ÎyÎ˚ 13C

1 
≤ÃÜ˛yˆÏÓ˚ñ 13!ê˛ •Ó˚ï˛l ˆÌ Ï̂Ü˛ 1!ê˛ ˛õSÈ® Ü˛Ó˚y ÎyÎ˚ 13C

1 
≤ÃÜ˛yˆÏÓ˚ñ 13!ê˛ !ã˛Ó˚ï˛l

ˆÌ Ï̂Ü˛ 1!ê˛ ï˛y§ ˛õSÈ® Ü˛Ó˚y ÎyÎ˚ 13C
1 
≤ÃÜ˛yˆÏÓ˚ñ ~ÓÇ 13!ê˛ •zflÒyÓl ˆÌ Ï̂Ü˛ 1!ê˛ ˛õSÈ® Ü˛Ó˚y ÎyÎ˚ 13C

1

≤ÃÜ˛y Ï̂Ó˚–
xï˛~Óñ à%îll#!ï˛ xl%§yˆÏÓ˚ñ !lˆÏî≈Î˚ !lÓ≈yã˛l §Çáƒy = 13C

1 
×

 

13C
1 
×

 

13C
1
×

 

13C
1 
= 134

(iii) §y Ï̂•Óñ !Ó!Ó G ̂ ày°yÙ !Ù Ï̂° ̂ Ùyê˛ 12!ê˛ Ù%áyÓÎ˚Ó ï˛y§ xy Ï̂SÈ– ~•z 12!ê˛ ï˛y§ ̂ Ì Ï̂Ü˛ 4!ê˛ ï˛y§ !lÓ≈yã˛l
Ü˛Ó˚y ÎyÎ˚ 12C

4 
≤ÃÜ˛yˆÏÓ˚–

§%ï˛Ó˚yÇ !l Ï̂î≈Î˚ !lÓ≈yã˛l §Çáƒy = 
12

4 8
495

!

! !
=



   !Ólƒy§ G §ÙÓyÎ˚       153

(iv) ~Ü˛!ê˛ ï˛y Ï̂§Ó˚ ̨õƒy Ï̂Ü˛ Ï̂ê˛ 26!ê˛ °y° G 26!ê˛ Ü˛y Ï̂°y Ó˚Ç ~Ó˚ ï˛y§ xy Ï̂SÈ– §%ï˛Ó˚yÇ 2!ê˛ °y° G 2!ê˛ Ü˛y Ï̂°y
ï˛yˆÏ§Ó˚ ˆÙyê˛ !lÓ≈yã˛l §Çáƒy = 26C

2 
×

 
 26C

2

     = 
26

2 24
325

2

2!

! !











 = ( ) = 105625

(v) 26!ê˛ °y° Ó˚Ç ~Ó˚ ï˛y§ ̂ Ì Ï̂Ü˛ 4!ê˛ °y° ï˛y§ !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 26C
4
 ≤ÃÜ˛y Ï̂Ó˚– 26!ê˛ Ü˛y Ï̂°y Ó˚Ç ~Ó˚ ï˛y§

ˆÌ Ï̂Ü˛ 4!ê˛ Ü˛yˆÏ°y ï˛y§ !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 26C
4
 ≤ÃÜ˛y Ï̂Ó˚–

§%ï˛Ó˚yÇ !lˆÏî≈Î˚ !lÓ≈yã˛l §Çáƒy = 26C
4
 + 26C

4

       = 2
26

4 22
×

!

! !
 = 29900

xl%¢#°l# 7.4

1. Î!ò nC
8
 = nC

2
 •Î˚ ï˛ Ï̂Ó nC

2
 !lî≈Î˚ Ü˛ˆÏÓ˚y–

2. n ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y Î!ò
(i) 2nC

3 
: nC

3 
= 12 : 1 (ii) 2nC

3 
: nC

3 
= 11 : 1

3. ~Ü˛!ê˛ Ó,ˆÏ_Ó˚ í˛z˛õ!Ó˚fiÌ 21!ê˛ !Ó®% Î%=˛ Ü˛ˆÏÓ˚ Ü˛Î˚!ê˛ çƒy xAÜ˛l Ü˛Ó˚y ÎyÎ˚⁄
4. 5 çl Óy°Ü˛ ~ÓÇ 4 çl Óy!°Ü˛y ˆÌ Ï̂Ü˛ Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚ 3 çl Óy°Ü˛ ~ÓÇ 3 çl Óy!°Ü˛yÓ˚ ~Ü˛!ê˛ ò°

àë˛l Ü˛Ó˚y ÎyÎ˚⁄
5. 6!ê˛ °y° Ó°ñ 5!ê˛ §yòy Ó° ~ÓÇ 5!ê˛ l#° Ó° ̂ Ì Ï̂Ü˛ ≤Ã Ï̂ï˛ƒÜ˛ Ó˚̂ Ï.Ó˚ !ï˛l!ê˛ Ü˛ Ï̂Ó˚ Ó° !l Ï̂Î˚ Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚

9!ê˛ Ó° !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚⁄
6. 52!ê˛ ï˛yˆÏ§Ó˚ ~Ü˛!ê˛ ˛õƒyˆÏÜ˛ê˛ ˆÌˆÏÜ˛ 5!ê˛ ï˛y§ !lÓ≈yã˛l Ü˛ˆÏÓ˚ §ÙÓyÎ˚ §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚yñ ÎyˆÏï˛ ≤Ã!ï˛!ê˛

§ÙÓyˆÏÎ˚ ~Ü˛!ê˛ Ü˛ˆÏÓ˚ ̂ ê˛E˛y ÌyˆÏÜ˛–
7. 17 çl !Ü ̨ Ï̂Ü˛ê˛ ̂ á Ï̂°yÎ˚y Ï̂í ¸̨Ó˚ ò Ï̂° ¢%ô%Ùye 5 çl ̂ á Ï̂°yÎ˚yí ¸̨ Ó° Ü˛Ó˚̂ Ïï˛ ̨õy Ï̂Ó˚– ~•z 17 çl ̂ á Ï̂°yÎ˚yí ¸̨

ˆÌ Ï̂Ü˛ !ë˛Ü˛ 4 çl ˆÓy°yÓ˚ §• Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚ ~Ü˛!ê˛ 11 çl ˆáˆÏ°yÎ˚yˆÏí˛¸Ó˚ ò° àë˛l Ü˛Ó˚y ÎyÎ˚⁄
8. ~Ü˛!ê˛ Óƒy Ï̂à 5!ê˛ Ü˛y Ï̂°y ~ÓÇ 6!ê˛ °y° Ó° xy Ï̂SÈ– Óƒyà!ê˛ ˆÌ Ï̂Ü˛ Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚ 2!ê˛ Ü˛y Ï̂°y ~ÓÇ 3!ê˛

°y° Ó° !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚⁄
9. ~Ü˛çl !¢«˛yÌ≈# 9!ê˛ !Ó!Ë˛ß¨ ̂ Ü˛y§≈ ̂ ÌˆÏÜ˛ Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ 5!ê˛ ̂ Ü˛y§≈ ̨ õSÈ® Ü˛Ó˚ˆÏï˛ ̨ õyˆÏÓ˚ñ Î!ò 2!ê˛ !ÓˆÏ¢£Ï

ˆÜ˛y§≈ ≤Ã!ï˛!ê˛ !¢«˛yÌ≈#Ó˚ çlƒ Óyôƒï˛yÙ)°Ü˛ •Î˚⁄

!Ó!Óô í z̨òy•Ó˚îÙy°y
í z̨òy•Ó˚î 20 INVOLUTE ¢ Ï̂∑Ó˚ x«˛Ó˚à%̂ Ï°y ̂ Ì Ï̂Ü˛ 3!ê˛ fl∫Ó˚Óî≈ G 2!ê˛ ÓƒOlÓî≈ !l Ï̂Î˚ xÌ≈Î%=˛ Óy xÌ≈•#l
Ü˛Î˚!ê˛ ¢∑ àë˛l Ü˛Ó˚y ÎyÎ˚⁄
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§Ùyôyl ı INVOLUTE ¢∑!ê˛ Ï̂ï˛ 4!ê˛ fl∫Ó˚Óî≈ ÎÌy I,O,E,U ~ÓÇ 4!ê˛ ÓƒOlÓî≈ ÎÌy N, V, L G T xy Ï̂SÈ–

~•z ã˛yÓ˚!ê˛ fl∫Ó˚Óî≈ ̂ ÌˆÏÜ˛ 3!ê˛ fl∫Ó˚ÓˆÏî≈Ó˚ !lÓ≈yã˛l §Çáƒy = 4C
3
 = 4

~ÓÇ ã˛yÓ˚!ê˛ ÓƒyOlÓî≈ ̂ Ì Ï̂Ü˛ 2!ê˛ ÓƒOlÓˆÏî≈Ó˚ !lÓ≈yã˛l §Çáƒy  = 4C
2
 = 6

§%ï˛Ó˚yÇñ 3!ê˛ fl∫Ó˚Óî≈ G 2!ê˛ ÓƒOlÓˆÏî≈Ó˚ !lÓ≈yã˛l §Çáƒy = 4 × 6 = 24

~ál ~•z 24 ≤ÃÜ˛yˆÏÓ˚Ó˚ ≤ÃˆÏï˛ƒÜ˛ ≤ÃÜ˛yˆÏÓ˚Ó˚ §ÙÓyˆÏÎ˚Ó˚ çlƒ !lÓ≈y!ã˛ï˛ 5!ê˛ x«˛Ó˚ˆÏÜ˛ !lˆÏçˆÏòÓ˚ ÙˆÏôƒ 5!

≤ÃÜ˛yˆÏÓ˚ !ÓlƒhflÏ Ü˛Ó˚y ÎyÎ˚– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ !Ó!Ë˛ß¨ à!ë˛ï˛ ¢ˆÏ∑Ó˚ §Çáƒy = 24 × 5 ! = 2880–

í˛zòy•Ó˚î 21 ~Ü˛!ê˛ ò Ï̂° 4 çl Óy!°Ü˛y ~ÓÇ 7 çl Óy°Ü˛ xy Ï̂SÈ– Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚ 5 çl §ò Ï̂§ƒÓ˚ ~Ü˛!ê˛ ò°

!lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ñ Î!ò òˆÏ° (i) ˆÜ˛y Ï̂ly Óy!°Ü˛y ly Ìy Ï̂Ü˛⁄ (ii) xhs˝ï˛/ ~Ü˛çl Óy°Ü˛ G ~Ü˛çl Óy!°Ü˛y

ÌyˆÏÜ˛⁄ (iii) xhs˝ï˛ 3 çl Óy!°Ü˛y Ìy Ï̂Ü˛⁄

§Ùyôyl ı (i) ̂ Î Ï̂•ï%̨  ò Ï̂° ̂ Ü˛y Ï̂ly Óy!°Ü˛y ÌyÜ˛ Ï̂Ó lyñ ï˛y•z ¢%ô%Ùye Óy!°Ü˛ Ï̂òÓ˚•z !lÓ≈yã˛l Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– 7 çl

Óy°Ü˛ ˆÌ Ï̂Ü˛ 5 çl Óy°Ü˛ !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 7C
5
 ≤ÃÜ˛yˆÏÓ˚–

 ∴ !lˆÏî≈Î˚ !lÓ≈yã˛l §Çáƒy = 
7
C

!

! !
5

7

5 2

6 7

2
21= =

×

=

(ii) ˆÎ Ï̂•ï%̨  ≤Ã Ï̂ï˛ƒÜ˛ ò Ï̂° xhs˝ï˛ ~Ü˛çl Óy°Ü˛ ~ÓÇ ~Ü˛çl Óy!°Ü˛y ÌyÜ˛ Ï̂ï˛ • Ï̂Ó ï˛y•z !l¡¨!°!áï˛ ≤ÃÜ˛y Ï̂Ó˚
ò°!ê˛ àë˛l Ü˛Ó˚y ÎyÎ˚ÈüüüÈ
(a) 1 çl Óy°Ü˛ G 4 çl Óy!°Ü˛yñ (b) 2 çl Óy°Ü˛ G 3 çl Óy!°Ü˛yñ
(c) 3 çl Óy°Ü˛ G 2 çl Óy!°Ü˛yñ (d) 4 çl Óy°Ü˛ G 1 çl Óy!°Ü˛y–
~ál 1 çl Óy°Ü˛ G 4 çl Óy!°Ü˛y !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 7C

1
 × 4C

4
 ≤ÃÜ˛yˆÏÓ˚–

2 çl Óy°Ü˛ G 3 çl Óy!°Ü˛y !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 7C
2
 × 4C

3
 ≤ÃÜ˛yˆÏÓ˚–

3 çl Óy°Ü˛ G 2 çl Óy!°Ü˛y !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 7C
3
 × 4C

2
 ≤ÃÜ˛yˆÏÓ˚–

4 çl Óy°Ü˛ G 1 çl Óy!°Ü˛y !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 7C
4
 × 4C

1
 ≤ÃÜ˛yˆÏÓ˚–

§%ï˛Ó˚yÇñ !l Ï̂î≈Î˚ §ÙÓyÎ˚ §Çáƒy
= 7C

1
 × 4C

4 
+ 7C

2
 × 4C

3 
+

 

7C
3
 × 4C

2 
+ 7C

4
 × 4C

1

= 7 + 84 + 210 + 140 = 441

(iii) ˆÎˆÏ•ï%˛ òˆÏ° xhs˝ï˛ !ï˛lçl Óy!°Ü˛y ÌyÜ˛ˆÏï˛ •ˆÏÓ ï˛y•z ò°!ê˛ àë˛l Ü˛Ó˚y ÎyÎ˚ÈüüüÈ
(a) 3 çl Óy!°Ü˛y ~ÓÇ 2 çl Óy°Ü˛ñ Óy  (b) 4 çl Óy!°Ü˛y ~ÓÇ 1 çl Óy°Ü˛
°«˛ Ü˛ Ï̂Ó˚y ò Ï̂° 5 çl Óy!°Ü˛y ÌyÜ˛ˆÏï˛ ˛õyÓ˚ˆÏÓ lyñ Ü˛yÓ˚îñ ¢%ô%Ùye  4 çl Óy!°Ü˛y•z xyˆÏSÈ– 3 çl

Óy!°Ü˛y ~ÓÇ 2 çl Óy°Ü˛ Ï̂Ü˛ !lÓ≈yã˛l Ü˛Ó˚y ÎyÎ˚ 4C
3
 × 7C

2
 ≤ÃÜ˛y Ï̂Ó˚– 4 çl Óy!°Ü˛y G 1 çl Óy°Ü˛ Ï̂Ü˛ !lÓ≈yã˛l

Ü˛Ó˚y ÎyÎ˚ 4C
4
 × 7C

1
 ≤ÃÜ˛yˆÏÓ˚–

§%ï˛Ó˚yÇ ˆÙyê˛ !lÓ≈yã˛l §Çáƒy = 4C
3
 × 7C

2
 + 4C

4
 × 7C

1 
= 84 + 7 = 91
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í˛zòy•Ó˚î 22 AGAIN ¢ Ï̂∑Ó˚ §Óà%̂ Ï°y x«˛Ó˚ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ xÌ≈Î%=˛ Óy xÌ≈•#l ¢ Ï̂∑Ó˚ §Çáƒy !lî≈Î˚ Ü˛ Ï̂Ó˚y–
Î!ò ~•z ¢∑à%ˆÏ°y x!Ë˛ôyˆÏlÓ˚ !lÎ˚ˆÏÙ ̂ °áy •Î˚ ï˛ˆÏÓ 50 ï˛Ù ¢∑!ê˛ !Ü˛ • Ï̂Ó⁄

§Ùyôyl ı AGAIN ¢∑!ê˛ˆÏï˛ 5!ê˛ x«˛Ó˚ xyˆÏSÈ– ~Ó˚ ÙˆÏôƒ A ò%•zÓyÓ˚ xyˆÏSÈ– §%ï˛Ó˚yÇ !lˆÏî≈Î˚ ¢∑ §Çáƒy =

5

2
60

!

!
= –

A !òˆÏÎ˚ ¢%Ó˚% ¢ˆÏ∑Ó˚ §Çáƒy !lî≈Î˚ Ü˛Ó˚ˆÏï˛ A ̂ Ü˛ §Óy≈ˆÏ˛õ«˛y ÓÑy !òˆÏÜ˛Ó˚ xÓfiÌyˆÏl !fiÌÓ˚ ̂ Ó˚ˆÏáñ Óy!Ü˛ 4!ê˛

x«˛Ó˚ˆÏÜ˛ ~Ü˛ˆÏe !Ólƒy§ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– ~•z ã˛yÓ˚!ê˛ x«˛Ó˚ ˆÌˆÏÜ˛ 4!ê˛ x«˛ˆÏÓ˚Ó˚ §Iy §Çáƒyñ 4!ê˛ !Ó!Ë˛ß¨ Ó›

ˆÌ Ï̂Ü˛ 4!ê˛ Ó›Ó˚ !Ólƒy§ §ÇáƒyÓ˚ §Ùyl– xï˛~Óñ A !ò Ï̂Î˚ ¢%Ó%̊ ¢ Ï̂∑Ó˚ §Çáƒy A =  4! = 24– ï˛yÓ˚̨ õÓ˚ G !ò Ï̂Î˚

¢%Ó%̊ ¢ Ï̂∑Ó˚ §Çáƒy =
4

2

!

!
 = 12ñ Ü˛yÓ˚î G ̂ Ü˛ §Ó≈y Į̈̂ õ«˛y ÓÑy !ò Ï̂Ü˛Ó˚ xÓfiÌy Ï̂l !fiÌÓ˚ Ó˚yá Ï̂° Óy!Ü˛ Ìy Ï̂Ü˛  A, A,

I, N– xl%Ó˚)ˆÏ˛õ I !òˆÏÎ˚ ¢%Ó˚% ¢ˆÏ∑Ó˚ §Çáƒy 12– §%ï˛Ó˚yÇ ˆÙyê˛ ¢ˆÏ∑Ó˚ §Çáƒy = 24 + 12 + 12 =48–
§%ï˛Ó˚yÇ 49 ï˛Ù ¢∑!ê˛ • Ï̂Ó NAAGI ~ÓÇ 50 ï˛Ù ¢∑!ê˛ • Ï̂Ó NAAIG–

í z̨òy•Ó̊î 23 1, 2, 0, 2, 4, 2, 4 xAÜ˛à%̂ Ï°y ÓƒÓ•yÓ̊ Ü˛ Ï̂Ó̊ 1000000 x Į̈̂ õ«˛y Ó Ï̂í˛̧y Ü˛Î̊!ê˛ §Çáƒy àë˛l Ü˛Ó̊y ÎyÎ̊⁄

§Ùyôyl ı ̂ Î Ï̂•ï%̨  1000000 ~Ü˛!ê˛ 7 xˆÏAÜ˛Ó˚ §Çáƒy ~ÓÇ ÓƒÓ•,ï˛ xˆÏAÜ˛Ó˚ §ÇáƒyG 7 ï˛y•z ̂ Î §ÙhflÏ §Çáƒy

àë˛l Ü˛Ó˚ˆÏï˛ •ˆÏÓ ï˛yÓ˚y §Óy•z 7 xˆÏAÜ˛Ó˚ §Çáƒy•z •ˆÏÓ– ~SÈyí˛¸y ˆÎˆÏ•ï%˛ §Çáƒyà%ˆÏ°y 1000000 ˆÌ Ï̂Ü˛ Ó Ï̂í ¸̨y
ï˛y•z ï˛yÓ˚y 1, 2 Óy 4 !òˆÏÎ˚ ¢%Ó˚% •ˆÏÓ–

~ál 1 !òˆÏÎ˚ ¢%Ó˚% §ÇáƒyÓ˚ §Çáƒy = 
6

3 2

4 5 6

2

!

! !
=

× ×

 = 60, Ü˛yÓ˚î 1 ̂ Ü˛ Î!ò §Ó≈yˆÏ˛õ«˛y ÓÑy !òˆÏÜ˛Ó˚

fiÌy Ï̂l !fiÌÓ˚ Ó˚yáy •Î˚ ï˛ Ï̂Ó !Ólƒy§ Ü˛Ó˚yÓ˚ çlƒ Óy!Ü˛ xAÜ˛à%̂ Ï°y • Ï̂Ó 0, 2, 2, 2, 4, 4 ̂ Îáy Ï̂l 2 ~Ó˚ §Çáƒy 3!ê˛
G 4 ~Ó˚ §Çáƒy 2!ê˛–

2 !òˆÏÎ˚ ¢%Ó˚% ~Ó˚)˛õ §ÇáƒyÓ˚ §Çáƒy

= 
6

2 2

3 4 5 6

2

!

! !
=

× × ×

 = 180

~ÓÇ 4 !òˆÏÎ˚ ¢%Ó˚% ~Ó˚)˛õ §ÇáƒyÓ˚ §Çáƒy =
6

3

!

!

= 4×5×6

= 120

§%ï˛Ó˚yÇ !lˆÏî≈Î˚ ˆÙyê˛ §ÇáƒyÓ˚ §Çáƒy  = 60 + 180 + 120 = 360
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flõT˛ï˛•zñ 7 !ê˛ ≤Ãò_ xˆÏAÜ˛Ó˚ !Ólƒy§ §Çáƒy =
7

3 2
420

!

! !
= – !Ü˛v ~Ó˚ Ù Ï̂ôƒ ~Ùl !Ü˛S%È §ÇáƒyG

Ó˚̂ ÏÎ˚̂ ÏSÈ ̂ Îáy Ï̂l §Ó≈y Į̈̂ õ«˛y ÓÑy !ò Ï̂Ü˛Ó˚ xÓfiÌy Ï̂l 0 xy Ï̂SÈ– ~Ó)̨̊ õ !Ólƒy Ï̂§Ó˚ §Çáƒy 
6!

3! 2!
 (0 ̂ Ü˛ §Ó≈y Į̈̂ õ«˛y ÓÑy

!òˆÏÜ˛Ó˚ xÓfiÌyˆÏl !fiÌÓ˚ ̂ Ó˚ˆÏá) = 60 –
§%ï˛Ó˚yÇ !lˆÏî≈Î˚ §ÇáƒyÓ˚ §Çáƒy = 420 – 60 = 360 –

AoT˛Óƒ   Î!ò ≤Ãò_ xAÜ˛à%ˆÏ°yÓ˚ ÙˆÏôƒ ~Ü˛ Óy ~Ü˛y!ôÜ˛ xAÜ˛ ÓyÓ˚ ÓyÓ˚ ÌyˆÏÜ˛ñ ï˛ˆÏÓ ~ê˛y Ó%V˛ˆÏï˛ •ˆÏÓ
ˆÎ §Çáƒy àë˛ˆÏlÓ˚ §ÙÎ˚ xAÜ˛à%ˆÏ°yˆÏÜ˛ ï˛ï˛ÓyÓ˚ Ü˛ˆÏÓ˚•z ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyˆÏÓ Îï˛ÓyÓ˚ Ü˛ˆÏÓ˚ ï˛yˆÏòÓ˚ ˆòGÎ˚y
xy Ï̂SÈ– í z̨̨ õ Ï̂Ó˚Ó˚ í z̨òy•Ó˚̂ Ïî 1 ~ÓÇ 0 ̂ Ü˛ ̂ Ü˛Ó°Ùye ~Ü˛ÓyÓ˚ Ü˛ Ï̂Ó˚•z ÓƒÓ•yÓ˚ Ü˛Ó˚y Îy Ï̂Ó Î!òG 2 ~ÓÇ 4 ̂ Ü˛
ÎÌyÜ ˛ˆÏÙ !ï˛lÓyÓ˚ G ò%•zÓyÓ˚ Ü˛ˆÏÓ˚ ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyˆÏÓ–

í˛zòy•Ó˚î 24 5 çl Óy!°Ü˛y G 3 çl Óy°Ü˛ˆÏÜ˛ Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ ~Ü˛!ê˛ §y!Ó˚ˆÏï˛ Ó§yˆÏly ÎyÎ˚ ÎyˆÏï˛ ̂ Ü˛yˆÏly ò%Ûçl
Óy°Ü˛ ~Ü˛ Ï̂e ly Ìy Ï̂Ü˛⁄
§Ùyôyl ı xyÙÓ˚y ≤ÃÌˆÏÙ 5 çl Óy!°Ü˛y Ï̂Ü˛ !ÓlƒhflÏ Ü˛Ó˚̂ ÏÓy– ~ê˛y Ü˛Ó˚y ÎyÎ˚ 5! ≤ÃÜ˛yˆÏÓ˚– ~Ó˚)˛õ ≤ÃˆÏï˛ƒÜ˛
!ÓlƒyˆÏ§Ó˚ çlƒñ 3 çl Óy°Ü˛ Ï̂Ü˛ ¢%ô%Ùye × !ã˛•´ Î%=˛ fiÌyˆÏl Ó§yˆÏly ÎyÎ˚–

× G × G × G × G × G ×

~áy Ï̂l 6!ê˛ × !ã˛!•´ï˛ fiÌyl xy Ï̂SÈ ~ÓÇ !ï˛lçl Óy°Ü˛ Ï̂Ü˛ 6P
3 
 ≤ÃÜ˛yˆÏÓ˚ Ó§yˆÏly ÎyÎ˚– xï˛~Óñ à%îl

l#!ï˛ xl%ÎyÎ˚# ̂ Ùyê˛ !Ólƒy§ §Çáƒy = 5! × 6P
3
 = 5!×

6!

3!

= 4 × 5 × 2 × 3 × 4 × 5 × 6  = 14400.

xôƒyÎ˚ 7 ~Ó˚ !Ó!Óô xl%¢#°l#

1. DAUGHTER ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°y ˆÌˆÏÜ˛ 2!ê˛ fl∫Ó˚Óî≈ G 3!ê˛ ÓƒOlÓî≈ !lˆÏÎ˚ñ xÌ≈Î%=˛ Óy xÌ≈•#l
Ü˛Î˚!ê˛ ¢∑ àë˛l Ü˛Ó˚y ÎyÎ˚⁄

2. EQUATION ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°y ̂ ÌˆÏÜ˛ §Óà%ˆÏ°y x«˛Ó˚ !lˆÏÎ˚ xÌ≈Î%=˛ Óy xÌ≈•#l Ü˛Î˚!ê˛ ¢∑ àë˛l
Ü˛Ó˚y ÎyÎ˚ñ ÎyˆÏï˛ §Óà%ˆÏ°y fl∫Ó˚Óî≈ G §Óà%ˆÏ°y ÓƒOlÓî≈ ~Ü˛ˆÏe ÌyˆÏÜ˛⁄

3. 9 çl Óy°Ü˛ G 4 çl Óy!°Ü˛y ˆÌ Ï̂Ü˛ 7 çˆÏlÓ˚ ~Ü˛!ê˛ Ü˛!Ù!ê˛ àë˛l Ü˛Ó˚ˆÏï˛ •ˆÏÓ– ~•z Ü˛!Ù!ê˛!ê˛ Ü˛ï˛
≤ÃÜ˛yˆÏÓ˚ àë˛l Ü˛Ó˚y ÎyÎ˚ Î!ò Ü˛!Ù!ê˛ˆÏï˛
(i) !ë˛Ü˛ !ï˛lçl Óy!°Ü˛y Ìy Ï̂Ü˛⁄ (ii) Ü˛Ù˛õ Ï̂«˛ !ï˛lçl Óy!°Ü˛y Ìy Ï̂Ü˛⁄    (iii) §Ó Ï̂ã˛ Ï̂Î̊ ̂ Ó!¢ !ï˛lçl
Óy!°Ü˛y Ìy Ï̂Ü˛⁄

4. Î!ò EXAMINATION ¢ˆÏ∑Ó˚ x«˛Ó˚à%ˆÏ°yˆÏÜ˛ !ÓlƒhflÏ Ü˛ˆÏÓ˚ x!Ë˛ôyˆÏlÓ˚ !lÎ˚Ù xl%ÎyÎ˚# §yçyˆÏly
•Î˚ñ ï˛ˆÏÓ E !òˆÏÎ˚ ¢%Ó˚% ≤ÃÌÙ ¢∑!ê˛Ó˚ xyˆÏà ̨õÎ≈hs˝ Ü˛Î˚!ê˛ ¢∑ ÌyÜ˛ˆÏÓ⁄
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5. 0, 1, 3, 5, 7 G 9 ~•z xAÜ˛à%ˆÏ°y ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ~ÓÇ ˆÜ˛yˆÏly xˆÏAÜ˛Ó˚ ˛õ%lÓ˚yÓ,!_ ly Ü˛ˆÏÓ˚10 myÓ˚y
!ÓË˛yçƒ 6 xˆÏAÜ˛Ó˚ Ü˛Î˚!ê˛ §Çáƒy àë˛l Ü˛Ó˚y ÎyˆÏÓ⁄

6. •zÇ Ï̂Ó˚!ç Óî≈Ùy°yÎ˚ 5!ê˛ fl∫Ó˚Óî≈ G 21!ê˛ ÓƒOlÓî≈ xy Ï̂SÈ– ~áyl ̂ Ì Ï̂Ü˛ 2!ê˛ !Ó!Ë˛ß¨ fl∫Ó˚Óî≈ G 2!ê˛ !Ó!Ë˛ß¨
ÓƒOlÓî≈ !l Ï̂Î˚ Ü˛Î˚!ê˛ ¢∑ àë˛l Ü˛Ó˚y ÎyÎ˚⁄

7. ˆÜ˛yˆÏly ̨ õÓ˚#«˛yÓ˚ ≤ÃŸ¿˛õˆÏeÓ˚ ò%!ê˛ !ÓË˛yàñ !ÓË˛yà I G !ÓË˛yà II ̂ ï˛ ÎÌyÜ ˛ˆÏÙ 5!ê˛ G 7!ê˛ ≤ÃŸ¿ !Ù!° Ï̂Î˚
ˆÙyê˛ 12!ê˛ ≤ÃŸ¿ xyˆÏSÈ– ~Ü˛çl SÈyeˆÏÜ˛ ≤ÃˆÏï˛ƒÜ˛ !ÓË˛yà ˆÌˆÏÜ˛ xhs˝ï˛ 3!ê˛ Ü˛ˆÏÓ˚ ≤ÃŸ¿ !lˆÏÎ˚ ˆÙyê˛ 8!ê˛
≤ÃˆÏŸ¿Ó˚ í˛z_Ó˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– SÈye!ê˛ Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ ≤ÃŸ¿˛õe !lÓ≈yã˛l Ü˛Ó˚ˆÏï˛ ̨õyˆÏÓ˚⁄

8. 52!ê˛ ï˛y Ï̂§Ó˚ ̨õƒy Ï̂Ü˛ê˛ ̂ Ì Ï̂Ü˛ 5!ê˛ ï˛y Ï̂§Ó˚ §ÙÓyÎ˚ §Çáƒy !lî≈Î˚ Ü˛ Ï̂Ó˚yñ Î!ò ≤Ã Ï̂ï˛ƒÜ˛ §ÙÓy Ï̂Î˚ !ë˛Ü˛ ~Ü˛!ê˛
Ó˚yçy åkingä Ìy Ï̂Ü˛–

9. 5 çl ̨õ%Ó%̊£Ï G 4 çl Ù!•°y Ï̂Ü˛ ~Ü˛!ê˛ §y!Ó˚̂ Ïï˛ ~ÙlË˛y Ï̂Ó Ó§y Ï̂ï˛ • Ï̂Ó ̂ Îl Ù!•°yÓ˚y Î%@¬ fiÌyl òá°
Ü˛ˆÏÓ˚– ~Ó˚)˛õ Ü˛ï˛à%ˆÏ°y §Iy §Ω˛Ó⁄

10. 25 çl !¢«˛yÌ≈# !Ó!¢T˛ ~Ü˛!ê˛ Üœ˛y¢ ˆÌˆÏÜ˛ 10 çl Ï̂Ü˛ ~Ü˛!ê˛ !¢«˛yÙ)°Ü˛ ºÙ Ï̂îÓ˚ çlƒ !lÓ≈yã˛l Ü˛Ó˚y
• Ï̂Ó– ~•z ˆ◊!îÓ˚ ˆÜ˛y Ï̂ly 3 çl SÈye ~•z !§Âôyhs˝ !l° ˆÎÈüüüÈ ï˛yÓ˚y 3 çl•z ºÙˆÏî xÇ¢@˝Ã•î Ü˛Ó˚ˆÏÓ
xÌÓy ˆÜ˛í˛z•z xÇ¢@˝Ã•î Ü˛Ó˚ˆÏÓ ly– ~•z ¢ˆÏï≈˛ Ü˛ï˛ ≤ÃÜ˛yˆÏÓ˚ !¢«˛yÌ≈#ˆÏòÓ˚ ºÙˆÏîÓ˚ çlƒ !lÓ≈yã˛l Ü˛Ó˚y
Îy Ï̂Ó⁄

11. ASSASSINATION ¢ Ï̂∑Ó˚ x«˛Ó˚à%̂ Ï°y Ï̂Ü˛ Ü˛ï˛ ≤ÃÜ˛y Ï̂Ó˚ §!Iï˛ Ü˛Ó˚y ÎyÎ˚ Î!ò §Óà%̂ Ï°y S ~Ü˛ Ï̂e
Ìy Ï̂Ü˛⁄

§yÓ˚§Ç Ï̂«˛˛õ

® àîlyÓ˚ ˆÙÔ!°Ü˛ l#!ï˛ ı Î!ò ~Ü˛!ê˛ âê˛ly ÚmÛ §ÇáƒÜ˛ !Ó!Ë˛ß¨ í˛z˛õyˆÏÎ˚ âˆÏê˛ ~ÓÇ ÎyˆÏÜ˛ xl%§Ó˚î
Ü˛ Ï̂Ó˚ xlƒ ~Ü˛!ê˛ âê˛ly Î!ò ÚnÛ §ÇáƒÜ˛ !Ó!Ë˛ß¨ í˛z˛õyˆÏÎ˚ âˆÏê˛ñ ï˛ˆÏÓ âê˛lymÎ˚ ≤Ãò_ Ü ˛ˆÏÙ ˆÙyê˛
Îï˛Ó˚Ü˛ˆÏÙ âê˛ˆÏï˛ ˛õyˆÏÓ˚ ï˛yÓ˚ §Çáƒy •ˆÏ°y m × n–

® n §ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó› ̂ ÌˆÏÜ˛ ̨õ%lÓ˚yÓ,!_ SÈyí˛¸y r §ÇáƒÜ˛ Ó›Ó˚ ~Ü˛ˆÏe !Ólƒy§ §Çáƒy ≤ÃÜ˛y!¢ï˛ •Î˚

nP
r
 myÓ˚y ~ÓÇ nP

r
  = 

n

n r

!

( )!−
, ˆÎáy Ï̂l 0 ≤ r ≤ n–

® n! = 1 × 2 × 3 × ...×n

® n! = n × (n – 1) !

® Î!ò ~Ü˛•z Ó› ÓyÓ˚ÓyÓ˚ ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyÎ˚ ï˛ˆÏÓ n §ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ r §ÇáƒÜ˛ Ó›Ó˚
~Ü˛ˆÏe !Ólƒy§ §Çáƒy = nr–

® n §ÇáƒÜ˛ Ó›Ó˚ §Óà%̂ Ï°y Ï̂Ü˛ ~Ü˛§y Ï̂Ì !l Ï̂Î˚ñ ̂ Îáy Ï̂l p
1
 §ÇáƒÜ˛ Ó› ≤ÃÌÙ ≤ÃÜ˛y Ï̂Ó˚Ó˚ñ p

2 
§ÇáƒÜ˛
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Ó› !mï˛#Î˚ ≤ÃÜ˛yˆÏÓ˚Ó˚, ..., p
k
 §ÇáƒÜ˛ Ó› k ï˛Ù ≤ÃÜ˛yˆÏÓ˚Ó˚ ~ÓÇ Óy!Ü˛à%ˆÏ°yÓ˚ ≤ÃˆÏï˛ƒˆÏÜ˛ !Ë˛ß¨ •Î˚

åÎ!ò ÌyˆÏÜ˛äñ ï˛ˆÏÓ ~•z n §ƒáƒÜ˛ Ó›Ó˚ ≤ÃˆÏï˛ƒÜ˛ˆÏÜ˛ ~Ü˛ˆÏÎyˆÏà !lˆÏÎ˚ ˆÙyê˛ !Ólƒy§ §Çáƒy
n

p p p
k

!

! ! !
1 2

...
–

® n §ÇáƒÜ˛ !Ó!Ë˛ß¨ Ó› ˆÌˆÏÜ˛ r §ÇáƒÜ˛ Ó›Ó˚ ~Ü˛ˆÏe !lÓ≈yã˛l §ÇáƒyˆÏÜ˛ nC
r
 myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚

~ÓÇ nC
r
 = =

−

n

r n r

!

! !( )
,  0 ≤ r ≤ n–

˙!ï˛•y!§Ü˛ ̂ ≤Ã«˛y˛õê˛

!Ólƒy§ G §ÙÓyˆÏÎ˚Ó˚ ôyÓ˚îy ̃ çl ôˆÏÙ≈Ó˚ xy!ÓË≈˛yˆÏÓÓ˚ xyˆÏà•z á%ÑˆÏç ̨õyGÎ˚y !àˆÏÎ˚!SÈ°– ï˛Ìy!˛õ

˜çlÓ˚y ~çlƒ §¡øyl ˛õyGÎ˚yÓ˚ ˆÎyàƒñ Ü˛yÓ˚î ˜çlÓ˚y ~•z !Ó£ÏÎ˚ Ó›ˆÏÜ˛ à!îˆÏï˛Ó˚ xË˛ƒhs˝Ó˚#î !Ó£ÏÎ˚
!•ˆÏ§ˆÏÓ àîƒ Ü˛Ó˚ï˛ ~ÓÇ ~Ó˚ lyÙ !òˆÏÎ˚!SÈ° ÚÚ!ÓÜ˛“ÛÛ åVikalpaä–

˜çlˆÏòÓ˚ ÙˆÏôƒ Ù•yÓ#Ó˚ÈüÈ•z å850 ~Ó˚ Ü˛ySÈyÜ˛y!SÈä §Ω˛Óï˛ !ÓˆÏŸªÓ˚ §Ó≈≤ÃÌÙ à!îï˛K˛ !•ˆÏ§ˆÏÓ
!Ólƒy§ G §ÙÓyˆÏÎ˚Ó˚ §yôyÓ˚î §)eyÓ°# ≤ÃÙyˆÏîÓ˚ çlƒ §¡øyl ̨õyGÎ˚yÓ˚ ̂ Îyàƒ–

!á fiê˛˛õ)Ó≈ £Ï¤˛ ¢ï˛ˆÏÜ˛ §%◊%ï˛ í˛zlyÓ˚ Å£Ïô §¡∫rô#Î˚ àˆÏÓ£Ïîy ÚÚ§%◊%ï˛ §Ç!•ï˛yÛÛ ~Ó˚ ÙyôƒˆÏÙ òy!Ó
Ü˛ Ï̂Ó˚!SÈ Ï̂°l ̂ Î 6!ê˛ !Ë˛ß¨ Ü˛Ù≈Ü˛y[˛ ̂ Ì Ï̂Ü˛ ~Ü˛ Ï̂e 1!ê˛ Ü˛ Ï̂Ó˚ñ 2!ê˛ Ü˛ Ï̂Ó˚ñ •zï˛ƒy!ò ~Ó)̊̂ Į̈ õ !l Ï̂Î˚ 63!ê˛ §ÙÓyÎ˚

àë˛l Ü˛Ó˚y ÎyÎ˚– !á fiê˛˛õ)Ó≈ ï,˛ï˛#Î˚ ¢ï˛ˆÏÜ˛Ó˚ !òˆÏÜ˛ !˛õÇày°y  lyˆÏÙ ~Ü˛çl §Çfl,Òï˛ ̨ õ![˛ï˛ ï˛yÓ˚ àˆÏÓ£Ïîy

˛õe Chhanda Sutra ~Ó˚ ÙyôƒˆÏÙ ≤Ãò_ §ÇáƒÜ˛ x«˛Ó˚ ̂ ÌˆÏÜ˛ ~Ü˛!ê˛ñ ò%!ê˛ •zï˛ƒy!ò §ÇáƒÜ˛ x«˛Ó˚ˆÏÜ˛
~Ü˛ Ï̂e !l Ï̂Î̊ §ÙÓyÎ̊ §Çáƒy !lî≈̂ ÏÎ̊Ó̊ ̨õÂô!ï˛ ̂ ò!á Ï̂Î̊!SÈ̂ Ï°l– Ë˛yflÒÓ̊yã˛yÎ≈ åçß√ 1114ä !Ólƒy§ G §ÙÓy Ï̂Î̊Ó̊

!Ó£ÏÎ˚Ó›ˆÏÜ˛ ï˛yÓ˚ !Óáƒyï˛ Ü˛Ù≈Ü˛y[˛ °#°yÓï˛#ˆÏï˛ ÚÚxAÜ˛ ̨ õy¢yÛÛ lyˆÏÙ !ã˛!•´ï˛ Ü˛ˆÏÓ˚!SÈˆÏ°l– Ù•yÓ#Ó˚ G

Ë˛yflÒÓ˚yã˛y Ï̂Î≈Ó˚ Ùï˛ à!îï˛K˛Ó˚y nC
r 
G nP

r 
~Ó˚ Ùï˛ §yôyÓ˚î §)eyÓ!° ≤ÃÙyî Ü˛Ó˚yÓ˚ ̨õy¢y˛õy!¢ ~•z !Ó£Ï̂ ÏÎ˚

xyÓ˚G !Ü˛S%È à%Ó%̊c˛õ)î≈ í z̨̨ õ˛õyòƒ G Ê˛°yÊ˛° !ò Ï̂Î˚!SÈ Ï̂°l–

Ë˛yÓ˚ï˛ÓˆÏ£Ï≈Ó˚ Óy•zˆÏÓ˚ñ !Ólƒy§ G §ÙÓyˆÏÎ˚Ó˚ !Ó£ÏÎ˚Ó›Ó˚ í˛z˛õÓ˚ !ã˛ˆÏlÓ˚ !Óáƒyï˛ Ó•z I–King ~

Ù Ï̂lyÓ˚Ù §)e˛õyï˛ • Ï̂Î˚!SÈ°– ̂ Î Ï̂•ï%̨  213 !á fiê˛˛õ)Ó≈y Ï̂∑ !ã˛ Ï̂lÓ˚ §¡Àyê˛ ̇  ̂ ò Ï̂¢Ó˚ §ÙhflÏ Ó•z G ̨õy[%̨ !°!˛õ
ˆ˛õyí ¸̨y Ï̂lyÓ˚ xy Ï̂ò¢ !ò Ï̂Î˚!SÈ Ï̂°l ~ÓÇ ̂ §ÔË˛yàƒÓ¢ï˛ ~•z Ü˛yç §¡õ)î≈Ó)̊̂ Į̈ õ Ü˛Ó˚y •Î˚!lñ ï˛y•z ~•z Ü˛y Ï̂çÓ˚

xyl%Ùy!îÜ˛ §ÙÎ˚Ü˛y° !l Ï̂Î˚ Ùhs˝Óƒ Ü˛Ó˚y Ü˛!ë˛l– @˝Ã#Ü˛Ó˚y ~ÓÇ ̨õÓ˚Óï≈̨ # Ï̂ï˛ °ƒy!ê˛l ̂ °á Ï̂Ü˛Ó˚yG !Ólƒy§ G

§ÙÓy Ï̂Î˚Ó˚ í z̨̨ õÓ˚ !Ó!FSÈß¨Ë˛y Ï̂Ó Ü˛yç Ü˛ Ï̂Ó˚!SÈ Ï̂°l–

xyÓ˚Ó G !• Ï̂Ó yÓ˚ !Ü˛S%È!Ü˛S%È ̂ °áÜ˛Ó˚y ̂ çƒy!ï˛£Ï¢yflf xôƒÎ˚̂ Ïl !Ólƒy§ G §ÙÓy Ï̂Î˚Ó˚ ôyÓ˚îy ÓƒÓ•yÓ˚

Ü˛ˆÏÓ˚l– í˛zòy•Ó˚îfl∫Ó˚)˛õñ Rabbi ben Ezra, K˛yï˛ @˝ÃˆÏ•Ó˚ ò%!ê˛ˆÏÜ˛ ~Ü˛§yˆÏÌ !lˆÏÎ˚ñ !ï˛l!ê˛ˆÏÜ˛ ~Ü˛§yˆÏÌ
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!lˆÏÎ˚ ~ÓÇ ~Ó˚)ˆÏ˛õñ §ÙÓyÎ˚ §Çáƒy !lÓ˚)˛õî Ü˛ˆÏÓ˚l– 1140 ~Ó˚ §Ù§yÙ!Î˚Ü˛ Ü˛y Ï̂° nC
r 
~Ó˚ §)e §¡õˆÏÜ≈˛

Rabbi ben Ezra çyl Ï̂ï˛l ly– Î!òGñ n G r ~Ó˚ !ÓˆÏ¢£Ï ÙyˆÏl nC
r 
=  nC

n–r 
ÈüÈ~ê˛y ïÑ˛yÓ˚ çyly

!SÈ°– 1321~ x˛õÓ˚ !•ˆÏÓ y ˆ°áÜ˛ Levi Ben Gerson- nP
r 
, nP

n
 §)eà%ˆÏ°yˆÏÜ˛ §yˆÏÌ !lˆÏÎ˚ nC

r 
~Ó˚

§yôyÓ˚î §)e ̂ òl–

!Ólƒy§ G §ÙÓyÎ˚ §¡õ!Ü≈˛ï˛ ï˛_¥ §Ó≈≤ÃÌÙ ˛õ)î≈ ~ÓÇ Ü ˛ÙÓÂô @˝ÃrÌ Ars ConjectandiÈüÈˆï˛

§%ƒ•z§ à!î!ï˛K˛ Jacob Bernoulli (1654 – 1705) Óƒ=˛ Ü˛ˆÏÓ˚lñ Îy ïÑ˛yÓ˚ Ù,ï%˛ƒÓ˚ ˛õÓ˚ 1713- Ï̂ï˛
≤ÃÜ˛y!¢ï˛ •Î˚– ~•z @˝ÃrÌ!ê˛ xyçÜ˛y° xyÙÓ˚y !Ólƒy§ G §ÙÓyÎ˚ !l Ï̂Î˚ ̂ Î§Ó ï˛_¥ xôƒÎ˚l Ü˛!Ó˚ñ ï˛y !l Ï̂Î˚

à!ë˛ï˛–
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vMathematics is a most exact science and its conclusions are capable of

absolute proofs. –  C.P.  STEINMETZv

8.1 Ë )̨!ÙÜ˛y
˛õ)Ó≈Óï˛#≈ ˆ◊!î Ï̂ï˛ xyÙÓ̊y !¢ Ï̂á!S Ü˛#Ë˛y Ï̂Ó !m˛õò Ó̊y!¢ ˆÎÙlÈ a + b G a –b

~Ó˚ Óà≈ ~ÓÇ âl ̂ ÓÓ˚ Ü˛Ó˚̂ Ïï˛ •Î˚– ~ Ï̂òÓ˚ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ñ xyÙÓ˚y !Ó!Ë˛ß¨ §Çáƒy
ˆÎÙl (98)2 = (100 – 2)2, (999)3 = (1000 – 1)3, •zï˛ƒy!òÓ˚ §yÇáƒÙyl
!lî≈Î˚ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚– Îy•z ̂ •yÜ˛ñ í z̨Fã˛ï˛Ó˚ âyï˛ ̂ ÎÙl (98)5, (101)6, •zï˛ƒy!òÓ˚
çlƒ ÓyÓ˚ ÓyÓ˚ à%î Ü˛ Ï̂Ó˚ àîly Ü˛T˛§yôƒ • Ï̂Î˚ ̨õ Ï̂í ¸̨– ~•z x§%!Óôy ~í ¸̨y Ï̂ly ÎyÎ˚
~Ü˛!ê˛ í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yˆÏàÓ˚ ÙyôƒˆÏÙñ Îy !m˛õò í˛z˛õ˛õyòƒ lyˆÏÙ ˛õ!Ó˚!ã˛ï˛– ~!ê˛
(a + b)n ÈüÈ~Ó˚ !Óhfl,Ïï˛ Ü˛Ó˚yÓ˚ ~Ü˛!ê˛ §•çï˛Ó˚ ˛õÌ ˆòáyÎ˚ñ ˆÎáyˆÏl n •°
~Ü˛!ê˛ ˛õ)î≈§Çáƒy Óy Ù)°ò §Çáƒy– ~ xôƒyˆÏÎ˚ñ xyÙÓ˚y !m˛õò í˛z˛õ˛õyˆÏòƒÓ˚
ˆÜ˛Ó°Ùye ôlydÜ˛ xá[˛ §)ã˛Ü˛ !lˆÏÎ˚ xôƒÎ˚l Ü˛Ó˚Ó–

8.2 !m˛õò í˛z˛õ˛õyˆÏòƒÓ˚ ôlydÜ˛ xá[˛ §)ã˛Ü˛ (Binomial

Theorem for Positive Integral Indices)

ã˛ˆÏ°yñ ̨õ)ˆÏÓ≈ Ü˛Ó˚y l#ˆÏã˛Ó˚ xˆÏË˛òà%ˆÏ°yÓ˚ !òˆÏÜ˛ lçÓ˚ ̂ òGÎ˚y ÎyÜ˛ ı

(a + b)0 = 1 a + b ≠ 0

(a + b)1 = a + b

(a + b)2 = a2 + 2ab + b2

(a + b)3 = a3 + 3a2b + 3ab2 + b3

(a + b)4 = (a + b)3 (a + b) = a4 + 4a3b + 6a2b2 + 4ab3 + b4

~§Ó !Óhfl,Ï!ï˛ˆÏï˛ñ xyÙÓ˚y °«˛ Ü˛!Ó˚ ̂ Îñ

(i) !Óhfl,Ï!ï˛ˆÏï˛ ̂ Ùyê˛ ̨ õˆÏòÓ˚ §Çáƒy âyˆÏï˛Ó˚ §)ã˛Ü˛ ̂ ÌˆÏÜ˛ ~Ü˛ ̂ Ó!¢– ̂ ÎÙlñ (a + b)2 ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ñ ̂ Ùyê˛
˛õˆÏòÓ˚ §Çáƒy 3ñ ˆÎáy Ï̂l (a + b)2 ~Ó˚ âyˆÏï˛Ó˚ §)ã˛Ü˛ åindexä 2 –

(ii) ¢%Ó˚% ̂ ÌˆÏÜ˛ ̨ õÓ˚˛õÓ˚ ̨ õòà%ˆÏ°yˆÏï˛ ≤ÃÌÙ ̨õò  ‘a’ ~Ó˚ âyï˛ 1 Ü˛ˆÏÓ˚ Ü˛ÙˆÏï˛ ÌyˆÏÜ˛ ̂ ÎáyˆÏl !mï˛#Î˚ ̨ õò  ‘b’

~Ó˚ âyï˛ 1 Ü˛ˆÏÓ˚ Óyí˛¸ˆÏï˛ ÌyˆÏÜ˛–
(iii) !Óhfl,Ï!ï˛Ó˚ ≤Ã!ï˛!ê˛ ˛õˆÏòñ a ~ÓÇ b ~Ó˚ âyˆÏï˛Ó˚ §)ã˛ˆÏÜ˛Ó˚ ˆÎyàÊ˛° ~Ü˛•z ~ÓÇ ï˛y  a + b ~Ó˚ ây Ï̂ï˛Ó˚

§)ã˛ Ï̂Ü˛Ó˚ §Ùyl–

8

ˆÓœ•zç ̨õy:y°
(1623-1662)

!m˛õò È í z̨̨õ˛õyòƒ åBinomial Theoremä

xôƒyÎ̊È
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~ál xyÙÓ˚y ~ §Ó !Óhfl,Ï!ï˛Ó˚ §•àà%ˆÏ°yˆÏÜ˛ l#ˆÏã˛Ó˚ ÙˆÏï˛y Ü˛ˆÏÓ˚ §%!ÓlƒhflÏ åarrangeä Ü˛!Ó˚  (!ã˛e8.1):

 âyˆÏï˛Ó˚ §)ã˛Ü˛  §•à

~•z §yÓ˚!îˆÏï˛ xyÙÓ˚y !Ü˛ ˆÜ˛yˆÏly lÙ%ly °«˛ Ü˛!Ó˚ Îy xyÙyˆÏòÓ˚ ˛õÓ˚Óï˛#≈ §y!Ó˚ !°áˆÏï˛ §y•yÎƒ Ü˛Ó˚ˆÏÓ⁄ •Ñƒyñ
xyÙÓ˚y °«˛ Ü˛!Ó˚– ~!ê˛ ˆòáy ÎyÎ˚ ˆÎñ âyˆÏï˛Ó˚ §)ã˛Ü˛ È1üÈ~Ó˚ §y!Ó˚Ó˚ ò%ˆÏê˛y 1 ~Ó˚ ˆÎyàÊ˛° ˆÌ Ï̂Ü˛ ây Ï̂ï˛Ó˚ §)ã˛Ü˛
2ÈüÈ~Ó˚ §y!Ó˚Ó˚ 2 ̨õyGÎ˚y ÎyÎ˚– âyˆÏï˛Ó˚ §)ã˛Ü˛ È2üÈ~Ó˚ §y!Ó˚Ó˚ 1ñ2 ~ÓÇ 2 ñ1 ~Ó˚ ̂ ÎyàÊ˛° ̂ Ì Ï̂Ü˛ ây Ï̂ï˛Ó˚ §)ã˛Ü˛ 3
~Ó˚ §y!Ó˚Ó˚ 3 ~ÓÇ 3 ̨õyGÎ˚y ÎyÎ˚ ~Ë˛yˆÏÓ•z ã˛°ˆÏï˛ ÌyˆÏÜ˛–

~SÈyí˛¸yGñ ≤ÃˆÏï˛ƒÜ˛ §y!Ó˚Ó˚ ¢%Ó˚%ˆÏï˛ G ˆ¢ˆÏ£Ï 1 Óï≈˛Ùyl–  ~•z ≤Ã!Ü ˛Î˚y •zFSÈyÙˆÏï˛y ˆÎ ˆÜ˛yˆÏly âyï˛ ˛õÎ≈hs˝
ã˛y!° Ï̂Î˚ ÎyGÎ˚y ÎyÎ˚–

âyˆÏï˛Ó˚ §)ã˛Ü˛     §•à §Ù)•

˛õyflÒy° !eË%˛ç åPascal’s Triangleä

!ã˛e  8.2  ˆï˛ ≤Ãò_ àë˛l Ü˛yë˛yÏˆÏÙy!ê˛ ~Ü˛!ê˛ !eË%˛ç ~Ó˚ ÙˆÏï˛y ˆòáˆÏï˛ñ ÎyÓ˚ ¢#£Ï≈ l#ˆÏã˛Ó˚ ò%•z!òˆÏÜ˛ !ï˛Î≈Ü˛ Óy•%
ÓÓ˚yÓÓ˚ 1 ÌyˆÏÜ˛– §ÇáƒyÓ˚ ~•z §Iy ˛õyflÒy° !eË%˛ç lyˆÏÙ ˛õ!Ó˚!ã˛ï˛– Îy Ê˛Ó˚y!§ à!îï˛K˛ ˆÓœ•zç ˛õyflÒy°
åBlaise Pascalä ~Ó˚ lyÙ xl%§y Ï̂Ó˚ • Ï̂Î˚̂ ÏSÈ– ~!ê˛ !˛õAày°y˛ åPingalaä ~Ó˚ ̂ ÙÓ%̊ ≤ÃhflÏÓ˚ åMeru Prastaraä
ly Ï̂ÙG ̨õ!Ó˚!ã˛ï˛–

˛õyflÒy° !eË%̨ ç ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚G !m˛õò Ó˚y!¢Ó˚ í z̨Fã˛ï˛Ó˚ ây Ï̂ï˛Ó˚ !Óhfl,Ï!ï˛ §Ω˛Ó– ã˛ Ï̂°y xyÙÓ˚y ̨õyflÒy° !eË%̨ ç
ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚  (2x + 3y)5 ˆÜ˛ !Óhfl,Ïï˛ Ü˛!Ó˚– âyˆÏï˛Ó˚ §)ã˛Ü˛ 5 ~Ó˚ §y!Ó˚!ê˛ •°

1 5 10 10 5 1

í z̨̨ õ Ï̂Ó˚y=˛ §y!Ó˚ ~ÓÇ xyÙy Ï̂òÓ˚ ̨õÎ≈̂ ÏÓ«˛î (i), (ii) G (iii), ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ xyÙÓ˚y ̨õy•zñ

(2x + 3y)5 = (2x)5 + 5(2x)4 (3y) + 10(2x)3 (3y)2 +10 (2x)2 (3y)3 + 5(2x)(3y)4 +(3y)5

= 32x5 + 240x4y + 720x3y2 + 1080x2y3 + 810xy4 + 243y5.

!ã˛e 8.2

!ã˛e 8.1
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~álñ Î!ò xyÙÓ˚y  (2x + 3y)12  ~Ó˚ !Óhfl,Ï!ï˛ ̂ ÓÓ˚ Ü˛Ó˚̂ Ïï˛ ã˛y•zñ ï˛ Ï̂Ó ≤ÃÌ Ï̂Ù xyÙy Ï̂òÓ˚ ây Ï̂ï˛Ó˚ §)ã˛Ü˛ 12

~Ó˚ §y!Ó˚!ê˛ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ~!ê˛ ây Ï̂ï˛Ó˚ §)ã˛Ü˛12 ̨õÎ≈hs˝ ̨õyflÒy° !eË%̨ Ï̂çÓ˚ §Óà%̂ Ï°y §y!Ó˚ !° Ï̂á Ü˛Ó˚y ÎyÎ˚–
~!ê˛ !Ü˛S%Èê˛y ò#â≈ï˛Ó˚ ≤Ã!Ü ˛Î˚y– Î!ò xyÙÓ˚y xyÓ˚G í˛zFã˛ï˛Ó˚ âyˆÏï˛Ó˚ !Óhfl,Ï!ï˛ Ü˛Ó˚ˆÏï˛ ã˛y•zñ ï˛ˆÏÓ ~•z ≤Ã!Ü ˛Î˚y xyÓ˚G
Ü˛!ë˛l •ˆÏÎ˚ ̨ õí˛¸ˆÏÓ–

xyÙÓ˚y ï˛y•z ~Ùl ~Ü˛!ê˛ !lÎ˚Ù ˆÓÓ˚ Ü˛Ó˚ˆÏï˛ ˆã˛T˛y Ü˛Ó˚Ó Îy ˛õyflÒy° !eË%˛ˆÏçÓ˚ Ü˛y!Cï˛ §y!Ó˚Ó˚ xyˆÏàÓ˚
§Óà%ˆÏ°y §y!Ó˚ ly !°ˆÏáG !m˛õò Ó˚y!¢Ó˚ ̂ Î ̂ Ü˛yˆÏly âyˆÏï˛Ó˚ !Óhfl,Ï!ï˛ ̂ ÓÓ˚ Ü˛Ó˚ˆÏï˛ xyÙyˆÏòÓ˚ §y•yÎƒ Ü˛Ó˚ˆÏÓ–

~çlƒñ xyÙÓ˚y ˛õyflÒy° !eË%˛ˆÏçÓ˚ §Çáƒyà%ˆÏ°y xyÓyÓ˚ ˆ°áyÓ˚ çlƒ xyˆÏà ˆ¢áy §ÙÓyÎ˚ ~Ó˚ ôyÓ˚îy

ÓƒÓ•yÓ˚ Ü˛Ó˚Ó– xyÙÓ˚y çy!l ˆÎñ 
n

r

n

r n r
C =

−

!

!( )!
, 0 ≤  r ≤ n ~ÓÇ n ~Ü˛!ê˛ xÈüÈ}îydÜ˛ xá[˛

§Çáƒy– ~SÈyí˛¸yG   nC
0
 = 1 = nC

n

~ál ̨õyflÒy° !eË%˛ç!ê˛ˆÏÜ˛ ~Ë˛yˆÏÓG ̂ °áy ÎyÎ˚ (!ã˛e 8.3)

~•z lÙ%ly!ê˛ °«˛ Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ~ál ̨õ)Ó≈Óï˛#≈ §y!Ó˚à%̂ Ï°y ly !° Ï̂áG ̂ Î ̂ Ü˛y Ï̂ly ây Ï̂ï˛Ó˚ çlƒ ̨õyflÒy° !eË%̨ çÈüÈ~Ó˚
!lˆÏî≈Î˚ §y!Ó˚!ê˛ !°áˆÏï˛ ̨ õy!Ó˚– ̂ ÎÙlñ âyˆÏï˛Ó˚ §)ã˛Ü˛ 7 ÈüÈ~Ó˚ çlƒ §y!Ó˚!ê˛ •ˆÏÓÈüüüÈ

7C
0
  7C

1    

7C
2    

7C
3    

7C
4    

7C
5    

7C
6    

7C
7.

í˛z˛õˆÏÓ˚y=˛ §y!Ó˚ ~ÓÇ ̨õÎ≈ˆÏÓ«˛î  (i), (ii) ~ÓÇ  (iii) ̂ ÌˆÏÜ˛ xyÙÓ˚y ̨ õy•zñ

(a + b)7 = 7C
0 
a7

 
+ 7C

1
a6b + 7C

2
a5b2 + 7C

3
a4b3 + 7C

4
a3b4 + 7C

5
a2b5 + 7C

6
ab6 + 7C

7
b7

~§Ó ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°y ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ ̂ Î ̂ Ü˛y Ï̂ly ôlydÜ˛ xá[˛  n ~Ó˚ çlƒ !m˛õò Ó˚y!¢Ó˚ !Óhfl,Ï!ï˛ ̂ òáy Ï̂ly ̂ Î Ï̂ï˛

!ã˛e 8.3     ̨õyflÒy° !eË%˛ç

âyˆÏï˛Ó˚ §)ã˛Ü˛  §•à §Ù)•
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˛õy Ï̂Ó˚– xyÙÓ˚y ~ál ̂ Î ̂ Ü˛y Ï̂ly ôlydÜ˛ xá[˛ §))ã˛Ü˛ÈüÈ~Ó˚ !m˛õò Ó˚y!¢Ó˚ !Óhfl,Ï!ï˛ ̂ °áyÓ˚ Ù Ï̂ï˛y xÓfiÌyÎ˚ xy!SÈ–
8.2.1 ˆÎ ̂ Ü˛y Ï̂ly ôlydÜ˛ xá[˛ §Çáƒy n ~Ó˚ çlƒ !m˛õò í z̨̨ õ˛õyòƒ åBinomial theorem  for any

positive integer nä
(a + b)n = nC

0
an + nC

1
an–1b + nC

2
an–2 b2 + ...+ nC

n – 1
a.bn–1 + nC

n
bn

≤ÃÙyî   ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ~•z ≤ÃÙyî ˛õyGÎ˚y ÎyÎ˚– ô!Ó˚ñ ≤Ãò_ !ÓÓ,!ï˛!ê˛ •°ÈüüüÈ

P(n) : (a + b)n = nC
0
an + nC

1
an – 1b + nC

2
an – 2b2 + ...+ nC

n–1
a.bn – 1 + nC

n
bn

n = 1 •ˆÏ°ñ xyÙÓ˚y ˛õy•zñ

P (1) : (a + b)1 = 1C
0
a1 + 1C

1
b1 = a + b

xï˛~Óñ  P (1) §ï˛ƒ–

ô!Ó˚ñ  P (k) §ï˛ƒñ ˆÎáy Ï̂l  k ˆÎ ˆÜ˛yˆÏly ôlydÜ˛ xá[˛ §Çáƒyñ xÌ≈yÍ

(a + b)k = kC
0
ak + kC

1
ak – 1b + kC

2
ak – 2b2 + ...+ kC

k
bk ... (1)

xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚Ó ˆÎñ  P(k + 1) G §ï˛ƒñ xÌ≈yÍ

(a + b)k + 1 = k + 1C
0 
ak + 1 + k + 1C

1 
akb + k + 1C

2 
ak – 1b2 + ...+ k + 1C

k+1 
bk + 1

~álñ  (a + b)k + 1 = (a + b) (a + b)k

= (a + b) (kC
0 
ak + kC

1
ak – 1 b + kC

2 
ak – 2 b2 +...+ kC

k – 1 
abk – 1 + kC

k 
bk)

[ (1) ˆÌˆÏÜ˛ ˛õy•z]

= kC
0 
ak + 1 + kC

1 
akb + kC

2
ak – 1b2 +...+ kC

k – 1 
a2bk – 1 + kC

k 
abk + kC

0 
akb

+ kC
1
ak – 1b2 + kC

2
ak – 2b3+...+ kC

k-1
abk + kC

k
bk + 1

[≤ÃÜ,˛ï˛ à%îl myÓ˚y]
= kC

0
ak + 1 + (kC

1
+ kC

0
) akb + (kC

2 
+ kC

1
)ak – 1b2 + ...

    + (kC
k
+ kC

k–1
) abk + kC

k
bk + 1      [§ò,¢ƒ ̨õòà%̂ Ï°y ~Ü˛!eï˛ Ü˛ Ï̂Ó˚]

= k + 1C
0
a k + 1 + k + 1C

1
akb + k + 1C

2

 ak – 1b2 +...+ k + 1C
k
abk + k + 1C

k + 1 
bk +1

(∴   k + 1C
0
=1,  kC

r 
+ kC

r–1 
=  k + 1C

r
   ~ÓÇ   kC

k  
= 1= k + 1C

k + 1
)

xï˛~Óñ  P (k + 1) §ï˛ƒ Îál  P(k) §ï˛ƒ–

§%ï˛Ó˚yÇñ   ày!î!ï˛Ü˛ xyˆÏÓ˚y•î l#!ï˛ xl%ÎyÎ˚#ñ  P(n) §ï˛ƒ ˆÎáyˆÏl n ˆÎˆÏÜ˛yˆÏly ôlydÜ˛ xá[˛ §Çáƒy–

xyÙÓ˚y (x + 2)6  ˆÜ˛ !Óhfl,Ïï˛ Ü˛ˆÏÓ˚ ~•z í˛z˛õ˛õyòƒ!ê˛ Óƒyáƒy Ü˛Ó˚!SÈ ı

(x + 2)6 = 6C
0
x6 + 6C

1
x5.2 + 6C

2
x422 + 6C

3
x3.23  + 6C

4
x2.24 + 6C

5
x.25 + 6C

6
.26.

= x6 + 12x5 + 60x4 + 160x3 + 240x2 + 192x + 64

xï˛~Óñ  (x + 2)6  = x6 + 12x5 + 60x4 + 160x3 + 240x2 + 192x + 64 –
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˛õÎ≈̂ ÏÓ«˛î§Ù)•

1. ≤Ãï˛#Ü˛  
n

k

n k k

k

n

a bC
−

=
∑

0

!òˆÏÎ˚ ̂ ÓyV˛yÎ˚

nC
0
anb0 + nC

1
an–1b1 + ...+ nC

r
an–rbr + ...+nC

n
an–nbn,  ˆÎáyˆÏl b0 = 1 = an–n.

xï˛~Ó í z̨̨ õ˛õyòƒ!ê˛ Ï̂Ü˛ ~Ë˛y Ï̂ÓG ̂ °áy ÎyÎ˚

( )a b a b
n n

k

n k k

k

n

+ = −

=
∑ C

0

–

2. !m˛õò í˛z˛õ˛õyˆÏòƒ Óï≈˛Ùyl nC
r
 §•àà%ˆÏ°y !m˛õò §•à lyˆÏÙ ˛õ!Ó˚!ã˛ï˛–

3. (a+b)n  ÈüÈ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛   (n+1)  §ÇáƒÜ˛ ˛õò xyˆÏSÈ xÌ≈yÍñ âyˆÏï˛Ó˚ §)ã˛Ü˛ ˆÌˆÏÜ˛ ~Ü˛ ˆÓ!¢–
4. !Óhfl,Ï!ï˛Ó˚ Ü ̨ Ùyß∫̂ ÏÎ˚ ̨õÓ˚̨ õÓ˚ ̨õòà%̂ Ï°y Ï̂ï˛ a ~Ó˚ §)ã˛Ü˛ ~Ü˛ Ü˛ Ï̂Ó˚ Ü˛Ù Ï̂ï˛ Ìy Ï̂Ü˛– ≤ÃÌÙ ̨õ Ï̂ò ~!ê˛ n ñ !mï˛#Î˚

˛õ Ï̂ò (n–1) ñ ~ÓÇ ~Ë˛y Ï̂Ó ̂ ¢£Ï ̨õò!ê˛ ¢)lƒ !ò Ï̂Î˚ ̂ ˛¢£Ï •Î˚– ~Ü˛•z §Ù Ï̂Î˚ b ~Ó˚ §)ã˛Ü˛ ~Ü˛ Ü˛ Ï̂Ó˚ Óyí ¸̨̂ Ïï˛
Ìy Ï̂Ü˛– ≤ÃÌÙ ̨õò!ê˛ Ï̂ï˛ ¢)lƒ !ò Ï̂Î˚ ¢%Ó%̊ •Î˚ñ !mï˛#Î˚ ̨õ Ï̂ò 1 ~ÓÇ ~Ë˛y Ï̂Ó ̂ ¢£Ï ̨õò!ê˛ Ï̂ï˛  n !ò Ï̂Î˚ ̂ ¢£Ï •Î˚–

5. (a+b)n ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ñ a ~ÓÇ b ~Ó˚ âyˆÏï˛Ó˚ §)ã˛ˆÏÜ˛Ó˚ ˆÎyàÊ˛° ≤ÃÌÙ ˛õò!ê˛ˆÏï˛  n + 0 = n ñ !mï˛#Î˚
˛õò!ê˛ˆÏï˛  (n – 1) + 1 = n ~ÓÇ ~Ë˛yˆÏÓ ˆ¢£Ï ˛õˆÏò 0 + n = n •Î˚– xï˛~Óñ ˆòáy ÎyÎ˚ ˆÎ !Óhfl,Ï!ï˛Ó˚
˛õˆÏò a ~ÓÇ b ~Ó˚ âyˆÏï˛Ó˚ §)ã˛ˆÏÜ˛Ó˚ ˆÎyàÊ˛°  n •Î˚–

8.2.2 Ü˛ˆÏÎ˚Ü˛!ê˛ !ÓˆÏ¢£Ï ˆ«˛e ı    (a + b)n ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ñ

(i) a = x ~ÓÇ b = – y !lˆÏÎ˚ñ xyÙÓ˚y ˛õy•z

(x – y)n = [x + (–y)]n

= nC
0
xn + nC

1
xn – 1(–y) + nC

2
xn–2(–y)2 + nC

3
xn–3(–y)3 + ... + nC

n
 (–y)n

= nC
0
xn – nC

1
xn – 1y + nC

2
xn – 2y2 – nC

3
xn – 3y3 + ... + (–1)n nC

n
 yn

~Ë˛yˆÏÓñ  (x–y)n = nC
0
xn – nC

1
xn – 1 y + nC

2
xn – 2 y2 + ... + (–1)n nC

n
 yn

~!ê˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ñ xyÙÓ˚y ˛õy•zñ   (x–2y)5 =  5C
0
x5 – 5C

1
x4 (2y) + 5C

2
x3 (2y)2 – 5C

3
x2 (2y)3 +

      5C
4 
x(2y)4 – 5C

5
(2y)5

= x5 –10x4y + 40x3y2 – 80x2y3 + 80xy4 – 32y5.

(ii) a = 1, b = x !lˆÏÎ˚ñ xyÙÓ˚y ˛õy•zñ

(1 + x)n  = nC
0
(1)n + nC

1
(1)n – 1x + nC

2
(1)n – 2 x2 + ... + nC

n
xn

= nC
0
 + nC

1
x + nC

2
x2 + nC

3
x3 + ... + nC

n
xn

~Ë˛y Ï̂Óñ (1 + x)n  = nC
0
 + nC

1
x + nC

2
x2 + nC

3
x3 + ... + nC

n
xn
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!ÓˆÏ¢£Ïï˛ñ    x = 1 ~Ó˚ çlƒñ xyÙÓ˚y ˛õy•zÈüüüÈ

2n = nC
0
 + nC

1
 + nC

2
 + ... + nC

n
.

(iii) a = 1, b = – x  !lˆÏÎ˚ñ xyÙÓ˚y ˛õy•zñ

(1– x)n   =  nC
0
 – nC

1
x + nC

2
x2 – ... + (– 1)n nC

n
xn

!ÓˆÏ¢£Ïï˛ñ  x = 1 ~Ó˚ çlƒñ xyÙÓ˚y ˛õy•zñ

  0 = nC
0
 – nC

1
 + nC

2
 – ... + (–1)n nC

n

í˛zòy•Ó˚î 1    x
x

2

4

3
+









  ˆÜ˛ !Óhfl,Ïï˛ Ü˛ Ï̂Ó˚yñ  Îál  x ≠ 0 –

§Ùyôyl    !m˛õò í˛z˛õ˛õyòƒ ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zñ

x
x

2

4

3
+









 = 4C

0
(x2)4 + 4C

1
(x2)3 

3

x









  + 4C

2
(x2)2 

3
2

x









 + 4C

3
(x2) 

3
3

x









 +  4C

4
  

3
4

x











= x8 + 4.x6 . 
3

x
+ 6.x4 .   

9

2
x

+ 4.x2.  
27

3
x

+ 
81

4
x

= x8 + 12x5 + 54x2 + 
108 81

4
x x

+ ˚

í˛zòy•Ó˚î 2   (98)5 ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  xyÙÓ˚y 98 ̂ ÏÜ˛ ò%!ê˛ §ÇáƒyÓ˚ ̂ Îyà Óy xhs˝Ó˚ Ó)̊̂ Į̈ õ ≤ÃÜ˛y¢ Ü˛!Ó˚ Îy Ï̂òÓ˚ âyï˛ !• Ï̂§Ó Ü˛Ó˚y §•çï˛Ó˚ ~ÓÇ
ï˛yÓ˚˛õÓ˚ !m˛õò í˛z˛õy˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛!Ó˚–

 98 ˆÜ˛  100 – 2  !°ˆÏá ˛õy•zñ

§%ï˛Ó˚yÇñ  (98)5 = (100 – 2)5

= 5C
0
 (100)5 – 5C

1
 (100)4.2 + 5C

2
 (100)322

–  5C
3
 (100)2 (2)3 + 5C

4
 (100) (2)4 – 5C

5
 (2)5

= 10000000000 – 5 × 100000000 × 2 + 10 × 1000000 × 4 – 10 ×10000

× 8 + 5 × 100 × 16 – 32

= 10040008000 – 1000800032 = 9039207968.

í˛zòy•Ó˚î 3  (1.01)1000000 ~ÓÇ  10,000 ~Ó˚ ÙˆÏôƒ ˆÜ˛yl‰!ê˛ ÓˆÏí˛¸y ⁄

§Ùyôyl ı  1.01 ˆÜ˛ ò%!ê˛ xÇˆÏ¢ !ÓË˛=˛ Ü˛ˆÏÓ˚ ~ÓÇ ï˛yÓ˚˛õÓ˚ !m˛õò í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ¢%Ó˚%Ó˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ˛õò
!°ˆÏá xyÙÓ˚y ˛õy•zñ
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       (1.01)1000000 = (1 + 0.01)1000000

= 1000000C
0
 + 1000000C

1
(0.01) +  xlƒ ôlydÜ˛ ˛õòà%ˆÏ°y

= 1 + 1000000 × 0.01 +  xlƒ ôlydÜ˛ ˛õòà%ˆÏ°y

= 1 + 10000 +  xlƒ ôlydÜ˛ ̨ õòà%ˆÏ°y

> 10000

§%ï˛Ó˚yÇñ (1.01)1000000 > 10000

í˛zòy•Ó˚î 4 !m˛õò í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ̂ Îñ  6n–5n ̂ Ü˛ 25 !òˆÏÎ˚ Ë˛yà Ü˛Ó˚ˆÏ° Ë˛yàˆÏ¢£Ï §Ó≈òy•z
1 ÌyÜ˛ˆÏÓ–

§Ùyôyl ò%!ê˛ §Çáƒy a G b ~Ó˚ çlƒ Î!ò xyÙÓ˚y §Çáƒy q G r ̨õy•z ~Ùl ̂ Î a = bq + r ñ ï˛ˆÏÓ xyÙÓ˚y Ó!°
ˆÎ a ˆÜ˛ b !òˆÏÎ˚ Ë˛yà Ü˛Ó˚ˆÏ° Ë˛yàÊ˛° q ~ÓÇ Ë˛yàˆÏ¢£Ï r •Î˚– ~Ë˛yˆÏÓ  6n – 5n ˆÜ˛  25 !òˆÏÎ˚ Ë˛yà Ü˛Ó˚ˆÏ°
Ë˛yàˆÏ¢£Ï 1 ÌyˆÏÜ˛ñ ï˛y ˆòáyˆÏlyÓ˚ çlƒ xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚ÏÓ ˆÎñ  6n – 5n = 25k + 1ñ ˆÎáyˆÏl  k  ~Ü˛!ê˛
fl∫yË˛y!ÓÜ˛ §Çáƒy–

xyÙÓ˚y ̨õy•z

(1 + a)n = nC
0
 + nC

1
a + nC

2
a2 + ... + nC

n
an

  a  = 5 •ˆÏ°ñ xyÙÓ˚y ˛õy•z

          (1 + 5)n = nC
0
 + nC

1
5 + nC

2
52 + ... + nC

n
5n

xÌ≈yÍñ (6)n = 1 + 5n + 52.nC
2

 + 53.nC
3
 + ... + 5n

xÌ≈yÍñ 6n – 5n = 1+52 (nC
2

 + nC
3
5 + ... + 5n-2)

Óyñ 6n – 5n = 1+ 25 (nC
2 
+ 5 .nC

3
 + ... + 5n-2)

Óyñ 6n – 5n = 25k+1   ˆÎáy Ï̂l k =  nC
2 
+ 5 .nC

3
 + ... + 5n–2

~ ˆÌ Ï̂Ü˛ Ó°y ÎyÎ˚ ˆÎ  6n – 5n ˆÜ˛ 25 !òˆÏÎ˚ Ë˛yà Ü˛Ó˚ˆÏ° Ë˛yàˆÏ¢£Ï §Ó≈òy•z 1 ÌyˆÏÜ˛–

xl%¢#°l#  8.1

1 lÇ ˆÌˆÏÜ˛  5 ˛lÇ ≤ÃŸ¿ õÎ≈hs˝ ≤ÃˆÏï˛ƒÜ˛!ê˛ Ó˚y!¢Ùy°yˆÏÜ˛ !Óhfl,Ïï˛ Ü˛ˆÏÓ˚y ı

1. (1–2x)5 2.
2

2

5

x

x
−









 3. (2x – 3)6
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4.
x

x3

1
5

+








 5. x

x
+











1
6

!m˛õò í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ !lˆÏã˛Ó˚ ≤Ã!ï˛!ê˛Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ı
6. (96)3 7. (102)5 8. (101)4

9. (99)5

10. !m˛õò í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ (1.1)10000  xÌÓy  1000 ~Ó˚ ÙˆÏôƒ ˆÜ˛yl!ê˛ Ó,•_Ó˚ !lî≈Î˚ Ü˛ˆÏÓ˚y–

11. (a + b)4 – (a – b)4 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y– ~ ˆÌˆÏÜ˛  ( ) (3 2
4+ − ( )3 2

4−  ~Ó˚ Ùyl

ˆÓÓ˚ Ü˛ Ï̂Ó˚y–

12. (x + 1)6 + (x – 1)6  ~Ó˚ Ùyl ˆÓÓ˚ Ü˛ˆÏÓ˚y– ~Ó˚ ˆÌˆÏÜ˛ Óy xlƒË˛yˆÏÓ ( 2  + 1)6 + ( 2  – 1)6

~Ó̊ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
13. ˆòáyG ˆÎñ  9n+1 – 8n – 9  §Ó≈òy•z 64  !òˆÏÎ˚ !ÓË˛yçƒñ ˆÎáyˆÏl n ~Ü˛!ê˛ ôlydÜ˛ xá[˛ §Çáƒy–

14. ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎ 3 4

0

r n n

r

n

r
C =

=
∑ –

8.3 §yôyÓ˚î˛õò ~ÓÇ Ùôƒ˛õò åGeneral  and Middle Termsä

1. (a + b)n  ~Ó˚ !m˛õò !Óhfl,Ï!ï˛ˆÏï˛ xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎ ≤ÃÌÙ ˛õò •° nC
0
an ñ !mï˛#Î˚ ˛õò nC

1
an–1b,

ï,˛ï˛#Î˚ ̨ õò  nC
2
an–2b2, ~ÓÇ ~Ë˛yˆÏÓ ã˛°ˆÏï˛ ÌyˆÏÜ˛– ̨õÓ˚ ̨ õÓ˚ ̨ õòà%ˆÏ°yˆÏï˛ ~•z lÙ%ly °«˛ Ü˛ˆÏÓ˚ xyÙÓ˚y

˛Ó°ˆÏï˛ ˛õy!Ó ˚ ˆÎ  (r + 1) ï˛Ù ˛õò!ê˛ •°   nC
r
an–rbr– (r + 1) ï˛Ù ˛õò!ê˛ˆ ÏÜ˛

(a + b)n  ~Ó˚ !Óhfl,Ï!ï˛Ó˚  §yôyÓ˚î ˛õòG Ó°y •Î˚– ~!ê˛ T
r+1

 myÓ˚y §)!ã˛ï˛ •Î˚–
xï˛~Óñ    T

r+1
 = nC

r
 an–rbr –

2. (a + b)n ÈüÈ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ Ùôƒ˛õò §¡∫ˆÏrô xyÙÓ˚y ˛õy•zñ
(i) Î!ò  n  Î%@¬ •Î˚ñ ï˛ˆÏÓ !Óhfl,Ï!ï˛Ó˚ ˛õò§Çáƒy •Î˚ n + 1 – ˆÎ Ï̂•ï%̨  n Î%@¬ñ ï˛y•z  n + 1 xÎ%@¬–

§%ï˛Ó˚yÇñ Ùôƒ˛õò!ê˛ •°
n + +









1 1

2
 ï˛Ù ˛õò xÌ≈yÍñ  

n

2
1+









   ï˛Ù ˛õò–

ˆÎÙlñ (x + 2y)8  ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ Ùôƒ˛õò •°  
8

2
1+









  ï˛Ù ˛õò xÌ≈yÍ ˛õM˛Ù ˛õò–

(ii) Î!ò n xÎ%@¬ •Î˚ñ ï˛ˆÏÓ  n +1 •Î˚ Î%@¬– ï˛y•z ~ˆÏ«˛ˆÏe !Óhfl,Ï!ï˛Ó˚ Ùôƒ˛õò •ˆÏÓ ò%!ê˛ñ ˆÎÙlñ

n +









1

2
ï˛Ù ˛õò ~ÓÇ 

n +
+











1

2
1 ï˛Ù ˛õò –  §%ï˛Ó˚yÇñ  (2x – y)7  ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ Ùôƒ˛õò ò%!ê˛
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•° 
7 1

2

+







  ï˛Ù xÌ≈yÍñ ˛ã˛ï%˛Ì≈  ˛õò ~ÓÇ 

7 1

2
1

+
+









   ï˛Ù ˛õò xÌ≈yÍñ ˛õM˛Ù ˛õò–

3.  x
x

n

+










1
2

,  ̂ ÎáyˆÏl   x  ≠ 0  ~Ó˚  !Óhfl,Ï!ï˛ˆÏï˛  Ùôƒ˛õò  •°  
2 1 1

2

n + +







   ï˛Ù ̨  õò  xÌ≈yÍñ

(n + 1)  ï˛Ù ˛õòñ ˆÎˆÏ•ï%˛  2n  Î%@¬  ~ÓÇ

˛õò!ê˛ •°  2nC
n
xn 

1

x

n









 = 2nC

n
 (ô %ÓÜ˛) –

~•z ˛õò!ê˛ˆÏÜ˛  x !lÓ˚ˆÏ˛õ«˛ ˛õò Óy ô %ÓÜ˛ ˛õò Ó°y •Î˚–

í˛zòy•Ó˚î  5  (2 + a)50 ~Ó˚ !Óhfl,Ï!ï˛Ó˚ 17 ï˛Ù G 18 ï˛Ù ˛õò ò%!ê˛ §Ùyl •ˆÏ° ÈaüÈ~Ó˚ Ùyl ˆÓÓ˚ Ü˛ˆÏÓ˚y–

§Ùyôyl  (x + y)n ~Ó˚ !Óhfl,Ï!ï˛Ó˚ (r + 1)  ï˛Ù ˛õò!ê˛ •° T
r + 1

 =  nC
r
xn–ry r–

17 ï˛Ù ˛õˆÏòÓ˚ ˆ«˛ˆÏeñ xyÙÓ˚y ˛õy•z r + 1 = 17 xÌ≈yÍñ  r = 16

§%ï˛Ó˚yÇñ T
17

 = T
16 + 1

 = 50C
16

 (2)50 – 16 a16

= 50C
16 

234 a16

~Ü˛•zË˛y Ï̂Óñ T
18

 = 50C
17 

233 a17

≤Ãò_ ̂ Îñ T
17

 = T
18

§%ï˛Ó˚yÇñ  50C
16 

(2)34 a16 = 50C
17 

(2)33 a17

xï˛~Óñ

50 34

50 33

17

16

16

17

2

2

C

C

.

.
=

a

a

xÌ≈yÍñ a = 

50

16

50

17

2C

C

×
 = 

50

16 34

17 33

50
2

!

! !

! !

!
× ×

.

 = 1

í˛zòy•Ó˚î 6  ̂ òáyG ̂ Î  (1+x)2n  ~Ó˚ !Óhfl,Ï!ï˛Ó˚ Ùôƒ˛õò!ê˛ •°  
1 3 5 2 1. . ...( )

!

n

n

−
 2n xn ñ ̂ Îáy Ï̂l n  ~Ü˛!ê˛

ôlydÜ˛ xá[˛ §Çáƒy–

§Ùyôyl  ˆÎˆÏ•ï%˛  2n Î%@¬ñ (1 + x)2n  ~Ó˚  !Óhfl,Ï!ï˛Ó˚  Ùôƒ˛õò!ê˛ •°  
2

2
1

n
+









 ï˛Ù ˛õò xÌ≈yÍ  (n + 1)

ï˛Ù ˛õò –
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ˆÎ Ï̂•ï%̨ ñ   T
n+1 

 = 2nC
n
(1)2n – n(x)n = 2nC

n
xn  =  

( )!

! !

2n

n n
x

n

= 
2 2 1 2 2 4 3 2 1n n n

n n
x

n( ) ( )

! !

− − ... . . .

= 
1 2 3 4 2 2 2 1 2. . . ...( ) ( ) ( )

! !

n n n

n n
x

n− −

=
[ . . ...( )][ . . ...( )]

! !

1 3 5 2 1 2 4 6 2n n

n n

−
 xn

=  
[ . . ...( )] [ . . ... ]

! !

1 3 5 2 1 2 1 2 3n n

n n
x

n

n−

= 
[ ( )] !

! !

1 3 5 2 1
2

. . ...
.

n n

n n
x

n n−

= 
1 3 5 2 1

2
. . ...( )

!

n

n
x

n n−

í˛zòy•Ó˚î 7 (x + 2y)9ÈüÈ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ x6y3 ~Ó˚ §•à !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı ôˆÏÓ˚yñ (x + 2y)9 ~Ó˚ !Óhfl,Ï!ï˛Ó˚ (r + 1) ï˛Ù ˛õˆÏò x6y3 xyˆÏSÈ–

~álñ T
r+1 

 =  9C
r
 x9 –  r (2y)r  =  9C

r
 2 r . x9 – r . y r  –

 T
r + 1 

~ÓÇ x6y3 ˆï x G y ÈüÈ~Ó˚ âyˆÏï˛Ó˚ ï%˛°ly Ü˛ˆÏÓ˚ñ xyÙÓ˚y ˛õy•z r = 3 –

xï˛~Ó  x6y3  ~Ó˚ §•à •° ÈüüüÈ

9C
3
 2 3  = 

9

3 6
2

9 8 7

3 2
2

3 3!

! !
.

. .

.
.=  = 672 –

í˛zòy•Ó˚î 8  (x + a)n ~Ó˚ !Óhfl,Ï!ï˛Ó˚ !mï˛#Î˚ñ ï,˛ï˛#Î˚ G ã˛ï%˛Ì≈ ˛õò ÎÌyÜ ˛ˆÏÙ 240, 720 G 1080 –  x, a ~ÓÇ
n !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ≤Ãò_ ˆÎ !mï˛#Î˚ ˛õò  T
2
 = 240

xyÙÓ˚y çy!lñ T
2 
= nC

1
xn – 1 . a

xï˛~Óñ nC
1
xn–1 . a = 240 ... (1)
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~Ü˛•zË˛y Ï̂Ó nC
2
xn–2 a2 = 720 ... (2)

~ÓÇ nC
3
xn–3 a3 = 1080 ... (3)

(2) ˆÜ˛  (1) !òˆÏÎ˚ Ë˛yà Ü˛ˆÏÓ˚ ˛õy•zÈñ
n n

n n

x a

x a

C

C

2

2 2

1

1

720

240

−

−
=   xÌ≈yÍñ  

( )!

( )!
.

n

n

a

x

−

−
=

1

2
6

Óy
a

x n
=

−

6

1( )
... (4)

(3) ˆÜ˛  (2) !òˆÏÎ˚ Ë˛yà Ü˛ˆÏÓ˚ ˛õy•zÈñ

a

x n
=

−

9

2 2( )
... (5)

(4) ~ÓÇ˛  (5) ˆÌˆÏÜ˛ ˛õy•zÈñ

6

1

9

2 2n n−
=

−( )
xï˛~Ó, n = 5

~ál (1) ˆÌˆÏÜ˛ ˛õy•z, 5x4a = 240 ~ÓÇ (4) ˆÌˆÏÜ˛ ˛õy•zñ 
a

x
=

3

2

 a ~ÓÇ x ~Ó˚ çlƒ ~•z §Ù#Ü˛Ó˚îà%ˆÏ°y §Ùyôyl Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zñ  x = 2 ~ÓÇ a = 3

í z̨òy•Ó˚î 9  (1 + a)n  ̨~Ó˚ !Óhfl,Ï!ï˛Ó˚  õÓ˚ õÓ˚ !ï˛l!ê˛ ̨õ Ï̂òÓ˚ §•àÈüÈ~Ó˚ xl%̨ õyï˛ 1: 7 : 42 • Ï̂° n !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı ôˆÏÓ˚yñ  (1 + a)n  ~Ó˚ !Óhfl,Ï!ï˛Ó˚ ˛õÓ˚ ˛õÓ˚ !ï˛l!ê˛ ˛õò ˛•° (r – 1) ï˛Ùñ r  ï˛Ù ~ÓÇ (r + 1) ï˛Ù
˛õò–

 (r – 1) ï˛Ù ˛õò •°  nC
r – 2 

ar – 2, ~ÓÇ ~Ó˚ §•à nC
r – 2

 – ~Ü˛•zË˛yˆÏÓñ  r ï˛Ù ~ÓÇ (r + 1)th  ï˛Ù ˛õˆÏòÓ˚
§•à ÎÌyÜ ˛ˆÏÙ  nC

r – 1
 ~ÓÇ  nC

r 
 –

ˆÎˆÏ•ï%˛ §•àà%ˆÏ°y 1 : 7 : 42 xl%˛õyˆÏï˛ xyˆÏSÈñ ï˛y•z xyÙÓ˚y ̨ õy•zñ
n

r

n

r

C

C

−

−

=2

1

1

7
,  xÌ≈yÍñ  n – 8r + 9 = 0 ... (1)

~ÓÇñ
n

r

n

r

C

C

− =1
7

42
 ,  xÌ≈yÍñ n – 7r + 1 = 0 ... (2)

(1) ~ÓÇ (2) §Ùyôyl Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zñ  n = 55 –
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xl%¢#°l#  8.2

§•à !lî≈Î˚ Ü˛ˆÏÓ˚y ı
1. (x + 3)8  ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ x5  ~Ó˚ – 2. (a – 2b)12 ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ a5b7 ~Ó˚ –

!l¡¨!°!áï˛ !Óhfl,Ï!ï˛à%̂ Ï°yÓ˚ §yôyÓ˚î˛õò ̂ ° Ï̂áy ı

3. (x2 – y)6 4. (x2 – yx)12, x ≠ 0.

5.  (x – 2y)12 ~Ó˚ !Óhfl,Ï!ï˛Ó˚ ã˛ï%˛Ì≈ ˛õò !lî≈Î˚ Ü˛ˆÏÓ˚y–

6. 9
1

3

18

x

x

−








 ,  x ≠  0 ~Ó˚ !Óhfl,Ï!ï˛Ó˚ 13 ï˛Ù ˛õò!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

!l¡¨!°!áï˛ !Óhfl,Ï!ï˛à%̂ Ï°yÓ˚ Ùôƒ˛õòà%̂ Ï°y !lî≈Î˚ Ü˛ Ï̂Ó˚y ı

7.  3
6

3
7

−










x

8. 
x

y
3

9

10

+








  .

9. ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ (1 + a)m+n ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ am  ~ÓÇ an ~Ó˚ §•àà%ˆÏ°y §Ùyl–

10. (x + 1)n ~Ó˚ !Óhfl,Ï!ï˛Ó˚ (r – 1) ï˛Ùñ  r ï˛Ù ~ÓÇ (r + 1) ï˛Ù ˛õˆÏòÓ˚ §•àà%ˆÏ°yÓ˚ xl%˛õyï˛ 1 : 3 :

5 •ˆÏ°  n ~ÓÇ  r !lî≈Î˚ Ü˛ˆÏÓ˚y–

11. ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ (1 + x)2n ÈüÈ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ xn ~Ó˚ §•àñ (1 + x)2n – 1 ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ xn ~Ó˚ §•à
~Ó˚ !mà%î–

12. (1 + x)m ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ x2 ~Ó˚ §•à 6 • Ï̂° ÈmüÈ~Ó˚ ~Ü˛!ê˛ ôlydÜ˛ Ùyl ˆÓÓ˚ Ü˛ Ï̂Ó˚y–

!Ó!Óô í˛zòy•Ó˚î

í z̨òy•Ó˚î  10  
3

2

1

3

2

6

x
x

−








  ÈüÈ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ x !lÓ˚ˆÏ˛õ«˛ ˛õò!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  xyÙÓ˚y ˛õy•zñ   T
r + 1 

= 
6 2

6

3

2

1

3
C

r

r r

x
x









 −











−

    = 
6

6

2
63

2
1

1 1

3
C

r

r
r r

r

r
x

x









 ( ) −( ) 



















−
−
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= ( )
( )

( )
−

−

−
−

1
3

2

6

6 2

6

12 3r

r

r

r

r
xC

˛õò!ê˛  x  !lÓ˚ˆÏ˛õ«˛ •ˆÏÓ Î!ò xÈüÈ~Ó˚ âyï˛ ¢)lƒ •Î˚ xÌ≈yÍ  12 – 3r = 0 •Î˚  xÌ≈yÍñ r = 4 •Î˚–

xï˛~Óñ ˛õM˛Ù ˛õò!ê˛  x !lÓ˚ˆÏ˛õ«˛ ˛õò ~ÓÇ ˛õò!ê˛ •°  (– 1)4  6 C
4 

( )

( )

3

2

5

12

6 8

6 4

−

−
=  –

í˛zòy•Ó˚î 11  ˛(1 + a)n ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ Î!ò ar – 1, ar ~ÓÇ ar + 1 ~Ó˚ §•àà%ˆÏ°y §Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyˆÏÜ˛ñ
ï˛ Ï̂Ó ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ  n2 – n(4r + 1) + 4r2 – 2 = 0 –

§Ùyôyl  ı !Óhfl,Ï!ï˛ Ï̂ï˛ (r + 1) ï˛Ù ̨õò!ê˛ •° nC
r
ar – ï˛y•z ~!ê˛ ̂ òáy Ï̂ly ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚ ̂ Î (r + 1) ï˛Ù ̨õò!ê˛ Ï̂ï˛

ar xy Ï̂SÈ ~ÓÇ ~Ó˚ §•à •°  nC
r
– xï˛~Ó ar – 1 ñ ar ~ÓÇ ar  +  1 ~Ó˚ §•àà%ˆÏ°y •° ÎÌyÜ ˛ˆÏÙ  nC

r – 1
, nC

r

~ÓÇ  nC
r + 1

– ˆÎˆÏ•ï%˛ ~•z §•àà%ˆÏ°y §Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈñ ï˛y•z xyÙÓ˚y ˛õy•z nC
r – 1

+ nC
r + 1 

= 2.nC
r
–

~ ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ñ

n

r n r

n

r n r

n

r n r

!

( )!( )!

!

( )!( )!

!

!( )!− − +
+

+ − −
= ×

−1 1 1 1
2

xÌ≈yÍñ
1

1 1 1

1

1 1 1( )!( ) ( ) ( )! ( ) ( ) ( )!( )!r n r n r n r r r r n r− − + − − −
+

+ − − −

= ×
− − − −

2
1

1 1r r n r n r( )!( ) ( )!

xÌ≈yÍñ
1

1 1

1

1

1

1( )! ( )! ( ) ( ) ( ) ( )r n r n r n r r r− − − − − +
+

+











  
 

 
  

  

= ×
− − − −

2
1

1 1( )! ( )![ ( )]r n r r n r� �

Óyñ
1

1

1

1

2

( ) ( ) ( ) ( )n r n r r r r n r− + −
+

+
=

− ,

Óyñ
r r n r n r

n r n r r r r n r

( ) ( ) ( )

( ) ( ) ( ) ( )

+ + − − +

− − + +
=

−

1 1

1 1

2

 

Óyñ         r(r + 1) + (n – r) (n – r + 1) = 2 (r + 1) (n – r + 1)

Óyñ r2 + r + n2 – nr + n – nr + r2 – r = 2(nr – r2 + r + n – r + 1)
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Óyñ n2 – 4nr – n + 4r2 – 2 = 0

Óyñ n2 – n (4r + 1) + 4r2 – 2 = 0

í z̨òy•Ó˚î 12  ̂ òáyG ̂ Î  (1 + x)2n  ~Ó˚ !Óhfl,Ï!ï˛Ó˚ Ùôƒ˛õò!ê˛Ó˚ §•àñ  (1 + x)2n – 1 ~Ó˚ !Óhfl,Ï!ï˛Ó˚ Ùôƒ˛õò ò%!ê˛Ó˚
§•àà%̂ Ï°yÓ˚ §Ù!T˛Ó˚ §Ùyl–

§Ùyôyl  ˆÎˆÏ•ï%˛  2n Î%@¬ñ ï˛y•z  (1 + x)2n ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ ~Ü˛!ê˛ Ùye Ùôƒ˛õò ÌyˆÏÜ˛ ~ÓÇ ˛õò!ê˛ •°

2

2
1

n
+









  ÈüÈï˛Ù ˛õò xÌ≈yÍñ  (n + 1) ï˛Ù ˛õò–

 (n + 1)  ï˛Ù ˛õò!ê˛ •° 2nC
n
xn – ~ˆÏï˛  xn  ~Ó˚ §•à •°  2nC

n
  –

~Ü˛•zË˛y Ï̂Óñ  (2n – 1) xÎ%@¬ ̨•GÎ˚yÎ˚ñ x˛õÓ˚ !Óhfl,Ï!ï˛!ê˛Ó˚ ò%!ê˛ Ùôƒ˛õò xy Ï̂SÈ ~ÓÇ ̨õòà%̂ Ï°y •°  
2 1 1

2

n − +









ï˛Ù ~ÓÇ  
2 1 1

2
1

n − +
+









 ï˛Ù ˛õò xÌ≈yÍñ  n ï˛Ù ~ÓÇ (n + 1) ï˛Ù ˛õò– ~ ˛õòà%ˆÏ°yÓ˚ §•à ÎÌyÜ ˛ˆÏÙ

2n – 1C
n – 1 

 ~ÓÇ  2n – 1C
n
  –

~álñ    2n – 1C
n – 1 

+  2n – 1C
n
= 2nC

n
[ˆÎˆÏ•ï%˛ñ  nC

r – 1
+ nC

r
 = n + 1C

r
] – å≤ÃÙy!îï ä

í˛zòy•Ó˚î 13 !m˛õò í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚  (1 + 2a)4 (2 – a)5 à%îÊ˛° ˆÌˆÏÜ˛ a4 ~Ó˚ §•à !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı xyÙÓ˚y ≤ÃÌˆÏÙ !m˛õò í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ≤Ãò_ à%îÊ˛ˆÏ°Ó˚ ≤Ã!ï˛!ê˛ í˛zÍ˛õyòÜ˛ˆÏÜ˛ !Óhfl,Ïï˛ Ü˛!Ó˚–
xyÙÓ˚y ̨ õy•zñ

(1 + 2a)4 = 4C
0 
+ 4C

1
 (2a) + 4C

2
 (2a)2 + 4C

3 
(2a)3 + 4C

4
 (2a)4

= 1 + 4 (2a) + 6(4a2) + 4 (8a3) + 16a4.

= 1 + 8a + 24a2 + 32a3 + 16a4

~ÓÇ (2 – a)5 = 5C
0
  (2)5 – 5C

1
 (2)4 (a) + 5C

2 
(2)3 (a)2 – 5C

3
 (2)2 (a)3

 + 5C
4 
(2) (a)4 – 5C

5
 (a)5

= 32 – 80a + 80a2 – 40a3 + 10a4  – a5

~Ë˛yˆÏÓñ  (1 + 2a)4 (2 – a)5

= (1 + 8a + 24a2 + 32a3+ 16a4) (32 –80a + 80a2– 40a3 + 10a4– a5)

ò%!ê˛ Órôl#Ó˚ §¡õ)î≈ à%î Ü˛ Ï̂Ó˚ §Óà%̂ Ï°y ̨õò ̂ °áyÓ˚ ≤Ã Ï̂Î˚yçl ̂ l•z– xyÙÓ˚y  ¢%ô%Ùye a4 Î%=˛ ̨õòà%̂ Ï°y !°á Ï̂Óy–
~!ê˛ Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚ Î!ò xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎ ar. a4 – r = a4– a4 Î%=˛ ˛õòà%ˆÏ°y •°Èüü
1 (10a4) + (8a) (–40a3) + (24a2) (80a2) + (32a3) (– 80a) + (16a4) (32) = – 438a4
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xï˛~Ó ñ ≤Ãò_ à%îÊ˛ Ï̂° a4 ~Ó˚ §•à – 438

í˛zòy•Ó˚î 14  (x + a)n ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ ˆ¢£Ï!òÜ˛ ˆÌˆÏÜ˛ Èr  üÈï˛Ù ˛õò!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı (x + a)n  ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ (n + 1) §ÇáƒÜ˛ ̨ õò xyˆÏSÈ– ̨ õòà%ˆÏ°y °«˛ Ü˛ˆÏÓ˚ xyÙÓ˚y Ó°ˆÏï˛ ̨ õy!Ó˚ ̂ Î
ˆ¢£Ï!òÜ˛ ˆÌˆÏÜ˛ ≤ÃÌÙ ˛õò!ê˛•z •° ˆ¢£Ï˛õò xÌ≈yÍñ !Óhfl,Ï!ï˛Ó˚ (n + 1) ï˛Ù ˛õò ~ÓÇ n + 1 = (n + 1) – (1

– 1)– ˆ¢£Ï!òÜ˛ ˆÌˆÏÜ˛ !mï˛#Î˚ ˛õò!ê˛ •° !Óhfl,Ï!ï˛Ó˚ Èn üÈï˛Ù ˛õòñ ~ÓÇ n = (n + 1) – (2 – 1) – ˆ¢£Ï!òÜ˛
ˆÌˆÏÜ˛ ï,˛ï˛#Î˚ ˛õò!ê˛ •° !Óhfl,Ï!ï˛Ó˚ (n – 1) ï˛Ù ˛õò ~ÓÇ n – 1 = (n + 1) – (3 – 1) ~ÓÇ ~Ë˛yˆÏÓ ã˛°ˆÏï˛
ÌyÜ˛ˆÏÓ– ï˛y•z ˆ¢£Ï!òÜ˛ ˆÌˆÏÜ˛ r ï˛Ù ˛õò!ê˛ •ˆÏÓ !Óhfl,Ï!ï˛Ó˚ (n + 1) – (r – 1) = (n – r + 2) ï˛Ù ˛õò ~ÓÇ
(n – r + 2) ï˛Ù ˛õò!ê˛ •° nC

n – r + 1
 xr – 1 an – r + 1–

í˛zòy•Ó˚î  15   x

x

3

3

18

1

2
+









 ,  x > 0  ~Ó˚ !Óhfl,Ï!ï˛Ó˚  x !lÓ˚ˆÏ˛õ«˛ ˛õò!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı ˛xyÙÓ˚y ˛õy•zñ  T
r + 1

 = 
18

C
r

r
r

x

x

3
18

3

1

2
( ) 









−

  
=

−
18

18

3

3

1

2

C
r

r

r

r
x

x

.

.

= 
18

18 2

3
1

2
C

r r

r

x.

−

ˆÎˆÏ•ï%˛ xyÙyˆÏòÓ˚ x !lÓ˚ˆÏ˛õ«˛ ˛õò ˆÓÓ˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓñ ï˛y•z  
18 2

3
0

−
=

r
 ñ Îy ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z  r = 9–

§%ï˛Ó˚yÇñ !lˆÏî≈Î˚ x !lÓ˚ˆÏ˛õ«˛ ˛õò!ê˛ •°  18C
9
 

1

2
9

 –

í˛zòy•Ó˚î 16    x

x

m

−










3

2
,  ˆÎáyˆÏl  x ≠ 0 G m ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒyñ ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ ≤ÃÌÙ !ï˛l!ê˛

˛õˆÏòÓ˚ §•àà%ˆÏ°yÓ˚ §Ù!T˛  559 – !Óhfl,Ï˛!ï˛ˆÏï ˛ x3 Î%=˛ ˛õò!ê˛ ˆÓÓ˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  x

x

m

−










3

2  ~˛Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ ≤ÃÌÙ !ï˛l!ê˛ ˛õˆÏòÓ˚ §•à •° ÎÌyÜ ˛ˆÏÙ mC
0 
, (–3) mC

1 
 ~ÓÇ

9 mC
2
 – §%ï˛Ó˚yÇñ ≤Ãò_ ¢ï≈˛yl%§yˆÏÓ˚ xyÙÓ˚y ˛õy•zñ

mC
0
 –3 mC

1
+ 9 mC

2 
= 559,   xÌ≈yÍñ  1 – 3m + 

9 1

2
559

m m( )−
=

Îy ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ñ  m = 12 (ˆÎˆÏ•ï%˛ m ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy) –
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~álñ T
r + 1

 =  12C
r 
x12 – r −











3

2
x

r

    =  12C
r

 (– 3)r . x12 – 3r

ˆÎˆÏ•ï%˛ñ xyÙyˆÏòÓ˚  x3 Î%=˛ ˛õò!ê˛ ≤ÃˆÏÎ˚yçlñ ï˛y•z ôˆÏÓ˚yñ 12 – 3r = 3 xÌ≈yÍñ  r = 3.

xï˛~Óñ !lˆÏî≈Î˚ ˛õò!ê˛ •°  12C
3

 (– 3)3  x3,   xÌ≈yÍñ  – 5940 x3 –

í˛zòy•Ó˚î 17 (1 + x)34 ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ Î!ò (r – 5) ï˛Ù ~ÓÇ (2r – 1) ï˛Ù ˛õˆÏòÓ˚ §•à §Ùyl •Î˚ñ ï˛ˆÏÓ r
!lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı  (1 + x)34 ~Ó˚ !Óhfl,Ï!ï˛Ó˚  (r – 5) ï˛Ù ~ÓÇ (2r – 1) ï˛Ù ˛õˆÏòÓ˚ §•à ÎÌyÜ ˛ˆÏÙ 34C
r – 6

  ~ÓÇ
34C

2r – 2 
– ˆÎˆÏ•ï%˛ ï˛yÓ˚y §Ùyl ï˛y•z  34C

r – 6
 = 34C

2r – 2

§%ï˛Ó˚yÇ ñ •Î˚  r – 6 = 2r – 2  xÌÓy  r–6 = 34 – (2r – 2)

[Î!ò  nC
r 
= nC

p  
 •Î˚ñ  ï˛ˆÏÓ  r = p  xÌÓy  r = n – p]

xï˛~Óñ xyÙÓ˚y ˛õy•z  r = – 4 xÌÓy  r = 14 – ˆÎˆÏ•ï%˛  r ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒyñ ï˛y•z r = – 4 x§Ω˛Ó–
§%%ï˛Ó˚yÇ ñ   r = 14 –

xôƒyÎ˚ 8ÈüÈ~Ó˚ !Ó!Óô xl%¢#°l#

1. (a + b)n  ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ ≤ÃÌÙ !ï˛l!ê˛ ˛õò ÎÌyÜ ˛ˆÏÙ 729, 7290 ~ÓÇ 30375 •Î˚ñ ï˛ˆÏÓ a, b ~ÓÇ
n ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

2. (3 + ax)9 ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ x2  ~ÓÇ x3  ~Ó˚ §•à §Ùyl •ˆÏ°  a  !lî≈Î˚ Ü˛ˆÏÓ˚y–

3. !m˛õò í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yˆÏà (1 + 2x)6 (1 – x)7 à%îÊ˛° ˆÌ Ï̂Ü˛ x5 ~Ó˚ §•à !lî≈Î˚ Ü˛ˆÏÓ˚y–
4. Î!ò  a G b !Ë˛ß¨ xá[˛ §Çáƒy •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ an – bn ~Ó˚ ~Ü˛!ê˛ í z̨Í˛õyòÜ˛ •° a – bñ

Îál n ~Ü˛!ê˛ ôlydÜ˛ xá[˛ §Çáƒy–

[•z!Aàï˛ ı an = (a – b + b)n ˆ°ˆÏáy ~ÓÇ !Óhfl,Ïï˛ Ü˛ˆÏÓ˚y]

5. 3 2 3 2
6 6

+( ) − −( ) ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

6. a a a a
2 2

4
2 2

4

1 1+ −( ) + − −( ) ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

7. (0.99)5  ~Ó˚ !Óhfl,Ï!ï˛Ó˚ ≤ÃÌÙ !ï˛l!ê˛ ̨ õò ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ~Ó˚ xy§ß¨ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

8. 2
1

3

4

4
+











n

 ~Ó˚ !Óhfl,Ï!ï˛Ó˚ ¢%Ó%̊ ̂ Ì Ï̂Ü˛ ̨ ˛õM˛Ù ̨õò ~ÓÇ ̂ ¢£Ï!òÜ˛ ̂ Ì Ï̂Ü˛ ̨õM˛Ù ̨õò ò%!ê˛Ó˚ xl%̨ õyï˛ Î!ò

6 1:  •Î˚ñ ï˛ˆÏÓ ÈnüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
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9. !m˛õò í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚  1
2

2
0

4

+ −








 ≠

x

x
x,  ˆÜ˛ !Óhfl,Ïï˛ Ü˛ˆÏÓ˚y–

10. !m˛õò í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚  (3x2 – 2ax + 3a2)3 ÈüÈ~Ó˚ !Óhfl,Ï!ï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§yÓ˚§Ç Ï̂«˛˛õ

® !m˛õò í˛z˛õ˛õyòƒ!ê˛ •° n  ~Ó˚ ôlydÜ˛ xá[˛ ÙyˆÏl ~Ü˛!ê˛ !m˛õò Ó˚y!¢Ó˚ !Óhfl,Ï!ï˛ñ Îy •°

(a + b)n = nC
0
an + nC

1
an – 1b + nC

2
an – 2b2 + ...+  nC

n – 1
a.bn – 1 + nC

n
bn –

® !Óhfl,Ï!ï˛Ó˚ §•àà%ˆÏ°y ~Ü˛!ê˛ §IyÎ˚ §yçyˆÏly˛ ÌyˆÏÜ˛– ~•z §Iy!ê˛ˆÏÜ˛ ̨õyflÒy° !eË%˛ç   Ó°y •Î˚–

®  (a + b)n  !Óhfl,Ï!ï˛Ó˚ §yôyÓ˚î ˛õò •°  T
r + 1 

= nC
r
an  –  r. br –

®  (a + b)n  !Óhfl,Ï!ï˛ˆÏï˛ñ Î!ò n Î%@¬ •Î˚ñ ï˛ˆÏÓ Ùôƒ˛õò!ê˛ •ˆÏÓ 
n

2
1+









  ï˛Ù ̨õò– Î!ò n xÎ%@¬ •Î˚ñ

ï˛ˆÏÓ Ùôƒ˛õòà%ˆÏ°y •ˆÏÓ  
n

2
1+









  ï˛Ù ˛õò ~ÓÇ 

n +
+











1

2
1  ï˛Ù ˛õò–

˙!ï˛•y!§Ü˛ ˆ≤Ã«˛y˛õê˛

≤Ãyã˛#l Ë˛yÓ˚ï˛#Î˚ à!îï˛K˛Ó˚y (x + y)n, 0 ≤ n ≤ 7 ~Ó˚ !Óhfl,Ï!ï˛Ó˚ §•à §¡õˆÏÜ≈˛ çylˆÏï˛l–
à!îï˛K˛ !˛õAày°y åPingalaäñ ïÑ˛yÓ˚ Ó˚!ã˛ï˛ ˛õ%hflÏÜ˛ Chhanda shastra (200B.C.) ˆï˛ ~•z
§•àà%̂ Ï°y Ï̂Ü˛ !ã˛eyÜ˛y Ï̂Ó̊ !ÓlƒhflÏ Ü˛ Ï̂Ó̊l Îy Ï̂Ü˛ Ó°y •Î̊ ̂ ÙÓ̊%ÈüÈ≤ÃhflÏÓ̊ åMeru-Prastaraä – ~•z !eË%̨çyÜ˛yÓ̊
§Iy ̃ ã˛!lÜ˛ à!îï˛K˛ Chu-shi-kie (1303) ~Ó̊ ̨õ%hflÏ̂ ÏÜ˛G ̨õyGÎ̊y !à Ï̂Î̊!SÈ°– çyÙ≈yl à!îï˛K˛ Michael

Stipel (1486-1567) xyl%Ùy!lÜ˛ 1544 !á fiê˛y Ï̂∑ !m˛õò §•à ¢∑!ê˛ ≤ÃÌÙ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚l– ï˛ySÈyí ¸̨y
Bombelli (1572) G (a + b)n !Óhfl,Ï!ï˛Ó˚ §•à n = 1, 2, ...,7  ̨õÎ≈hs˝ àîly Ü˛ Ï̂Ó˚l ~ÓÇ Oughtred

(1631)ñ n = 1, 2,..., 10 ˛õÎ≈hs˝ §•àà%ˆÏ°y Óî≈ly Ü˛ˆÏÓ˚l–  ˛õy!ê˛à!îï˛#Î˚ !eË%˛ç åarithmetic

triangleä Îy ̨õy Ï̂flÒ Ï̂°Ó˚ !eË%̨ ç !• Ï̂§ Ï̂Ó çl!≤ÃÎ˚ ~ÓÇ ~Ü˛•zË˛y Ï̂Ó à!îï˛K˛ Pingala ~Ó˚ ̂ ÙÓ%̊ÈüÈ≤ÃhflÏÓ˚
ˆÊ ˛M˛ à!îï˛K˛ Blaise Pascal (1623-1662) 1665 !á fiê˛yˆÏ∑ àë˛l Ü˛ˆÏÓ˚!SÈˆÏ°l–

xá[˛ Ùyl n ~Ó˚ çlƒ !m˛õò í˛z˛õ˛õyˆÏòƒÓ˚ xyô%!lÜ˛ xyÜ˛yÓ˚ ̨ õyˆÏflÒ° Ó˚!ã˛ï˛ Trate du triange

arithmetic ˛õ%hflÏˆÏÜ˛ ˆ°áy •ˆÏÎ˚!SÈ°ñ Îy 1665 §yˆÏ° í˛zlyÓ˚ Ù,ï%˛ƒÓ˚ ˛õÓ˚ ≤ÃÜ˛y!¢ï˛ •ˆÏÎ˚ˆÏSÈ–

— vvvvv —



vNatural numbers are the product of human spirit. – DEDEKIND v

 9.1 Ë)̨ !ÙÜ˛y

§yôyÓ˚î •zÇˆÏÓ˚!ç xˆÏÌ≈•z à!îˆÏï˛ “sequence” åxl%Ü ˛Ùä ¢∑!ê˛
ÓƒÓ•,ï˛ •Î˚– Îál xyÙÓ˚y Ó!° !Ü˛S%È Ó›Ó˚ §Ç@˝Ã• xl%Ü ˛ˆÏÙ ï˛y!°Ü˛yÓÂô
xyˆÏSÈñ ï˛ál xyÙÓ˚y §yôyÓ˚îï˛ Ó%V˛ˆÏï˛ ̨õy!Ó˚ §Ç@˝Ã•ˆÏÜ˛ ~Ó˚)˛õ Ü ˛ˆÏÙ §yçyˆÏly
•ˆÏÎ˚ˆÏSÈ ˆÎñ xyÙÓ˚y ï˛yÓ˚ ≤ÃÌÙ §ò§ƒñ !mï˛#Î˚ §ò§ƒñ ï,˛ï˛#Î˚ §ò§ƒ ~ÓÇ
˛õÓ˚Óï≈˛# §ò§ƒˆÏòÓ˚ !ã˛!•´ï˛ Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚– í˛zòy•Ó˚îfl∫Ó˚)˛õñ !Ó!Ë˛ß¨ §ÙˆÏÎ˚Ó˚
ÓƒÓôyˆÏl çl§Çáƒy xÌÓy ÓƒyÜ˛ˆÏê˛!Ó˚Î˚yÓ˚ Ó,!Âô ~Ü˛!ê˛ xl%Ü ˛Ù àë˛l Ü˛ˆÏÓ˚–
Ü˛ˆÏÎ˚Ü˛ ÓSÈÓ˚ ôˆÏÓ˚ ÓƒyÇˆÏÜ˛˛ çÙy ˆòGÎ˚y xÌ≈ åê˛yÜ˛yä ~Ü˛!ê˛ xl%Ü ˛Ù àë˛l
Ü˛ Ï̂Ó˚– ̂ Ü˛ylG ̨õ Ï̂îƒÓ˚ Ù)̂ Ï°ƒÓ˚ xÓlÙl ~Ü˛!ê˛ xl%Ü ̨ Ï̂Ù • Ï̂Î˚ Ìy Ï̂Ü˛– §%ï˛Ó˚yÇ
Ùyl%̂ Ï£ÏÓ˚ Ü˛yÎ≈Ü˛°y Į̈̂ õÓ˚ !Ó!Ë˛ß¨ ̂ «˛ Ï̂e•z xl%Ü ̨ Ï̂ÙÓ˚ à%Ó%̊c˛õ)î≈ ÓƒÓ•yÓ˚ Ó˚̂ ÏÎ˚̂ ÏSÈ–

xl%Ü ̨ Ùñ ~Ü˛!ê˛ !l!ò≈T˛ lÙ%ly Óy ̨õƒyê˛yl≈ åpatternä xl%§Ó˚î Ü˛Ó˚̂ Ï°
ï˛y Ï̂Ü˛ Ó°y •Î˚ ≤Ãà!ï˛ åprogressionä– xy Ï̂àÓ˚ ̂ ◊!î Ï̂ï˛ ̂ ï˛yÙÓ˚y §Ùyhs˝Ó˚
≤Ãà!ï˛ [arithmetic progression (A.P)] §¡∫ˆÏrô ˛õˆÏí˛¸SÈ– ~•z xôƒyˆÏÎ˚ xyÙÓ˚y §Ùyhs˝Ó˚ ≤Ãà!ï˛ §¡õˆÏÜ≈˛
xyÓ˚G xyˆÏ°yã˛lyÓ˚ ˛õy¢y˛õy!¢ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ åarithmetic mean or A.M.äñ à%ˆÏîy_Ó˚#Î˚ ÙôƒÜ˛
ågeometric mean or G.M.äñ §Ùyhs˝Ó˚#Î˚ G à%ˆÏîy_Ó˚#Î˚ ÙôƒˆÏÜ˛Ó˚ ÙˆÏôƒ §¡õÜ≈˛ñ ˛õÓ˚˛ õÓ˚ n §ÇáƒÜ˛
fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ̊ !Ó Ï̂¢£Ï ̂ ◊!îÓ̊ ̂ ÎyàÊ˛°ñ n §ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ̊ Ó Ï̂à≈Ó̊ §Ù!T˛ ~ÓÇ n §ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛
§ÇáƒyÓ˚ âlÈüÈ~Ó˚ §Ù!T˛ !lî≈Î˚  §¡∫ˆÏrôG xôƒÎ˚l Ü˛Ó˚Ó–

9.2  xl%Ü ˛Ù åSequencesä

~ˆÏ§y xyÙÓ˚y l#ˆÏã˛Ó˚ í˛zòy•Ó˚îà%ˆÏ°y ̂ ò!á ı

ô Ï̂Ó˚ lyGñ ~áy Ï̂l ~Ü˛!ê˛ ≤Ãç Ï̂ß√Ó˚ ̨õyÌ≈Ü˛ƒ 30 ÓÍ§Ó˚ñ xyÙÓ˚y ̂ Ü˛y Ï̂ly Óƒ!=˛Ó˚ xyl%Ùy!lÜ˛ 300 ÓSÈ Ï̂Ó˚Ó˚
í z̨̨ õÓ˚ ̨õ)Ó≈̨ õ%Ó%̊̂ Ï£ÏÓ˚ xÌ≈yÍ ÙyÈüÈÓyÓñ òyò%ÈüÈ!òòyñ Ó Ï̂í ¸̨y òyò%ÈüÈÓ Ï̂í ¸̨y !òòy •zï˛ƒy!òÓ˚ §Çáƒy !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ Ó°Ó–

~áyˆÏl ̨õ)Ó≈˛õ%Ó˚%ˆÏ£ÏÓ˚ ̂ Ùyê˛ §Çáƒy = 
300

30
10=

!Ê˛ˆÏÓyly!Fã˛ (Fibonacci)

(1175-1250 !á /)

xôƒyÎ˚ 9

(SEQUENCES AND SERIES)

xl%Ü ˛Ù G ˆ◊!î
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≤ÃÌÙñ !mï˛#Î˚ñ ï,˛ï˛#Î˚ñ ÉÉÉñ ò¢Ù ≤ÃçˆÏß√Ó˚ çlƒ Óƒ!=˛Ó˚ ̨ õ)Ó≈˛õ%Ó˚%ˆÏ£ÏÓ˚ §Çáƒy •° 2, 4, 8, 16, 32, …, 1024–
~•z §Çáƒyà%ˆÏ°y ~Ü˛!ê˛ xl%Ü ˛Ù àë˛l Ü˛ˆÏÓ˚ñ ~!ê˛ xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚–

10 ˆÜ˛ 3 !òˆÏÎ˚ Ë˛yà Ü˛Ó˚yÓ˚ §ÙÎ˚ Ë˛yˆÏàÓ˚ !Ó!Ë˛ß¨ ôyˆÏ˛õ ˛õÓ˚˛ õÓ˚ ≤ÃyÆ Ë˛yàÊ˛°à%ˆÏ°y !Óã˛yÓ˚ Ü˛ˆÏÓ˚y– ~•z
˛õÂô!ï˛ Ï̂ï˛ xyÙÓ˚y ̨õy•z 3,3.3,3.33,3.333, ... ~ÓÇ ~Ó)̊̂ Į̈ õ ã˛° Ï̂Ó– ~•z Ë˛yàÊ˛°à%̂ Ï°yG ~Ü˛!ê˛ xl%Ü ̨ Ù àë˛l
Ü˛ Ï̂Ó˚– ~Ü˛!ê˛ xl%Ü ̨ Ï̂Ù ̂ Î §Çáƒyà%̂ Ï°y Ìy Ï̂Ü˛ ï˛y Ï̂òÓ˚ xyÙÓ˚y ̨õò återmä Ó!°– xl%Ü ̨ Ï̂ÙÓ˚ ̨õòà%̂ Ï°y Ï̂Ü˛ xyÙÓ˚y
a

1
, a

2
, a

3
, …, a

n
, … •zï˛ƒy!ò !òˆÏÎ˚ ≤ÃÜ˛y¢ Ü˛!Ó˚– ≤ÃˆÏï˛ƒÜ˛ ˛õˆÏòÓ˚ §yˆÏÌ ˆ°áy §Çáƒyà%ˆÏ°y ï˛yÓ˚ xÓfiÌyl

!lˆÏò≈¢ Ü˛Ó˚ˆÏSÈ– n üÈï˛Ù ˛õò!ê˛ xl%Ü ˛Ù!ê˛Ó˚ n ÈüÈï˛Ù fiÌylˆÏÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚ ~ÓÇ ï˛yˆÏÜ˛ a
n 
!òˆÏÎ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

~•z n üï˛Ù ˛õò!ê˛ˆÏÜ˛ xl%Ü ˛ˆÏÙÓ˚ §yôyÓ˚î ˛õò ågeneral
 

termäG Ó°y •Î˚–
xï˛~Óñ í˛z˛õˆÏÓ˚ ≤Ãò_ Óƒ!=˛Ó˚ ≤ÃçˆÏß√Ó˚ ̨õ)Ó≈˛õ%Ó˚%ˆÏ£ÏÓ˚ §ÇáƒyÓ˚ xl%Ü ˛ˆÏÙ ̨õòà%ˆÏ°y •°
a

1
 = 2, a

2
 = 4, a

3
 = 8, …, a

10
 = 1024–

xl%Ó)̊̂ Į̈ õñ Ü ̨ !ÙÜ˛ Ë˛yàÊ˛ Ï̂°Ó˚ í z̨òy•Ó˚̂ Ïî
a

1
 = 3, a

2
 = 3.3, a

3
 = 3.33, …, a

6
 = 3.33333, •zï˛ƒy!ò–

ˆÎ xl%Ü ˛ˆÏÙ ˛õò §Çáƒy §§#Ù åfiniteä ï˛y Ï̂Ü˛ Ó°y •Î˚ §§#Ù xl%Ü ˛Ù– í˛zòy•Ó˚îfl∫Ó˚)˛õñ ˛õ)Ó≈˛õ%Ó˚%ˆÏ£ÏÓ˚
§ÇáƒyÓ˚ xl%Ü ˛Ù!ê˛ §§#Ù xl%Ü ˛Ù Ü˛yÓ˚î ~!ê˛ˆÏï˛ 10!ê˛ ̨õò å~Ü˛!ê˛ !l!ò≈T˛ §Çáƒyä xyˆÏSÈ–

~Ü˛!ê˛ xl%Ü ̨ Ù Ï̂Ü˛ x§#Ù  Ó°y •ˆÏÓ Î!ò ~!ê˛ §§#Ù xl%Ü ˛Ù ly •Î˚– í˛zòy•Ó˚îfl∫Ó˚)˛õñ í˛z˛õˆÏÓ˚Ó˚ Ü ˛!ÙÜ˛
Ë˛yàÊ˛ˆÏ°Ó˚ xl%Ü ˛Ù!ê˛ ~Ü˛!ê˛ x§#Ù xl%Ü ˛Ùñ x§#Ù ~•z xˆÏÌ≈ ˆÎ ~!ê˛ Ü˛áˆÏly•z ˆ¢£Ï •Î˚ ly–

xl%Ü ̨ Ï̂ÙÓ̊ !Ó!Ë˛ß̈ ̨õòà%̂ Ï°y Ï̂Ü˛ Ó#çày!î!ï˛Ü˛ §)̂ ÏeÓ̊ Ùyôƒ Ï̂Ù ≤ÃyÎ̊•z ≤ÃÜ˛y¢ Ü˛Ó̊y §Ω˛Ó •Î̊– í z̨òy•Ó̊îfl∫̨ õ)Ó̊ñ
fl∫yË˛y!ÓÜ˛ ̂ çyí˛¸ §ÇáƒyÓ˚ xl%Ü ˛Ù 2, 4, 6, … ̂ Ü˛ ôˆÏÓ˚ lyG–

~áy Ï̂lñ a
1
 = 2 = 2 × 1 a

2
 = 4 = 2 × 2

a
3
 = 6 = 2 × 3 a

4
 = 8 = 2 × 4

....     ....    .... ....     ....    ....

....     ....    .... ....     ....    ....

a
23

 = 46 = 2 × 23, a
24

 = 48 = 2 × 24, •zï˛ƒy!ò–

Ó›ï˛/ñ xyÙÓ˚y ̂ òáˆÏï˛ ̨õy!FSÈ ~•z xl%Ü ˛Ù!ê˛Ó˚  n ÈüÈï˛Ù ̨õò!ê˛ˆÏÜ˛ a
n
 =

 
 2n ̂ °áy ̂ ÎˆÏï˛ ̨õyˆÏÓ˚ñ ̂ ÎáyˆÏl

n ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy– xl%Ó˚)ˆÏ˛õñ fl∫yË˛y!ÓÜ˛ !ÓˆÏçyí˛¸ §ÇáƒyÓ˚ xl%Ü ˛Ù 1,3,5, …, ~Ó˚ n ÈüÈï˛Ù ̨õˆÏòÓ˚ §)e
• Ï̂Ó a

n
 = 2n – 1, ˆÎáyˆÏl n •° fl∫yË˛y!ÓÜ˛ §Çáƒy–
!Ü˛S%È §ÇáƒÜ˛ ̂ «˛ Ï̂e §ÇáƒyÓ˚ §Iyñ ̂ ÎÙl 1, 1, 2, 3, 5, 8,.. ~Ó˚ ̂ Ü˛y Ï̂ly flõT˛ ̨õƒyê˛yl≈ Óy lÙ%ly ̂ l•zñ

!Ü˛v xl%Ü ˛Ù!ê˛ §,!T˛ •ˆÏÎ˚ˆÏSÈ xyÓ,_ §¡õÜ≈˛ !òˆÏÎ˚ Îy !l¡¨Ó˚)˛õÈüüüÈ
a

1
 = a

2
 = 1

a
3
 = a

1
 + a

2

a
n
 = a

n – 2
 + a

n – 1
, n > 2

~•z xl%Ü ˛Ù!ê˛ˆÏÜ˛ ÓˆÏ° !Ê˛ˆÏÓyly!Fã˛ xl%Ü ˛Ù (Fibonacci sequence)–
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ˆÙÔ!°Ü˛ §ÇáƒyÓ˚ xl%Ü ˛Ù 2,3,5,7,…, ˆï˛ xyÙÓ˚y ˆò!á ˆÎ ~áy Ï̂l n ÈüÈï˛Ù ˆÙÔ!°Ü˛ §Çáƒy!ê˛ !lî≈Î˚
Ü˛Ó˚yÓ˚ ̂ Ü˛ylG §)e ̂ l•z– ~Ó˚Ü˛Ù xl%Ü ˛ÙˆÏÜ˛ ̂ Ü˛Ó°Ùye ̂ ÙÔ!áÜ˛Ë˛yˆÏÓ Óî≈ly Ü˛Ó˚y ÎyÎ˚–

≤ÃˆÏï˛ƒÜ˛ xl%Ü ˛ˆÏÙ xyÙÓ˚y xy¢y Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚ ly ˆÎ ï˛yÓ˚ ˛õòà%ˆÏ°yˆÏÜ˛ ~Ü˛!ê˛ !ÓˆÏ¢£Ï §)ˆÏe ≤ÃÜ˛y¢ Ü˛Ó˚y
Îy Ï̂Ó– ï˛yÓ˚̨ õ Ï̂Ó˚G xyÙÓ˚y xy¢y Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚ ~Ü˛!ê˛ ï˛_¥àï˛ ̨õ!Ó˚Ü˛“ly Óy !lÎ˚Ù Îy !ò Ï̂Î˚ a

1
, a

2
,
 
a

3
,…,a

n
,…

˛õòà%̂ Ï°y ̨õÓ˚̨ õÓ˚ §,!T˛ • Ï̂Î˚̂ ÏSÈ–
í˛z˛õˆÏÓ˚Ó˚ ï˛Ìƒ xl%ÎyÎ˚#ñ ~Ü˛!ê˛ xl%Ü ˛ÙˆÏÜ˛ xyÙÓ˚y ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ åfunctionä Ó˚)ˆÏ˛õ ˆòáˆÏï˛ ˛õy!Ó˚

ÎyÓ˚ ˆ«˛e ådomainä •° fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ê˛ xÌÓy ï˛yÓ˚ ˆÜ˛yˆÏly í˛z˛õÈüÈˆ§ê˛ åsubsetä {1, 2, 3,...k}

xyÜ˛yˆÏÓ˚Ó˚– ̂ Ü˛yˆÏly ̂ Ü˛yˆÏly ̂ «˛ˆÏe xyÙÓ˚y a
n ̂

Ü˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ≤Ãï˛#Ü˛ a(n)) Ó˚)ˆÏ˛õ ÓƒÓ•yÓ˚ Ü˛!Ó˚–

 9.3  ˆ◊!î (Series)

ôˆÏÓ˚y a
1
, a

2
,
 
a

3
,…,a

n
, ~Ü˛!ê˛ ≤Ãò_ xl%Ü ˛Ù– ï˛y•ˆÏ° Ó˚y!¢Ùy°y a

1
 + a

2 
+

 
a

3
 +…+ a

n 
+

 
...

ˆÜ˛ Ó°y •ˆÏÓ ≤Ãò_ xl%Ü ˛Ù §¡õ!Ü≈˛ï˛ ˆ◊!î åseries associated with the given sequenceä–
ˆ◊!î!ê˛ §§#Ù Óy x§#Ù •ˆÏÓ Îál xl%Ü ˛Ù!ê˛ ÎÌyÜ ˛ˆÏÙ §§#Ù Óy x§#Ù •Î˚– ˆ◊!îˆÏÜ˛ §Ç!«˛Æ Ó)̊̂ Ï˛õ ≤ÃÜ˛y¢
Ü˛Ó˚y •Î˚ !§àÙy §ÇˆÏÜ˛ˆÏï˛Ó˚  §y•y Ï̂Îƒ– ~Ó˚ çlƒ !@˝ÃÜ˛ x«˛Ó˚ ✟ å!§à‰Ùyä ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ ÎyÓ˚ xÌ≈ •° §ÇÎ%=˛

Ü˛Ó˚y– xï˛~Óñ ˆ◊!î a1 + a2 + a3 + ... + an ˆÜ˛ §Ç!«˛Æ Ó)̊̂ Į̈ õ ˆ°áy •Î˚
 

a
k

k

n

=

∑
1

–

 Ùhs˝Óƒ ı  ̂ ◊!î ÓƒÓ•yÓ̊ •Î̊ ̂ Îy Ï̂àÓ̊ xyÜ˛y Ï̂Ó̊ ̂ òáy Ï̂lyÓ̊ çlƒñ ~!ê˛ !ò Ï̂Î̊ ̂ ÎyàÊ˛° Ï̂Ü˛ ̂ ÓyV˛yÎ̊ ly– í z̨òy•Ó̊îfl∫Ó̊)̨ õñ
1 + 3 + 5 + 7 ~Ü˛!ê˛ §§#Ù ̂ ◊!î ÎyÓ˚ ã˛yÓ˚!ê˛ ̨õò xy Ï̂SÈ– Îál xyÙÓ˚y Ó°Ó ÚÚ~Ü˛!ê˛ ̂ ◊!îÓ˚ ̂ ÎyàÊ˛°ÛÛñ ~!ê˛
Ó°ˆÏï˛ xyÙÓ˚y Ó%V˛Ó ̇  §Çáƒy!ê˛ñ Îy ̨ õò§Çáƒyà%ˆÏ°yÓ˚ ̂ ÎyàÊ˛°ñ ~áyˆÏl ̂ ◊!î!ê˛Ó˚ ̂ ÎyàÊ˛° •° 16 –

~álñ xyÙÓ˚y !Ü˛S%È í˛zòy•Ó˚î !ÓˆÏÓã˛ly Ü˛Ó˚Ó–

í˛zòy•Ó˚î 1 !lˆÏ¡¨ ≤Ãò_ xl%Ü ˛ˆÏÙÓ˚ !lÎ˚Ù xl%ÎyÎ˚# ≤Ã!ï˛ ̂ «˛ˆÏe xl%Ü ˛ˆÏÙÓ˚ ≤ÃÌÙ !ï˛l!ê˛ ̨ õò ̂ °ˆÏáy ı

(i) an = 2n + 5, (ii) an = 
n − 3

4
 –

§Ùyôyl   (i) ~áyˆÏlñ  an = 2n + 5

n = 1, 2, 3, Ó!§ˆÏÎ˚ xyÙÓ˚y ̨ õy•z
a

1
 = 2(1) + 5 = 7, a

2
 = 9,     a

3
 = 11

§%ï˛Ó˚yÇñ !lˆÏî≈Î˚ ˛õòà%ˆÏ°y •° 7, 9 ~ÓÇ 11 –

(ii) ~áyˆÏl
 
an = 

n − 3

4
 –

§%ï˛Ó˚yÇñ  a a a
1 2 3

1 3

4

1

2

1

4
0=

−

= − = − =, ,
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xï˛~Óñ ≤ÃÌÙ !ï˛l!ê˛ ˛õò •° − −

1

2

1

4
,  ~ÓÇ 0 –

í˛zòy•Ó˚î 2  an = (n – 1) (2 – n) (3 + n) !òˆÏÎ˚ §ÇK˛y!Î˚ï˛ xl%Ü ˛Ù!ê˛Ó˚ 20 ÈüÈï˛Ù ˛õò!ê˛ Ü˛#⁄

§Ùyôyl  n = 20 Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•z

a
20

= (20 – 1) (2 – 20) (3 + 20)

=  19 × (– 18) × (23) = – 7866 –

í˛zòy•Ó˚î 3 ~Ü˛!ê˛ xl%Ü ˛Ù a
n
 !l¡¨Ó˚)ˆÏ˛õ §ÇK˛y!Î˚ï˛ ı

a
1
 = 1,  a

n
 = a

n – 1
 + 2 Îál n ≥ 2 –

≤ÃÌÙ ̨õÑyã˛!ê˛ ̨ õò !lî≈Î˚ Ü˛ˆÏÓ˚y ~ÓÇ xl%Ó)̨̊ õ ̂ ◊!î!ê˛ ̂ °ˆÏáy–

§Ùyôyl xyÙÓ˚y ̨õy•z

a
1
 = 1, a

2
 = a

1
 + 2 = 1 + 2 = 3, a

3
 = a

2
 + 2 = 3 + 2 = 5,

a
4
 = a

3
 + 2 = 5 + 2 = 7, a

5
 = a

4
 + 2 = 7 + 2 = 9 –

§%ï˛Ó˚yÇñ xl%Ü ˛Ù!ê˛Ó˚ ≤ÃÌÙ ˛õÑyã˛!ê˛ ˛õò •° 1,3,5,7 ~ÓÇ 9 – xl%Ó)̨̊ õ ˆ◊!î!ê˛ •° 1 + 3 + 5 + 7 + 9 +...

xl%¢#°l# 9.1

1 ˆÌ Ï̂Ü˛ 6 lÇ ≤ÃˆÏŸ¿Ó˚ ≤ÃˆÏï˛ƒÜ˛!ê˛ xl%Ü ˛ˆÏÙÓ˚ ≤ÃÌÙ ˛õÑyã˛!ê˛ ˛õò ˆ°ˆÏáy ÎyˆÏòÓ˚ n ÈüÈï˛Ù ˛õò!ê˛ ≤Ãò_ ı

1.  a
n
 = n (n + 2) 2. a

n 
= 

n

n +1
3. a

n 
= 2n

4.  a
n
 = 

2 3

6

n −

5.  a
n
 = (–1)n–1 5n+1 6. a

n
=

+

n
n

2
5

4
–

7 ˆÌ Ï̂Ü˛ 10 lÇ ≤ÃˆÏŸ¿Ó˚ ≤ÃˆÏï˛ƒÜ˛!ê˛ xl%Ü ˛ˆÏÙÓ˚ n ÈüÈï˛Ù ̨ õˆÏòÓ˚ ̨ õyˆÏ¢ ̂ òGÎ˚y ̨ õòà%ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y ı

7.  a
n 
= 4n – 3; a

17
, a

24
8. a

n 
=

 

n
a

n

2

7

2
;

9. a
n
 = (–1)n – 1n3; a

9
10. a

n n

n
a

n
=

+

( )
;

− 2

3
20 –

11 ̂ Ì Ï̂Ü˛ 13 lÇ ≤ÃˆÏŸ¿ ≤Ãò_ ≤ÃˆÏï˛ƒÜ˛!ê˛ xl%Ü ˛ˆÏÙÓ˚ ≤ÃÌÙ ̨õÑyã˛!ê˛ ̨ õò ̂ °á ~ÓÇ xl%Ó˚)˛õ ̂ ◊!î!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y ı
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11. a
1
 = 3, a

n
 = 3a

n – 1
 + 2 §Ó n > 1 ~Ó˚ çlƒ–

12. a
1
 = – 1, a

n 
= 

a

n

n−1

, n ≥ 2

13. a
1
 = a

2
 = 2, a

n
 = a

n – 1
–1, n > 2 –

14. !Ê˛ˆÏÓyly!Fã˛ xl%Ü ˛Ù åFibonacci sequenceä !l¡¨Ó˚)ˆÏ˛õ §ÇK˛y!Î˚ï˛ •Î˚

1 = a
1
 = a

2
 ~ÓÇ a

n
 = a

n – 1
 + a

n – 2
, n > 2 –

a

a

n

n

+1
,  !lî≈Î˚ Ü˛ˆÏÓ˚y Îál n = 1, 2, 3, 4, 5

9.4  §Ùyhs˝Ó˚ ≤Ãà!ï˛ (Arithmetic Progression [A.P.])

ã˛ˆÏ°y xyÙÓ˚y !Ü˛S%È §)e ~ÓÇ ̃ Ó!¢T˛ƒ ÙˆÏl Ü˛!Ó˚ ̂ Îà%ˆÏ°y xyˆÏà ̨ õˆÏí˛¸!SÈ–
~Ü˛!ê˛ xl%Ü ̨ Ù a

1
, a

2
, a

3
,…, a

n
,… ˆÜ˛ §Ùyhs˝Ó˚ xl%Ü ˛Ù Óy §Ùyhs˝Ó˚ ≤Ãà!ï˛  Ó°y • Ï̂Ó Î!ò a

n + 1
 =

a
n
 + d, n ∈ N •Î˚, ˆÎáy Ï̂l a

1
 •° ≤ÃÌÙ ˛õò  åfirst termä ~ÓÇ ô %ÓÜ˛ ˛õò d ˆÜ˛ Ó°y • Ï̂Ó §Ùyhs˝Ó˚

≤Ãà!ï˛Ó˚ åA.P.ä §yôyÓ˚î xhs˝Ó˚  åcommon differenceä–
~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ åï˛yÓ˚ §yôyÓ˚î Ó˚)ˆÏ˛˛õä ô!Ó˚ñ ÎyÓ˚ ≤ÃÌÙ ˛õò a ~ÓÇ §yôyÓ˚î xhs˝Ó˚ dñ xÌ≈yÍñ a,

a + d, a + 2d, ... ï˛álñ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ åA.P.ä n ÈüÈï˛Ù ˛õò å§yôyÓ˚î ˛õòä •ˆÏÓ a
n
 = a + (n – 1) d–

xyÙÓ˚yñ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ !l¡¨!°!áï˛ §Ó˚° ̃ Ó!¢T˛ƒà%ˆÏ°y ̨õÓ˚#«˛y Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚ ı
(i) Î!ò §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃˆÏï˛ƒÜ˛ ̨ õˆÏòÓ˚ §yˆÏÌ ~Ü˛!ê˛ ô %ÓÜ˛ ̂ Îyà Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ ≤ÃyÆ xl%Ü ˛Ù!ê˛G

~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ •ˆÏÓ–
(ii) Î!ò §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃˆÏï˛ƒÜ˛ ̨ õò ̂ ÌˆÏÜ˛ ~Ü˛!ê˛ ô %ÓÜ˛ !ÓˆÏÎ˚yà Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ ≤ÃyÆ xl%Ü ˛Ù!ê˛G

~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ •ˆÏÓ–
(iii) Î!ò §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃˆÏï˛ƒÜ˛ ̨ õòˆÏÜ˛ ~Ü˛!ê˛ ô %ÓÜ˛ !òˆÏÎ˚ à%î Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ ≤ÃyÆ xl%Ü ˛Ù!ê˛G

~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ •Î˚–
(iv) Î!ò §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃˆÏï˛ƒÜ˛ ̨ õòˆÏÜ˛ ~Ü˛!ê˛ x¢)lƒ ô %ÓÜ˛ !òˆÏÎ˚ Ë˛yà Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ ≤ÃyÆ

xl%Ü ˛Ù!ê˛G ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ •ˆÏÓ–
~áyˆÏlñ xyÙÓ˚y §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ çlƒ !l¡¨!°!áï˛ §ÇˆÏÜ˛ï˛à%ˆÏ°y ÓƒÓ•yÓ˚ Ü˛Ó˚Ó ı
a = ≤ÃÌÙ ˛õòñ l  = ˆ¢£Ï ˛õò, d = §yôyÓ˚î xhs˝Ó˚,
n =  ˛õò §Çáƒy–
S

n
= §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛–

ôˆÏÓ˚yñ a, a + d, a + 2d, …, a + (n – 1) d •° ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛–
§%ï˛Ó˚yÇñ  l    = a + (n – 1) d –
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S
n

n
a n d= + −[ ]

2
2 1( )

xyÙÓ˚y xyÓ˚G ˆ°áˆÏï˛ ˛õy!Ó˚ñ  Sn

n
a l= +[ ]

2

ã˛ˆÏ°y !Ü˛S%È í˛zòy•Ó˚î ̂ ò!á–

í˛zòy•Ó˚î 4 Î!ò ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ m ÈüÈï˛Ù ̨õò n ~ÓÇ n ÈüÈï˛Ù ̨õò m •Î˚ñ ̂ Îáy Ï̂l m ≠ n, ï˛ Ï̂Ó p ÈüÈï˛Ù

˛õò!ê˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl  xyÙÓ˚y ̨ õy•z a

m
 = a + (m – 1) d = n, ... (1)

~ÓÇ a
n
 = a + (n – 1) d = m ... (2)

(1) G (2) §Ùyôyl Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z
(m – n) d = n – m, Óy  d = – 1, ... (3)

~ÓÇ a = n + m – 1 ... (4)

§%ï˛Ó̊yÇ a
p
= a + (p – 1)d

= n + m – 1 + ( p – 1) (–1) = n + m – p

§%ï˛Ó˚yÇñ  p ÈüÈï˛Ù ˛õò!ê˛ •° n + m – p –

í z̨òy•Ó˚î 5  Î!ò ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ̨õ Ï̂òÓ˚ §Ù!T˛ n n nP Q+ −

1

2
1( )  •Î˚ñ ̂ Îáy Ï̂l P ~ÓÇ

Q ô %ÓÜ˛– ï˛ˆÏÓ §yôyÓ˚î xhs˝Ó˚ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ôˆÏÓ˚yñ a
1
, a

2
, … a

n 
~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛– xï˛~Óñ

S
n
 = a

1
 + a

2
 + a

3
 +...+ a

n–1
 + a

n
 = nP + 

1

2
n (n – 1) Q

§%ï˛Ó˚yÇñ S
1
 = a

1
 = P, S

2
 = a

1
 + a

2
 = 2P + Q

~çlƒ a
2
 = S

2
 – S

1
 = P + Q

§%ï˛Ó˚yÇñ §yôyÓ˚î xhs˝Ó˚ •ˆÏÓ d = a
2
 – a

1
 = (P + Q) – P = Q –

í z̨òy•Ó˚î 6 ò%!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ̨õ Ï̂òÓ˚ §Ù!T˛Ó˚ xl%̨ õyï˛ (3n + 8) : (7n + 15)– ï˛y Ï̂òÓ˚ 12 ÈüÈï˛Ù
˛õ Ï̂òÓ˚ xl%̨ õyï˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ôˆÏÓ˚yñ  a
1
, a

2
 ~ÓÇ d

1
, d

2
 ÎÌyÜ ˛ˆÏÙ ≤ÃÌÙ G !mï˛#Î˚ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ ˛õò G §yôyÓ˚î xhs˝Ó˚–

≤Ãò_ ¢ï≈̨ yl%ÎyÎ˚# xyÙÓ˚y ̨õy•zÈüüüÈ
 ≤ÃÌÙ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!ŸWz  

=
+

+

3 8

7 15

n

n!mï˛#Î˚ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚  n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛
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Óyñ

n
a n d

n
a n d

n

n

2
2 1

2
2 1

3 8

7 15

1 1

2 2

+ −[ ]

+ −[ ]

=

+

+

( )

( )

Óyñ
2 1

2 1

3 8

7 15

1 1

2 2

a n d

a n d

n

n

+ −

+ −

=

+

+

( )

( )
... (1)

~álñ   ≤ÃÌÙ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ 12 ÈüÈï˛Ù ˛õò   
=

+

+

a d

a d

1 1

2 2

11

11!mï˛#Î˚ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚  12 ÈüÈï˛Ù ˛õò

2 22

2 22

3 23 8

7 23 15

1 1

2 2

a d

a d

+

+

=

× +

× +
[(1) lÇ §Ù#Ü˛Ó˚̂ Ïî n = 23 Ó!§ˆÏÎ˚]

§%ï˛Ó˚yÇñ  a d

a d

1 1

2 2

11

11

+

+

=

 ≤ÃÌÙ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ 12 ÈüÈï˛Ù ˛õò    
=

7

16 !mï˛#Î˚ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚  12 ÈüÈï˛Ù ˛õò
xï˛~Óñ !lˆÏî≈Î˚ xl%˛õyï˛ •° 7 : 16

í˛zòy•Ó˚î 7 ~Ü˛ Óƒ!=˛Ó˚ ≤ÃÌÙ ÓSÈˆÏÓ˚Ó˚ xyÎ˚ 3,00,000 ê˛yÜ˛y ~ÓÇ ˛õÓ˚Óï≈˛# 19 ÓSÈˆÏÓ˚ ï˛yÓ˚ ˆÓï˛l Ó,!Âô ˛õyÎ˚
10,000 ê˛yÜ˛y ≤Ã!ï˛ ÓSÈÓ˚ •yˆÏÓ˚– 20 ÓSÈˆÏÓ˚ ï˛yÓ˚ ̂ Ùyê˛ xyÎ˚ !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl ~áyˆÏl xyÙÓ˚y ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ ˛õy•zñ ÎyÓ˚ a = 3,00,000, d = 10,000, ~ÓÇ n = 20

§Ù!T˛ !lî≈ˆÏÎ˚Ó˚ §)e ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ xyÙÓ˚y ̨õy•z

S [ ]
20

20

2
600000 19 10000= + ×  = 10 (790000) = 79,00,000.

xï˛~Óñ ̇  Óƒ!=˛ 20 ÓSÈ Ï̂Ó˚Ó˚ ̂ ¢ Ï̂£Ï ̂ Ùyê˛ 79,00,000 ê˛yÜ˛y ̂ ˛õ Ï̂Î˚!SÈ Ï̂°l–
9.4.1 §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ (Arithmetic mean) ≤Ãò_ ò%!ê˛ §Çáƒy a ~ÓÇ b xyÙÓ˚y ~•z §Çáƒy ò%!ê˛Ó˚
ÙyV˛áyˆÏl ~Ü˛!ê˛ §Çáƒy A Ó§yˆÏï˛ ˛õy!Ó˚ ÎyˆÏï˛ a, A, b ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ åA.P.ä •Î˚– ~Ó˚)˛õ §Çáƒy A
ˆÜ˛ñ a G b §Çáƒy ò%!ê˛Ó˚ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ åarithmetic mean [A.M.]ä Ó Ï̂°– °«˛ Ü˛ Ï̂Ó˚yñ ~ Ï̂«˛ Ï̂e
xyÙÓ˚y ̨ õy•zñ

A – a = b – A,    xÌ≈yÍñ A  =
a b+

2

xyÙÓ˚y a G b §Çáƒy ò%!ê˛Ó˚ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ˆÏÜ˛ ï˛yˆÏòÓ˚ àí˛¸ 
a b+

2
 Ó˚)ˆÏ˛õG Óƒyáƒy Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚–

í z̨òy•Ó˚îfl∫Ó)̨̊ õñ 4 ~ÓÇ 16 §Çáƒy ò%!ê˛Ó˚ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ 10 – xï˛~Óñ 4 G 16 ~Ó˚ ÙyV˛áy Ï̂l 10 ̂ Ü˛ Ó!§ Ï̂Î˚
xyÙÓ˚y ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ 4, 10, 16 àë˛l Ü˛Ó˚ˆÏï˛ ̨ õy!Ó˚– ~ál ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ ≤ÃŸ¿ í˛zë˛ˆÏSÈ ı xyÙÓ˚y !Ü˛
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≤Ãò_ ò%!ê˛ §ÇáƒyÓ˚ ÙyV˛áy Ï̂l ò%•z Óy ï˛yÓ˚ ̂ ã˛ Ï̂Î˚ ̂ Ó!¢ §Çáƒy Ó§y Ï̂ï˛ ̨õyÓ˚Ó Îy Ï̂ï˛ !l Ï̂î≈Î˚ xl%Ü ̨ Ù!ê˛ ~Ü˛!ê˛ §Ùyhs˝Ó˚
≤Ãà!ï˛ • Ï̂Ó⁄ °«˛ Ü˛ Ï̂Ó˚y 8 ~ÓÇ 12 §Çáƒy ò%!ê˛ñ 4 ~ÓÇ 16 ~Ó˚ ÙyV˛áy Ï̂l Ó§y Ï̂° !l Ï̂î≈Î˚ xl%Ü ̨ Ù 4, 8, 12, 16

~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ •Î˚– xyÓ˚G §yôyÓ˚îË˛yˆÏÓñ ò%!ê˛ ≤Ãò_ §Çáƒy a G b üÈ~Ó˚ ÙyV˛áyˆÏl xyÙÓ˚y Îï˛à%ˆÏ°y
•zFSÈy §Çáƒy Ó§yˆÏï˛ ̨õy!Ó˚ ÎyˆÏï˛ !lˆÏî≈Î˚ xl%Ü ˛Ù!ê˛ ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ •Î˚–

ôˆÏÓ˚y a G b §Çáƒy ò%!ê˛Ó˚ ÙyV˛áyˆÏl A
1
, A

2
, A

3
, …, A

n
 •° ~Ó)̨̊ õ n §ÇáƒÜ˛ §Çáƒy ÎyˆÏï˛ a, A

1
,

A
2
, A

3
, …, A

n
, b ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ •Î˚–

~áyˆÏlñ b •° (n + 2) ÈüÈï˛Ù ˛õòñ xÌ≈yÍ,  b = a + [(n + 2) – 1]d

 = a + (n + 1) d –

~!ê˛ ˆÌˆÏÜ˛ ˛õyˆÏÓñ d
b a

n
=

−

+1
 –

xï˛~Óñ a G b ~Ó˚ ÙyV˛áyˆÏl n §ÇáƒÜ˛ §Çáƒyà%ˆÏ°y !l¡¨Ó˚)˛õ ı

A
1
 = a + d = a + 

b a

n

−

+1

A
2
 = a + 2d = a + 

2

1

( )b a

n

−

+

A
3
 = a + 3d = a + 

3

1

( )b a

n

−

+

.....     .....     .....     .....

.....     .....     .....     .....

A
n
 = a + nd = a + 

n b a

n

( )−

+1
 –

í˛zòy•Ó˚î 8 3 ~ÓÇ 24 ~Ó˚ ÙyV˛áy Ï̂l 6 !ê˛ §Çáƒy Ó§yG ÎyˆÏï˛ ≤ÃyÆ xl%Ü ˛Ù!ê˛ ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ •Î˚–

§Ùyôyl  ôˆÏÓ˚yñ A
1
, A

2
, A

3
, A

4
, A

5
 G A

6 
•° 3 ~ÓÇ 24 ~Ó˚ ÙôƒÓï≈˛# 6 !ê˛ §Çáƒy ̂ ÎáyˆÏl 3, A

1
, A

2
, A

3
,

A
4
, A

5
, A

6
,
 
24 ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ àë˛l Ü˛ˆÏÓ˚– ~áyˆÏlñ a = 3, b = 24, n = 8 –

§%ï˛Ó˚yÇñ 24 = 3 + (8 –1) d,  ~!ê˛ ˆÌˆÏÜ˛ ˛õy•z  d = 3 –

xï˛~Óñ A
1
 = a + d = 3 + 3 = 6; A

2
 = a + 2d = 3 + 2 × 3 = 9;

A
3
 = a + 3d = 3 + 3 × 3 = 12; A

4
 = a + 4d = 3 + 4 × 3 = 15;

A
5
 = a + 5d = 3 + 5 × 3 = 18; A

6
 = a + 6d = 3 + 6 × 3 = 21 –

xï˛~Óñ 3 ~ÓÇ 24 ~Ó˚ ÙôƒÓï≈˛# 6!ê˛ §Çáƒy •° 6, 9, 12, 15, 18 ~ÓÇ 21 –
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xl%¢#°l# 9.2

1. 1 ̂ Ì Ï̂Ü˛ 2001 ̨õÎ≈hs˝ !ÓˆÏçyí˛¸ ̨ õ)î≈§ÇáƒyÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
2. 100 ~ÓÇ 1000 ~Ó˚ ÙôƒÓï≈̨ # 5 ~Ó˚ à%!îï˛Ü˛ §Óà%ˆÏ°y fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ̂ ÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–
3. ~Ü˛!ê˛ §Ùyhs˝Ó̊ ≤Ãà!ï˛Ó̊ ≤ÃÌÙ ̨õò 2 ~ÓÇ ≤ÃÌÙ ̨õÑyã˛!ê˛ ̨õ Ï̂òÓ̊ ̂ ÎyàÊ˛°ñ ̨õÓ̊Óï≈̨ # ̨õÑyã˛!ê˛ ̨õ Ï̂òÓ̊ ̂ ÎyàÊ˛ Ï̂°Ó̊

~Ü˛ÈüÈã˛ï%˛Ì≈yÇˆÏ¢– ˆòáyG ˆÎñ 20 ÈüÈï˛Ù ˛õò!ê˛ •° –112 –

4. §Ùyhs˝Ó˚ ≤Ãà!ï˛ – 6,  −

11

2

, – 5, … ~Ó˚ Ü˛Î˚!ê˛ ˛õò ≤ÃˆÏÎ˚yçlñ ÎyˆÏòÓ˚ ˆÎyàÊ˛° –25 • Ï̂Ó⁄

5. Î!ò ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ p  ÈüÈï˛Ù ̨õò 1

q

 ~ÓÇ q È üÈï˛Ù ̨õò 1

p

 •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ̂ Îñ ≤ÃÌÙ pq

§ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ •° 
1

2
(pq +1), ˆÎáy Ï̂l p ≠ q –

6. Î!ò ̂ Ü˛y Ï̂ly §Ùyhs˝Ó˚ ≤Ãà!ï˛ 25, 22, 19, … ~Ó˚ !Ü˛S%È §ÇáƒÜ˛ ̨õ Ï̂òÓ˚ §Ù!T˛ 116 •Î˚ñ ï˛ Ï̂Ó ̂ ¢£Ï ̨õò!ê˛
!lî≈Î˚ Ü˛ Ï̂Ó˚y–

7. §Ùyhs˝Ó˚ ≤Ãà!ï˛!ê˛Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ ˆÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ k ÈüÈï˛Ù ˛õò!ê˛ •° 5k + 1 –
8. Î!ò ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ (pn + qn2) •Î˚ñ ˆÎáyˆÏl p ~ÓÇ q ô %ÓÜ˛ñ

ï˛ˆÏÓ §yôyÓ˚î xhs˝Ó˚ !lî≈Î˚ Ü˛ˆÏÓ˚y–
9. ò%!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛Ó˚ xl%˛õyï˛ 5n + 4 : 9n + 6 – ï˛yˆÏòÓ˚ 18 ÈüÈï˛Ù ˛õˆÏòÓ˚

xl%̨ õyï˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
10. Î!ò ˆÜ˛yˆÏly §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ p §ÇáƒÜ˛ ˛õˆÏòÓ˚ ˆÎyàÊ˛°ñ ≤ÃÌÙ q §ÇáƒÜ˛ ˛õˆÏòÓ˚ ˆÎyàÊ˛ˆÏ°Ó˚

§Ùyl •Î˚ñ ï˛ˆÏÓ ≤ÃÌÙ (p + q) §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
11. ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ p §ÇáƒÜ˛ñ q §ÇáƒÜ˛ ~ÓÇ r §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ ÎÌyÜ ˛ˆÏÙ a, b ~ÓÇ

c • Ï̂° ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ  
a

p
q r

b

q
r p

c

r
p q( ) ( ) ( )− + − + − =0

12. ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ m ~ÓÇ n §ÇáƒÜ˛ ̨õˆÏòÓ˚ §Ù!T˛Ó˚ xl%˛õyï˛ m2 : n2 – ̂ òáyG ̂ Î m ÈüÈï˛Ù ~ÓÇ
n  ÈüÈï˛Ù ˛õˆÏòÓ˚ xl%˛õyï˛ •ˆÏÓ (2m – 1) : (2n – 1) –

13. Î!ò ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ 3n2  + 5n •Î˚ ~ÓÇ ï˛yÓ˚ m ÈüÈï˛Ù ˛õò 164 •Î˚ñ
ï˛ˆÏÓ m ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

14. 8 ~ÓÇ 26 ~Ó˚ ÙôƒÓï≈˛# 5!ê˛ §Çáƒy Ó§yG ÎyˆÏï˛ ≤ÃyÆ xl%Ü ˛Ù!ê˛ ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ë%˛=˛ •Î˚–

15. Î!ò a G b ~Ó˚ ÙôƒÓï≈˛# §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛
a b

a b

n n

n n

+

+
− −1 1  •Î˚ñ ï˛ˆÏÓ n ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

16. 1 ~ÓÇ 31 ~Ó˚ Ù Ï̂ôƒ m §ÇáƒÜ˛ §Çáƒy ~Ë˛y Ï̂Ó §!ß¨̂ ÏÓ!¢ï˛ xy Ï̂SÈ Îy Ï̂ï˛ ≤ÃyÆ xl%Ü ̨ Ù!ê˛ ~Ü˛!ê˛ §Ùyhs˝Ó˚
≤Ãà!ï˛ •Î˚ ~ÓÇ ÎyÓ˚ 7 ÈüÈï˛Ù ~ÓÇ (m – 1) ÈüÈï˛Ù §ÇáƒyÓ˚ xl%̨ õyï˛ •Î˚ 5 : 9 – m ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
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17. ~Ü˛ çl Óƒ!=˛ 100 ê˛yÜ˛y ≤ÃÌÙ !Ü˛!hflÏ !òˆÏÎ˚ ~Ü˛!ê˛ }î ˛õ!Ó˚ˆÏ¢yô Ü˛Ó˚ˆÏï˛ ¢%Ó˚% Ü˛ˆÏÓ˚– Î!ò ˆ§ ≤Ã!ï˛
!Ü˛!hflÏˆÏï˛ 5 ê˛yÜ˛y ≤Ã!ï˛ Ùy§ !•§yˆÏÓ Ó,!Âô Ü˛ˆÏÓ˚ ï˛ˆÏÓ 30 üÈï˛Ù !Ü˛!hflÏˆÏï˛ ˆ§ Ü˛ï˛ ê˛yÜ˛y ˆòˆÏÓ⁄

18. ~Ü˛!ê˛ Ó•%Ë)̨ Ï̂çÓ˚ ̨õÓ˚ ̨õÓ˚ ò%!ê˛ xhs˝/ Ï̂Ü˛y Ï̂îÓ˚ ̨õyÌ≈Ü˛ƒ 5°– Î!ò «%̨ oï˛Ù ̂ Ü˛yî!ê˛ 120°  •Î˚ ï˛ Ï̂Ó Ó•%Ë)̨ ç!ê˛Ó˚
Óy•% §Çáƒy !lî≈Î˚ Ü˛ Ï̂Ó˚y–

9.5  à%ˆÏîy_Ó˚ ≤Ãà!ï˛ (Geometric Progression [G . P.])

ã˛ˆÏ°yñ xyÙÓ˚y ≤Ãò_ xl%Ü ˛Ùà%ˆÏ°y °«˛ Ü˛!Ó˚ ı

(i) 2,4,8,16,... (ii) 
1

9

1

27

1

81

1

243
, , , ...
− −

 (iii) .01, .0001, .000001,...

~•z xl%Ü ̨ Ùà%̂ Ï°yÓ˚ ≤Ã Ï̂ï˛ƒÜ˛!ê˛Ó˚ ̨õòà%̂ Ï°y Ü˛# Ü˛ Ï̂Ó˚ x@˝Ã§Ó˚ • Ï̂FSÈ⁄ xyÙÓ˚y °«˛ Ü˛ Ï̂Ó˚!SÈñ ≤ÃÌÙ ̨õò SÈyí ¸̨y
≤ÃˆÏï˛ƒÜ˛!ê˛ ̨ õò ~Ü˛!ê˛ !ÓˆÏ¢£Ï Ü ˛ˆÏÙ x@˝Ã§Ó˚ •ˆÏFSÈ–

(i) ~Ó˚ ˆ«˛ˆÏe xyÙÓ˚y ˛õy•zñ a
a

a

a

a

a

a
1

2

1

3

2

4

3

2 2 2 2= = = =, , ,  ~ÓÇ ~Ë˛y Ï̂Ó ã˛° Ï̂ï˛ ÌyÜ˛ Ï̂Ó–

(ii) ~Ó˚ ̂ «˛ˆÏe xyÙÓ˚y °«˛ Ü˛!Ó˚ñ a
a

a

a

a

a

a
1

2

1

3

2

4

3

1

9

1

3

1

3

1

3
= =

−

=

−

=, , ,
−

 ~ÓÇ ~Ë˛y Ï̂Ó ã˛° Ï̂ï˛

ÌyÜ˛ Ï̂Ó–
xl%Ó˚)ˆÏ˛õñ (iii) ~Ó˚ ˛õòà%ˆÏ°y Ü˛#Ë˛yˆÏÓ x@˝Ã§Ó˚ •ˆÏFSÈ ÓˆÏ°y⁄ ≤Ã!ï˛ ˆ«˛ˆÏe ~!ê˛ °«˛î#Î˚ ˆÎñ ≤ÃÌÙ ˛õò

SÈyí˛̧y ≤Ã̂ Ïï˛ƒÜ˛ ̨õò ï˛yÓ̊ ̨õ)Ó≈Óï≈̨ # ̨õò ̂ Ì Ï̂Ü˛ ~Ü˛!ê˛ !l!ò≈T˛ xl%̨ õy Ï̂ï˛ x@Ã̋§Ó̊ •Î̊– (i)- ~ ~•z !l!ò≈T˛ xl%̨ õyï˛ •° 2;

(ii)-~ ~!ê˛ •° –
1

3
 ~ÓÇ (iii)-~ ~•z !l!ò≈T˛ xl%̨ õyï˛ •° 0.01 ~Ó)̨̊ õ xl%Ü ̨ Ù Ï̂Ü˛ Ó°y •Î˚ à%̂ Ïîy_Ó˚ xl%Ü ̨ Ù

Óy à%ˆÏîy_Ó˚ ≤Ãà!ï˛ ågeometric progressionä §ÇˆÏ«˛ˆÏ˛õ G.P.–
~Ü˛!ê˛ xl%Ü ̨ Ù a

1
, a

2
, a

3
, …, a

n
, … ˆÜ˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ Ó°y •ˆÏÓ Î!ò ≤ÃˆÏï˛ƒÜ˛!ê˛ ˛õò xÈüÈ¢)lƒ •Î˚

~ÓÇ 
a

a

k

k

+ 1

= r åô %ÓÜ˛ä •Î˚ñ ˆÎáyˆÏl k ≥ 1 –

a
1
 = a ôˆÏÓ˚ xyÙÓ˚y ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ ̨ õy•zñ  a, ar, ar2, ar3,…., ̂ Îáy Ï̂l a ̂ Ü˛ Ó°y •Î˚ ≤ÃÌÙ

˛õò  ~ÓÇ r ̂ Ü˛ Ó°y •Î˚ à%̂ Ïîy_Ó˚ ≤Ãà!ï˛!ê˛Ó˚ §yôyÓ˚î xl%̨ õyï˛ åcommon ratioä– í z̨̨ õ Ï̂Ó˚y=˛ à%̂ Ïîy_Ó˚ ≤Ãà!ï˛

(i), (ii) ~ÓÇ (iii) ~Ó˚ §yôyÓ˚î xl%̨ õyï˛ ÎÌyÜ ̨ Ï̂Ù 2, –
1

3
 ~ÓÇ 0.01 – §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚  Ùï˛•zñ ̂ Ó!¢ ̨õò Î%=˛

à%̂ Ïîy_Ó˚ ≤Ãà!ï˛Ó˚ n ÈüÈï˛Ù ̨õò !lî≈Î˚ Óy n §ÇáƒÜ˛ ̨õ Ï̂òÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛Ó˚y Ü˛T˛Ü˛Ó˚ •Î˚ Î!ò xyÙÓ˚y §)e ÓƒÓ•yÓ˚
ly Ü˛!Ó˚ñ Îy xyÙÓ˚y ˛õÓ˚Óï≈˛# xl%ˆÏFSÈˆÏò !ÓÜ˛!¢ï˛ Ü˛Ó˚Ó– xyÙÓ˚y ~•z §)eà%ˆÏ°yˆÏï˛ !l¡¨!°!áï˛ §ÇˆÏÜ˛ï˛à%ˆÏ°y
ÓƒÓ•yÓ˚ Ü˛Ó˚Ó ı

a = ≤ÃÌÙ ˛õòñ r = §yôyÓ˚î xl%˛õyï˛ñ l = ˆ¢£Ï ˛õòñ
n = ˛õò §Çáƒyñ  S

n
 = ≤ÃÌÙ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛–
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9.5.1  à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ §yôyÓ˚î ˛õò (General term of a G .P.) ôˆÏÓ˚y ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ ÎyÓ˚

≤ÃÌÙ x¢)lƒ ˛õò ‘a’ ~ÓÇ §yôyÓ˚î xl%˛õyï˛ ‘r’– ~!ê˛Ó˚ !Ü˛S%È ˛õò ˆ°ˆÏáy– a ˆÜ˛ r !òˆÏÎ˚ à%î Ü˛ˆÏÓ˚ !mï˛#Î˚ ˛õò

˛õyGÎ˚y ÎyÎ˚ xÌ≈yÍ a
2
 = ar – xl%Ó˚)ˆÏ˛õñ a

2
ˆÜ˛ r !òˆÏÎ˚ à%î Ü˛ˆÏÓ˚ ï,˛ï˛#Î˚ ˛õò ˛õyGÎ˚y ÎyÎ˚– §%ï˛Ó˚yÇñ

a
3
 = a

2
r = ar2 •zï˛ƒy!ò–

xyÙÓ˚y ~•z ˛õòà%ˆÏ°y ~ÓÇ xyÓ˚G !Ü˛S%È ˛õò ˆ°!á–
≤ÃÌÙ ˛õò = a

1
 = a = ar1–1, !mï˛#Î˚ ˛õò = a

2
 = ar = ar2–1,

ï,˛ï˛#Î˚ ˛õò = a
3
 = ar2 = ar3–1, ã˛ï%˛Ì≈ ˛õò = a

4
 = ar3 = ar4–1,

˛õM˛Ù ˛õò = a
5
 = ar4 = ar5–1

ˆï˛yÙÓ˚y !Ü˛ ~Ü˛!ê˛ ˛õƒyê˛yl≈ Óy lÙ%ly ˆòáˆÏï˛ ˛õyFSÈ⁄ 16 ÈüÈï˛Ù ˛õò!ê˛ Ü˛# • Ï̂Ó⁄

a
16 

= ar16–1 = ar15

§%ï˛Ó˚yÇñ ~•z lÙ%ly ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ ˆÎ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ n ÈüÈï˛Ù ˛õò •° a
n
 = arn–1 –

xï˛~Ó ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ ~Ó˚)ˆÏ˛õ ˆ°áy ÎyÎ˚ ˆÎñ  a, ar, ar2, ar3, … arn – 1 ~ÓÇ a, ar, ar2,...,

arn–1...  ÎÌyÜ ˛ˆÏÙ §§#Ù  G x§#Ù  à%ˆÏîy_Ó˚ ≤Ãà!ï˛ •Î˚–
a + ar + ar2 + ... + arn–1 ~ÓÇ a + ar + ar2 + ... + arn–1 +... ˆ◊!î ò%!ê˛ˆÏÜ˛ ÎÌyÜ ˛ˆÏÙ §§#Ù

~ÓÇ x§#Ù à%ˆÏîy_Ó˚ ˆ◊!î   Ó°y •Î˚–
9.5.2.  à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ (Sum of n terms of a G .P.) ô Ï̂Ó˚yñ ~Ü˛!ê˛
à%̂ Ïîy_Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ ̨õò a ~ÓÇ §yôyÓ˚î xî%̨ õyï˛ r– xy Ï̂Ó˚y ô Ï̂Ó˚ lyG à%̂ Ïîy_Ó˚ ≤Ã!à!ï˛!ê˛Ó˚ ≤ÃÌÙ n §ÇáƒÜ˛
˛õˆÏòÓ˚ §Ù!T˛ S

n
– §%ï˛Ó˚yÇñ

S
n
 = a + ar + ar2 +...+ arn–1 ... (1)

ˆ«˛e 1  Î!ò r = 1 •Î˚ ï˛ˆÏÓ xyÙÓ˚y ˛õy•z,

Sn = a + a + a + ... + a (n §ÇáƒÜ˛ ˛õò) = na

ˆ«˛e 2  Î!ò r ≠ 1 •Î˚ ï˛ˆÏÓ (1) lÇ ˆÜ˛ r !òˆÏÎ˚ à%î Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z

rS
n
 = ar + ar2 + ar3 + ... + arn ... (2)

(1) ˆÌ Ï̂Ü˛ (2) !ÓˆÏÎ˚yà Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z (1 – r) S
n
 = a – arn  = a(1 – rn)

~!ê˛ ̂ ÌˆÏÜ˛ ̨õyGÎ˚y ÎyÎ˚ S
( )

n

n
a r

r
=

−

−

1

1
xÌÓyñ  S

( )

n

n
a r

r
=

−

−

1

1

í˛zòy•Ó˚î 9 à%ˆÏîy_Ó˚ ≤Ãà!ï˛ 5, 25, 125,… ~Ó˚ 10 ÈüÈï˛Ù ~ÓÇ n ÈüÈï˛Ù ˛õò !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl  ~áy Ï̂l a = 5 ~ÓÇ r = 5 – §%ï˛Ó˚yÇ a
10

 = 5(5)10–1 = 5(5)9 = 510

~ÓÇ a
n
 = arn–1 = 5(5)n–1 = 5n –

í˛zòy•Ó˚î 10 2,8,32, ... n ÈüÈï˛Ù ˛õò ˛õÎ≈hs˝ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ˆÜ˛yl‰ ˛õò!ê˛ 131072?

§Ùyôyl  ôˆÏÓ˚yñ ≤Ãò_ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ n ÈüÈï˛Ù ˛õò 131072 – ~áyˆÏlñ a = 2 ~ÓÇ r = 4 –
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§%ï˛Ó˚yÇñ 131072 = a
n
 = 2(4)n – 1 Óy 65536 = 4n – 1

xÌ≈yÍñ 48 = 4n – 1.

~çlƒñ n – 1 = 8, xÌ≈yÍñ n = 9 – xï˛~Óñ à%ˆÏîy_Ó˚ ≤Ãà!ï˛!ê˛Ó˚ 9 ÈüÈï˛Ù ˛õò •ˆÏ°y131072 –

í˛zòy•Ó˚î 11 ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ï,˛ï˛#Î˚ ˛õò 24 ~ÓÇ £Ï¤˛ ˛õò 192 – ò¢Ù ˛õò !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl  ~áyˆÏlñ   a
3
 = ar2 = 24 ... (1)

~ÓÇ a
6
 = ar5 = 192 ... (2)

(2) ˆÜ˛ (1) !òˆÏÎ˚ Ë˛yà Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z r = 2 – (1)-~ r = 2 Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•z a = 6 –

xï˛~Ó  a
10

 = 6 (2)9 = 3072 –

í z̨òy•Ó˚î 12 à%̂ Ïîy_Ó˚ ̂ ◊!î 1
2

3

4

9
+ + + ...  ~Ó˚ ≤ÃÌÙ n §ÇáƒÜ˛ ̨õ Ï̂òÓ˚ §Ù!T˛ ~ÓÇ ≤ÃÌÙ 5!ê˛ ̨õ Ï̂òÓ˚ §Ù!T˛

!lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  ~áyˆÏlñ a = 1 ~ÓÇ r = 
2

3
 – §%ï˛Ó˚yÇñ

S
n
 =

a r

r

n

n

( )1

1

1
2

3

1
2

3

−

−

=

−




























−

 = 3 1
2

3
−





























n

!Ó Ï̂¢£Ïï˛/ñ S
5

5

3 1
2

3
= −





























 = 3
211

243
×  = 

211

81
 –

í˛zòy•Ó˚î 13 à%ˆÏîy_Ó˚ ≤Ãà!ï˛ 3
3

2

3

4
, , ,... ~Ó˚ Ü˛Î˚!ê˛ ˛õˆÏòÓ˚ ≤ÃˆÏÎ˚yçl •ˆÏÓñ ÎyˆÏòÓ˚ ˆÎyàÊ˛° 

3069

512  • Ï̂Ó⁄

§Ùyôyl  ôˆÏÓ˚yñ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ ≤ÃˆÏÎ˚yçl •ˆÏÓ– ˆòGÎ˚y xyˆÏSÈ a = 3, r = 
1

2
~ÓÇ Sn

=

3069

512
 –

ˆÎ Ï̂•ï%̨ ñ S
( )

n

n
a r

r
=

−

−

1

1

§%ï˛Ó˚yÇñ 3069

512

3 1
1

2

1
1

2

6 1
1

2
=

−

−

= −












( )
n

n
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Óyñ      
3069

3072
= 1

1

2
−

n

Óyñ     
1

2
n  =1

3069

3072
− = =

3

3072

1

1024

Óyñ      2n =1024 = 210, Îy ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ n = 10 –

í˛zòy•Ó˚î 14 ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ !ï˛l!ê˛ ˛õˆÏòÓ˚ ˆÎyyàÊ˛°  
13

12
 ~ÓÇ ï˛yˆÏòÓ˚ à%îÊ˛° – 1 –

§yôyÓ˚î xl%˛õyï˛ G ̨õòà%ˆÏ°y !lî≈≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl  ôˆÏÓ˚y à%ˆÏîy_Ó˚ ≤Ãà!ï˛!ê˛Ó˚ ≤ÃÌÙ !ï˛l!ê˛ ˛õò •° 
a

r
, a, ar –

ï˛y• Ï̂°ñ  
a

r
ar a+ + = 

13

12
... (1)

~ÓÇ
a

r
a ar












=( ) ( ) −1             ... (2)

(2) ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zñ a3 = – 1, xÌ≈yÍ a = – 1 (ˆÜ˛Ó°Ùye ÓyhflÏÓ Ó#ç !Óã˛yÓ˚ Ü˛ Ï̂Ó˚)
(1)-~  a = –1 Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•zñ

− − − =

1
1

13

12r
r  Óy 12r2 + 25r + 12 = 0 –

~!ê˛ • Ï̂°y r ~Ó˚ ~Ü˛!ê˛ !mâyï˛ §Ù#Ü˛Ó˚îñ ÎyˆÏÜ˛ §Ùyôyl Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z r = − −

3

4

4

3
Óy  –

xï˛~Óñ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ !ï˛l!ê˛ ̨ õò •° ı

4

3
1

3

4

3

4
1

4

3
, ,    = 

3

4
  , ,    =  

4

3
−

−

−

−

Îál ~ÓÇ Îálr r   –

í˛zòy•Ó˚î 15 xl%Ü ˛Ù 7, 77, 777, 7777, ... ~Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ ˆÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl  ~!ê˛ ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ lÎ˚ñ ï˛Ó%G ˛õòà%ˆÏ°yˆÏÜ˛ !l¡¨Ó˚)ˆÏ˛õ !°ˆÏá ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ §yˆÏÌ

§¡õÜ≈˛ Î%=˛ Ü˛Ó˚ˆÏï˛ ̨ õy!Ó˚ñ
Sn =  7 + 77 + 777 + 7777 + ... n §ÇáƒÜ˛ ˛õò ˛õÎ≈hs˝–

=
7

9
[9 99 999 9999+ + + + ...n §ÇáƒÜ˛ ˛õò ˛õÎ≈hs˝]
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=
7

9
[( ) ( ) ( ) ( )10 1 10 1 10 1 10 1

2 3 4
− + − + − + − + ...n §ÇáƒÜ˛ ˛õò ˛õÎ≈hs˝]

=
7

9
[( ) (1+1+1+... )]10 10 10

2 3
+ + + −...n n§ÇáƒÜ˛ ˛õò §ÇáƒÜ˛ ˛õò

=
7

9

( ) 7

9

( )10 10 1

10 1

10 10 1

9

n n

n n
−

−

−











 =

−

−











  –

í˛zòy•Ó˚î 16 ~Ü˛ Óƒ!=˛Ó˚ ÙyÈüÈÓyÓy !Ù Ï̂° 2 çlñ òyò%ÈüÈ!òòy 4 çlñ ÓˆÏí˛¸y òyò%ÈüÈÓˆÏí˛¸y !òòy 8 çl ~ÓÇ ~Ë˛y Ï̂Ó
ã˛°ˆÏ°ñ ̇  Óƒ!=˛Ó˚ ò¢ ≤Ãçß√ ̨õÎ≈hs˝ ̨ õ)Ó≈˛õ%Ó˚%£ÏˆÏòÓ˚ §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl  ~áyˆÏlñ  a = 2, r = 2 ~ÓÇ n = 10

§Ù!T˛ !lî≈ˆÏÎ˚Ó˚ §)e ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ S
n
 = 

a r

r

n
( )−

−

1

1

xyÙÓ˚y ̨ õy•zñ      S
10

 = 2(210  – 1) = 2046

xï˛~Óñ ̇  Óƒ!=˛Ó˚ ̨ õ)Ó≈≈˛õ%Ó˚%£ÏˆÏòÓ˚ §Çáƒy •° 2046 –
9.5.3 à%ˆÏîy_Ó˚#Î˚ ÙôƒÜ˛ [Geometric Mean (G .M.)] ò%!ê˛ ôlydÜ˛ §Çáƒy a G b ~Ó˚ à%ˆÏîy_Ó˚#Î˚
ÙôƒÜ˛ •° ab – §%ï˛Ó˚yÇ 2 ~ÓÇ 8 ~Ó˚ à%̂ Ïîy_Ó˚#Î˚ ÙôƒÜ˛ •° 4 – xyÙÓ˚y °«˛ Ü˛Ó˚!SÈ 2,4,8 ~•z §Çáƒyà%̂ Ï°y
•° ~Ü˛!ê˛ à%̂ Ïîy_Ó̊ ≤Ãà!ï˛Ó̊ ̨õÓ̊˛ õÓ̊ !ï˛l!ê˛ ̨õò– Îy ò%!ê˛ §ÇáƒyÓ̊ Ù Ï̂ôƒ à%̂ Ïîy_Ó̊#Î̊ Ùôƒ Ï̂Ü˛Ó̊ ôyÓ̊îy Ï̂Ü˛ §yôyÓ̊î#Ü˛Ó̊ Ï̂î
§•yÎ˚ï˛y Ü˛ Ï̂Ó˚–

Î!ò ò%!ê˛ ôlydÜ˛ §Çáƒy a ~ÓÇ b ≤Ãò_ •Î˚ ï˛ Ï̂Ó xyÙÓ˚y ~ Ï̂òÓ˚ ÙyV˛áy Ï̂l Îï˛à%̂ Ï°y •zFSÈy §Çáƒy Ó§y Ï̂ï˛
˛õy!Ó˚ ÎyˆÏï˛ ≤ÃyÆ xl%Ü ˛Ù!ê˛ ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ •Î˚–

ôˆÏÓ˚yñ ò%!ê˛ ôlydÜ˛ §Çáƒy a G b ~Ó˚ ÙôƒÓï≈˛# n §ÇáƒÜ˛ §Çáƒy G
1
, G

2
,…, G

n
 ~Ó˚)˛õ ˆÎñ

a,G
1
,G

2
,G

3
,…,G

n
,b ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛– §%ï˛Ó˚yÇ b •° (n + 2) ÈüÈï˛Ù ˛õò– xï˛~Ó xyÙÓ˚y ˛õy•z

b ar
n

=
+ 1

,
 
   

Óy 
   r

b

a

n

=












+

1

1  –

§%ï˛Ó˚yÇñ G
1

1

1

= =












+

ar a
b

a

n

, G2

2

2

1

= =












+

ar a
b

a

n

,
G

3

3

3

1

= =












+

ar a
b

a

n

,

G
n

n

n

n

ar a
b

a
= =













+1

í˛zòy•Ó˚î 17 1 ~ÓÇ 256 ~Ó˚ ÙˆÏôƒ !ï˛l!ê˛ §Çáƒy Ó§yG ÎyˆÏï˛ ≤ÃyÆ xl%Ü ˛Ù!ê˛ ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ •Î˚–
§Ùyôyl  ôÓ˚y ÎyÜ˛ñ 1 ~ÓÇ 256 ~Ó˚ ÙôƒÓï≈̨ # !ï˛l!ê˛ §Çáƒy G

1
, G

2
,G

3
 ~Ùl ̂ Îñ  1, G

1
,G

2
,G

3
 ,256 ~Ü˛!ê˛

à%ˆÏîy_Ó˚ ≤Ãà!ï˛ àë˛l Ü˛ˆÏÓ˚–
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§%ï˛Ó˚yÇñ 256 = r4 ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ r = ± 4 (¢%ô%Ùye ÓyhflÏÓ Ó#ç !lˆÏÎ˚)
r = 4 ~Ó˚ çlƒ xyÙÓ˚y ˛õy•zñ G

1 
= ar = 4, G

2
 = ar2 = 16, G

3
 = ar3 = 64 –

xl%Ó˚)ˆÏ˛õñ r = – 4 ~Ó˚ çlƒ §Çáƒyà%ˆÏ°y •ˆÏ°y – 4,16 ~ÓÇ – 64

§%ï˛Ó˚yÇñ 1 ~ÓÇ 256 ~Ó˚ ÙˆÏôƒ xyÙÓ˚y 4, 16, 64 ˆÜ˛ Ó§yˆÏï˛ ˛õy!Ó˚ ÎyˆÏï˛ ≤ÃyÆ xl%Ü ˛Ù!ê˛ ~Ü˛!ê˛ à%ˆÏîy_Ó˚
≤Ãà!ï˛ •Î˚–
9.6  §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ G à%ˆÏîy_Ó˚#Î˚ ÙôƒˆÏÜ˛Ó˚ ÙˆÏôƒ §¡õÜ≈˛ (Relationship Between A.M.

and G.M.)

ôÓ˚y ÎyÜ˛ñ ≤Ãò_ ò%!ê˛ ôlydÜ˛ ÓyhflÏÓ §Çáƒy a  G b ~Ó˚ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ G à%ˆÏîy_Ó˚#Î˚ ÙôƒÜ˛ ÎÌyÜ ˛ˆÏÙ A G
G – §%ï˛Ó˚yÇñ

 A =

+a b

2
 ~ÓÇ G = ab

xï˛~Óñ xyÙÓ˚y ˛õy•z

A – G =
a b

ab
+

−

2
 = 

a b ab+ −2

2

=
a b−( )

≥

2

2
0 ... (1)

(1) ˆÌˆÏÜ˛ xyÙÓ˚y §¡õÜ≈˛!ê˛ ˛õy•zñ  A ≥ G –
í˛zòy•Ó˚î 18 Î!ò ò%!ê˛ ôlydÜ˛ §Çáƒy a G b ~Ó˚ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ åA.Mä G à%ˆÏîy_Ó˚#Î˚ åG.Mä ÙôƒÜ˛
ÎÌyÜ ˛ˆÏÙ 10 ~ÓÇ 8 •Î˚ñ ï˛ˆÏÓ §Çáƒy ò%!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl  ~áy Ï̂l ≤Ãò_ñ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ =

+

=

a b

2
10 ... (1)

~ÓÇ à%̂ Ïîy_Ó˚#Î˚ ÙôƒÜ˛ = =ab 8 ... (2)

(1) G (2) ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zñ
a + b = 20 ... (3)

    ab = 64 ... (4)

(3) G (4) ˆÌ Ï̂Ü˛ a ~ÓÇ b ~Ó˚ Ùyî x Ï̂Ë˛ò   (a – b)2 = (a + b)2 – 4ab ˆï˛ Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•z
(a – b)2 = 400 – 256 = 144

xÌÓyñ a – b = ± 12 ... (5)

(3) G (5) §Ùyôyl Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zñ
a = 4, b = 16 xÌÓyñ a = 16, b = 4

xï˛~Óñ a G b §Çáƒy ò%!ê˛ •° ÎÌyÜ ˛ˆÏÙ 4, 16 xÌÓy 16, 4 –
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 ‰

 ‰

xl%¢#°l# 9.3

1. à%ˆÏîy_Ó˚ ≤Ãà!ï˛ 
5

2

5

4

5

8
, , , ... ~Ó˚ 20 ÈüÈï˛Ù ~ÓÇ n ÈüÈï˛Ù ˛õò !lî≈Î˚ Ü˛ˆÏÓ˚y–

2. ~Ü˛!ê˛ à%̂ Ïîy_Ó˚ ≤Ãà!ï˛Ó˚ 12 ÈüÈï˛Ù ̨õò !lî≈Î˚ Ü˛ Ï̂Ó˚y ÎyÓ˚ 8 ÈüÈï˛Ù ̨õò 192 ~ÓÇ §yôyÓ˚î xl%̨ õyï˛ •° 2–
3. ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ 5 üÈï˛Ùñ 8 üÈï˛Ù ~ÓÇ 11 üÈï˛Ù ˛õò ÎÌyÜ ˛ˆÏÙ p, q ~ÓÇ s •ˆÏ° ˆòáyG

ˆÎ q2 = ps –
4. ~Ü˛!ê˛ à%̂ Ïîy_Ó˚ ≤Ãà!ï˛Ó˚ ã˛ï%̨ Ì≈ ̨õò!ê˛ !mï˛#Î˚ ̨õ Ï̂òÓ˚ Óà≈ ~ÓÇ ≤ÃÌÙ ̨õò!ê˛ •° – 3 – ≤Ãà!ï˛!ê˛Ó˚ §ÆÙ ̨õò

!lî≈Î˚ Ü˛ Ï̂Ó˚y–
5. !l¡¨!°!áï˛ xl%Ü ̨ Ùà%̂ Ï°y Ï̂ï˛ ı ‰

(a) 2 2 2 4, , ,...~Ó˚ ̂ Ü˛yl ̨õò!ê˛ 128 •Î˚⁄ (b) 3 3 3 3 729, , ,... ~Ó˚ ˆÜ˛yl ˛õò!ê˛ •Î̊?

(c)
1

3

1

9

1

27

1

19683
, , ,... ~Ó˚ ˆÜ˛yl ˛õò!ê˛ •Î˚⁄

6. x ~Ó˚ ̂ Ü˛yl Ùy Ï̂lÓ˚ çlƒ − −

2

7

7

2
, ,x  §Çáƒyà%ˆÏ°y à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyÜ˛ˆÏÓ⁄

7 ̂ ÌˆÏÜ˛ 10 ̨õÎ≈hs˝ ≤ÃŸ¿à%ˆÏ°yÓ˚ ≤ÃˆÏï˛ƒÜ˛!ê˛ˆÏï˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ !lˆÏò≈!¢ï˛ ̨õò ̨õÎ≈hs˝ ̂ ÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y ı

7. 0.15, 0.015, 0.0015, ... 20 ÈüÈï˛Ù ˛õò ˛õÎ≈hs˝–

8. 7 , 21 , 3 7 , ... n ÈüÈï˛Ù ˛õò ˛õÎ≈hs˝–

9. 1, – a, a2, – a3, ... n ÈüÈï˛Ù ˛õò ˛õÎ≈hs˝ (Î!ò a ≠ – 1) –
10. x3, x5, x7, ... n ÈüÈï˛Ù ˛õò ˛õÎ≈hs˝ (Î!ò x ≠ ± 1) –

11. Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y ı ( )2 3

1

11

+

=

∑
k

k

 –

12. ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ !ï˛l!ê˛ ˛õˆÏòÓ˚ §Ù!T˛ 
39

10
 ~ÓÇ ï˛yˆÏòÓ˚ à%îÊ˛° 1 – §yôyÓ˚î xl%˛õyï˛

~ÓÇ ̨õòà%ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y–
13. à%ˆÏîy_Ó˚ ≤Ãà!ï˛ 3, 32, 33, … ~Ó˚ Ü˛ï˛à%ˆÏ°y ˛õˆÏòÓ˚ §Ù!T˛ 120 ⁄
14. ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ !ï˛l!ê˛ ˛õˆÏòÓ˚ §Ù!T˛ 16 ~ÓÇ ˛õÓ˚Óï≈˛# !ï˛l!ê˛ ˛õˆÏòÓ˚ §Ù!T˛ 128 –

˛≤Ãà!ï˛!ê˛Ó˚ ≤ÃÌÙ ˛õòñ §yôyÓ˚î xl%˛õyï˛ ~ÓÇ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
15. ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ a = 729 ~ÓÇ 7 ÈüÈï˛Ù ˛õò 64 ≤Ãò_ • Ï̂° S

7
 !lî≈Î˚ Ü˛ˆÏÓ˚y–

16. ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ ≤ÃÌÙ ò%!ê˛ ˛õˆÏòÓ˚ §Ù!T˛ – 4 ~ÓÇ ˛õM˛Ù ˛õòñ ï,˛ï˛#Î˚ ˛õˆÏòÓ˚
4 à%î–

17. ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ 4 ÈüÈï˛Ù, 10 ï˛Ù ~ÓÇ 16 ÈüÈï˛Ù ˛õò ÎÌyÜ ˛ˆÏÙ x, y ~ÓÇ z • Ï̂° ≤ÃÙyî Ü˛ Ï̂Ó˚y
ˆÎ x, y, z à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–
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18. xî%Ü ˛Ù 8, 88, 888, 8888… ~Ó˚ n §ÇáƒÜ˛ ̨ õò ̨õÎ≈hs˝ ̂ ÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

19. 2, 4, 8, 16, 32 ~ÓÇ 128, 32, 8, 2, 
1

2
 xî%Ü ˛Ù ò%!ê˛Ó˚ xl%Ó˚)˛õ ̨ õòà%ˆÏ°yÓ˚ à%îÊ˛ˆÏ°Ó˚ §Ù!T˛ !lî≈Î˚

Ü˛ Ï̂Ó˚y–

20. ˆòáyG ˆÎñ xl%Ü ˛Ù a, ar, ar2, …arn – 1 ~ÓÇ A, AR, AR2, … ARn – 1 ~Ó˚ xl%Ó˚)˛õ ˛õòà%ˆÏ°yÓ˚
à%îÊ˛° ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ àë˛l Ü˛ˆÏÓ˚ ~ÓÇ ≤Ãà!ï˛!ê˛Ó˚ §yôyÓ˚î xl%˛õyï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

21. ã˛yÓ˚!ê˛ §Çáƒy !ò Ï̂Î˚ à!ë˛ï˛ ~Ü˛!ê˛ à%̂ Ïîy_Ó˚ ≤Ãà!ï˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y ÎyÓ˚ ï,̨ ï˛#Î˚ ̨õò!ê˛ ≤ÃÌÙ ̨õò ̂ Ì Ï̂Ü˛ 9 ̂ Ó!¢
~ÓÇ !mï˛#Î˚ ˛õò!ê˛ ã˛ï%˛Ì≈ ˛õò ˆÌˆÏÜ˛ 18 ÓˆÏí˛¸y–

22. Î!ò ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ p ÈüÈï˛Ù, q ÈüÈï˛Ù ~ÓÇ r ÈüÈï˛Ù ˛õò ÎÌyÜ ˛ˆÏÙ a, b ~ÓÇ c •Î˚ ï˛ Ï̂Ó ≤ÃÙyî
Ü˛ˆÏÓ˚y ̂ Îñ

aq – r br – pcP – q = 1 –

23. Î!ò ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ ˛õò ~ÓÇ n ÈüÈï˛Ù ˛õò ÎÌyÜ ˛ˆÏÙ a ~ÓÇ b •Î˚ ~ÓÇ Î!ò n §ÇáƒÜ˛
˛õˆÏòÓ˚ à%îÊ˛° P •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y P2 = (ab)n –

24. ˆòáyG ˆÎñ ~Ü˛!ê˛ à%̂ Ïîy_Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ n §ÇáƒÜ˛ ˛õ Ï̂òÓ˚ ˆÎyàÊ˛° ~ÓÇ (n + 1) ÈüÈï˛Ù ˛õò ˆÌˆÏÜ˛
(2n) ÈüÈï˛Ù ˛õò ˛õÎ≈hs˝ ˛õòà%ˆÏ°yÓ˚ ˆÎyàÊ˛ˆÏ°Ó˚ xî%˛õyï˛ •° 

1

r
n

 –

25. Î!ò a, b, c ~ÓÇ d à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyˆÏÜ˛ ï˛ˆÏÓ ˆòáyG ˆÎñ

(a2 + b2 + c2) (b2 + c2 + d2) = (ab + bc + cd)2  –
26. 3 G 81 ~Ó˚ ÙyV˛áyˆÏl ò%!ê˛ §Çáƒy Ó§yG ÎyˆÏï˛ ≤ÃyÆ xl%Ü ˛Ù!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ë%˛=˛ •Î˚–

27. nÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ ÎyˆÏï˛ 
a

a b

n

n n

n
b

+1
+

+

+

1

ñ a ~ÓÇ b ~Ó˚ à%ˆÏîy_Ó˚#Î˚ ÙôƒÜ˛ •Î˚–

28. ò%!ê˛ §ÇáƒyÓ˚ ̂ ÎyàÊ˛° ï˛yˆÏòÓ˚ à%ˆÏîy_Ó˚#Î˚ ÙôƒˆÏÜ˛Ó˚  6 à%î •ˆÏ° ̂ òáyG ̂ Î §Çáƒy ò%!ê˛Ó˚ xî%˛õyï˛

3 2 2 3 2 2+( ) −( ):  –

29. ò%!ê˛ ôlydÜ˛ §ÇáƒyÓ˚ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ G ˛à%ˆÏîy_Ó˚#Î˚ ÙôƒÜ˛ ÎÌyÜ ˛ˆÏÙ A G G •ˆÏ° ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ

§Çáƒy ò%!ê˛ •° A A G A G± + −( )( )  –

30. ˆÜ˛yˆÏly ~Ü˛!ê˛ lÙ%ly ̨ õÓ˚#«˛yÎ˚ ÓƒyÜ˛ˆÏê˛!Ó˚Î˚yÓ˚ §Çáƒy ≤Ã!ï˛ â^˝ê˛yÎ˚ !mà%î •Î˚– Î!ò ≤ÃÌÙ xÓfiÌyÎ˚ 30!ê˛
Óƒy Ï̂Q!Ó˚Î˚y í z̨̨ õ!fiÌï˛ Ìy Ï̂Ü˛ ï˛ Ï̂Ó !mï˛#Î˚ â^˝ê˛yñ ã˛ï%̨ Ì≈ â^˝ê˛y ~ÓÇ n ÈüÈï˛Ù â ˝̂ê˛yÓ˚ ̨õÓ˚ ÓƒyÜ˛ Ï̂ê˛!Ó˚Î˚yÓ˚ §Çáƒy
Ü˛ï˛ • Ï̂Ó⁄

31. Óy!£Ï≈Ü˛ 10% ã˛Ü ˛Ó,!Âô •yˆÏÓ˚ 500 ê˛yÜ˛y ̂ Ü˛yˆÏly ÓƒyˆÏAÜ˛ çÙy !òˆÏ° 10 ÓÍ§Ó˚ ̨ õˆÏÓ˚ §%òy§° Ü˛ï˛ •ˆÏÓ⁄
32. Î!ò ~Ü˛!ê˛ !mâyï˛ §Ù#Ü˛Ó˚̂ ÏîÓ˚ Ó#çm Ï̂Î˚Ó˚ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ ~ÓÇ à%̂ Ïîy_Ó˚#Î˚ ÙôƒÜ˛ ÎÌyÜ ̨ Ï̂Ù 8 ~ÓÇ  5

•Î˚ñ ï˛ˆÏÓ !mâyï˛ §Ù#Ü˛Ó˚î!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
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9.7 !ÓˆÏ¢£Ï ˆ◊!îÓ˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ (Sum of n Terms of Special Series)

~ál xyÙÓ˚y Ü˛ Ï̂Î˚Ü˛!ê˛ !Ó Ï̂¢£Ï ˆ◊!îÓ˚ ≤ÃÌÙ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛Ó˚Óñ ˆÎÙlÈüüüÈ
(i) 1 + 2 + 3 +…    + n (≤ÃÌÙ n §ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ §Ù!T˛)
(ii) 12 + 22 + 32 +… + n2(≤ÃÌÙ n §ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ÓˆÏà≈Ó˚ §Ù!T˛)
(iii) 13 + 23 + 33 +… + n3(≤ÃÌÙ n §ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ âlÈüÈ~Ó˚ §Ù!T˛) –

 ã˛ˆÏ°y xyÙÓ˚y ï˛yˆÏòÓ˚ ~Ü˛!ê˛ÈüÈ~Ü˛!ê˛ !Óã˛yÓ˚ Ü˛!Ó˚–

(i) S
n
=1 + 2 + 3 + … + n •ˆÏ° S

n
 = 

n n( )

2

+1
 (xl%ˆÏFSÈò 9.4 ˆòˆÏáy)

(ii) ~áyˆÏl S
n
= 12 + 22 + 32 + … + n2

xyÙÓ˚y x Ï̂Ë˛ò k3 – (k – 1)3 = 3k2 – 3k + 1 ô!Ó˚–

 k = 1, 2…, n  ˛õÓ˚ ˛õÓ˚ Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•zÈüüüÈ
13 – 03 = 3 (1)2 – 3 (1) + 1

23 – 13 = 3 (2)2 – 3 (2) + 1

33 – 23 = 3(3)2 – 3 (3) + 1

.......................................

.......................................

......................................

n3 – (n – 1)3 = 3 (n)2 – 3 (n) + 1

í˛zË˛Î˚˛õ«˛ ̂ Îyà Ü˛ˆÏÓ˚ xyÙÓ˚y ̨ õy•zÈüüüÈ
n3 – 03 = 3 (12 + 22 + 32 + ... + n2) – 3 (1 + 2 + 3 + ... + n) + n

n k k n

k

n

k

n

3 2

1 1

3 3= − +

= =

∑ ∑

(i) ˆÌˆÏÜ˛ xyÙÓ˚y çy!l ˆÎñ k n
n n

k

n

=

∑ = + + + + =

+

1

1 2 3
1

2
...

( )

§%ï˛Ó˚yÇñ  S
n 
= k n

n n
n

k

n

2 3

1

1

3

3 1

2
= +

+

−










=

∑
( )

 =
1

6
2 3

3 2
( )n n n+ +

=
n n n( ) ( )+ +1 2 1

6

(iii) ~áyˆÏl S
n
 = 13 + 23 + ...+n3

xyÙÓ˚y ~Ü˛!ê˛ xˆÏË˛ò (k + 1)4 – k4 = 4k3 + 6k2 + 4k + 1 ô!Ó˚–
k = 1, 2, 3… n, Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•zÈüüüÈ
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24 – 14 = 4(1)3 + 6(1)2 + 4(1) + 1

34 – 24 = 4(2)3 + 6(2)2 + 4(2) + 1

44 – 34 = 4(3)3 + 6(3)2 + 4(3) + 1

..................................................

..................................................

..................................................

(n – 1)4 – (n – 2)4 = 4(n – 2)3 + 6(n – 2)2 + 4(n – 2) + 1

n4 – (n – 1)4 = 4(n – 1)3 + 6(n – 1)2 + 4(n – 1) + 1

(n + 1)4 – n4 = 4n3 + 6n2 + 4n + 1

í˛zË˛Î˚˛õ«˛ ̂ Îyà Ü˛ˆÏÓ˚ xyÙÓ˚y ̨ õy•zÈüüüÈ
(n + 1)4 – 14 = 4(13 + 23 + 33 +...+ n3) + 6(12 + 22 + 32 + ...+ n2) +

4(1 + 2 + 3 +...+ n) + n

= + + +

= = =

∑ ∑ ∑4 6 4
3

1

2

1 1

k k k n

k

n

k

n

k

n

... (1)

(i) ~ÓÇ (ii) ~Ó˚ xÇ¢ ˆÌˆÏÜ˛ xyÙÓ˚y çy!l ˆÎñ

k
n n

k
n n n

k

n

k

n

= =

∑ ∑=

+

=

+ +

1

2

1

1 1 2 1

6

( )

2

( ) ( )
~ÓÇ

~•z Ùylà%ˆÏ°y (1) lÇ §Ù#Ü˛Ó˚ˆÏî Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•zÈüüüÈ

4 4 6 4
6 1 2 1

6

4 1

2

3

1

3 2
k n n n n

n n n n n
n

k

n

=

∑ = + + + −

+ +

−

+

−
4 ( ) ( ) ( )

xÌÓyñ 4S
n
= n4 + 4n3 + 6n2 + 4n – n (2n2 + 3n + 1) – 2n (n + 1) – n

= n4 + 2n3 + n2

= n2(n + 1)2 –

§%ï˛Ó̊yÇ   S
n

= 
n n n n

2 2
2

1

4

1

4

( ) ( )+

=

+[ ]

í˛zòy•Ó˚î 19   ˆ◊!î 5 + 11 + 19 + 29 + 41… ~Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ ˆÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl  ôÓ˚y ÎyÜ˛ñ
  S

n 
= 5 + 11 + 19 + 29 + ... + a

n–1
 + a

n

Óy   S
n 
=     5 + 11 + 19 + ... + a

n–2
 + a

n–1
 + a

n

!ÓˆÏÎ˚yà Ü˛ˆÏÓ˚ xyÙÓ˚y ̨ õy•zñ
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0 = 5 + [6 + 8 + 10 + 12 + ...(n – 1)!ê˛ ˛õò] – a
n

Óy a
n
 = 5 + 

( )[ ( ) ]n n� 1 12 2 2

2

+ − ×

= 5 + (n – 1) (n + 4) = n2 + 3n + 1

§%ï˛Ó̊yÇ S
n
 = a k k k k n

k

k

n

k

n n

k

n

= + + = + +

= = =

∑ ∑ ∑∑
1

2

1

2

11

3 1 3( )

=
n n n n n

n
( ) ( ) ( )+ +

+

+

+

1 2 1

6

3 1

2

=

+ +n n n( ) ( )2 4

3
 –

í˛zòy•Ó˚î 20 ~Ü˛!ê˛ ˆ◊!îÓ˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ n üÈï˛Ù ˛õò!ê˛ •ˆÏ°y n (n+3) –

§Ùyôyl  ~áy Ï̂l ≤Ãò_ a
n
 = n (n + 3)   = n2 + 3n

§%ï˛Ó˚yÇñ  n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ •°ñ

S
n
 = a k k

k

k

n

k

n

k

n

= +

= ==

∑ ∑∑
1

2

11

3

=
n n n n n( ) ( ) ( )+ +

+

+1 2 1

6

3 1

2
 =

+ +n n n( )( )1 5

3

–

xl%¢#°l# 9.4

≤ÃŸ¿ 1 ˆÌˆÏÜ˛ 7 ˛õÎ≈hs˝ ≤Ã Ï̂ï˛ƒÜ˛!ê˛ ̂ ◊!îÓ˚ n §ÇáƒÜ˛ ̨ õˆÏòÓ˚ ̂ ÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

1. 1 × 2 + 2 × 3 + 3 × 4 + 4 × 5 +... 2. 1 × 2 × 3 + 2 × 3 × 4 + 3 × 4 × 5 + ...

3. 3 × 12 + 5 × 22 + 7 × 32 + ... 4.

1

1 2

1

2 3

1

3 4×

+

×

+

×

+ ...

5. 52 + 62 + 72 + ... + 202 6. 3 × 8 + 6 × 11 + 9 × 14 + ...

7. 12 + (12 + 22) + (12 + 22 + 32) + ...

≤ÃŸ¿ 8 ˆÌ Ï̂Ü˛ 10 ˛õÎ≈hs˝ ˆ◊!îà%ˆÏ°yÓ˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ ˆÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyˆÏòÓ˚ n ï˛Ù ˛õò!ê˛ ≤Ãò_

8. n (n+1) (n+4) 9. n2 + 2n

10. ( )2 1
2

n −
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!Ó!Óô  í˛zòy•Ó˚îÙy°y

í˛zòy•Ó˚î 21 Î!ò ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ p ÈüÈï˛Ù, q ÈüÈï˛Ù, r ÈüÈï˛Ù ~ÓÇ s ÈüÈï˛Ù ̨õò à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyˆÏÜ˛
ï˛ Ï̂Ó ˆòáyG ˆÎ (p – q), (q – r), (r – s)G à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyˆÏÜ˛–
§Ùyôyl  ~áyˆÏlñ

a
p
 = a + (p –1) d ... (1)

a
q
 = a + (q –1) d ... (2)

a
r
 = a + (r –1) d ... (3)

a
s
 = a + (s –1) d ... (4)

~áy Ï̂l ≤Ãò_ a
p
, a

q
, a

r
 ~ÓÇ a

s 
à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–

§%ï˛Ó̊yÇ a

a

a

a

a a

a a

q r

p q

q

p

r

q

q r

p q

= =

−

−

=

−

−

åˆÜ˛l⁄ä ... (5)

xl%Ó̊)̂ Į̈ õñ a

a

a

a

a a

a a

r s

q r

r

q

s

r

r s

q r

= =

−

−

=

−

−

åˆÜ˛l⁄ä ... (6)

xï˛~Óñ (5) G (6) ˆÌˆÏÜ˛ ˛õy•zÈüüüÈ

q r

p q

r s

q r

−

−

=

−

−

 xÌ≈yÍñ  p – q, q – r ~ÓÇ r – s à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–

í˛zòy•Ó˚î 22 Î!ò a, b, c à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyˆÏÜ˛ ~ÓÇ 
a b cx y z

1 1 1

= =
 •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ

x, y, z §Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyÜ˛ˆÏÓ–

§Ùyôyl  ôˆÏÓ˚y a x

1

= b c k
y z

1 1

= =  §%ï˛Ó˚yÇñ

a = kx , b = ky ~ÓÇ c = kz È– ... (1)

ˆÎˆÏ•ï%˛ñ a, b, c à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈñ ï˛y•z
b2 = ac   ... (2)

(1) ˆÜ˛ (2)-~ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z
k2y = kx + z, Îy ˆÌ Ï̂Ü˛ ˛õyGÎ˚y ÎyÎ˚ 2y = x + z È–

xï˛~Óñ x, y ~ÓÇ z §Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–
í˛zòy•Ó˚î 23 Î!ò a, b, c, d ~ÓÇ p !Ó!Ë˛ß¨ ÓyhflÏÓ §Çáƒy ~Ùl ˆÎ
(a2 + b2 + c2)p2 – 2(ab + bc + cd) p + (b2 + c2 + d2) ≤ 0 •Î˚ñ ï˛ Ï̂Ó ˆòáyG ˆÎ a, b, c ~ÓÇ
d à%ˆÏîy_Ó˚ ≤Ãà!ï˛ àë˛l Ü˛ˆÏÓ˚–
§Ùyôyl  ~áy Ï̂l ≤Ãò_ñ

(a2 + b2 + c2) p2 – 2 (ab + bc + cd) p + (b2 + c2 + d2) ≤ 0 ... (1)
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!Ü˛v ÓyÙ˛õ«˛

= (a2p2 – 2abp + b2) + (b2p2 – 2bcp + c2) + (c2p2 – 2cdp + d2),

Îy ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ñ (ap – b)2 + (bp – c)2 + (cp – d)2  ≥ 0 ... (2)

ˆÎˆÏ•ï%˛ ÓyhflÏÓ §ÇáƒyÓ˚ ÓˆÏà≈Ó˚ §Ù!T˛ }îydÜ˛ lÎ˚ñ ï˛y•z (1) G (2) ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zñ

(ap  – b)2 + (bp  – c)2 + (cp  – d)2 = 0

Óyñ ap – b = 0, bp – c = 0, cp – d = 0

Îy ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zñ  
b

a

c

b

d

c
p= = =

xï˛~Óñ a, b, c ~ÓÇ d à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–

í˛ zòy•Ó˚î 24 Î!ò p,q,r à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyˆÏÜ˛ ~ÓÇ §Ù#Ü˛Ó˚î  px2 + 2qx + r = 0 ~ÓÇ

dx2 + 2ex + f = 0 ~Ó˚ ~Ü˛!ê˛ §yôyÓ˚î Ó#ç Ìy Ï̂Ü˛ ï˛ Ï̂Ó ˆòáyG ˆÎ d

p

e

q

f

r
, ,

 §Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–

§Ùyôyl   px2 + 2qx + r = 0 §Ù#Ü˛Ó˚ˆÏîÓ˚ Ó#çà%ˆÏ°y •°

x
q q rp

p
=

− ± −2 4 4

2

2

ˆÎˆÏ•ï%˛ñ p ,q, r à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈñ ï˛y•z q2 = pr È– §%ï˛Ó˚yÇñ x
q

p
=

−

 !Ü˛v 
−q

p

 §Ù#Ü˛Ó˚î

dx2 + 2ex + f = 0 ~Ó˚G Ó#ç åˆÜ˛l⁄ä

§%ï˛Ó˚yÇñ d
q

p
e

q

p
f

−










+

−










+ =

2

2 0,

Óyñ dq2 – 2eqp + fp2 = 0 ... (1)

(1) ˆÜ˛ pq2 !òˆÏÎ˚ Ë˛yà Ü˛ˆÏÓ˚ ~ÓÇ q2 = pr ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüüÈ

d

p

e

q

fp

pr
− + =

2
0,

 
   Óy

2e

q

d

p

f

r
= +

§%ï˛Ó˚yÇñ
d

p

e

q

f

r
, ,  §Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–
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xôƒyÎ˚ 9ÈüÈ~Ó˚ !Ó!Óô xl%¢#°l#
1. ˆòáyG ˆÎÈüÈˆÜ˛yˆÏly §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ (m + n) ÈüÈï˛Ù ˛õò ~ÓÇ (m – n) ÈüÈï˛Ù ˛õˆÏòÓ˚ §Ù!T˛ m ÈüÈï˛Ù

˛õˆÏòÓ˚ !mà%̂ ÏîÓ˚ §Ùyl–
2. Î!ò ˆÜ˛y Ï̂ly §Ùyhs˝Ó̊ ≤Ãà!ï˛Ó̊ !ï˛l!ê˛ §ÇáƒyÓ̊ §Ù!T˛ 24 •Î̊ ~ÓÇ ï˛y Ï̂òÓ̊ à%îÊ˛° 440 •Î̊ ï˛̂ ÏÓ §Çáƒyà%̂ Ï°y

!lî≈Î̊ Ü˛̂ ÏÓ̊y–
3. Î!ò ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ n, 2n, 3n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ ÎÌyÜ ˛ˆÏÙ S

1
, S

2 
~ÓÇ S

3
 •Î˚ ï˛ˆÏÓ

ˆòáyG ˆÎ S
3
 = 3(S

2
 – S

1
) È–

4. 200 ~ÓÇ 400ÈüÈ~Ó˚ ÙôƒÓï≈˛# 7 !ò Ï̂Î˚ !ÓË˛yçƒ §Óà%̂ Ï°y §ÇáƒyÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
5. 1 ˆÌ Ï̂Ü˛ 100 ˛õÎ≈hs˝ ˆÎ §Ó ˛õ)î≈ §Çáƒy 2 xÌÓy 5 !ò Ï̂Î˚ !ÓË˛yçƒ ï˛y Ï̂òÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
6. ò%•z xAÜ˛ !Ó!¢T˛ ˆÎ §Çáƒyà%̂ Ï°y Ï̂Ü˛ 4 !ò Ï̂Î˚ Ë˛yà Ü˛Ó˚̂ Ï° 1 Ë˛yà Ï̂¢£Ï Ìy Ï̂Ü˛ ï˛y Ï̂òÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
7. Î!ò f ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ ~Ùl •Î˚ ˆÎñ f (x +y) = f(x) f(y)ñ §Ó x, y ∈     N ~Ó˚ çlƒñ ˆÎáyˆÏl

f(1) = 3 ~ÓÇ f x

x

n

( )

=

∑ =

1

120  •Î˚ñ ï˛ Ï̂Ó n ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

8. à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ !Ü˛S%È ˛õˆÏòÓ˚ §Ù!T˛ 315 ÎyÓ˚ ≤ÃÌÙ ˛õò ~ÓÇ §yôyÓ˚î xl%˛õyï˛ ÎÌyÜ ˛ˆÏÙ 5 ~ÓÇ 2
≤Ãà!ï˛!ê˛Ó˚ ˆ¢£Ï ˛õò ~ÓÇ ˛õò §Çáƒy !lî≈Î˚ Ü˛ˆÏÓ˚y–

9. ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ ˛õò 1ñ ï,˛ï˛#Î˚ ˛õò ~ÓÇ ˛õM˛Ù ˛õˆÏòÓ˚ §Ù!T˛ 90 •ˆÏ° ≤Ãà!ï˛!ê˛Ó˚
§yôyÓ˚î xl%˛õyï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

10. à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ ~Ó˚)˛õ !ï˛l!ê˛ §ÇáƒyÓ˚ §Ù!T˛ 56 È– Î!ò xyÙÓ˚y ~•z §Çáƒyà%̂ Ï°y ˆÌ Ï̂Ü˛ ~Ü˛•z
Ü ̨ Ï̂Ù 1, 7, 21 !ÓˆÏÎ˚yà Ü˛!Ó˚ ï˛ˆÏÓ xyÙÓ˚y ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ ˛õy•z– §Çáƒyà%ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y–

11. ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ˆçyí˛¸ §ÇáƒÜ˛ ˛õò xyˆÏSÈ– Î!ò §Óà%ˆÏ°y ˛õˆÏòÓ˚ §Ù!T˛ñ !ÓˆÏçyí˛¸ fiÌyˆÏlÓ˚
˛õòà%̂ Ï°yÓ˚ §Ù!T˛Ó˚ 5 à%î •Î˚ ï˛ˆÏÓ ï˛yÓ˚ §yôyÓ˚î xl%˛õyï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

12. ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ ã˛yÓ˚!ê˛ ˛õˆÏòÓ˚ §Ù!T˛ 56 ~ÓÇ ˆ¢£Ï ã˛yÓ˚!ê˛ ˛õˆÏòÓ˚ §Ù!T˛ 112 È– Î!ò ï˛yÓ˚
≤ÃÌÙ ˛õò 11 •Î˚ ï˛ Ï̂Ó ˛õò §Çáƒy !lî≈Î˚ Ü˛ Ï̂Ó˚y–

13. Î!ò 
a bx

a bx

b cx

b cx

c dx

c dx
x

+

−

=

+

−

=

+

−

≠( )0  •Î̊ñ ï˛̂ ÏÓ ˆòáyG ˆÎ a, b, c ~ÓÇ d à%̂ Ïîy_Ó̊ ≤Ãà!ï˛̂ Ïï  ̨xŷ ÏSÈ–

14. Î!ò ~Ü˛!ê˛ à%̂ Ïîy_Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ̨õ Ï̂òÓ˚ ̂ ÎyàÊ˛° S, ~ Ï̂òÓ˚ à%îÊ˛° P ~ÓÇ ̨õòà%̂ Ï°yÓ˚ xl Ï̂lƒy Ï̂Ü˛Ó˚
ˆÎyàÊ˛° R •Î˚ ï˛ Ï̂Ó ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎ P2Rn = Sn È–

15. Î!ò ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ p ÈüÈï˛Ùñ q üÈï˛Ù ~ÓÇ r ÈüÈï˛Ù ˛õò ÎÌyÜ ˛ˆÏÙ a, b, c •Î˚ ï˛ˆÏÓ ˆòáyG
ˆÎ (q – r )a + (r – p )b + (p – q )c = 0

16. Î!ò a
b c

b
c a

c
a b

1 1 1 1 1 1
+












+












+












, ,  §Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyˆÏÜ˛ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y a, b, c

§Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–
17. Î!ò a, b, c, d à%̂ Ïîy_Ó˚ ≤Ãà!ï˛ Ï̂ï˛ Ìy Ï̂Ü˛ ï˛ Ï̂Ó ≤ÃÙyî Ü˛ Ï̂Ó˚y (an + bn), (bn + cn), (cn + dn)

à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–
18. Î!ò x2 – 3x + p = 0 ~Ó˚ Ó#çmÎ˚ a G b ~ÓÇ x2 – 12x + q = 0 ~Ó˚ Ó#çmÎ˚ c G d •Î˚ñ ˆÎáy Ï̂l
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a, b, c, d ~Ü˛!ê˛ à%̂ Ïîy_Ó˚ ≤Ãà!ï˛ àë˛l Ü˛ Ï̂Ó˚ ï˛ Ï̂Ó ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ (q + p) : (q – p) = 17:15 È–
19. ò%!ê˛ ôlydÜ˛ §Çáƒy a ~ÓÇ b ~Ó̊ §Ùyhs˝Ó̊#Î̊ ÙôƒÜ˛ G à%̂ Ïîy_Ó̊#Î̊ Ùôƒ Ï̂Ü˛Ó̊ xl%̨ õyï˛ m : n È– ̂ òáyG ̂ Îñ

a b m m n m m n: = + −( ) − −( )
2 2 2 2

:
 È–

20. Î!ò a, b, c §Ùyhs˝Ó˚ ≤Ãà!ï˛ó b, c, d à%̂ Ïîy_Ó˚Ó˚ ≤Ãà!ï˛ ~ÓÇ 
1 1 1

c d e
, ,  §Ùyhs˝Ó˚ ≤Ãà!ï˛ Ï̂ï˛ Ìy Ï̂Ü˛ ï˛ Ï̂Ó

≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ a, c, e à%̂ Ïîy_Ó˚ ≤Ãà!ï˛ àë˛l Ü˛ Ï̂Ó˚–
21. ≤Ãò_ ˆ◊!îà%̂ Ï°yÓ˚ n §ÇáƒÜ˛ ˛õò ˛õÎ≈hs˝ ˆÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y ı

(i) 5 + 55 +555 + … (ii) .6 +. 66 +. 666+…

22. 2 × 4 + 4 × 6 + 6 × 8 + ... + n ÈüÈï˛Ù ˛õòñ ˆ◊!î!ê˛Ó˚ 20 ÈüÈï˛Ù ˛õò!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
23. 3+ 7 +13 +21 +31 +… ˆ◊!î!ê˛Ó˚ ≤ÃÌÙ n §ÇáƒÜ˛ ˛õ Ï̂òÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
24. Î!ò n §ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛ §Çáƒyñ ï˛yˆÏòÓ˚ Óà≈ ~ÓÇ ï˛yˆÏòÓ˚ âlÈüÈ~Ó˚ ˆÎyàÊ˛° ÎÌyÜ ˛ˆÏÙ S

1
, S

2
 ~ÓÇ S

3

•Î˚ñ ï˛ Ï̂Ó ˆòáyG ˆÎñ 9S
2

2 = S
3
 (1 + 8S

1
) È–

25. ≤Ãò_ ˆ◊!î!ê˛Ó˚ n §ÇáƒÜ˛ ˛õ Ï̂òÓ˚ §Ù!T˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y ı
1

1

1 2

1 3

1 2 3

1 3 5

3 3 3 3 3 3

+

+

+

+

+ +

+ +

+ ...

26. ˆòáyG ˆÎñ
 

1 2 2 3 1

1 2 2 3 1

3 5

3 1

2 2 2

2 2 2

× + × + + × +

× + × + + × +

=

+

+

...

...

n n

n n

n

n

( )

( )

 È–

27. ~Ü˛çl Ü,˛£ÏÜ˛ ~Ü˛!ê˛ ˛õ%Ó˚yï˛l ê˛∆yQÓ˚ 12000 ê˛yÜ˛yÎ˚ Ü ̨ Î˚ Ü˛ Ï̂Ó˚– ˆ§ làò 6000 ê˛yÜ˛y !òˆÏÎ˚ Óy!Ü˛ ê˛yÜ˛y
Óy!£Ï≈Ü˛ 500 ê˛yÜ˛y ≤Ã!ï˛ !Ü˛!hflÏˆÏï˛ ~ÓÇ x˛õ!Ó˚ˆÏ¢y!ôï˛ ê˛yÜ˛yÓ˚ í˛z˛õÓ˚ 12% §%ò !òˆÏï˛ §¡øï˛ •Î˚– ï˛yˆÏÜ˛
ê˛∆yQˆÏÓ˚Ó˚ òyÙ Ü˛ï˛ !òˆÏï˛ •ˆÏÓ⁄

28. §yÙ§yò xy°# ~Ü˛!ê˛ fl%Òê˛yÓ˚ ˆÜ˛ˆÏl 22000 ê˛yÜ˛yÎ˚– ˆ§ 4000 ê˛yÜ˛y làò !ò Ï̂Î˚ Óy!Ü˛ ê˛yÜ˛y Óy!£Ï≈Ü˛ 1000

ê˛yÜ˛y ≤Ã!ï˛ !Ü˛!hflÏˆÏï˛ ~ÓÇ x˛õ!Ó˚ˆÏ¢y!ôï˛ ê˛yÜ˛yÓ˚ í˛z˛õÓ˚ 10% §%ò !òˆÏï˛ §¡øï˛ •l– ï˛yÓ˚ fl%Òê˛yˆÏÓ˚Ó˚ òyÙ
Ü˛ï˛ ˛õÓ˚̂ ÏÓ⁄

29. ~Ü˛ Óƒ!=˛ ï˛yÓ˚ ã˛yÓ˚çl Órô%ˆÏÜ˛ ~Ü˛!ê˛ !ã˛!ë˛ !°áÏ°– ˆ§ ≤ÃˆÏï˛ƒÜ˛ˆÏÜ˛ Ó°Ï° ~•z !ã˛!ë˛!ê˛Ó˚ ≤Ã!ï˛!°!˛õ ˜ï˛!Ó˚
Ü˛ˆÏÓ˚ ã˛yÓ˚çl !Ó!Ë˛ß¨ Óƒ!=˛Ó˚ Ü˛yˆÏSÈ ~•z !lˆÏò≈≈¢ !òˆÏÎ˚ ˛õyë˛yˆÏï˛ ÎyˆÏï˛ ï˛yÓ˚yG ~•z Ü˛yç!ê˛ xl%Ó)̨̊ õË˛yˆÏÓ
Ü˛ˆÏÓ˚– ôˆÏÓ˚ ˆlGÎ˚y •° ~•z ¢,C°!ê˛ !SÈß¨ •ˆÏÓ ly ~ÓÇ ≤ÃˆÏï˛ƒÜ˛!ê˛ !ã˛!ë˛ ˛õyë˛yˆÏï˛ 50 ˛õÎ˚§y áÓ˚ã˛ • Ï̂Ó–
xT˛Ù !ã˛!ë˛Ó˚ ˆ§ê˛ ˛õyë˛yˆÏï˛ í˛yÜ˛ áÓ˚ã˛ Ü˛ï˛ ˛õÓ˚ˆÏÓ⁄

30. ~Ü˛ Óƒ!=˛ Óy!£Ï≈Ü˛ 5% §Ó̊° §%̂ ÏòÓ̊ •y Ï̂Ó̊ ~Ü˛!ê˛ Óƒy Ï̂AÜ˛ 10000 ê˛yÜ˛y çÙy Ó̊yá°– 15 ÈüÈï˛Ù ÓSÈ̂ ÏÓ̊ ï˛yÓ̊ §%òy§°
!lî≈Î̊ Ü˛ Ï̂Ó̊yñ Îál ˆÌ Ï̂Ü˛ ˆ§ ê˛yÜ˛y çÙy ˆÓ̊ Ï̂á!SÈ° ~ÓÇ 20 ÓSÈÓ̊ ˛õÓ̊ ï˛yÓ̊ ˆÙyê˛ §%òy§°G !lî≈Î̊ Ü˛̂ ÏÓ̊y–

31. ~Ü˛!ê˛ í˛zÍ˛õyòlÜ˛yÓ˚# §ÇfiÌy ˆây£Ïîy Ü˛ˆÏÓ˚ ˆÎ ï˛yˆÏòÓ˚ ˜ï˛!Ó˚ ~Ü˛!ê˛ ˆÙ!¢l ÎyÓ˚ Ù)°ƒ 15625 ê˛yÜ˛yñ ≤Ã!ï˛
ÓSÈÓ˚ 20% •yˆÏÓ˚ Ù)°ƒ •…y§ ˛õyˆÏÓ– ˛õÑyã˛ ÓSÈÓ˚ ˛õÓ˚ ï˛yÓ˚ xl%Ùy!lÜ˛ Ù)°ƒ !lî≈Î˚ Ü˛ˆÏÓ˚y–

32. ~Ü˛!ê˛ Ü˛yç ~Ü˛!ê˛ !l!ò≈T˛ §ÇáƒÜ˛ !ò Ï̂l §¡õß̈ Ü˛Ó̊yÓ̊ çlƒ 150 çl ◊!ÙÜ˛ !lÎ%=˛ Ü˛Ó̊y •°– !mï˛#Î̊ !òl 4 çl
◊!ÙÜ˛ Ü˛yç ˆSÈ̂ Ïí˛̧ !ò°– ï,̨ ï˛#Î̊ !òl xyÓ̊G 4 çl ◊!ÙÜ˛ Ü˛yç ˆSÈ̂ Ïí˛̧ !ò° ~ÓÇ ~Ë˛y Ï̂Ó ã˛° Ï̂ï˛ ÌyÜ Į̈°–
~ Ï̂ï˛ Ü˛yç!ê˛ ˆ¢£Ï • Ï̂ï˛ 8 !òl ˆÓ!¢ °yàÏ°– Ü˛yç!ê˛ §¡õß̈ • Ï̂ï˛ Ü˛ï˛ !òl ˆ° Ï̂à!SÈ° ï˛y !lî≈Î̊ Ü˛ Ï̂Ó̊y–
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§yÓ˚§ÇˆÏ«˛˛õ

®~Ü˛!ê˛ xl%Ü ˛Ù Ó°ˆÏï˛ xyÙÓ˚y Ó%!V˛ñ ̂ Ü˛yˆÏly ~Ü˛!ê˛ !lÎ˚Ù xl%§yˆÏÓ˚ ~Ü˛!ê˛ !l!ò≈ÏT˛ Ü ˛ˆÏÙ §ÇáƒyÓ˚

§Iy– ~SÈyí˛¸yG xyÙÓ˚y xl%Ü ˛ÙˆÏÜ˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ åfunctionä Ó˚)ˆÏ˛õG §ÇK˛y!Î˚ï˛ Ü˛Ó˚ˆÏï˛

˛õy!Ó˚ ÎyÓ˚ §ÇK˛yÓ˚ ˆ«˛e •° fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ê˛ xÌÓy ï˛yÓ˚ !Ü˛S%È í˛z˛õÈüÈˆ§ê˛ åsubsetä

{1, 2, 3, ....k} ~Ó˚ xl%Ó˚)˛õ– ˆÎ xl%Ü ˛ˆÏÙÓ˚ ˛õò §Çáƒy !l!ò≈T˛ åfiniteä ï˛yˆÏÜ˛ Ó°y •Î˚ §§#Ù

xl%Ü ˛Ù åfinite sequenceä– ˆÎ xl%Ü ˛Ù!ê˛ §§#Ù xl%Ü ˛Ù lÎ˚ ï˛yˆÏÜ˛ Ó°y •Î˚ x§#Ù xl%Ü ˛Ù

åinfinite sequenceä–

®ôˆÏÓ˚y  a
1
, a

2
, a

3
, ... ~Ü˛!ê˛ xl%Ü ˛Ùñ ï˛y•ˆÏ° a

1
 + a

2
 + a

3
 + ... !òˆÏÎ˚ ≤ÃÜ˛y!¢ï˛ ˆÎyàÊ˛°ˆÏÜ˛

ˆ◊!î åseriesä Ó Ï̂°– ~Ü˛!ê˛ ̂ ◊!î Ï̂Ü˛ §§#Ù ̂ ◊!î åfinite seriesä Ó°y •Î˚ Î!ò ï˛yÓ˚ ̨ õò §Çáƒy

§§#Ù •Î˚–

®~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛ åAn arithmetic progression [A.P.]ä •° ~Ü˛!ê˛ xl%Ü ̨ Ù ÎyÓ˚ ̨õòà%̂ Ï°y

~Ü˛!ê˛ !l!ò≈T˛ ô %ÓˆÏÜ˛ Ü ˛Ùyß∫ˆÏÎ˚ Óyí˛¸ˆÏï˛ Óy Ü˛ÙˆÏï˛ ÌyˆÏÜ˛– ~•z ô %ÓÜ˛!ê˛ˆÏÜ˛ Ó°y •Î˚ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚

§yôyÓ˚î xhs˝Ó˚î åcommon differenceä– §yôyÓ˚îË˛yˆÏÓ xyÙÓ˚y §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ ˛õòˆÏÜ˛

a !òˆÏÎ˚ñ §yôyÓ˚î xhs˝Ó˚ˆÏÜ˛ d !òˆÏÎ˚ ~ÓÇ ̂ ¢£Ï ̨ õòˆÏÜ˛ l !òˆÏÎ˚ ≤ÃÜ˛y¢ Ü˛!Ó˚– §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ §yôyÓ˚î

˛õò ågeneral termä Óy n ÈüÈï˛Ù ̨ õò!ê˛ •° a
n
 = a + (n – 1) d – ~Ü˛!ê˛ §Ùyhs˝Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ

n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ S
n
  •°

S 1
n

=
n

2
2a + n d =

n

2
a +l−( )





( )  –

®a ~ÓÇ b §Çáƒy ò%!ê˛Ó˚ §Ùyhs˝Ó˚#Î˚ ÙôƒÜ˛ A •° 
a + b

2
xÌ≈≈yÍ xl%Ü ˛Ù a, A, b ~Ü˛!ê˛ §Ùyhs˝Ó˚

≤Ãà!ï˛ àë˛l Ü˛ Ï̂Ó˚–
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®~Ü˛!ê˛ xl%Ü ̨ Ù Ï̂Ü˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ ågeometric progressionä Óy G.P. Ó°y •ˆÏÓ Î!ò §Óà%ˆÏ°y

˛õˆÏòÓ˚ ˆ«˛ˆÏe•zñ ~Ü˛!ê˛ ˛õò ~ÓÇ ï˛yÓ˚ ˛õ)Ó≈Óï≈˛# ˛õˆÏòÓ˚ xl%˛õyï˛ ~Ü˛•z •Î˚– ~•z ô %ÓÜ˛ xl%˛õyï˛!ê˛ˆÏÜ˛

Ó°y •Î˚ §yôyÓ˚î xl%˛õyï˛ åcommon ratioä– §yôyÓ˚îË˛yˆÏÓ xyÙÓ˚y à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ≤ÃÌÙ

˛õòˆÏÜ˛ a !òˆÏÎ˚ ~ÓÇ §yôyÓ˚î xl%˛õyï˛ˆÏÜ˛ r !òˆÏÎ˚ ≤ÃÜ˛y¢ Ü˛!Ó˚– à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ §yôyÓ˚î ˛õò Óy n

ÈüÈï˛Ù ˛õò!ê˛ •° a
n
= arn – 1 – ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ §Ù!T˛ S

n 
•° ı

S

1

1

1

1
1

n

n n

=

a r

r  

a r

r
r

−

−

−

−

( ) ( )
≠Óy ˆÎáyˆÏl,

®ò%!ê˛ ôlydÜ˛ §Çáƒy a ~ÓÇ b ~Ó˚ à%ˆÏîy_Ó˚#Î˚ ÙôƒÜ˛ ågeometric meanä G •° ab  xÌ≈yÍñ

xl%Ü ˛Ù a, G, b ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ àë˛l Ü˛ˆÏÓ˚–

˙!ï˛•y!§Ü˛ ˆ≤Ã«˛y˛õê˛

~•z Ü˛Ìy!ê˛Ó˚ ≤ÃÙyî ˛õyGÎ˚y ˆàˆÏSÈñ ≤ÃyÎ˚ 4000 ÓSÈÓ˚ xyˆÏà•z Óƒ!Ó°l#Î˚Ó˚y §Ùyhs˝Ó˚ ~ÓÇ à%ˆÏîy_Ó˚ xl%Ü ˛Ù
§¡∫ˆÏrô çylˆÏï˛l– xyÓyÓ˚ Boethius (510) ~Ó˚ ÙˆÏï˛ ≤Ãyã˛#l !@˝ÃÜ˛ ˆ°áˆÏÜ˛Ó˚y•z §Ùyhs˝Ó˚ G à%ˆÏîy_Ó˚
xl%Ü ˛ˆÏÙÓ˚ Ü˛Ìy çylˆÏï˛l– Ë˛yÓ˚ï˛#Î˚ à!îï˛K˛ˆÏòÓ˚ ÙˆÏôƒ xyÎ≈Ë˛R (476) ≤ÃÌÙ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ Óà≈ G
âlÈüÈ~Ó˚ ˆÎyàÊ˛° !lî≈ˆÏÎ˚Ó˚ §)e ïÑ˛yÓ˚ !Óáƒyï˛ @˝ÃrÌ ÚxyÎ≈Ë˛RÙÛÈüÈ~ !òˆÏÎ˚ˆÏSÈlñ Îy !ï˛!l !°ˆÏá!SÈˆÏ°l 499

!á fiê˛yˆÏ∑– ~Ü˛!ê˛ §Ùyhs˝Ó˚ xl%Ü ˛ˆÏÙÓ˚ p ÈüÈï˛Ù ˛õò ˆÌˆÏÜ˛ ¢%Ó˚% Ü˛ˆÏÓ˚ n §ÇáƒÜ˛ ˛õˆÏòÓ˚ ˆÎyàÊ˛° !lî≈ˆÏÎ˚Ó˚
§)e!ê˛G !ï˛!l•z ̃ ï˛!Ó˚ Ü˛ Ï̂Ó˚l– xyÓyÓ˚ ≤Ãáƒyï˛ Ë˛yÓ˚ï˛#Î˚ à!îï˛K˛ Ó ·à%Æ (598), Ù•yÓ#Ó˚ (850) ~ÓÇ Ë˛yflÒÓ˚
(1114-1185) ï Ñ̨yÓ˚yG §ÇáƒyÓ˚ Óà≈ G â Ï̂lÓ˚ §Ù!T˛ !lî≈̂ ÏÎ˚Ó˚ G˛õÓ˚ !l Ï̂ç Ï̂òÓ˚ Ùï˛yÙï˛ !ò Ï̂Î˚̂ ÏSÈl– •zê˛y°#Î˚
à!îï˛K˛ Leonardo Fibonacci (1170-1250) xy!Ó‹ÒyÓ˚ Ü˛ Ï̂Ó˚l xy Ï̂Ó˚Ü˛!ê˛ xlƒï˛Ù xl%Ü ̨ Ùñ ÎyÓ˚ lyÙ
Ú!Ê˛ˆÏÓyly!Fã˛ xl%Ü ˛ÙÛ åFibonacci sequenceäñ ÎyÓ˚ à%Ó˚%c˛õ)î≈ ÓƒÓ•yÓ˚ xyÙÓ˚y à!îï˛ ¢yˆÏflf ˆ˛õˆÏÎ˚
Ìy!Ü˛– §Æò¢ ¢ï˛y∑# Ï̂ï˛ ̂ ◊!î Ï̂Ü˛ !l!ò≈T˛ àë˛ Ï̂l !Ó!Ë˛ß¨ Ë˛yà Ü˛Ó˚y •Î˚– 1671 !á fiê˛y Ï̂∑ James Gregory

x§#Ù xl%Ü ˛ˆÏÙÓ˚ §yˆÏÌ §¡õÜ≈˛#ï˛ x§#Ù ˆ◊!î åinfinite seriesä ¢∑!ê˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚l– Ó#çà!îï˛
~ÓÇ ̂ §ê˛ ï˛ˆÏ_¥Ó˚ ÎÌyÎÌ í˛zß¨Î˚ˆÏlÓ˚ Ê˛ˆÏ°•z xl%Ü ˛Ù G ̂ ◊!îÓ˚ §)e í˛z˛õÎ%=˛ Ó˚)ˆÏ˛õ ≤ÃÜ˛y¢ ̂ ˛õˆÏÎ˚ˆÏSÈ–

— vvvvv —
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§Ó̊° ˆÓ̊áy
(STRAIGHT LINES)

René Descartes

 (1596 -1650)

!ã˛e 10.1

vGGGGGeometry, as a logical system, is a means and even the most powerful

means to make children feel the strength of the human spirit that is

of their own spirit.  – H. FREUDENTHALv

10.1  Ë)̨ !ÙÜ˛y

˛õ)Ó≈Óï˛#≈ ̂ ◊!î ̂ Ì Ï̂Ü˛•z xyÙÓ̊y !mÙy!eÜ˛ fiÌylyAÜ˛ çƒy!Ù!ï˛Ó̊  §y Ï̂Ì ̨õ!Ó̊!ã˛ï˛–
≤Ãôylï˛ñ ~!ê˛ Ó#çà!îï˛ G çƒy!Ù!ï˛Ó˚ ~Ü˛!ê˛ §Ùß∫Î˚– Ó#çà!îï˛ ≤Ã Ï̂Î˚y Ï̂à
çƒy!Ù!ï˛Ó̊ ôyÓ̊yÓy!•Ü˛ xôƒÎ̊l §Ó≈≤ÃÌÙ !Óáƒyï˛ Ê˛Ó̊y!§ òy¢≈!lÜ˛ G à!î!ï˛K˛
ˆÓ˚̂ Ïî ̂ í˛Ü˛y Ï̂ï≈̨  1637 §y Ï̂° ≤ÃÜ˛y!¢ï˛ ïÑ̨ yÓ˚ Ó•z ‘La Geometry’ ̂ ï˛ ¢%Ó%̊
Ü˛ Ï̂Ó˚l– ~•z Ó•z!ê˛ çƒy!Ù!ï˛Ó˚ xôƒÎ˚̂ Ïl Ó Ï̂Ü ̨ Ó˚ §Ù#Ü˛Ó˚̂ ÏîÓ˚ ôyÓ˚îy ~ÓÇ ~
§¡õ!Ü≈̨ ï˛ !Ó Ï̂Ÿ’£ÏîydÜ˛ ˛õÂô!ï˛Ó˚ §)ã˛ly Ü˛ Ï̂Ó˚– !Ó Ï̂Ÿ’£Ïî ~ÓÇ çƒy!Ù!ï˛Ó˚
§!¡ø!°ï˛ Ê˛°yÊ˛° xyçÜ˛y° !Ó Ï̂Ÿ’£ÏîydÜ˛ çƒy!Ù!ï˛ !• Ï̂§ Ï̂Ó ̨õ!Ó̊à!îï˛ •Î̊–
˛õ)Ó≈Óï˛#≈ ̂ ◊!î Ï̂ï˛ñ xyÙÓ̊y fiÌylyAÜ˛ çƒy!Ù!ï˛Ó̊ xôƒÎ̊l xyÓ̊Ω˛ Ü˛ Ï̂Ó̊!SÈ– ̂ Îáy Ï̂l
xyÙÓ˚y fiÌylyAÜ˛ x«˛ñ fiÌylyAÜ˛ ï˛°ñ §Ùï˛ Ï̂° !Ó®% fiÌy˛õlñ ò%!ê˛ !Ó®%Ó˚
Ù Ï̂ôƒ ò)Ó˚cñ !ÓË˛yçl §)e •zï˛ƒy!ò §¡õ Ï̂Ü≈̨  xôƒÎ˚l Ü˛ Ï̂Ó˚!SÈ– ~•z §Ü˛°
ôyÓ˚îyà%̂ Ï°y•z •° fiÌylyAÜ˛ çƒy!Ù!ï˛Ó˚ !Ë˛!_–

ã˛ Ï̂°y xyÙÓ˚y ˛õ)Ó≈Óï˛#≈ ˆ◊!î Ï̂ï˛ Ü˛Ó˚y fiÌylyAÜ˛ çƒy!Ù!ï˛ Ï̂Ü˛ §Ç!«˛ÆË˛y Ï̂Ó fløÓ˚î Ü˛!Ó˚– ˛õ%lÓ˚yÓ,!_
Ü˛Ó˚̂ Ïï˛ñ XY- §Ùï˛ Ï̂°  å6, – 4)  ~ÓÇ (3, 0)!Ó®%Ó˚ xÓfiÌyl !ã˛e
10.1 ̂ ï˛ ̂ òáy Ï̂ly •°–

xyÙÓ˚y °«˛ Ü˛!Ó˚ ˆÎ (6, – 4)!Ó®%!ê˛ ôlydÜ˛ xÈüÈx«˛
ÓÓ˚yÓÓ˚ y üÈx«˛ ̂ Ì Ï̂Ü˛ 6 ~Ü˛Ü˛ ò)̂ ÏÓ˚ ~ÓÇ }îydÜ˛ y ÈüÈ x«˛ ÓÓ˚yÓÓ˚
x ÈüÈx«˛ ˆÌ Ï̂Ü˛ 4 ~Ü˛Ü˛ ò)̂ ÏÓ˚ xy Ï̂SÈ– ~Ü˛•zË˛y Ï̂Óñ (3, 0) !Ó®%!ê˛
ôlydÜ˛ x ÈüÈ x«˛ ˛ÓÓ˚yÓÓ˚ yÈüÈ x«˛ ˆÌ Ï̂Ü˛ 3 ~Ü˛Ü˛ ò)̂ ÏÓ˚ ~ÓÇ x
ÈüÈx«˛ ˆÌ Ï̂Ü˛ 0 ~Ü˛Ü˛ ò)̂ ÏÓ˚ xÓ!fiÌï˛–

xyÙÓ̊y !l¡̈!°!áï˛ à%Ó̊%c˛õ)î≈ §)eà%̂ Ï°yG xôƒÎ̊l Ü˛ Ï̂Ó̊!SÈı
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I. P (x
1,  

y
1
) G Q (x

2
, y

2
) !Ó®%Ó˚ ÙˆÏôƒ ò)Ó˚c

PQ= −( ) + −( )x x y y
2

2

2 1

2

1

í˛zòy•Ó˚îfl∫Ó˚)˛õñ  (6, – 4) G (3, 0) !Ó®%Ó˚ ÙˆÏôƒ ò)Ó˚c

2 2

3 6 0 4 9 16 5− + + = + =( ) ( )  ~Ü˛Ü˛–

II. (x
1,  

y
1
) ~ÓÇ (x

2
, y

2
) !Ó®% ò%!ê˛Ó˚ §ÇˆÏÎyàÜ˛yÓ˚# ˆÓ˚áyÇ¢ˆÏÜ˛ m: n xl%˛õyˆÏï˛ xhs˝!Ó≈Ë˛=˛Ü˛yÓ˚# !Ó®%Ó˚

fiÌylyAÜ˛ 
mx nx

m n

my n y

m n

2 1 2 1
+

+

+

+









, .

í˛zòy•Ó˚îfl∫Ó˚)˛õ ñ ˆÎ !Ó®%!ê˛ A  (1, –3) ~ÓÇ B (–3, 9) !Ó®%ò%!ê˛Ó˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇ¢ˆÏÜ˛ 1: 3 xl%˛õyˆÏï˛

xhs˝!Ó≈Ë˛=˛ Ü˛ˆÏÓ˚ñ ï˛yÓ˚ fiÌylyAÜ˛ x =
− +

+
=

1 3 3 1

1 3
0

. .( )
 ~ÓÇ y =

1.9 + 3. 3

1 + 3
= 0.

−( )

III.   !ÓˆÏ¢£Ïï˛ñ Î!ò m = n •Î˚ñ ï˛ˆÏÓ (x
1,  

y
1
) ~ÓÇ (x

2
, y

2
) !Ó®%ò%!ê˛Ó˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇˆÏ¢Ó˚ Ùôƒ!Ó®%Ó˚

fiÌylyAÜ˛ 
1 2 1 2

2 2

x x y y+ +







, .

IV. (x
1,  

y
1
), (x

2
, y

2
) ~ÓÇ (x

3
, y

3
) ¢#£Ï≈!Ó®% !Ó!¢T˛ !eË%˛ˆÏçÓ˚ ˆ«˛eÊ˛°

1

2
1 2 3 2 3 1 3 1 2x y y x y y x y y−( ) + −( ) + −( ) .

í˛zòy•Ó˚îfl∫Ó˚)˛õñ (4, 4), (3, – 2) G (– 3, 16) ¢#£Ï≈!Ó®% !Ó!¢T˛ !eË%˛ˆÏçÓ˚ ˆ«˛eÊ˛°

  
1

2
4 2 16 3 16 4 3 4 2

54

2
27( ) ( ) ( )( )− − + − + − + =

−
= .

Ùhs˝Óƒ    Î!ò ABC !eË%˛ˆÏçÓ˚ ˆ«˛eÊ˛° ¢)lƒ •Î˚ñï˛ˆÏÓ, A, B ~ÓÇ C !Ó®% !ï˛l!ê˛ ~Ü˛•z ˆÓ˚áyÎ˚ xÓ!fiÌï˛ •Î˚
xÌ≈yÍñ ï˛yÓ˚y §ÙˆÏÓ˚á–

~•z xôƒyˆÏÎ˚ xyÙÓ˚y fiÌylyAÜ˛ çƒy!Ù!ï˛Ó˚ xôƒÎ˚ˆÏl §Ó˚°ï˛Ù çƒy!Ù!ï˛Ü˛ xyÜ,˛!ï˛ §Ó˚°ˆÏÓ˚áy ~Ó˚ ôÙ≈yÓ!°Ó˚

xôƒÎ˚l çy!Ó˚ Ó˚yáÓ– ~!ê˛ §Ó˚° •GÎ˚y §ˆÏ_¥G ˆÓ˚áy •° çƒy!Ù!ï˛Ó˚ ~Ü˛!ê˛ Ù%áƒ ôyÓ˚îy ~ÓÇ xyÙyˆÏòÓ˚ ˜òl!®l

ç#Ó Ï̂lÓ˚ x!Ë˛K˛ï˛yÎ˚ xï˛ƒhs˝ ÙçyòyÓ˚ ~ÓÇ í z̨̨ õ Ï̂Îyà#– ̂ Ó˚áyÓ˚ Ó#çà!î!ï˛Ü˛ í z̨̨ õfiÌy˛õl•z Ù%áƒ í ẑ̨ Ïj¢ƒñ ÎyÓ˚ çlƒ l!ï˛

xï˛ƒhs˝ ≤Ã Ï̂Î˚yçl#Î˚–

10.2  §Ó˚°ˆÏÓ˚áyÓ˚ l!ï˛ åSlope of a Lineä
fiÌylyAÜ˛ ï˛ˆÏ° ~Ü˛!ê˛ ˆÓ˚áy x xˆÏ«˛Ó˚ §yˆÏÌ ˆÎ ò%!ê˛ ˆÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ñ ï˛yÓ˚y ˛õÓ˚flõÓ˚ §¡õ)Ó˚Ü˛– l ˆÓ˚áy x xˆÏ«˛Ó˚
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!ã˛e 10.2

!ã˛e 10. 3 (i)

ôlydÜ˛ !òˆÏÜ˛Ó˚ §yˆÏÌ à!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ !Ó˛õÓ˚#ˆÏï˛ θ åôˆÏÓ˚yä ˆÜ˛yî

˜ï˛!Ó˚ Ü˛Ó˚ˆÏ°ñ ~ˆÏÜ˛ ̂ Ó˚áy!ê˛Ó˚ xyl!ï˛ åinclinationä Ó°y •Î˚–

flõT˛ï˛•z  0° ≤ θ ≤ 180° (!ã˛e 10.2) –

 x-x Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° §Ó˚° ̂ Ó˚áy xÌÓy, x-x Ï̂«˛Ó˚ §y Ï̂Ì

§Ùy˛õ!ï˛ï˛ ˆÓ˚áyÓ˚ xyl!ï˛ •Î˚ 0° – í˛zÕ‘¡∫ ˆÓ˚áyÓ˚ å§Ùyhs˝Ó˚y°

xÌÓy y-xˆÏ«˛Ó˚ §yˆÏÌ §Ùy˛õ!ï˛ï˛ä xyl!ï˛ •° 90° –

§ÇK˛y I   Î!ò ~Ü˛!ê˛ §Ó˚° ˆÓ˚áy l ~Ó˚ xyl!ï˛ θ •Î˚ñ ï˛ Ï̂Ó
tan θ ˆÜ˛ l ˆÓ˚áyÓ˚ xyl!ï˛ xÌÓy ≤ÃÓîï˛y Ó°y •Î˚–

ˆÎ §Ó˚° ˆÓ˚áyÓ˚ xyl!ï˛ 90°ñ ˆ§•z  §Ó˚° ˆÓ˚áyÓ˚
l!ï˛ §ÇK˛yï˛ lÎ˚–

~Ü˛!ê˛ ̂ Ó˚áyÓ˚ l!ï˛ m !ò Ï̂Î˚ !ã˛!•´ï˛ Ü˛Ó˚y •Î˚ ï˛y• Ï̂°ñ
m = tan θ, θ ≠ 90°

~!ê˛ °«˛ Ü˛Ó˚y ÎyÎ˚ ˆÎñ x x Ï̂«˛Ó˚ l!ï˛ ¢)îƒ ~ÓÇ y x Ï̂«˛Ó˚ l!ï˛ §ÇK˛yï˛ lÎ˚–
10.2.1 §Ó˚° Ï̂Ó˚áyÓ˚ l!ï˛ñ Îál ˆÓ˚áy!ê˛Ó˚ í z̨̨ õÓ˚ ˆÎ ˆÜ˛y Ï̂ly ò%!ê˛ !Ó®% ≤Ãò_ åSlope of a line when

coordinates of any two points on the line are given)

~Ü˛!ê˛ §Ó˚° ̂ Ó˚áy Ï̂Ü˛ xyÙÓ˚y §¡õ)î≈Ó)̊̂ Į̈ õ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚ Îál ~Ó˚ í z̨̨ õÓ˚ ò%!ê˛ !Ó®% ̂ òGÎ˚y Ìy Ï̂Ü˛–
xï˛~Ó ~Ü˛!ê˛ ̂ Ó̊áyÓ̊ í z̨̨ õÓ̊ ò%!ê˛ !Ó®%Ó̊ §y•y Ï̂Îƒ ̇  ̂ Ó̊áyÓ̊
l!ï˛ !lî≈̂ ÏÎ˚ xyÙÓ˚y x@˝Ã§Ó˚ •Ó–

ôÓ˚y ÎyÜ˛ P(x
1
, y

1
) ~ÓÇ Q(x

2
, y

2
) ò%!ê˛

!Ó®% í z̨Õ‘¡∫ lÎ˚ ~Ùl ~Ü˛!ê˛ ̂ Ó˚áy l ~Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛
ÎyÓ˚ xyl!ï˛ θ– fl∫Ë˛yÓï˛•z  x

1
 ≠ x

2
ñ lï%̨ Óy ˆÓ˚áy!ê˛

xÈüÈx Ï̂«˛Ó˚ í z̨̨ õÓ˚ °¡∫ • Ï̂Ó ~ÓÇ ~Ó˚ l!ï˛ §ÇK˛yï˛ • Ï̂Ó
ly– lÈüÈ̂ Ó̊áy!ê˛Ó̊ xyl!ï˛ §)- Ï̂Ü˛yî Óy fiÌ%° Ï̂Ü˛yî • Ï̂ï˛ ̨õy Ï̂Ó̊ñ
xyÙÓ˚y í z̨Ë˛Î˚̂ Ï«˛e !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó–
xÈüÈx Ï̂«˛Ó˚ í z̨̨ õÓ˚ QR °¡∫ ~ÓÇ RQ  ~Ó˚ í z̨̨ õÓ˚ PM

°¡∫ xAÜ˛l Ü˛Ó˚y •°ñ ≤Ãò!¢≈ï˛ !ã˛e 10.3(i) ~ÓÇ (ii)
~Ó˚ xl%Ó)̨̊ õ–
ˆ«˛e 1  Îál θ §)- Ï̂Ü˛yîı

!ã˛e 10.3(i) ÈüÈ~ñ (i), ∠MPQ =  θ. ... (1)

§%ï˛Ó˚yÇ l §Ó˚° ˆÓ˚áyÓ˚ l!ï˛ = m = tan θ

!Ü˛v ∆MPQ ~ñ xyÙÓ˚y çy!l tan .θ = =
−

−

MQ

MP

y y

x x

2 1

2 1

... (2)



206 à!îï˛

!ã˛e 10. 4

§Ù#Ü˛Ó˚î  (1) ~ÓÇ (2) • Ï̂ï˛ñ xyÙÓ˚y ˛õy•z

m
y y

x x
=

−

−
2 1

2 1

.

ˆ«˛e II  Îál θ fiÌ)° Ï̂Ü˛yî ı

10.3(ii) lÇ !ã˛e ̂ Ì Ï̂Ü˛ñ xyÙÓ˚y ̨õy•z

∠MPQ = 180° –  θ

§%ï˛Ó˚yÇñ θ = 180° – ∠MPQ

~álñ l §Ó˚° ˆÓ˚áyÓ˚ l!ï˛

  m = tan θ

= tan ( 180° – ∠MPQ) = – tan  ∠MPQ

= − = −
−

−

MQ

MP

y y

x x

2 1

1 2

 = 
y y

x x
=

−

−
2 1

2 1

.

Ê˛°fl∫Ó)̨̊ õñ xyÙÓ˚y í z̨Ë˛Î˚ ˆ«˛ Ï̂e ˆòá Ï̂ï˛ ˛õy•zñ (x
1
, y

1
) ~ÓÇ (x

2
, y

2
)

!Ó®%àyÙ# ˆÓ˚áyÓ˚ l!ï˛ m • Ï̂° ~Ó˚ Ùyl • Ï̂° (m)=
y y

x x
=

−

−
2 1

2 1

.

10.2.2 l!ï˛Ó˚  §y•y Ï̂Îƒ ò%!ê˛ ̂ Ó˚áy ̨õÓ˚flõÓ˚ §Ùyhs˝Ó˚y° ~ÓÇ °¡∫ •GÎ˚yÓ˚ ¢ï≈̨  åConditions of paral-

lelism and perpendicularity of lines in terms

of their  slopes)

ôÓ˚y ÎyÜ˛ñ í z̨Õ‘¡∫ lÎ˚ ò%!ê˛ ̂ Ó˚áy l
1
 ~ÓÇ l

2
 fiÌylyAÜ˛ ï˛ Ï̂° xÓ!fiÌï˛

~ÓÇ ~ Ï̂òÓ˚ ≤ÃÓîï˛y ÎÌyÜ ̨ Ï̂Ù m
1
 ~ÓÇ m

2

ôÓ˚y ÎyÜ˛ ï˛y Ï̂òÓ˚ xyl!ï˛ ÎÌyÜ ̨ Ï̂Ù α  ~ÓÇ β
Î!ò l

1
 ˆÓ˚áy ~ÓÇ l

2
 ˆÓ˚áy å!ã˛e 10.4ä ˛õÓ˚flõÓ˚ §Ùyhs˝Ó˚y° •Î˚ñ

ï˛ Ï̂Ó ï˛y Ï̂òÓ˚ xyl!ï˛ §Ùylñ xÌ≈yÍñ
α = β,ñ ~ÓÇ ï˛y• Ï̂°ñ  tan α = tan β

§%ï˛Ó˚yÇñ m
1
 = m

2
 xÌ≈yÍ ï˛y Ï̂òÓ˚ l!ï˛ §Ùyl–

!Ó˛õÓ˚#ï˛ Ë˛y Ï̂Óñ Î!ò ò%!ê˛ ˆÓ˚áy l
1
 ~ÓÇ l

2
 ~Ó˚ l!ï˛ §Ùyl •Î˚ñ

ï˛ Ï̂Ó  m
1
 = m

2

§%ï˛Ó˚yÇ tan α = tan β

tangent x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ôÙ≈ xl%ÎyÎ˚# å0° ~ÓÇ 180° ~Ó˚ Ù Ï̂ôƒäñ α = β §%ï˛Ó˚yÇ ˆÓ˚áyà%̂ Ï°y §Ùyhs˝Ó˚y°–

!ã˛e 10. 3 (ii)
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!ã˛e  10. 5

ï˛y• Ï̂° í z̨Õ‘¡∫ lÎ˚ ò%!ê˛ ̂ Ó˚áy l
1 
~ÓÇ l

2
 ̨ õÓ˚flõÓ˚ §Ùyhs˝Ó˚y° • Ï̂Ó Î!ò ̂ Ü˛Ó°Ùye Î!ò ï˛y Ï̂òÓ˚ l!ï˛ §Ùyl •Î˚–

Î!ò l
1
 ~ÓÇ l

2
 ˆÓ˚áy ˛õÓ˚flõÓ˚ °¡∫ •Î˚  å!ã˛e 10.5äñ ï˛ Ï̂Ó β = α + 90°

§%ï˛Ó˚yÇñ tan  β =  tan (α + 90°)

= – cot α = −
1

tanα

xÌ≈yÍñ m
2
 = −

1

1
m

 xÌÓy m
1
  m

2
  = – 1

!Ó˛õÓ˚#ï˛ Ë˛y Ï̂Óñ Î!ò m
1
  m

2
  =  – 1 ñ xÌ≈yÍñ tan α tan β = – 1 •Î˚

ï˛ Ï̂Ó tan α = – cot β = tan (β + 90°)  xÌÓyñ tan (β – 90°)

ï˛y• Ï̂° α ~ÓÇ β ~Ó˚ Ù Ï̂ôƒ ˛õyÌ≈Ü˛ƒ 90°–

xï˛~Óñ l
1
 ˆÓ˚áy ~ÓÇ l

2
 ˆÓ˚áy ˛õÓ˚flõÓ˚ °¡∫–

§%ï˛Ó˚yÇñ í z̨Õ‘¡∫ lÎ˚ ~Ó)̨̊ õ ò%!ê˛ ̂ Ó˚áy ̨õÓ˚flõÓ˚ °¡∫ • Ï̂Ó Î!ò ~ÓÇ ̂ Ü˛Ó°Ùye Î!ò ï˛y Ï̂òÓ˚ l!ï˛ ̨õÓ˚flõ Ï̂Ó˚Ó˚ }îydÜ˛
x Ï̂lƒylƒÜ˛ •Î̊–

xÌ≈yÍñ m
2
= −

1

1
m

Óyñ m
1
 m

2
 = – 1

ã˛ Ï̂°y l# Ï̂ã˛Ó˚ í z̨òy•Ó˚îà%̂ Ï°y !Ó Ï̂Óã˛ly Ü˛!Ó˚ÈüüüÈ

í z̨òy•Ó˚î 1  ̂ Ó˚áyà%̂ Ï°yÓ˚ l!ï˛ !lî≈Î˚ Ü˛ Ï̂Ó˚yı

(a) (3, – 2) ~ÓÇ (–1, 4) !Ó®%àyÙ#,

(b) (3, – 2) ~ÓÇ (7, – 2)  !Ó®%àyÙ#,

(c) (3, – 2) ~ÓÇ (3, 4)  !Ó®%àyÙ#,

(d) x ÈüÈxˆÏ«˛Ó˚ ôlydÜ˛ !òˆÏÜ˛Ó˚ §ˆÏÌ xyl!ï˛ 60°

§Ùyôyl (a) (3, –2) ~ÓÇ (–1, 4) !Ó®%àyÙ# ˆÓ˚áyÓ˚ l!ï˛

m =
− −

− −
=

−
= −

4 2

1 3

6

4

3

2

( )

(b) (3, –2) ~ÓÇ (7, –2) !Ó®%àyÙ# ˆÓ˚áyÓ˚ l!ï˛

  m =
− − −

−
= =

2 2

7 3

0

4
0

( )

(c) (3, –2) ~ÓÇ (3, 4) !Ó®%àyÙ# ˆÓ˚áyÓ˚ l!ï˛
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!ã˛e  10. 6

m =
4 ( 2)

3 3
=

6

0

− −

−
ñ Îy §ÇK˛yï˛ lÎ˚–

(d) ~áy Ï̂l ˆÓ˚áyÓ˚ xyl!ï˛ α = 60°– §%ï˛Ó˚yÇñ ˆÓ˚áyÓ˚ l!ï˛ •° m = tan 60° = 3

10.2.3  ò%!ê˛ ˆÓ˚áyÓ˚ ÙôƒÓï˛#≈ ˆÜ˛yî åAngle between two linesä
Îál ~Ü˛!ê˛ ï˛ Ï̂° ~Ü˛y!ôÜ˛ §Ó˚° ̂ Ó˚áy !l Ï̂Î˚ xyÙÓ˚y Ë˛y!Ó ï˛ál ̂ òáy ÎyÎ˚ ̂ Ó˚áyà%̂ Ï°y •Î˚ ̨õÓ˚flõÓ˚

ˆÜ˛ ̂ SÈò Ü˛ Ï̂Ó˚ xÌÓy ̨õÓ˚flõÓ˚ §Ùyhs˝Ó˚y° •Î˚– ~áy Ï̂l xyÙÓ˚y ò%!ê˛ ̂ Ó˚áyÓ˚ ÙôƒÓï˛#≈̂ ÏÜ˛yî !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó
~ Ï̂òÓ˚ l!ï˛Ó˚ §y•y Ï̂Îƒ–

ôÓ˚y ÎyÜ˛ñ L
1
 ~ÓÇ L

2
 ˆÓ˚áy ò%!ê˛ í z̨Õ‘¡∫ lÎ˚ ~ÓÇ ~ Ï̂òÓ˚ l!ï˛ ÎÌyÜ ̨ Ï̂Ù m

1
 ~ÓÇ m

2
– Î!ò α

1
 ~ÓÇ

α
2
 ÎÌyÜ ̨ Ï̂Ù L

1
 ~ÓÇ L

2
 ~Ó˚ xyl!ï˛ •Î˚ñ ï˛ Ï̂Ó

m
1
=tan α

1
 ~ÓÇ m

2
=tan α

2

xyÙÓ˚y çy!l Îál ò%!ê˛ ̂ Ó˚áy ̨õÓ˚flõÓ˚̂ ÏÜ˛ ̂ SÈò Ü˛ Ï̂Ó˚ ï˛ál ï˛yÓ˚y ò%•z  ̂ çyí ¸̨y !Ó≤Ãï˛#˛õ ̂ Ü˛yî ̃ ï˛!Ó˚ Ü˛ Ï̂Ó˚

~ÓÇ ~ Ï̂òÓ˚ ˆÎ Ï̂Ü˛y Ï̂ly ò%!ê˛ §!ß¨!•ï˛ ˆÜ˛y Ï̂îÓ˚ §Ù!T˛ •Î˚ 180°– ôÓ˚y ÎyÜ˛ L
1
 ~ÓÇ L

2 
~Ó˚ ÙôƒÓï˛#≈ §!ß¨!•ï˛

ˆÜ˛yîà%̂ Ï°y •° θ ~ÓÇ φ  å!ã˛e 10.6ä– ï˛y• Ï̂° θ = α
2
 – α

1
 ~ÓÇ α

1
, α

2
  ≠ 90°

§%ï˛Ó˚yÇñ tan θ = tan (α
2
 – α

1
) =

−

+
=

−

+

tan tan

tan tan

α α

α α

2 1

1 2

2 1

1 2
1 1

m m

m m

(ˆÎ Ï̂•ï%̨  1 + m
1
m

2 
≠ 0ä

~ÓÇ φ = 180° – θ

ï˛y• Ï̂°ñ tan φ = tan (180° – θ ) = – tan θ = −
−

+

m m

m m

2 1

1 2
1

, ˆÎ Ï̂•ï%̨  1 + m
1
m

2
 ≠ 0

~áy Ï̂l ò%!ê˛ ̂ «˛e ̨õyGÎ˚y ÎyÎ˚ ı
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ˆ«˛e I  Î!ò 
2 1

1 21

m m

+ m m

−
 ôlydÜ˛ •Î˚ñ ï˛ Ï̂Ó tan θ ôlydÜ˛ • Ï̂Ó ~ÓÇ tan φ • Ï̂Ó }îydÜ˛ñ xÌ≈yÍñ θ • Ï̂Ó

§)- Ï̂Ü˛yî ~ÓÇ φ • Ï̂Ó  fiÌ)° Ï̂Ü˛yî–

ˆ«˛e II  Î!ò 
2 1

1 21

m m

+ m m

−
 }îydÜ˛ •Î˚ñ ï˛ Ï̂Ó tan θ • Ï̂Ó }lydÜ˛ ~ÓÇ tan φ • Ï̂Ó ôlydÜ˛ñ xÌ≈yÍñ θ • Ï̂Ó

fiÌ)° Ï̂Ü˛yî ~ÓÇ φ • Ï̂Ó §)- Ï̂Ü˛yî–
ï˛y• Ï̂° m

1 
~ÓÇ m

2
 l!ï˛ !Ó!¢T˛ ˆÓ˚áy L

1 
~ÓÇ L

2
 ~Ó˚ ÙôƒÓï˛#≈  §)- Ï̂Ü˛yî åθ ô Ï̂Ó˚ä •°

tan θ =
−

+
2 1

1 21

m m

m m
ñ ˆÎ Ï̂•ï%̨  1 + m

1
m

2 
≠ 0 ... (1)

φ =1800 – θ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ fiÌ)° Ï̂Ü˛yî åô Ï̂Ó˚y  φä ˛õyGÎ˚y ÎyÎ˚–

í z̨òy•Ó˚î 2 Î!ò ò%!ê˛ ̂ Ó˚áyÓ˚ ÙôƒÓï˛#≈ ̂ Ü˛yî 
π

4
 •Î˚ ~ÓÇ ~Ü˛!ê˛ ̂ Ó˚áyÓ˚ l!ï˛ 

1

2
 •Î˚ ï˛ Ï̂Ó x˛õÓ˚ ̂ Ó˚áy!ê˛Ó˚ l!ï˛

!lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl  m

1
 ~ÓÇ m

2
 l!ï˛ !Ó!¢T˛ ò%!ê˛ ˆÓ˚áyÓ˚ ÙôƒÓï≈̨ # §)- Ï̂Ü˛yî θ • Ï̂° xyÙÓ˚y çy!l

tanθ =
−

+

m m

m m

2 1

1 21
... (1)

ôÓ˚y ÎyÜ˛ñ  m
1 
= 

1

2
, m

2
 = mñ ~ÓÇ θ =

π

4

~•z Ùylà%̂ Ï°y (1) ~ Ó!§ Ï̂Î˚ñ ˛õyGÎ˚y ÎyÎ˚

tan
π

4

1

2

1
1

2

=
−

+

m

m
Óyñ 

1 =
−

+

m

m

1

2

1
1

2

 ~Ó˚ ˆÌ Ï̂Ü˛ ˛õyGÎ˚y ÎyÎ˚  

m

m

−

+
=

1

2

1
1

2

1 Óyñ 

m

m

−

+
= −

1

2

1
1

2

1

§%ï˛Ó˚yÇ m=3 Óy m = −
1

3
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!ã˛e  10. 7

!ã˛e  10. 8

ï˛y• Ï̂° x˛õÓ˚ ̂ Ó˚áy!ê˛Ó˚ l!ï˛ •Î˚ 3 xÌÓy

−
1

3
– 10.7 lÇ !ã˛e ̂ Ì Ï̂Ü˛ ò%!ê˛ í z̨_ Ï̂Ó˚Ó˚

Óƒyáƒy ̨õyGÎ˚y ÎyÎ˚–

í z̨òy•Ó˚î 3 (–2, 6) ~ÓÇ (4, 8) !Ó®%àyÙ# ̂ Ó˚áyñ (8, 12) ~ÓÇ (x, 24) !Ó®%àyÙ# ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ °¡∫ • Ï̂° x
~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl (–2, 6) ~ÓÇ (4, 8) !Ó®%àyÙ# ˆÓ˚áyÓ˚ ≤ÃÓîï˛y •°   m
1

8 6

4 2

2

6

1

3
=

−

− −( )
= =

(8, 12) ~ÓÇ (x, 24) !Ó®%àyÙ# ˆÓ˚áyÓ˚ ≤ÃÓî ï˛y

m
x x

2

24 12

8

12

8
=

−

−
=

−

ˆÎ Ï̂•ï%̨  ̂ Ó˚áyò%!ê˛ ̨õÓ˚flõÓ˚ °¡∫ñ
m

1
 m

2
 = –1ñ ~Ó˚ ˆÌ Ï̂Ü˛ ˛õyGÎ˚y ÎyÎ˚

1

3

12

8
1×

−
= −

x
Óy x=4

10.2.4 !ï˛l!ê˛ !Ó®%Ó˚ §ÙˆÏÓ˚áï˛y (collinear-

ity of three points)

xyÙÓ˚y çy!l ò%!ê˛ §Ùyhs˝Ó˚y° ˆÓ˚áyÓ˚ l!ï˛

§Ùyl– Î!ò ò%!ê˛ ̂ Ó˚áy ~Ü˛!ê˛ §yôyÓ˚î !Ó®%àyÙ# ~ÓÇ

ï˛y Ï̂òÓ˚ l!ï˛ §Ùyl •Î˚ñ ï˛ Ï̂Ó ˆÓ˚áy ò%!ê˛ §Ùy˛õ!ï˛ï˛

• Ï̂Ó– xï˛~Óñ Î!ò A, B, C !Ó®% !ï˛l!ê˛ XY ÈüÈ

ï˛̂ Ï° xÓ!fiÌï˛ •Î̊ñ ï˛̂ ÏÓ ï˛yÓ̊y ~Ü˛!ê˛ ̂ Ó̊áyÎ̊ xÓ!fiÌï˛

•ˆÏÓ xÌ≈yÍ !ï˛l!ê˛ !Ó®% §ÙˆÏÓ˚á •ˆÏÓ Î!ò ~ÓÇ

ˆÜ˛Ó°Ùye Î!ò AB ~Ó˚ l!ï˛ = BC ~Ó˚ l!ï˛ •Î˚–

AB ~Ó˚ l!ï˛=BC ~Ó˚ l!ï˛
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í z̨òy•Ó˚î 4  !ï˛l!ê˛ !Ó®% P (h, k), Q (x
1
 y

1
)  ~ÓÇ R (x

2 
y

2
)  ~Ü˛!ê˛ ˆÓ˚áyÓ˚ í z̨̨ õÓ˚ xÓ!fiÌï˛– ˆòáyG ˆÎ

 åh–x
1
)(y

2
–y

1
)=(k–y

1
)(x

2
–x

1
)

§Ùyôyl ˆÎ Ï̂•ï%̨  P, Q ~ÓÇ R !Ó®%à%̂ Ï°y §Ù Ï̂Ó˚áñ

xï˛~Óñ PQ ~Ó˚ l!ï˛ = QR~Ó˚ l!ï˛ xÌ≈yÍñ 
1

1

2 1

2 1

y k

x h

y y

x x

−

−
=

−

−

Óyñ 
k y

h x

y y

x x

−

−
=

−

−
1

1

2 1

2 1

Óyñ (h – x
1
) (y

2
 – y

1
)  = (k – y

1
) (x

2
 – x

1
)

í z̨òy•Ó˚î 5 10.9 !ã˛ Ï̂eñ §ÙÎ˚ ~ÓÇ ò)Ó˚̂ ÏcÓ˚ ̃ Ó˚!áÜ˛
à!ï˛Ó˚ ˆ°á!ã˛e ≤Ãò_– §ÙÎ˚ ~ÓÇ ò)Ó˚ˆÏcÓ˚ ò%!ê˛
˛õ!Ó˚!fiÌ!ï˛ñ Îál T=0, D=2 ~ÓÇ Îál T=3,

D=8– l!ï˛Ó̊ ôyÓ̊îy ≤Ã Ï̂Î̊yà  Ü˛ Ï̂Ó̊ñ à!ï˛Ó̊ §)e !lî≈Î̊
Ü˛ Ï̂Ó˚yñ xÌ≈yÍñ ò)Ó˚c Ü˛#Ë˛y Ï̂Ó §Ù Ï̂Î˚Ó˚ í z̨̨ õÓ˚ !lË≈̨ Ó˚
Ü˛ Ï̂Ó˚–
§Ùyôyl ôÓ˚yÎyÜ˛ñ (T, D) ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ ̂ Î Ï̂Ü˛y Ï̂ly
~Ü˛!ê˛ !Ó®%ñ ˆÎáy Ï̂l T §Ù Ï̂Î˚Ó˚ ò)Ó˚c D !l Ï̂ò≈¢
Ü˛̂ ÏÓ̊– ̂ Î Ï̂•ï%̨  (0, 2)ñ (3, 8) ~ÓÇ (T, D) !Ó®%à%̂ Ï°y
§Ù Ï̂Ó˚áñ ï˛y•z

8 2

3 0

8

3

−

−
=

−

−

D

T
Óyñ 6 3 3 8(T ) (D )− = −

Óyñ  D = 2(T + 1),

Îy !l Ï̂î≈Î˚ §¡õÜ≈̨ –

xl%¢#°l# 10.1

1. Ü˛y Ï̂ï≈̨ !§Î˚ ï˛ Ï̂° ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ ç xAÜ˛l Ü˛ Ï̂Ó˚yñ ÎyÓ˚ ¢#£Ï≈ !Ó®%à%̂ Ï°y •° (– 4, 5),  (0, 7),  (5, – 5)  ~ÓÇ

(– 4, –2) – ~!ê˛Ó˚ ˆ«˛eÊ˛°G !lî≈Î˚ Ü˛ˆÏÓ˚y–

2. 2a Óy•%!Ó!¢T˛ ~Ü˛!ê˛ §ÙÓy•% !eË%̨ Ï̂çÓ̊ Ë)̨ !Ù yÈüÈx«˛ ÓÓ̊yÓÓ̊ ~Ó̊)̂ Į̈ õ xÓ!fiÌï˛ ̂ Îl Ë)̨ !ÙÓ̊ Ùôƒ!Ó®% Ù)°!Ó®%
•Î˚– !eË)̨ ç!ê˛Ó˚ ¢#£Ï≈!Ó®%Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

3. P (x
1
, y

1
) ~ÓÇ Q (x

2
, y

2
) ~Ó˚ Ù Ï̂ôƒ ò)Ó˚c !lî≈Î˚ Ü˛ Ï̂Ó˚y Îál ı (i) PQ  y -x Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° •Î˚

(ii) PQ, xÈüÈ x Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° •Î˚–
4. xÈüÈx Ï̂«˛Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ ~Ü˛!ê˛ !Ó®% !lî≈Î˚ Ü˛ Ï̂Ó˚yñ Îy (7, 6) G (3, 4) • Ï̂ï˛ §Ùò)Ó˚Óï ≈̨#–
5. P (0, – 4) ~ÓÇ B (8, 0) !Ó®%Ó˚ §Ç Ï̂ÎyàÜ˛yÓ˚# ̂ Ó˚áyÇ Ï̂¢Ó˚ Ùôƒ!Ó®% ~ÓÇ Ù)°!Ó®%àyÙ# ̂ Ó˚áyÓ˚ l!ï˛ !lî≈Î˚

Ü˛ Ï̂Ó˚y–

!ã˛e 10.9

§ÙÎ̊

ò)Ó̊
c
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!ã˛e  10.10

6. ˛õ#Ìy Ï̂àyÓ˚y Ï̂§Ó˚ í z̨̨ õ˛õyòƒ ÓƒÓ•yÓ˚ ly Ü˛ Ï̂Ó˚ñ ̂ òáyG ̂ Î (4, 4), (3, 5) ~ÓÇ å–1, –1) §Ù Ï̂Ü˛yî# !eË%̨ Ï̂çÓ˚
¢#£Ï≈!Ó®%–

7. â!í ¸̨Ó˚ ÜÑ̨ yê˛yÓ˚ !Ó˛õÓ˚# Ï̂ï˛ñ yÈüÈx Ï̂«˛Ó˚ ôlydÜ˛ !ò Ï̂Ü˛Ó˚ §y Ï̂Ì ˆÎ ˆÓ˚áy 30° ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ñ ˆ§•z ˆÓ˚áyÓ˚
l!ï˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

8. (x, –1), (2, 1) ~ÓÇ (4, 5) !Ó®%à%̂ Ï°y §Ù Ï̂Ó˚á • Ï̂° xÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
9. ò)Ó˚c !lî≈̂ ÏÎ˚Ó˚ §)e ÓƒÓ•yÓ˚ ly Ü˛ Ï̂Ó˚ñ ˆòáyG ˆÎ å–2, –1) (4, 0), (3, 3) ~ÓÇ (–3, 2) !Ó®%à%̂ Ï°y

§yÙhs˝!Ó˚̂ ÏÜ˛Ó˚ ¢#£Ï≈!Ó®%–
10. (3, –1) ~ÓÇ (4, –2) !Ó®%m Ï̂Î˚Ó˚ §Ç Ï̂ÎyàÜ˛yÓ˚# ˆÓ˚áy ~ÓÇ xÈüÈx Ï̂«˛Ó˚ ÙôƒÓï≈̨ # ˆÜ˛yî !lî≈Î˚ Ü˛ Ï̂Ó˚y–
11. ~Ü˛!ê˛ ̂ Ó˚áyÓ˚ l!ï˛ x˛õÓ˚ ~Ü˛!ê˛ ̂ Ó˚áyÓ˚ l!ï˛Ó˚ !mà%î– Î!ò ï˛y Ï̂òÓ˚ ÙôƒÓï≈̨ # ̂ Ü˛y Ï̂îÓ˚ ê˛ƒyl Ï̂çrê˛ ~Ó˚ Ùyl 

1

3
•Î˚ ï˛ Ï̂Ó ̂ Ó˚áyà%̂ Ï°yÓ˚ l!ï˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

12. ~Ü˛!ê˛ ˆÓ˚áy (x
1
, y

1
) ~ÓÇ (h, k) !Ó®%àyÙ#– Î!ò ˆÓ˚áy!ê˛Ó˚ l!ï˛ m •Î˚ñ ï˛ Ï̂Ó ˆòáyG

k – y
1 
= m (h – x

1
)

13. Î!ò (h, 0), (a, b) ~ÓÇ (0, k) !Ó®%à%̂ Ï°y ~Ü˛!ê˛ ˆÓ˚áyÎ˚ xÓ!fiÌï˛ •Î˚ñ ï˛ Ï̂Ó ˆòáyG ˆÎ 
a

h

b

k
+ = 1

14. !l Ï̂¡¨Ó˚ çl§Çáƒy ÓSÈÓ˚ §ÇÜ ̨ yhs˝ ̂ °á!ã˛e!ê˛ !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚y å!ã˛e 10.10)– AB ̂ Ó˚áyÓ˚ l!ï˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y
~ÓÇ ~!ê˛ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ñ 2010 §y Ï̂° ̂ °yÜ˛§Çáƒy Ü˛ï˛ • Ï̂Ó !lî≈Î˚ Ü˛ Ï̂Ó˚y⁄

10.3  ~Ü˛!ê˛ §Ó̊° ˆÓ̊áyÓ̊ §Ù#Ü˛Ó̊ Ï̂îÓ̊ !Ó!Ë˛ß̈ Ó̊)̨õ åVarious Forms of the Equation of a line)

xyÙÓ˚y çy!l ~Ü˛!ê˛ §Ùï˛ Ï̂° xÓ!fiÌï˛ ≤Ã!ï˛!ê˛ ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ x§Çáƒ !Ó®% Óï≈̨ Ùyl– !Ó®% ~ÓÇ ̂ Ó˚áyÓ˚ ÙôƒÓï˛#≈
~•z §¡õÜ≈̨ ñ !l Ï̂¡¨Ó˚ §Ù§ƒyÓ˚ §Ùyôy Ï̂l §y•yÎƒ Ü˛ Ï̂Ó˚ı

ç
l§

Çá
ƒy 

åˆ
Ü˛

y!ê
˛ˆÏï

˛ä

ÓSÈÓ˚
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!ã˛e   10.11

!ã˛e  10.12

xyÙÓ˚y Ü˛#Ë˛y Ï̂Ó Ó° Ï̂ï˛ ˛õy!Ó˚ ˆÎ ~Ü˛!ê˛ ≤Ãò_ !Ó®% ~Ü˛!ê˛ ≤Ãò_ ˆÓ˚áyÓ˚ í z̨̨ õÓ˚ xÓ!fiÌï˛⁄ ~Ó˚ í z̨_Ó˚ ~!ê˛ • Ï̂ï˛
˛õy Ï̂Ó˚ ˆÎñ !Ó®%à%̂ Ï°y ˆÓ˚áyÓ˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ •GÎ˚yÓ˚ !l!ò≈T˛ ¢ï≈̨  xyÙy Ï̂òÓ˚ çyl Ï̂ï˛ • Ï̂Ó– ôÓ˚y ÎyÜ˛ P (x, y)

~Ü˛!ê˛ §ò,FSÈ !Ó®% xyÈüÈï˛ Ï̂° xÓ!fiÌï˛ ~ÓÇ L •° ≤Ãò_ ̂ Ó˚áy– L ÈüÈ ~Ó˚ §Ù#Ü˛Ó˚î !ll≈̂ ÏÎ˚Ó˚ ̂ «˛ Ï̂e P !Ó®%Ó˚ çlƒ
~Ùl ~Ü˛!ê˛ !ÓÓ,!ï˛ Óy ¢ï≈̨  !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó Îy ̂ Ü˛Ó°Ùye ̇  xÓfiÌyÎ˚ §ï˛ƒ •Î˚ñ xlƒÌy !ÙÌƒy– !l/§ Ï̂® Ï̂•ñ
~•z !ÓÓ,!ï˛ •° ˆÜ˛Ó° Ùye x, y §!¡ø!°ï˛ ~Ü˛!ê˛ Ó#çà!î!ï˛Ü˛ §Ù#Ü˛Ó˚îñ ~ál xyÙÓ˚y !Ó!Ë˛ß¨ xÓfiÌyÓ˚
˛õ!Ó˚̂ Ï≤Ã!«˛ Ï̂ï˛ ̂ Ó˚áyÓ˚ §Ù#Ü˛Ó˚î xy Ï̂°yã˛ly Ü˛Ó˚Ó–

10.3.1  xl%Ë)̨ !ÙÜ˛ ~ÓÇ í z̨Õ‘¡∫ ˆÓ˚áy åHorizontal and vertical lines) Î!ò ~Ü˛!ê˛ xl%Ë)̨ !ÙÜ˛ ˆÓ˚áy
L, x ÈüÈx«˛ ̂ Ì Ï̂Ü˛ a ò)Ó˚̂ Ïc xÓ!fiÌï˛ •Î˚ñ ï˛ Ï̂Ó ̂ Ó˚áyÓ˚ ≤Ã Ï̂ï˛ƒÜ˛!ê˛ !Ó®%Ó˚ ̂ Ü˛y!ê˛ •Î˚ a xÌÓy –a [!ã˛e 10.11

(a)] §%ï˛Ó˚yÇ  L ÈüÈ~Ó˚ §Ù#Ü˛Ó˚î •Î˚ y = a  xÌÓy y = – a– !ã˛•´ !lô≈yÓ˚î !lË ≈̨Ó˚ Ü˛ Ï̂Ó˚ ˆÓ˚áyÓ˚ xÓfiÌy Ï̂lÓ˚
í z̨̨ õÓ˚ xÌ≈yÍ ̂ Ó˚áy!ê˛ Èy - x Ï̂«˛Ó˚ í z̨̨ õ Ï̂Ó˚ ly l# Ï̂ã˛– xl%Ó)̊̂ Į̈ õñ x ÈüÈ x«˛ ̂ Ì Ï̂Ü˛ b ò)Ó˚̂ Ïc xÓ!fiÌï˛ í z̨Õ‘¡∫ ̂ Ó˚áyÓ˚
§Ù#Ü˛Ó˚î •Î˚ x = b  xÌÓy x = – b [!ã˛e 10.11(b)]

í z̨òy•Ó˚î 6 x Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° ~ÓÇ å– 2, 3ä !Ó®%àyÙ#
ˆÓ˚áyà%̂ Ï°yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ̂ Ó˚áyà%̂ Ï°yÓ˚ xÓfiÌyl 10.12 lÇ !ã˛ Ï̂e ≤Ãò¢≈l Ü˛Ó˚y
•°– x ÈüÈ x Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° ˆÓ˚áyÓ˚ í z̨̨ õÓ˚ ≤Ã!ï˛!ê˛ !Ó®%Ó˚ y
ÈüÈfiÌylyAÜ˛ •° 3 – §%ï˛Ó˚yÇ ( –2, 3) !Ó®%àyÙ# x ÈüÈ x Ï̂«˛Ó˚
§Ùyhs˝Ó˚y° ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î y = 3 – xl%Ó)̊̂ Į̈ õ ( –2, 3)

!Ó®%àyÙ# y ÈüÈx Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î x = –2 –
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!ã˛e 10.13

!ã˛e  10.14

10.3.2 !Ó®%ÈüÈ≤ÃÓîï˛y xyÜ˛yÓ˚åPoint-slope formä
ôÓ˚y ÎyÜ˛ñ !ï˛Î≈Ü˛ ̂ Ó˚áy L ~Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ !l!ò≈T Į̈ !Ó®%
P

0
 (x

0
, y

0
) xÓ!fiÌï˛ñ ÎyÓ˚ ≤ÃÓîï˛y m xy Ï̂Ó˚y ôÓ˚y

ÎyÜ˛ñ P (x, y), L ~Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ Îò,FSÈ !Ó®% å!ã˛e
10.3ä–
ï˛y• Ï̂°ñ §ÇK˛yl%§y Ï̂Ó˚ L ̂ Ó˚áyÓ˚ ≤ÃÓîï˛y • Ï̂Ó

m
y y

x x
=

−

−
0

0

,  xÌ≈yÍñ y y m x x− = −( )
0 0

                       ...(1)

ˆÎ Ï̂•ï%̨  !Ó®% P
0
 (x

0 
, y

0
)ñ L ~Ó˚ §Ü˛° !Ó®% (x, y)

~Ó˚ § Ï̂Aà (1) ̂ Ü˛ !§Âô Ü˛ Ï̂Ó˚ ~ÓÇ ï˛ Ï̂°Ó˚ xlƒ ̂ Ü˛y Ï̂ly
!Ó®% (1) ˆÜ˛ !§Âô Ü˛ Ï̂Ó˚ ly– ~çlƒ ÓyhflÏ̂ ÏÓ §Ù#Ü˛Ó˚î (1) •° ≤Ãò_ L ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î–

ï˛y• Ï̂° ≤ÃÓîï˛y m ~ÓÇ !l!ò≈T˛ !Ó®% (x
0
, y

0
) àyÙ# ̂ Ó˚áy!ê˛Ó˚ í z̨̨ õÓ˚ (x, y) xÓ!fiÌï˛ • Ï̂Ó Î!ò ~ÓÇ

ˆÜ˛Ó°Ùye Î!ò ~Ó˚ fiÌylyAÜ˛ y – y
0
 = m (x – x

0
) §Ù#Ü˛Ó˚î Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚–

í z̨òy•Ó˚î 7 ≤ÃÓîï˛y  – 4  ~ÓÇ ( –2, 3) !Ó®%àyÙ# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ~áy Ï̂l m = –4  ~ÓÇ ≤Ãò_ !Ó®% (x
0 
, y

0
) •° ( –2, 3)–

í z̨̨ õ!Ó˚í z̨=˛ å1äñ !Ó®%ÈüÈ≤ÃÓîï˛y xyÜ˛yÓ˚ §)e ≤Ã Ï̂Î˚y Ï̂àñ ≤Ãò_ ̂ Ó˚áyÓ˚ §Ù#Ü˛Ó˚î
y – 3 = – 4 (x + 2)

xÌÓyñ 4x + y + 5 = 0ñ ~!ê˛•z !l Ï̂î≈Î˚
§Ù#Ü˛Ó˚î–

10.3.3 ò%%•zÈüÈ!Ó®% xyÜ˛yÓ˚ åTwo-

point formä ôÓ˚y ÎyÜ˛ §Ó˚° Ï̂Ó˚áy L
ò%!ê˛ ≤Ãò_ !Ó®% P

1
 (x

1
, y

1
) ~ÓÇ

P
2
 (x

2
, y

2
) àyÙ#– xy Ï̂Ó˚y ôÓ˚y ÎyÜ˛ P

(x, y)ñ L ~Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ §yôyÓ˚î !Ó®%
å!ã˛e 10.14ä–
!ï˛l!ê˛ !Ó®% P

1
, P

2
 P §Ù Ï̂Ó˚á–

§%ï˛Ó˚yÇñ xyÙÓ˚y çy!l
P

1
P ~Ó˚ ≤ÃÓîï˛y  = P

1
P

2
 ~Ó˚ ≤ÃÓîï˛y

xÌ≈yÍñ 
y y

x x

y y

x x

−

−
=

−

−
1

1

2 1

2 1

,  xÌÓyñ y y
y y

x x

x x− =
−

−
−

1

2 1

2 1

1( )

l!ï˛
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ï˛y• Ï̂°ñ (x
1
, y

1
) ~ÓÇ (x

2
, y

2
) !Ó®%àyÙ# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î

y y
y y

x x

x x− =
−

−
−

1

2 1

2 1

1( ) ... (2)

í z̨òy•Ó˚î 8 (1, –1) ~ÓÇ (3, 5) !Ó®%àyÙ# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î ˆ° Ï̂áy–
§Ùyôyl  ~áy Ï̂l  x

1
 = 1, y

1
 = – 1, x

2
 = 3 ~ÓÇ y

2
 = 5 í z̨̨ õ Ï̂Ó˚Ó˚ (2), ò%•zÈüÈ!Ó®% xyÜ˛yÓ˚ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ñ ̂ Ó˚áyÓ˚

§Ù#Ü˛Ó˚îñ xyÙÓ˚y ̨ õy•z

y x− −( )
− −( )

−
−( )1 =

5 1

3 1
1

Óyñ –3x + y + 4 = 0ñ !l Ï̂î≈Î˚ §Ù#Ü˛Ó˚î
10.3.4 ≤ÃÓîï˛y ˆSÈ!òï˛yÇ¢ xyÜ˛yÓ˚ åslope-intercept formä  Ü˛á Ï̂ly Ü˛á Ï̂ly ~Ü˛!ê˛ ˆÓ˚áy K˛yï˛ •Î˚
~Ó˚ ≤ÃÓîï˛y ~ÓÇ ˆÜ˛y Ï̂ly ~Ü˛!ê˛ x Ï̂«˛Ó˚ ˆSÈ!òï˛yÇ Ï̂¢Ó˚ myÓ˚y– ~ál xyÙÓ˚y ~Ó)̨̊ õ ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚
Ü˛Ó˚̂ ÏÓy–
ˆ«˛e 1 ôÓ˚y ÎyÜ˛ñ m ≤ÃÓîï˛y !Ó!¢T˛ ~Ü˛!ê˛ ˆÓ˚áy L,

Ù)°!Ó®% • Ï̂ï˛ C ò)Ó˚̂ Ïc y ÈüÈx«˛ Ï̂Ü˛ ˆSÈò Ü˛ Ï̂Ó˚– xï˛~Ó
ˆÓ˚áy!ê˛ y ÈüÈ x«˛ Ï̂Ü˛ ˆÎ !Ó®%̂ Ïï˛ ˆSÈò Ü˛ Ï̂Ó˚ñ ˆ§•z !Ó®%Ó˚
fiÌylyAÜ˛ (0, c)– ï˛y• Ï̂° L ˆÓ˚áy!ê˛Ó˚ ≤ÃÓîï˛y m ~ÓÇ
~Ü˛!ê˛ !l!ò≈T˛ !Ó®% (0, c) àyÙ#– §%ï˛Ó˚yÇñ !Ó®%ÈüÈ≤ÃÓîï˛y
xyÜ˛yÓ˚ §)e ≤Ã Ï̂Î˚y Ï̂à ̂ Ó˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î •Î˚ÈüüüÈ

y – c = m (x – 0)  xÌÓy y = mx + c

ï˛y• Ï̂°ñ y ÈüÈ̂ SÈ!òï˛yÇ¢ c ~ÓÇ m ≤ÃÓîï˛y !Ó!¢T˛ ̂ Ó˚áyÓ˚
í z̨̨ õÓ˚ (x, y) !Ó®% xÓ!fiÌï˛ • Ï̂Ó Î!ò ~ÓÇ ˆÜ˛Ó°Ùye
Î!ò

y = mx +c ...(3)

 °«˛ Ü˛ Ï̂Ó˚y c ~Ó˚ Ùyl ôlydÜ˛ Óy }îydÜ˛ • Ï̂Ó Î!ò ˆSÈ!òï˛yÇ¢  ÎÌyÜ ̨ Ï̂Ù y ÈüÈx Ï̂«˛Ó˚ ôlydÜ˛ Óy•% ~ÓÇ
}îydÜ˛ Óy•% ˆÌ Ï̂Ü˛ ˜ï˛!Ó˚ •Î˚–
ˆ«˛e II  ôÓ˚y ÎyÜ˛ñ m ≤ÃÓîï˛y!Ó!¢T˛ ̂ Ó˚áy L ~Ó˚ x ÈüÈx Ï̂«˛Ó˚ ̂ SÈ!òï˛yÇ Ï̂¢Ó˚ ̃ òâ≈ƒ d – L ̂ Ó˚áyÓ˚ §Ù#Ü˛Ó˚î •Î˚

y = m(x – d) ... (4)

ˆ«˛e å1ä ~Ó˚ xy Ï̂°yã˛ly xl%ÎyÎ˚# SÈyeÓ˚y !l Ï̂çÓ˚y•z ~•z §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ ̨õyÓ˚̂ ÏÓ–

í z̨òy•Ó˚î 9 ˆ§•z ˆÓ˚áyà%̂ Ï°yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y ÎyÓ˚ tan θ =
1

2
ñ ˆÎáy Ï̂l θ •° ˆÓ˚áy!ê˛Ó˚ xyl!ï˛ ~ÓÇ

(i) yÈüÈ ˆSÈ!òï˛yÇ¢ −
3

2
 (ii) x ÈüÈ ˆSÈ!òï˛yÇ¢ 4–

l!ï˛
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§Ùyôyl (i) ~áy Ï̂lñ ˆÓ˚áyÓ˚ ≤ÃÓîï˛y m = tan θ  = 
1

2
 ~ÓÇ y ÈüÈ ˆSÈ!òï˛yÇ¢ c = −

3

2

§%ï˛Ó˚yÇñ í z̨̨ õ Ï̂Ó˚Ó˚ (3) ~Ó˚ ≤ÃÓîï˛yÈüÈˆSÈ!òï˛yxÇ¢ xyÜ˛yÓ˚ §)e ≤Ã Ï̂Î˚y Ï̂àñ ̂ Ó˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î •Î˚ ÈüüüÈ

y x= −
1

2

3

2
,  Óyñ 2 3 0y x− + =

Îy !l Ï̂î≈Î˚ §Ù#Ü˛Ó˚î–

(ii) ~áy Ï̂l m = tan θ  = 
1

2
  ~ÓÇ d=4 §%ï˛Ó˚yÇñ ≤ÃÓîï˛yÈüÈˆSÈ!òï˛yÇ¢ xyÜ˛yÓ˚ §)̂ ÏeÓ˚ ≤Ã Ï̂Î˚y Ï̂à í z̨̨ õ Ï̂Ó˚Ó˚ (4)

• Ï̂ï˛ ˆÓ˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î •Î˚ÈüüüÈ y x= −
1

2
4( )  xÌÓy 2 4 0y x− + = ñ Îy !l Ï̂î≈Î˚ §Ù#Ü˛Ó˚î–

10.3.5 ˆSÈ!òï˛yÇ¢ÈüÈxyÜ˛yÓ˚ (Intercept-form) ôÓ˚y ÎyÜ˛ñ ~Ü˛!ê˛ ˆÓ˚áy L, x ÈüÈ ˆSÈ!òï˛yÇ¢ a ~ÓÇ y

ÈüÈˆSÈ!òï˛yÇ¢ b ˜ï˛!Ó˚ Ü˛ Ï̂Ó˚– flõT˛ï˛/ L, x x«˛ Ï̂Ü˛ ˆSÈò Ü˛ Ï̂Ó˚ (a, 0) !Ó®%̂ Ïï˛ ~ÓÇ y ÈüÈ x«˛ Ï̂Ü˛ ˆSÈò Ü˛ Ï̂Ó˚ (0,

b) !Ó®%̂ Ïï˛ å!ã˛e 10.16ä– ò%•zÈüÈ!Ó®% xyÜ˛yÓ̊ §)̂ ÏeÓ̊ §y•y Ï̂Îƒ

ˆÓ˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î •°

y
b

a
x a− =

−

−
−0

0

0
( ) Óyñ ay bx ab= − +

xÌ≈yÍñ 
x

a

y

b
+ =1

ï˛y• Ï̂° x ÈüÈ x«˛ ~ÓÇ y ÈüÈ x Ï̂«˛Ó˚ ̂ SÈ!òï˛yÇ¢ ÎÌyÜ ̨ Ï̂Ù a

~ÓÇ b í z̨Í˛õß¨Ü˛yÓ˚# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î •°

x

a

y

b
+ = 1 ... (5)

í z̨òy•Ó˚î 10 ~Ùl ~Ü˛!ê˛ ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y ÎyÓ˚ x ÈüÈ x«˛ ~ÓÇ yÈüÈ x Ï̂«˛Ó˚ ˆSÈ!òï˛yÇ Ï̂¢Ó˚ Ï̃òâ≈ƒ
ÎÌyÜ ̨ Ï̂Ù –3  ~ÓÇ 2–

§Ùyôyl  ~áy Ï̂l a = –3 ~ÓÇ b = 2– í z̨̨ õ Ï̂Ó˚Ó˚ (5) ~Ó˚ ˆSÈ!òï˛yÇ¢ xyÜ˛y Ï̂Ó˚Ó˚ §)̂ ÏeÓ˚ ≤Ã Ï̂Î˚y Ï̂à ˆÓ˚áyÓ˚
§Ù#Ü˛Ó˚î •Î˚ÈüüüÈ

x y

−
+ =

3 2
1  Óyñ 2 3 6 0x y− + =
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10.3.6 x!Ë˛°¡∫ xyÜ˛yÓ˚ (Normal form) ôÓ˚y ÎyÜ˛ñ !l¡¨!°!áï˛ ï˛Ìƒ§• xyÙy Ï̂òÓ˚ ~Ü˛!ê˛ !ï˛Î≈Ü˛ ˆÓ˚áy
K˛yï˛ xy Ï̂SÈ–

(i) Ù)°!Ó®% • Ï̂ï˛ ̂ Ó˚áy!ê˛Ó˚ í z̨̨ õÓ˚ ° Ï̂¡∫Ó˚ ̃ òâ≈ƒ–
(ii) °¡∫ (Normal) ˆÓ˚áy Îy x ÈüÈx Ï̂«˛Ó˚ ôlydÜ˛ !ò Ï̂Ü˛Ó˚ §y Ï̂Ì ˆÎ ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚–

ôÓ˚yÎyÜ˛ñ L ~Ü˛!ê˛ ̂ Ó˚áyñ Ù)°!Ó®% O ̂ Ì Ï̂Ü˛ ~Ó˚ ò)Ó˚c OA=P ~ÓÇ ôlydÜ˛ xÈ ÈüÈ x«˛ ~ÓÇ OA ~Ó˚ ÙôƒÓï˛#≈
ˆÜ˛yî ∠XOA = ω Ü˛y Ï̂ï≈̨ §#Î˚ ï˛ Ï̂° L ÈüÈˆÓ˚áyÓ˚ §Ω˛yÓƒ xÓfiÌyl !ã˛e 10.17 ÈüÈ~ ˆòáy Ï̂ly • Ï̂Î˚̂ ÏSÈ– ~ál
xyÙy Ï̂òÓ˚ °«˛ •° L  ̂ Ó˚áyÓ˚ ≤ÃÓîï˛y ~ÓÇ ~Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ !Ó®% !lî≈Î˚– ≤Ã!ï˛ ̂ «˛ Ï̂e x ÈüÈ x Ï̂«˛Ó˚ í z̨̨ õÓ˚ AM

°¡∫ xAÜ˛l Ü˛Ó˚y •°–

≤Ã!ï˛ ˆ«˛ Ï̂e xyÙÓ˚y ˛õy•z OM = p cos ω ~ÓÇ MA =  p sin ω, ï˛y• Ï̂° A ~Ó˚ fiÌylyAÜ˛ •°
(p cos ω, p sin ω)

x!ôÜ˛vñ L ˆÓ˚áy OA ~Ó˚ í z̨̨ õÓ˚ °¡∫–

§%ï˛Ó˚yÇñ L  ̂ Ó˚áyÓ˚ ≤ÃÓîï˛y − = − = −
1 1

OA tan

cos

sinω

ω

ω

ï˛y• Ï̂° L  ˆÓ˚áyÓ˚ ≤ÃÓîï˛y −
cos

sin

ω

ω
 ~ÓÇ ~Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ A ~Ó˚ fiÌylyAÜ˛ (p cos ω, p sin ω)–

xï˛~Ó !Ó®% ≤ÃÓîï˛y xyÜ˛y Ï̂Ó˚ L ̂ Ó˚áyÓ˚ §Ù#Ü˛Ó˚î–

~Ó˚ ≤ÃÓîï˛y
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y p x p− = − −( )sin
cos

sin
cosω

ω

ω

ω  Óyñ x y pcos sin ( sin cos )ω ω ω ω+ = +2 2

Óyñ x cos ω + y sin ω = p.

§%ï˛Ó˚yÇñ ̂ Ü˛y Ï̂ly ̂ Ó˚áyÓ˚ Ù)°!Ó®% • Ï̂ï˛ °¡∫ò)Ó˚c p ~ÓÇ x ÈüÈx Ï̂«˛Ó˚ ôlydÜ˛ !ò Ï̂Ü˛Ó˚ §y Ï̂Ì ̇  °¡∫̂ ÏÓ˚áy ω ̂ Ü˛yî
˜ï˛!Ó˚ Ü˛Ó˚̂ Ï° ˆ§•z ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î •Î˚ ÈüüüÈ

x cos ω + y sin ω = p ... (6)

í z̨òy•Ó˚î 11  ˆÜ˛y Ï̂ly ˆÓ˚áyÓ˚ Ù)°!Ó®% • Ï̂ï˛ °¡∫ò)Ó˚c 4 ~Ü˛Ü˛ ~ÓÇ x ÈüÈx Ï̂«˛Ó˚ ôlydÜ˛ !ò Ï̂Ü˛Ó˚ §y Ï̂Ì ˙
°¡∫̂ ÏÓ˚áy 15° ˆÜ˛yî í z̨Í˛õß¨ Ü˛Ó˚̂ Ï° ˆ§•z ˆÓ˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  ~áy Ï̂lñ xyÙy Ï̂òÓ˚ xy Ï̂SÈ p=4  ~ÓÇ ω= 15° å!ã˛e 10.18ä

cos 15° = 
3 1

2 2

+

~ÓÇ sin 15º = 
3 1

2 2

−
 åˆÜ˛l⁄ä

í z̨̨ õ Ï̂Ó˚Ó˚ (6) ~Ó˚ x!Ë˛°¡∫ xyÜ˛y Ï̂Ó˚ñ ̂ Ó˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î

x ycos sin
0 0

15 15 4+ =  Óyñ 
3 1

2 2

3 1

2 2
4

+
+

−
=x y

Óyñ 3 1 3 1 8 2+( ) + −( ) =x y

~!ê˛ !l Ï̂î≈Î˚ §Ù#Ü˛Ó˚î

í z̨òy•Ó˚î 12  Ê˛y Ï̂Ó˚l•y•zê˛ ï˛y˛õÙyey F ~Ó˚ ˛õÓ˚Ù ï˛y˛õÙyey K ~Ü˛!ê˛ ̃ Ó˚!áÜ˛ §Ù#Ü˛Ó˚î Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚– ≤Ãò_
K=273 Îál F=32 ~ÓÇ K=373 Îál F=212– F ~Ó˚ §y•y Ï̂Îƒ K ~Ó˚ Ùyl ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚y ~ÓÇ F ~Ó˚ Ùyl
!lî≈Î˚ Ü˛ Ï̂Ó˚yñ Îál K=0.

§Ùyôyl x ÈüÈx«˛ ÓÓ˚yÓÓ˚ F ~ÓÇ yÈ ÈüÈx«˛ ÓÓ˚yÓÓ˚ K ô Ï̂Ó˚ñ XY ÈüÈ ï˛ Ï̂° ò%!ê˛ !Ó®% (32, 273) ~ÓÇ (212, 373)

˛õy•z– ò%•zÈüÈ!Ó®% xyÜ˛y Ï̂Ó˚Ó˚ ˆÎ §Ù#Ü˛Ó˚î (F, K) !Ó®%̂ ÏÜ˛ !§Âô Ü˛ Ï̂Ó˚ ï˛y • Ï̂° ÈüüüÈ

K − =
−

−
273

373 273

212 32
F −( )32  Óyñ  K F− = −( )273

100

180
32

Óyñ K F= −( ) +
5

9
32 273 ... (1)

~!ê˛•z !l Ï̂î≈Î˚ §¡õÜ≈̨ –
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Îál K=0ñ §Ù#Ü˛Ó˚î (1) • Ï̂ï˛ ˛õyGÎ˚y ÎyÎ˚

   0
5

9
32 273= −( ) +F  Óy F − = −

×
= −32

273 9

5
491 4.  Óy F= 459.4−

!ÓÜ˛“ ˛õÂô!ï˛  xyÙÓ˚y çy!l ~Ü˛!ê˛ ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚̂ ÏîÓ˚ §Ó˚°ï˛Ù Ó)̨̊ õ •° y = mx + c– xyÓyÓ˚ x ÈüÈx«˛
ÓÓ˚yÓÓ˚ F ~ÓÇ y - x«˛ ÓÓ˚yÓÓ˚ K ô Ï̂Ó˚ñ xyÙÓ˚y §Ù#Ü˛Ó˚̂ ÏîÓ˚ Ó)̨̊ õ!ê˛ ˛õy•zñ

K = mF + c ... (1)

(32, 273) ~ÓÇ (212, 373) !ò Ï̂Î˚ §Ù#Ü˛Ó˚î (1) !§Âô •Î˚–
§%ï˛Ó˚yÇñ 273 = 32m + C ... (2)

~ÓÇ 373 = 212m + C ... (3)

(2) ~ÓÇ (3) §Ùyôyl Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ˛õy•z

m = 
5

9
 ~ÓÇ c = 

2297

9

m ~ÓÇ C ~Ó˚ Ùyl (1) ~ Ó!§ Ï̂Î˚ñ xyÙÓ˚y ˛õy•z

K F= +
5

9

2297

9
... (4)

~ê˛y•z !l Ï̂î≈Î˚ §¡õÜ≈̨ – Îál K=0, (4)  ˆÌ Ï̂Ü˛ ˛õyGÎ˚y ÎyÎ˚ F= – 459.4

AoT˛Óƒ ı xyÙÓ˚y çy!lñ y = mx + c §Ù#Ü˛Ó˚̂ Ïîñ ò%!ê˛ ô %ÓÜ˛ m ~ÓÇ C xy Ï̂SÈ– ~•z ò%!ê˛ ô %Ó Ï̂Ü˛Ó˚ Ùyl

!lî≈̂ ÏÎ˚Ó˚ çlƒñ xyÙy Ï̂òÓ˚ ò%!ê˛ ¢ï≈̨  ≤Ã Ï̂Î˚yçl Îy ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î!ê˛ Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚– í z̨̨ õ!Ó˚í z̨=˛ §Óà%̂ Ï°y
í z̨òy•Ó˚̂ Ïîñ ̂ Ó˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î !lî≈̂ ÏÎ˚Ó˚ çlƒ ò%!ê˛ ¢ï≈̨  ̂ òGÎ˚y xy Ï̂SÈ–

xl%¢#°l# 10.2

1 ̂ Ì Ï̂Ü˛ 8 lÇ ≤Ã Ï̂Ÿ¿ ≤Ãò_ ¢ Ï̂ï≈̨ Ó˚ §y Į̈̂ õ Ï̂«˛ §Ó˚° Ï̂Ó˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y ı
1. x ÈüÈx«˛ ~ÓÇ yÈüÈx Ï̂«˛Ó˚ §Ù#Ü˛Ó˚î ˆ° Ï̂áy–

2. l!ï˛ 
1

2
 ~ÓÇ (–4, 3) !Ó®%àyÙ#–

3. (0, 0) !Ó®%àyÙ# ~ÓÇ l!ï˛ m !Ó!¢T˛

4. 2 2 3,( )  !Ó®%àyÙ# ~ÓÇ x ÈüÈx Ï̂«˛Ó˚ §y Ï̂Ì 75o ˆÜ˛y Ï̂î xylï˛–

5. Ù)°!Ó®%Ó˚ ÓÑy!ò Ï̂Ü˛ x ÈüÈx«˛ Ï̂Ü˛ 3 ÈüÈ~Ü˛Ü˛ ò)Ó˚̂ Ïc ˆSÈò Ü˛ Ï̂Ó˚ ~ÓÇ ≤ÃÓîï˛y   – 2 –
6. Ù)°!Ó®%Ó˚ í z̨̨ õ Ï̂Ó˚Ó˚ !ò Ï̂Ü˛ y ÈüÈ x«˛ Ï̂Ü˛ 2 ÈüÈ~Ü˛Ü˛ ò)Ó˚̂ Ïc ̂ SÈò Ü˛ Ï̂Ó˚ ~ÓÇ x ÈüÈx Ï̂«˛Ó˚ ôlydÜ˛ !ò Ï̂Ü˛Ó˚ §y Ï̂Ì

30o ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚–
7. ( –1, 1) ~ÓÇ (2, – 4) !Ó®%àyÙ#–
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8. Ù)°!Ó®% • Ï̂ï˛ °¡∫ò)Ó˚c 5 ÈüÈ~Ü˛Ü˛ ~ÓÇ ôlydÜ˛ x ÈüÈx Ï̂«˛Ó˚ §y Ï̂Ì °¡∫ 300 ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚–
9. ∆ PQR ~Ó˚ ¢#£Ï≈!Ó®%à%̂ Ï°yÓ˚ fiÌylyAÜ˛ P(2, 1), Q(–2, 3) ~ÓÇ R (4, 5) – ¢#£Ï≈!Ó®% R ÈüÈàyÙ#

ÙôƒÙyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–
10. (–3, 5) !Ó®%àyÙ# ~ÓÇ (2, 5) G ( –3, 6) !Ó®%m Ï̂Î˚Ó˚ §Ç Ï̂ÎyàÜ˛yÓ˚# ˆÓ˚áyÓ˚ í z̨̨ õÓ˚ ° Ï̂¡∫Ó˚ §Ù#Ü˛Ó˚î

!lî≈Î˚ Ü˛ Ï̂Ó˚y–
11. ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áy (1, 0) ~ÓÇ (2, 3) !Ó®%m Ï̂Î˚Ó˚ §Ç Ï̂ÎyàÜ˛yÓ˚# ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ °¡∫ ~ÓÇ ̂ Ó˚áy!ê˛ Ï̂Ü˛ 1: n

xl%̨ õy Ï̂ï˛ !ÓË˛=˛ Ü˛ Ï̂Ó˚– §Ó˚° ̂ Ó˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–
12. ~Ü˛!ê˛ §Ó˚° ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y Îy fiÌylyAÜ˛ x«˛ • Ï̂ï˛ §Ùyl xÇ¢ !SÈß¨ Ü˛ Ï̂Ó˚ ~ÓÇ (2, 3)

!Ó®%àyÙ#–
13. ~Ü˛!ê˛ §Ó˚° ̂ Ó˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y Îy (2, 2) !Ó®%àyÙ# ~ÓÇ x«˛ ò%!ê˛ ̂ Ì Ï̂Ü˛ ̂ Î ò%!ê˛ xÇ¢ !SÈß¨

Ü˛ Ï̂Ó˚ ï˛y Ï̂òÓ˚ §Ù!T˛ 9–

14. (0, 2) !Ó®%àyÙ# ~ÓÇ ôlydÜ˛ x ÈüÈ x Ï̂«˛Ó˚ §y Ï̂Ì 
2

3

À
 ̂ Ü˛yî í z̨Í˛õß¨Ü˛yÓ˚# ̂ Ó˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

xyÓyÓ˚ñ ~Ó˚ §Ùyhs˝Ó˚y° ~ÓÇ Ù)°!Ó®%Ó˚ l# Ï̂ã˛Ó˚ !ò Ï̂Ü˛ 2 üÈ~Ü˛Ü˛ ò)Ó˚̂ Ïc y ÈüÈx«˛ Ï̂Ü˛ ̂ SÈò Ü˛ Ï̂Ó˚ ~Ùl ̂ Ó˚áyÓ˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

15. Ù)°!Ó®% • Ï̂ï˛ ̂ Ü˛y Ï̂ly ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ x!AÜ˛ï˛ x!Ë˛°¡∫ ̂ Ó˚áy!ê˛ Ï̂ï˛ å–2, 9) !Ó®%̂ Ïï˛ !Ù!°ï˛ •Î˚– ̂ Ó˚áy!ê˛Ó˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

16. L ÈüÈ˜ò Ï̂â≈ƒÓ˚ åˆ§!Ùä ~Ü˛!ê˛ Ü˛˛õyÓ˚ ò[˛ñ ˆ§°!§Î˚y§ ï˛y˛õÙyey C ~Ó˚ ~Ü˛!ê˛ ˜Ó˚!áÜ˛ x Į̈̂ õ«˛Ü˛– ~Ü˛!ê˛
˛õÓ˚#«˛yÎ˚ñ Î!ò L=124.942 Îál C=20 ~ÓÇ L=125.134 Îál C=110 •Î˚ñ ï˛ Ï̂Ó L ̂ Ü˛ C !ò Ï̂Î˚
≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚y–

17. ~Ü˛çl ò%̂ ÏôÓ˚ ̂ òyÜ˛y Ï̂lÓ˚ Ùy!°Ü˛ ≤Ã!ï˛ §Æy Ï̂• 980 !°ê˛yÓ˚ ò%ôñ ≤Ã!ï˛!°ê˛yÓ˚ 14 ê˛yÜ˛y ò Ï̂Ó˚ ~ÓÇ 1220

!°ê˛yÓ˚ ò%ô ≤Ã!ï˛ !°ê˛yÓ˚ 16 ê˛yÜ˛y ò Ï̂Ó˚ !Ó!Ü ̨  Ü˛ Ï̂Ó˚– !ÓÜ ̨ Î˚Ù)°ƒ ~ÓÇ ã˛y!•òyÓ˚ Ù Ï̂ôƒ ˜Ó˚!áÜ˛ §¡õÜ≈̨  ô Ï̂Ó˚
≤Ã!ï˛ !°ê˛yÓ˚ 17 ê˛yÜ˛y ò Ï̂Ó˚ ≤Ã!ï˛ §Æy Ï̂• ̂ § Ü˛ï˛ !°ê˛yÓ˚ ò%ô !ÓÜ ̨ Î˚ Ü˛ Ï̂Ó˚⁄

18. x«˛m Ï̂Î˚Ó˚ ÙôƒÓï≈̨ # ˆÓ˚áyÇ Ï̂¢Ó˚ Ùôƒ!Ó®% P (a, b) • Ï̂°ñ ˆòáyG ˆÎ ˆÓ˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î 
x

a

y

b
+ = 2

19. x«˛m Ï̂Î˚Ó˚ ÙôƒÓï≈̨ # ̂ Ó˚áyÇ¢ Ï̂Ü˛ R (h, k) !Ó®% 1 : 2 xl%̨ õy Ï̂ï˛ !ÓË˛=˛ Ü˛ Ï̂Ó˚– ̂ Ó˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚
Ü˛ Ï̂Ó˚y–

20. ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚̂ ÏîÓ˚ ôyÓ˚îy ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ñ ≤ÃÙyî Ü˛ Ï̂Ó˚y (3, 0), (–2, –2) ~ÓÇ (8, 2) !Ó®% !ï˛l!ê˛
§Ù Ï̂Ó˚á–

10.4 ˆÓ˚áyÓ˚ §yôyÓ˚î §Ù#Ü˛Ó˚î (General Equation of a line)

˛õ)Ó≈Óï≈̨ # ˆ◊!î Ï̂ï˛ñ xyÙÓ˚y !mÈüÈã˛° !Ó!¢T˛ ~Ü˛âyï˛ §yôyÓ˚î §Ù#Ü˛Ó˚î Ax + By + C = 0, !l Ï̂Î˚ xôƒÎ˚l
Ü˛ Ï̂Ó˚!SÈ ˆÎáy Ï̂l A, B ~ÓÇ C ÓyhflÏÓ §Çáƒy ~Ó)̨̊ õ ˆÎñ A ~ÓÇ B ~Ü˛§ Ï̂Aà ¢)lƒ lÎ˚– Ax + By + C = 0

§Ù#Ü˛Ó˚̂ ÏîÓ˚ ̂ °á!ã˛e §Ó≈òy•z ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áy–
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§%ï˛Ó˚yÇ Ax + By + C = 0 xyÜ˛y Ï̂Ó˚Ó˚ ˆÎ Ï̂Ü˛y Ï̂ly §Ù#Ü˛Ó˚î Ï̂Ü˛ åˆÎáy Ï̂l A ~ÓÇ B ~Ü˛§ Ï̂Aà ¢)lƒ lÎ˚ä
§yôyÓ˚î ˜Ó˚!áÜ˛ §Ù#Ü˛Ó˚î xÌÓy §Ó˚° ˆÓ˚áyÓ˚ §yôyÓ˚î §Ù#Ü˛Ó˚î Ó°y •Î˚–
10.4.1 Ax + By + C = 0 ~Ó˚ !Ó!Ë˛ß¨ xyÜ˛yÓ˚
!l¡¨!°!áï˛ ̨õÂô!ï˛Ó˚ §y•y Ï̂Îƒ ̂ Ó˚áyÓ˚ §yôyÓ˚î §Ù#Ü˛Ó˚î Ï̂Ü˛ !Ó!Ë˛ß¨ Ó)̊̂ Į̈ õ ̨õ!Ó˚̨ õï≈̨ l Ü˛Ó˚y ÎyÎ˚ı
(a) ≤ÃÓîï˛y ˆSÈ!òï˛yÇ¢ xyÜ˛yÓ˚ (Slope-intercept form)

Î!ò B ≠ 0 •Î˚ñ ï˛ Ï̂Ó Ax + By + C = 0 ˆÜ˛ ˆ°áy ÎyÎ˚

y x= − −
A

B

C

B
  Óyñ y mx c= + ñ

ˆÎáy Ï̂lñ m = −
A

B
 ~ÓÇ c = −

C

B

xyÙÓ˚y çy!l §Ù#Ü˛Ó˚î (1) •° ̂ Ó˚áyÓ˚ §Ù#Ü˛Ó˚̂ ÏîÓ˚ ≤ÃÓîï˛y ̂ SÈ!òï˛yÇ¢ xyÜ˛yÓ˚ñ

ˆÎáy Ï̂l ≤ÃÓîï˛y •° −
A

B
 ~ÓÇ y ÈüÈ~Ó˚ ˆSÈ!òï˛yÇ¢ •° −

C

B

Î!ò B=0 •Î˚ ï˛ Ï̂Ó x = −
C

A
ñ ~!ê˛ ~Ü˛!ê˛ í z̨Õ‘¡∫ ˆÓ˚áy ÎyÓ˚ ≤ÃÓîï˛y x§ÇK˛yï˛ ~ÓÇ xÈ ÈüÈˆSÈ!òï˛yÇ¢ −

C

A

(b) ˆSÈ!òï˛yÇ¢ xyÜ˛yÓ˚ (Intercept form) Î!ò C ≠ 0ñ ï˛ Ï̂Ó Ax + By + C = 0 ˆÜ˛ ˆ°áy ÎyÎ˚

x y

−
+

−
=

C

A

C

B

1  Óy  
x

a

y

b
+ = 1 ... (2)

ˆÎáy Ï̂l a = −
C

A
 ~ÓÇ b = −

C

B

xyÙÓ̊y çy!l §Ù#Ü˛Ó̊î (2), ̂ Ó̊áyÓ̊ §Ù#Ü˛Ó̊ Ï̂îÓ̊ ̂ SÈ!òï˛yÇ¢ xyÜ˛yÓ̊ ÎyÓ̊ x ÈüÈ̂ SÈ!òï˛yÇ¢ −
C

A
 ~ÓÇ y ÈüÈ̂ SÈ!òï˛yÇ¢

•° −
C

B

Î!ò C=0 •Î˚ñ ï˛ Ï̂Ó Ax + By + C = 0  ̂ Ü˛ ̂ °áy ÎyÎ˚  Ax + By = 0 ñ Îy Ù)°!Ó®%àyÙ# ̂ Ó˚áy ~ÓÇ í z̨Ë˛Î˚
x«˛ • Ï̂ï˛ ̂ SÈ!òï˛yÇ Ï̂¢Ó˚ ̃ òâ≈ƒ ¢)îƒ–
(c) x!Ë˛°¡∫ xyÜ˛yÓ˚ (Normal form) ôÓ˚y ÎyÜ˛ §Ù#Ü˛Ó˚î Ax + By + C = 0  Óy Ax + By = – C

!ò Ï̂Î˚ !l Ï̂ò≈!¢ï˛ §Ó˚° ˆÓ˚áyÓ˚ x!Ë˛°¡∫ xyÜ˛yÓ˚ x cos ω + y sin ω = p ï˛y• Ï̂° í z̨Ë˛Î˚ §Ù#Ü˛Ó˚î x!Ë˛ß¨–

§%ï˛Ó˚yÇñ
A B C

pcos sin  ω ω

= = −



222 à!îï˛

cos  ω = −
Ap

C
 ~ÓÇ sin  ω = −

Bp

C

~álñ 2 2

2 2

1sin cosω ω+ = − + − =( ) ( )Ap

C

Bp

C
�

Óy
2

2

2 2

C

A B

p =
+

 Óy p = ±
+

C

A B
2 2

§%ï˛Ó˚yÇñ cosω = ±
+

A

A B
2 2  ~ÓÇ sinω = ±

+

B

A B
2 2

ï˛y• Ï̂°ñ Ax + By + C = 0 §Ù#Ü˛Ó˚̂ ÏîÓ˚ x!Ë˛°¡∫ xyÜ˛yÓ˚ •°  x cos ω + y sin ω = p,

ˆÎáy Ï̂lñ cos sin ,  ω ω= ±
+

= ±
+

A

A B

B

A B
2 2 2 2

~ÓÇ p =±
+

C

A B
2 2

!ã˛ Ï̂•´Ó˚ §!ë˛Ü˛ !lô≈yÓ˚î ~Ó)̨̊ õ Ü˛Ó˚y •Î˚ ̂ Îl p ôlydÜ˛ •Î˚–

í z̨òy•Ó˚î 13 ~Ü˛!ê˛ ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î 3x – 4y + 10 = 0ñ ~Ó˚ (i) ≤ÃÓîï˛yñ (ii) x  ~ÓÇ y ˆSÈ!òï˛yÇ¢ !lî≈Î˚
Ü˛ Ï̂Ó˚y–

§Ùyôyl (i) ≤Ãò_ §Ù#Ü˛Ó˚î 3x – 4y + 10 = 0 ˆÜ˛ ˆ°áy ÎyÎ˚

y x= +
3

4

5

2
... (1)

(i)  ˆÜ˛ y = mx + c ~Ó˚ § Ï̂Aà ï%̨ °ly Ü˛ Ï̂Ó˚ñ ≤Ãò_ ˆÓ˚áyÓ˚ ≤ÃÓîï˛y ˛õyGÎ˚y ÎyÎ˚ m = 
3

4

(ii) §Ù#Ü˛Ó˚î 3x – 4y + 10 = 0 ˆÜ˛ ˆ°áy ÎyÎ˚

3 4 10x y− = − Óyñ 

x y

−
+ =

10

3

5

2

1

... (2)

(2) ̂ Ü˛ 
x

a

y

b
+ =1  ~Ó˚ § Ï̂Aà ï%̨ °ly Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ̨ õy•z x ~Ó˚ ̂ SÈ!òï˛yÇ¢ a = −

10

3
 ~ÓÇ y ~Ó˚

ˆSÈ!òï˛yÇ¢ b = 
5

2
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í z̨òy•Ó˚î 14  3 8 0x y+ − =  §Ù#Ü˛Ó˚î Ï̂Ü Į̈ x!Ë˛°¡∫ xyÜ˛y Ï̂Ó˚ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚y– p ~ÓÇ ω ~Ó˚ Ùyl !lî≈Î˚

Ü˛ Ï̂Ó˚y–
§Ùyôyl  ≤Ãò_ §Ù#Ü˛Ó˚î!ê˛ •°

3 8 0x y+ − = ... (1)

(1) ˆÜ˛
2

3
2

1 2( ) ( )+ =  !ò Ï̂Î˚ Ë˛yà Ü˛ Ï̂Ó˚ ̨ õy•z

3

2

1

2
4x y+ = Óyñ x ycos sin30 30 4°+ ° = ... (2)

(2) ˆÜ˛ x cos ω + y sin ω = p ~Ó˚ § Ï̂Aà ï%̨ °ly Ü˛ Ï̂Ó˚ ˛õy•z p=4 ~ÓÇ ω = 30°

í z̨òy•Ó˚î 15  y x− − =3 5 0  ~ÓÇ  3 6 0y x− + = ˆÓ˚áym Ï̂Î˚Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  ≤Ãò_ ̂ Ó˚áyà%̂ Ï°y •°

y x− − =3 5 0  Óyñ y x= +3 5 ... (1)

~ÓÇ 3 6 0y x− + =  Óyñ y x= −
1

3
2 3 ... (2)

ˆÓ˚áy (1) ~Ó˚ ≤ÃÓîï˛y m
1
 = 3  ~ÓÇ ˆÓ˚áy (2) ~Ó˚ ≤ÃÓîï˛y m

2
 = 

1

3

ˆÓ˚áy ò%!ê˛Ó˚ ÙôƒÓï ≈̨# ̂ Ü˛yî §)- Ï̂Ü˛yî åô Ï̂Ó˚yä θ  • Ï̂°

xyÙÓ˚y ˛õy•zñ tanθ =
−

+

m m

m m

2 1

1 2
1

... (3)

m
1
  ~ÓÇ m

2
 ~Ó˚ Ùyl (3) ~ Ó!§ Ï̂Î˚ ˛õy•z

tanθ =

−

+ ×
=

−
=

1

3
3

1 3
1

3

1 3

2 3

1

3

~Ó˚ ˆÌ Ï̂Ü˛ ˛õyGÎ˚y ÎyÎ˚  θ  = 30°– §%ï˛Ó˚yÇ ò%!ê˛ ˆÓ˚áyÓ˚ ÙôƒÓï≈̨ # ˆÜ˛yî •° 30° Óy 180° – 30° = 150°–

í z̨òy•Ó˚î 16 ˆòáyG ˆÎñ ò%!ê˛ ˆÓ˚áy a
1
x + b

1 
y + c

1
 = 0 ~ÓÇ a

2
x + b

2 
y + c

2
 = 0ñ

ˆÎáy Ï̂l b
1
,
 
b

2
 ≠ 0



224 à!îï˛

i) ˛õÓ˚flõÓ˚ §Ùyhs˝Ó˚y° •Î˚ Î!ò 
1

1

2

2

a

b

a

b

= ñ ~ÓÇ  ii) ˛õÓ˚flõÓ˚ °¡∫ •Î˚ñ Î!ò a
1
a

2
 + b

1
b

2
= 0

§Ùyôyl ≤Ãò_ ̂ Ó˚áyà%̂ Ï°y Ï̂Ü˛ ̂ °áy ÎyÎ˚

y
a

b

x
c

b

= − −1

1

1

1

... (1)

~ÓÇ y
a

b

x
c

b

= − −2

2

2

2

... (2)

(1) ~ÓÇ (2) ~Ó˚ ≤ÃÓîï˛y ÎÌyÜ ̨ Ï̂Ù m
1 
= − 1

1

a

b
 ~ÓÇ  m

2
 = − 2

2

a

b

i) ˆÓ˚áy ò%!ê˛ ˛õÓ˚flõÓ˚ §Ùyhs˝Ó˚y° • Ï̂Óñ Î!ò m
1 
=  m

2
 •Î˚

xÌ≈yÍ − 1

1

a

b
= − 2

2

a

b
 xÌÓyñ −

1

1

a

b
= −

2

2

a

b

ii) ˆÓ˚áyò%!ê˛ ˛õÓ˚flõÓ˚ °¡∫ • Ï̂Óñ Î!ò m
1
.m

2
 = – 1 •Î˚

xÌ≈yÍ − 1

1

a

b
.−

2

2

a

b
= – 1 Óyñ a

1
a

2
 + b

1
b

2
 = 0

í z̨òy•Ó˚î 17 ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y Îy x – 2y + 3 = 0 ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ °¡∫ ~ÓÇ (1, – 2)

!Ó®%àyÙ#–
§Ùyôyl  ≤Ãò_ ˆÓ˚áy x – 2y + 3 = 0 ˆÜ˛ ˆ°áy ÎyÎ˚

y x= +
1

2

3

2
...(1)

ˆÓ˚áy (1) ~Ó˚ ≤ÃÓîï˛yñ m
1
 = 

1

2

§%ï˛Ó˚yÇ ˆÓ˚áy (1) ~Ó˚ í z̨̨ õÓ˚ °¡∫ ̂ Ó˚áyÓ˚ ≤ÃÓîï˛y

2

1

1
2m

m
= − = −

≤ÃÓîï˛y –2 ~ÓÇ (1, –2) !Ó®%àyÙ# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î
y x− − = − −( ) ( )2 2 1   Óyñ y x= − 2

~!ê˛•z !l Ï̂î≈Î˚ §Ù#Ü˛Ó˚î–
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∆

!ã˛e 10.19

10.5 ~Ü˛!ê˛ ˆÓ˚áy • Ï̂ï˛ ~Ü˛!ê˛ !Ó®%Ó˚ ò)Ó˚c (Distance of a point from a line)

~Ü˛!ê˛ ˆÓ˚áy •ˆÏï˛ ~Ü˛!ê˛ !Ó®%Ó˚ ò)Ó˚c Ó°ˆÏï˛ñ !Ó®%!ê˛ •ˆÏï˛ ˆÓ˚áy!ê˛Ó˚ °¡∫ ˜òâ≈ƒˆÏÜ˛ ˆÓyV˛yÎ˚– ôÓ˚y ÎyÜ˛
L : Ax + By + C = 0  ~á!ê˛ ̂ Ó˚áyñ ÎyÓ˚ ò)Ó˚c P (x

1
, y

1
) !Ó®% • Ï̂ï˛ d – P !Ó®% • Ï̂ï˛ L ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ °¡∫

PM xAÜ˛l Ü˛Ó˚y •° å!ã˛e 10.19ä– Î!ò ̂ Ó˚áy!ê˛ x ÈüÈx«˛ ~ÓÇ y ÈüÈ x«˛ Ï̂Ü˛ ÎÌyÜ ̨ Ï̂Ù Q  ~ÓÇ R !Ó®%̂ Ïï˛ ̂ SÈò

Ü˛ Ï̂Ó˚ñ ï˛ Ï̂Ó !Ó®%à%̂ Ï°yÓ˚ fiÌylyAÜ˛ •Î˚ Q −










C

A
, 0  ~ÓÇ R 0, −











C

B
– ï˛y• Ï̂°ñ PQR  !eË%̨ Ï̂çÓ˚

ˆ«˛eÊ˛° •°ÈüüüÈ å∆ PQRä ~Ó˚ ˆ«˛eÊ˛° =
1

2
 PM.QR

~Ó˚ ˆÌ Ï̂Ü˛ ˛õyGÎ˚y ÎyÎ˚ñ PM
PQR

QR
 =

×2 ( )∆

... (1)

xyÓyÓ˚ñ  ∆ PQR  ~Ó˚ ˆ«˛eÊ˛° = +








 + −









 − −








 + −( )

1

2
0 0 0

1 1 1
x y y

C

B

C

A

C

B

= + +
1

2
1 1

x y
C

B

C

A

C

AB

2

Óyñ 2 x å∆ PQRä ~Ó˚ ˆ«˛eÊ˛° = + +
C

AB
A B C. ,1 1x y  ~ÓÇ

QR
C

A

C

B
0

C

AB
A B

2 2

2 2= +








 + − = +( )0

å∆ PQRä ~Ó˚ ˆ«˛eÊ˛ Ï̂°Ó˚ ~ÓÇ QR ~Ó˚ Ùyl (1) ~ Ó!§ Ï̂Î˚ñ xyÙÓ˚y ˛õy•zñ

ˆ«˛eÊ˛°
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PM
A B C

A B
2 2

=
+ +

+

1 1x y

Óyñ d = 
A B C

A B
2 2

=
+ +

+

1 1x y

ï˛y• Ï̂°ñ (x
1
ñ y

1
) !Ó®% • Ï̂ï˛ Ax + By+ C = 0 ˆÓ˚áyÓ˚ °¡∫ ò)Ó˚c (d) • Ï̂°ñ xyÙÓ˚y ˛õy•z

d = 
A B C

A B
2 2

=
+ +

+

1 1x y

10.5.1 ò%!ê˛ §Ùyhs˝Ó˚y° §Ó˚° Ï̂Ó˚áyÓ˚ ÙôƒÓï≈̨ #
ò)Ó˚c (Distance between two paral-

lel lines) xyÙÓ˚y çy!l ò%!ê˛ §Ùyhs˝Ó˚y°
§Ó˚° Ï̂Ó˚áyÓ˚ ≤ÃÓîï˛y §Ùyl–
§%ï˛Ó˚yÇñ ò%!ê˛ §Ùyhs˝Ó˚y° §Ó˚° Ï̂Ó˚áyÓ˚ §Ù#Ü˛Ó˚î
!l¡¨!°!áï˛ xyÜ˛y Ï̂Ó˚ ̂ °áy ÎyÎ˚ÈüüüÈ

y = mx + c
1

        ... (1)

~ÓÇ y = mx + c
2

        ... (2)

ˆÓ˚áy (1)  x ÈüÈ x«˛ Ï̂Ü˛ ˆSÈò Ü˛Ó˚̂ ÏÓ

A −










1

0
c

m
, !Ó®%̂ Ïï˛ñ Îy 10.20 !ã˛ Ï̂e ≤Ãò!¢≈ï˛–

A !Ó®% • Ï̂ï˛ ˆÓ˚áy (2) ~Ó˚ °¡∫ ò)Ó˚c•z •°ñ ˆÓ˚áy ò%!ê˛Ó˚ ÙôƒÓï≈̨ # ò)Ó˚c– §%ï˛Ó˚yÇñ ˆÓ˚áy (1) ~ÓÇ
ˆÓ˚áy (2) ~Ó˚ ÙôƒÓï≈̨ # ò)Ó˚c •°

−( ) −








 + −( )

+

m
c

m
c

m

1

2

2
1

 Óyñ d
c c

m

=
1 2

2
1

−

+

§%ï˛Ó˚yÇñ ò%!ê˛ §Ùyhs˝Ó˚y° ˆÓ˚áy y=mx +c
1
 ~ÓÇ y=mx +c

2
 ~Ó˚ ÙôƒÓï≈̨ # ò)Ó˚c d • Ï̂°ñ xyÙÓ˚y ˛õy•z

d
c c

m

=
1 2

2
1

−

+

Î!ò ˆÓ˚áyà%̂ Ï°yÓ˚ §yôyÓ˚î §Ù#Ü˛Ó˚î xyÜ˛yÓ˚ Ax + By + C
1
 = 0  ~ÓÇ Ax + By + C

2
 = 0 •Î˚ñ ï˛ Ï̂Ó
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í z̨̨ õ!Ó˚í z̨=˛ §)̂ ÏeÓ˚ xyÜ˛yÓ˚ • Ï̂Óñ d =
−

+

C C

A B

1 2

2 2 ñ

!ÓòƒyÌ≈#Ó˚y !l Ï̂çÓ˚y•z ~!ê˛ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ ̨õyÓ˚̂ ÏÓ–
í z̨òy•Ó˚î 18  3x – 4y –26 = 0 ˆÓ˚áy • Ï̂ï˛ (3, –5) !Ó®%Ó˚ ò)Ó˚c !lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl  ≤Ãò_ ˆÓ˚áy!ê˛ •° 3x – 4y –26 = 0 ... (1)

ˆÓ˚áyÓ˚ §yôyÓ˚î §Ù#Ü˛Ó˚î Ax + By + C = 0 ~Ó˚ §y Ï̂Ì (1) ~Ó˚ ï%̨ °ly Ü˛ Ï̂Ó˚ ˛õy•z
A = 3, B = – 4  ~ÓÇ C = – 26

≤Ãò_ !Ó®%!ê˛ •° (x
1
, y

1
) = (3, –5)– ≤Ãò_ ˆÓ˚áy • Ï̂ï˛ ≤Ãò_ !Ó®%Ó˚ ò)Ó˚c

d
x y

=
+ +

+
=

+ −( ) −( ) −

+ −( )
=

A B C

A B

1 1

2 2 2 2

3 3 4 5 26

3 4

3

5

.

í z̨òy•Ó˚î 19  3x – 4y +7 = 0 ~ÓÇ 3x – 4y + 5 = 0 §Ùyhs˝Ó˚y° ˆÓ˚áym Ï̂Î˚Ó˚ ÙôƒÓï˛#≈ ò)Ó˚c !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ~áy Ï̂l A=3, B= – 4, C=7 ~ÓÇ C
2
=5

§%ï˛Ó˚yÇñ !l Ï̂î≈Î˚ ò)Ó˚c •°ñ d =
−

+ −( )
=

7 5

4

2

52 2

3

.

xl%¢#°l# 10.3

1. !l Ï̂¡̈Ó̊ §Ù#Ü˛Ó̊îà%̂ Ï°y Ï̂Ü˛ ≤ÃÓîï˛yÈüÈ̂ SÈ!òï˛yÇ¢ xyÜ˛y Ï̂Ó̊ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó̊y ~ÓÇ ï˛y Ï̂òÓ̊ ≤ÃÓîï˛y G y ÈüÈ ̂ SÈ!òï˛yÇ¢
!lî≈Î˚ Ü˛ Ï̂Ó˚y–
(i) x + 7y = 0 (ii) 6x + 3y – 5 = 0 (iii)    y  = 0

2. !l Ï̂¡̈Ó̊ §Ù#Ü˛Ó̊îà%̂ Ï°y Ï̂Ü˛ ̂ SÈ!òï˛yÇ¢ÈüÈxyÜ˛y Ï̂Ó̊ ̨õ!Ó̊îï˛ Ü˛ Ï̂Ó̊y ~ÓÇ ï˛y Ï̂òÓ̊ x Ï̂«˛Ó̊ ̂ SÈ!òï˛yÇ¢ !lî≈Î̊ Ü˛ Ï̂Ó̊y–
(i) 3x + 2y – 12 = 0 (ii) 4x – 3y = 6 (iii)    3y + 2 = 0

3. l# Ï̂ã˛Ó˚ §Ù#Ü˛Ó˚îà%̂ Ï°y Ï̂Ü˛ x!Ë˛°¡∫ÈüÈxyÜ˛y Ï̂Ó˚ Ó)̨̊ õyhs˝!Ó˚ï˛ Ü˛ Ï̂Ó˚y– Ù)°!Ó®% • Ï̂ï˛ ï˛y Ï̂òÓ˚ °¡∫ ò)Ó˚c !lî≈Î˚
Ü˛ Ï̂Ó˚y ~ÓÇ ôlydÜ˛ x ÈüÈx«˛ G ° Ï̂¡∫Ó˚ ÙôƒÓï≈̨ # ò)Ó˚c !lî≈Î˚ Ü˛ Ï̂Ó˚y–

(i) x – 3y + 8 = 0 (ii) y – 2 = 0 (iii)    x – y = 4

4. 12(x + 6) = 5(y – 2) ˆÓ˚áy • Ï̂ï˛ (–1, 1) !Ó®%Ó˚ ò)Ó˚c !lî≈Î˚ Ü˛ Ï̂Ó˚y–

5. x ÈüÈx Ï̂«˛Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ !Ó®% !lî≈Î˚ Ü˛ Ï̂Ó˚y Îyñ 
x y

3 4
1+ =  ˆÓ˚áy • Ï̂ï˛ 4 ~Ü˛Ü˛ ò)Ó˚̂ Ïc xÓ!fiÌï˛–

6. §Ùyhs˝Ó˚y° ̂ Ó˚áyà%̂ Ï°yÓ˚ Ù Ï̂ôƒ ò)Ó˚c !lî≈Î˚ Ü˛ Ï̂Ó˚yÈüüüÈ
(i) 15x + 8y – 34 = 0 ~ÓÇ 15x + 8y + 31 = 0    (ii)   l (x + y) + p = 0 ~ÓÇ l (x + y)  – r  = 0
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7. 3x – 4y + 2 =0  ˆÓ˚áyÓ˚ §Ùyhs˝Ó˚y° ~ÓÇ (–2, 3)  !Ó®%àyÙ# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

8. ˆÎ ̂ Ó˚áy x – 7y + 5 = 0 ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ °¡∫ ~ÓÇ x ÈüÈ x Ï̂«˛Ó˚ í z̨̨ õÓ˚ ̂ SÈ!òï˛yÇ Ï̂¢Ó˚ ̃ òâ≈ƒ 3 ~Ü˛Ü˛ñ ̂ §•z
ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

9. 3x + y = 1 ~ÓÇ x + 3y = 1 ˆÓ˚áyÓ˚ ÙôƒÓï˛#≈ ˆÜ˛yî !lî≈Î˚ Ü˛ Ï̂Ó˚y–

10. (h, 3) ~ÓÇ (4, 1) !Ó®%àyÙ# ˆÓ˚áyñ 7x – 9y – 19 = 0 ˆÓ˚áy Ï̂Ü˛ §Ù Ï̂Ü˛y Ï̂î ˆSÈò Ü˛ Ï̂Ó˚– h ~Ó˚ Ùyl
!lî≈Î˚ Ü˛ Ï̂Ó˚y–

11. ≤ÃÙyî Ü˛ Ï̂Ó˚y Ax + By + C = 0 ˆÓ˚áyÓ˚ §Ùyhs˝Ó˚y° ~ÓÇ (x
1
, y

1
) !Ó®%àyÙ# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î

A (x –x
1
) + B (y – y

1
) = 0

12. (2, 3) !Ó®%̂ Ïï˛ ò%!ê˛ §Ó˚° Ï̂Ó˚áy ̨õÓ˚flõÓ˚̂ ÏÜ˛ 60o ˆÜ˛y Ï̂î ̂ SÈò Ü˛ Ï̂Ó˚– Î!ò ~Ü˛!ê˛ ̂ Ó˚áyÓ˚ ≤ÃÓîï˛y 2 •Î˚ñ ï˛ Ï̂Ó
x˛õÓ˚ ̂ Ó˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

13. (3, 4) ~ÓÇ (–1, 2) !Ó®%m Ï̂Î˚Ó˚ §Ç Ï̂ÎyçÜ˛ ˆÓ˚áyÓ˚ °¡∫ §Ù!má[˛ Ï̂Ü˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

14. (–1, 3) !Ó®% • Ï̂ï˛ 3x – 4y – 16 = 0 ˆÓ˚áyÓ˚ í z̨̨ õÓ˚ ° Ï̂¡∫Ó˚ ˛õyò!Ó®%Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

15. Ù)°!Ó®% • Ï̂ï˛ x!AÜ˛ï˛ °¡∫ñ y = mx + c ˆÓ˚áyÓ˚ §y Ï̂Ì å–1, 2ä !Ó®%̂ Ïï˛ !Ù!°ï˛ •Î˚– m ~ÓÇ c ~Ó˚
Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

16. Ù)°!Ó®% • Ï̂ï˛ xcosθ – y sinθ = kcos2θ ~ÓÇ xsec θ + y cosec θ=k, ˆÓ˚áyÓ˚ °¡∫ò)Ó˚̂ ÏcÓ˚
Ï̃òâ≈ƒ ÎÌyÜ ̨ Ï̂Ù p ~ÓÇ q  • Ï̂° ≤ÃÙyî Ü˛ Ï̂Ó˚y p2 + 4q2 = k2 –

17. ABC !eË)̨ Ï̂çÓ˚ ¢#£Ï≈!Ó®% A (2, 3), B(4, –1) ~ÓÇ C(1, 2) • Ï̂°ñ ¢#£Ï≈!Ó®% A • Ï̂ï˛ x!AÜ˛ï˛ í z̨Fã˛ï˛yÓ˚
˜òâ≈ƒ G §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

18. Ù)°!Ó®% • Ï̂ï˛ ̂ Ü˛y Ï̂ly ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ x!AÜ˛ï˛ ° Ï̂¡∫Ó˚ ̃ òâ≈ƒ p ~ÓÇ x«˛mÎ˚ • Ï̂ï˛ ̂ Ó˚áyÓ˚ ̂ SÈ!òï˛yÇ Ï̂¢Ó˚ ̃ Ïòâ≈ƒ

a ~ÓÇ b • Ï̂°ñ ˆòáyG ˆÎ 
1 1 1

2 2 2
p a b

= +

!Ó!Óô í z̨òy•Ó̊îÙy°y

í z̨òy•Ó˚î 20  Î!ò 2x + y – 3 = 0, 5x + ky –3=0 ~ÓÇ 3x – y – 2 = 0 ˆÓ˚áy§Ù)• §Ù!Ó®% •Î˚– ï˛ Ï̂Ó
k ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ˆÓ˚áy !ï˛l!ê˛ §Ù!Ó®% • Ï̂Óñ Î!ò ï˛yÓ˚y ~Ü˛!ê˛ §yôyÓ˚î !Ó®%àyÙ# •Î˚– xÌ≈yÍ ˆÎ ˆÜ˛y Ï̂ly ò%!ê˛ ˆÓ˚áyÓ˚
ˆSÈò!Ó®% Î!ò ï,̨ ï˛#Î˚ ̂ Ó˚áy!ê˛Ó˚ ̨í z̨̨ õÓ˚ xÓ!fiÌï˛ •Î˚– ~áy Ï̂l ≤Ãò_ ̂ Ó˚áyà%̂ Ï°y •°

                      2x + y – 3 = 0 ... (1)

          5x + ky – 3 = 0 ... (2)
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!ã˛e  10.21

(1, 4)

3x – y – 2 = 0 ... (3)

(1) ~ÓÇ (2)  ˆÜ˛ ÓLÈüÈà%îl ˛õÂô!ï˛ Ï̂ï˛ §Ùyôyl Ü˛ Ï̂Ó˚ ˛xyÙÓ˚y  õy•zñ

x y

− −
=

+
=

2 3 9 4

1

2 3– – –
   Óyñ x = 1,  y =1

§%ï˛Ó˚yÇñ ò%!ê˛ ˆÓ˚áyÓ˚ ˆSÈò!Ó®% •° (1, 1) – ˆÎ Ï̂•ï%̨ ñ í z̨̨ õ!Ó˚í z̨=˛ !ï˛l!ê˛ ˆÓ˚áy §Ù!Ó®%ñ ï˛y•z (1, 1)

!Ó®% (2) lÇ §Ù#Ü˛Ó˚î Ï̂Ü˛ !§Âô Ü˛Ó˚̂ ÏÓ–
§%ï˛Ó˚yÇñ  5.1 + K.1 – 3=0  Óyñ k = – 2

í z̨òy•Ó˚î 21 P(4, 1) !Ó®% ˆÌ Ï̂Ü˛ x ÈüÈx Ï̂«˛Ó˚ ôlydÜ˛ !ò Ï̂Ü˛Ó˚ §y Ï̂Ì 135° ˆÜ˛y Ï̂î lï˛ §Ó˚° Ï̂Ó˚áy ÓÓ˚yÓÓ˚
4x – y=0 ˆÓ˚áyÓ˚ ò)Ó˚c !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ≤Ãò_ ˆÓ˚áy!ê˛ •° 4x – y = 0 ... (1)

P (4, 1) !Ó®% ̂ Ì Ï̂Ü˛ x˛õÓ̊ ~Ü˛!ê˛ ̂ Ó̊áy ÓÓ̊yÓÓ̊ñ
(1) lÇ ̂ Ó̊áyÓ̊ ò)Ó̊c !lî≈̂ ÏÎ̊Ó̊ çlƒñ í z̨Ë˛Î̊ ̂ Ó̊áyÓ̊
ˆSÈò!Ó®%Ó̊ fiÌylyAÜ˛ !lî≈Î̊ Ü˛Ó̊ Ï̂ï˛ • Ï̂Ó– ~ Ï̂«˛ Ï̂eñ
≤ÃÌ Ï̂Ù xyÙy Ï̂òÓ̊ !mï˛#Î̊ ̂ Ó̊áy!ê˛Ó̊ §Ù#Ü˛Ó̊î !lî≈Î̊
Ü˛Ó˚̂ Ïï˛ • Ï̂Ó å!ã˛e 10.21ä– !mï˛#Î˚ ˆÓ˚áy!ê˛Ó˚
≤ÃÓîï˛y •° tan 135° = –1 – ≤ÃÓîï˛y – 1

~ÓÇ P(4, 1)  !Ó®%àyÙ# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î

y – 1 = – 1 (x – 4) Óy x + y – 5 = 0 ... (2)

(1) ~ÓÇ (2) §Ùyôyl Ü˛ Ï̂Ó˚ xyÙÓ˚y ̨õy•z x=1 ~ÓÇ y=4, §%ï˛Ó˚yÇ ̂ Ó˚áy ò%!ê˛Ó˚ ̂ SÈò!Ó®%Ó˚ fiÌylyAÜ˛˛ Q (1, 4)–
(2) lÇ ˆÓ˚áy ÓÓ˚yÓÓ˚ P(4, 1) !Ó®% • Ï̂ï˛ ˆÓ˚áy (1) ~Ó˚ ò)Ó˚c

= P (4, 1) ~ÓÇ Q (1, 4) ~Ó˚ ÙôƒÓï≈̨ # ò)Ó˚c

= 2
1 4

2
4 1 3 2− + − =( ) ( )  ~Ü˛Ü˛

í z̨òy•Ó˚î 22  §Ó˚° Ï̂Ó˚áyñ ~Ü˛!ê˛ !Ó®%Ó˚ çlƒ §Ùï˛° ò˛õ≈l !• Ï̂§ Ï̂Ó Ü˛yç Ü˛ Ï̂Ó˚ñ ~Ó)̨̊ õ ô Ï̂Ó˚ x – 3y + 4=0

ˆÓ˚áyÓ˚ §y Į̈̂ õ Ï̂«˛ (1, 2) !Ó®%Ó˚ ≤Ã!ï˛!Ó Ï̂¡∫Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl  ôÓ˚y ÎyÜ˛ x – 3y + 4 = 0 ... (1)

ˆÓ˚áyÓ˚ §y Į̈̂ õ Ï̂«˛ P (1, 2) !Ó®%Ó˚ ≤Ã!ï˛!Ó Ï̂¡∫Ó˚ fiÌylyAÜ˛ Q (h, k) –
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!ã˛e  10.22

§%ï˛Ó˚yÇñ ˆÓ˚áy (1) •°ñ PQ ˆÓ˚áyÇ Ï̂¢Ó˚ °¡∫ §Ù!má[˛Ü˛ å!ã˛e 10.22ä–

ï˛y• Ï̂° PQ ˆÓ˚áyÓ˚ ≤ÃÓîï˛y = 
−

− + =

1

3 4 0x y

§%ï˛Ó˚yÇñ

k

h

−

−
=

−2

1

1

1

3

  Óyñ 3h + k = 5 ... (2)

PQ ~Ó˚ Ùôƒ!Ó®%ñ xÌ≈yÍ  
h k+ +









1

2

2

2
,  §Ù#Ü˛Ó˚î (1) ˆÜ˛ !§Âô Ü˛Ó˚̂ ÏÓ–

h k+
−

+







 + =

1

2
3

2

2
4 0  Óyñ h – 3k = –3 ... (3)

(2) ~ÓÇ (3) §Ùyôyl Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ˛õy•z h =
6

5
 ~ÓÇ k = 

7

5

§%ï˛Ó˚yÇ (1, 2) !Ó®%Ó˚ ≤Ã!ï˛!Ó Ï̂¡∫Ó˚ fiÌylyAÜ˛ (1) ~Ó˚ §y Į̈̂ õ Ï̂«˛ •° 
6

5

7

5
,











í z̨òy•Ó˚î 23   ̂ òáyG ̂ Î y = m
1 
x + c

1
 , y = m

2 
x + c

2 
~ÓÇ x =0 ̂ Ó˚áy myÓ˚y à!ë˛ï˛ !eË%̨ Ï̂çÓ˚ ̂ «˛eÊ˛°

 

2

1 2

1 22

c c

m m

−( )
−

 –

ˆÓ˚áyÓ˚ ≤ÃÓîï˛y
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!ã˛e  10.23

§Ùyôyl   ≤Ãò_ ˆÓ˚áyà%̂ Ï°y •°

y = m
1 
x + c

1
... (1)

y = m
2 
x + c

2
... (2)

x = 0 ... (3)

xyÙÓ˚y çy!l y = mx + c ˆÓ˚áyñ  x=0 (y

ÈüÈx«˛ä ˆÓ˚áy Ï̂Ü˛ å0, cä !Ó®%̂ Ïï˛ ˆSÈò Ü˛ Ï̂Ó˚–
ï˛y• Ï̂° (1), (2) ~ÓÇ (3) ˆÓ˚áy myÓ˚y à!ë˛ï˛
!eË%̨ Ï̂çÓ˚ ò%!ê˛ ¢#£Ï≈!Ó®%Ó˚ fiÌylyAÜ˛ •° P (0,

c
1
) ~ÓÇ Q (0, c

2
) å!ã˛e 10.23ä– (1) ~ÓÇ

(2) §Ùyôyl Ü˛ Ï̂Ó̊ ï,̨ ï˛#Î̊ ¢#£Ï≈!Ó®%!ê˛ ̨õyGÎ̊y ÎyÎ̊–
(1) ~ÓÇ (2) §Ùyôyl Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ˛õy•z

x
c c

m m
=

−( )
−( )

2 1

1 2

 ~ÓÇ y
m c m c

m m
=

−( )
−( )

1 2 2 1

1 2

§%ï˛Ó˚yÇñ  !eË%̨ Ï̂çÓ˚ ï,̨ ï˛#Î˚ ¢#£Ï≈!Ó®%!ê˛ •°  R
c c

m m

m c m c

m m

2 1

1 2

1 2 2 1

1 2

−( )
−( )

−( )
−( )









,

~álñ !eË%̨ Ï̂çÓ˚ ̂ «˛eÊ˛° •°

=
−

−
−









 +

−

−
−( ) + −

−1

2
0 0

1 2 2 1

1 2

2

2 1

1 2

2 1 1

1 2 2
m c m c

m m
c

c c

m m
c c c

m c m c
11

1 2

2

2 1

1 22m m

c c

m m−









 =

−

−( )

í z̨òy•Ó˚î 24  5x – y + 4 =0 ~ÓÇ 3x + 4y –4=0 ̂ Ó˚áym Ï̂Î˚Ó˚
ÙôƒÓï≈̨ # ̂ Î ̂ Ó˚áyÓ˚ á![˛ï˛yÇ¢ (1, 5) !Ó®%̂ Ïï˛ §Ù!má![˛ï˛ñ ï˛yÓ˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  ≤Ãò_ ̂ Ó˚áyà%̂ Ï°y •°
5x – y + 4 = 0 ...(1)

3x + 4y – 4=0 ...(2)

ôÓ˚y ÎyÜ˛ !l Ï̂î≈Î˚ ˆÓ˚áy!ê˛ (1) ~ÓÇ (2) lÇ ˆÓ˚áy Ï̂Ü˛ ÎÌyÜ ̨ Ï̂Ù
(α

1
, β

1
) ~ÓÇ (α

2
, β

2
) !Ó®%̂ Ïï˛ ˆSÈò Ü˛ Ï̂Ó˚ å10.24ä–

§%ï˛Ó˚yÇñ 5α
1
 – β

1
 + 4 = 0   ~ÓÇ

3 α
2
 + 4 β

2
 – 4 = 0

!ã˛e 10.24
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Óyñ  β
1
 = 5α

1 
+ 4  ~ÓÇ  2

24 3

4
β

α
=

−

!l Ï̂î≈Î˚ ˆÓ˚áy!ê˛Ó˚ í z̨̨ õÓ˚ (α
1
, β

1
) ~ÓÇ (α

2
, β

2
) !Ó®%m Ï̂Î˚Ó˚ ÙôƒÓï≈̨ # ˆÓ˚áyÇ Ï̂¢Ó˚ Ùôƒ!Ó®%Ó˚ fiÌylyAÜ˛ •°

(1, 5)– §%ï˛Ó˚yÇñ

1 2

2
1

α α+
=  ~ÓÇ 

β β
1 2

2
5

+
=

xÌÓyñ α
1
 + α

2
 = 2 ~ÓÇ 

5 4
4 3

4

2
5

1

2
α

α+ +
=

–

,

Óyñ α
1
 + α

2
 = 2  ~ÓÇ 20 α

1
 – 3 α

2
 = 20 ... (3)

α
1
 ~ÓÇ α

2
 ~Ó˚ çlƒ (3) ~Ó˚ §Ù#Ü˛Ó˚îà%̂ Ï°y Ï̂Ü˛ §Ùyôyl Ü˛ Ï̂Ó˚ xyÙÓ˚y ˛õy•zñ

α
1
=

26

23
 ~ÓÇ 

2
α =

20

23
 ï˛y• Ï̂° 1

5
26

23
4

222

23
β = + =.

(1, 5) ~ÓÇ (α
1
, β

1
)  !Ó®%mÎ˚àyÙ# ˆÓ˚áyÓ˚ !l Ï̂î≈Î˚ §Ù#Ü˛Ó˚î •°

y x− =
−

−
−5

1
5

1 1
1

β

α

( )  Óyñ y x− =
−

−
−5

222

23
5

26

23
1

1( )

Óyñ 107x – 3y – 92 = 0ñ
~!ê˛•z !l Ï̂î≈Î˚ ̂ Ó˚áyÓ˚ §Ù#Ü˛Ó˚î–

í z̨òy•Ó˚î 25  ˆòáyG ˆÎñ 3x – 2y = 5 ~ÓÇ 3x + 2y = 5 ˆÓ˚áymÎ˚ • Ï̂ï˛ §Ùò)Ó˚Óï≈̨ # à!ï˛¢#° !Ó®%Ó˚ ˛õÌ
~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áy–

§Ùyôyl  ≤Ãò_ ̂ Ó˚áyà%̂ Ï°y •°

3x – 2y = 5 … (1)

~ÓÇ 3x + 2y = 5 … (2)

ôÓ˚y ÎyÜ˛  (h, k)  ˆÎ Ï̂Ü˛y Ï̂ly ~Ü˛!ê˛ !Ó®%ñ Îy (1) ~ÓÇ (2) • Ï̂ï˛ §Ùò)Ó˚Óï≈̨ #–

§%ï˛Ó˚yÇñ 
3 2 5

9 4

3 2 5

9 4

h k h k− −

+
=

+ −

+
  Óyñ 3 2 5 3 2 5h k h k− − = + −

~Ó˚ ˆÌ Ï̂Ü˛ ˛õyGÎ˚y ÎyÎ˚ 3h – 2k – 5 = 3h + 2k – 5  Óyñ – (3h – 2k – 5) = 3h + 2k – 5
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~ ò%!ê˛ §¡õÜ≈̨ Ï̂Ü˛ §Ùyôyl Ü˛ Ï̂Ó˚ xyÙÓ˚y ˛õy•z  K=0 Óy h = 
5

3

ï˛y• Ï̂°ñ !Ó®% (h, k),  y = 0 Óy x = 
5

3
 §Ù#Ü˛Ó˚î Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚ñ Îy §Ó˚° Ï̂Ó˚áy Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚– §%ï˛Ó˚yÇñ (1)

~ÓÇ (2) ••ẑ Ïï˛ §Ùò)Ó˚Óï≈̨ # !Ó®%Ó˚ ̨à!ï˛˛õÌ ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áy–

xôƒyÎ˚ 10ÈüÈ~Ó˚ !Ó!Óô xl%¢#°l#

1. k ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y Îál ˆÓ˚áy (K-3) x – (4–k2) y + k2 – 7k + 6 =0

(a) x ÈüÈx Ï̂«˛Ó˚ §Ùyhs˝Ó˚y°
(b) y ÈüÈx Ï̂«˛Ó˚ §Ùyhs˝Ó˚y°–
(c) Ù))°!Ó®%àyÙ#–

2. θ  ~ÓÇ P ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚yñ Î!ò x cos θ + y sinθ = pñ  3x + y + 2 = 0 ˆÓ˚áyÓ˚
x!Ë˛°¡∫ÈüÈxyÜ˛yÓ˚ •Î˚–

3. ˆÎ ̂ Ó˚áyÓ˚ x«˛m Ï̂Î˚Ó˚ ̂ SÈ!òï˛yÇ Ï̂¢Ó˚ ̃ ò Ï̂â≈ƒÓ˚ §Ù!T˛ ~ÓÇ à%îÊ˛° ÎÌyÜ ̨ Ï̂Ù 1 ~ÓÇ –6, ̂ §•z ̂ Ó˚áy§Ù)̂ Ï•Ó˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

4. y ÈüÈx Ï̂«˛Ó̊ í z̨̨ õÓ̊ xÓ!fiÌï˛ !Ó®%§Ù)• !lî≈Î̊ Ü˛ Ï̂Ó̊y Îy 
x y

3 4
1+ =  ̂ Ó̊áy ̂ Ì Ï̂Ü˛ 4 ~Ü˛Ü˛ ò)Ó̊ Ï̂c xÓ!fiÌï˛–

5. Ù)°!Ó®% • Ï̂ï˛ (cosθ, sin θ) ~ÓÇ (cos φ, sin φ) !Ó®%m Ï̂Î˚Ó˚ §Ç Ï̂ÎyçÜ˛ ˆÓ˚áyÓ˚ °¡∫ ò)Ó˚c !lî≈Î˚
Ü˛ Ï̂Ó˚y–

6. x – 7y + 5 = 0 ~ÓÇ 3x + y = 0 ˆÓ˚áyÓ˚ ˆSÈò!Ó®%àyÙ# ~ÓÇ y ÈüÈx Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° §Ó˚° ˆÓ˚áyÓ˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

7.
x y

4 6
1+ =  §Ó˚° Ï̂Ó˚áy!ê˛ yÈüÈx«˛ Ï̂Ü˛ ˆÎ !Ó®%̂ Ïï˛ ˆSÈò Ü˛ Ï̂Ó˚ñ ˆ§•z !Ó®% !ò Ï̂Î˚ ≤Ãò_ ˆÓ˚áyÓ˚ °¡∫̂ ÏÓ˚áyÓ˚

§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–
8.  y – x = 0, x + y = 0 ~ÓÇ x – k = 0 ˆÓ˚áy§Ù)• !ò Ï̂Î˚ à!ë˛ï˛ !eË%̨ Ï̂çÓ˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ Ï̂Ó˚y–
9. !ï˛l!ê˛ ̂ Ó˚áy 3x + y – 2 = 0,  px + 2 y – 3 = 0 ~ÓÇ 2x – y – 3 = 0 ~Ü˛!ê˛ !Ó®%̂ Ïï˛ ̂ SÈò Ü˛Ó˚̂ Ï°

p ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
10. Î!ò !ï˛l!ê˛ ̂ Ó˚áyñ Îy Ï̂òÓ˚ §Ù#Ü˛Ó˚î y = m

1 
x + c

1
, y = m

2 
x + c

2
 ~ÓÇ y = m

3 
x + c

3
 §Ù!Ó®% •Î˚ñ

ï˛ Ï̂Ó ˆòáyG ˆÎ m
1
(c

2 
– c

3
) + m

2 
(c

3
 – c

1
) + m

3
 (c

1
 – c

2
) = 0

11. (3, 2) !Ó®%àyÙ# ~Ùl ~Ü˛!ê˛ ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y Îy x – 2y = 3 ˆÓ˚áyÓ˚ §!•ï˛ 45o ˆÜ˛yî
í z̨Í˛õß¨ Ü˛ Ï̂Ó˚–

12. 4x + 7y – 3 = 0 ~ÓÇ 2x – 3y + 1 = 0 ̂ Ó˚áyÓ˚ ̂ SÈò!Ó®%àyÙ# ̂ Ó˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y Îy x«˛
• Ï̂ï˛ §Ùyl xÇ¢ !SÈß¨ Ü˛ Ï̂Ó˚–
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13. ˆòáyG ˆÎñ Ù)°!Ó®%àyÙ# ~ÓÇ y  = mx + c ˆÓ˚áyÓ˚ §y Ï̂Ì θ ˆÜ˛yî í z̨Í˛õß¨Ü˛yÓ˚# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î

y

x

m

m
=

± tan

tan

θ

θ1

14. (–1, 1) ~ÓÇ (5, 7) !Ó®%m Ï̂Î˚Ó˚ §Ç Ï̂ÎyàÜ˛yÓ˚# ˆÓ˚áy  x + y = 4 ˆÓ˚áy !ò Ï̂Î˚ Ü˛# xl%̨ õy Ï̂ï˛ !ÓË˛=˛ •Î˚⁄
15. 2x – y = 0 ˆÓ˚áy ÓÓ˚yÓÓ˚ xÓ!fiÌï˛ (1, 2) !Ó®% • Ï̂ï˛ 4x + 7y + 5 = 0 ˆÓ˚áyÓ˚ ò)Ó˚c !lî≈Î˚ Ü˛ Ï̂Ó˚y–
16. (–1, 2) !Ó®%àyÙ# ̂ Ó˚áyñ  x + y = 4 ̂ Ó˚áy Ï̂Ü˛ ̂ Î !Ó®%̂ Ïï˛ ̂ SÈò Ü˛ Ï̂Ó˚ñ ̂ §•z !Ó®% • Ï̂ï˛ ≤Ãò_ !Ó®%Ó˚ ò)Ó˚c

3 ~Ü˛Ü˛ • Ï̂° ˆ§•z ˆÓ˚áyÓ˚ !òÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
17. ~Ü˛!ê˛ §Ù Ï̂Ü˛yî# !eË)̨ Ï̂çÓ̊ x!ï˛Ë%̨ Ï̂çÓ̊ ≤Ãyhs˝!Ó®%Ó̊ fiÌylyAÜ˛ (1, 3) ~ÓÇ (–4, 1) – !eË%̨ç!ê˛Ó̊ §Ù Ï̂Ü˛y Ï̂îÓ̊

ôyÓ˚Ü˛ Óy•% ò%!ê˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–
18. ˆÓ˚áy Ï̂Ü˛ ~Ü˛!ê˛ §Ùï˛° ò˛õ≈î ô Ï̂Ó˚ñ x +3y = 7 ˆÓ˚áyÓ˚ §y Į̈̂ õ Ï̂«˛ (3,  8) !Ó®%Ó˚ ≤Ã!ï˛!Ó Ï̂¡∫Ó˚ fiÌylyAÜ˛

!lî≈Î˚ Ü˛ Ï̂Ó˚y–
19. Î!ò y = 3x +1 ~ÓÇ 2y = x + 3 ˆÓ˚áymÎ˚ y = mx + 4 ˆÓ˚áyÓ˚ §!•ï˛ §Ùyl ˆÜ˛y Ï̂î xylï˛ Ìy Ï̂Ü˛ñ

ï˛ Ï̂Ó m ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
20. Î!ò ~Ü˛!ê˛ ˛õ!Ó˚Óï≈̨ l¢#° !Ó®% P (x, y) • Ï̂ï˛ x + y – 5 = 0 ~ÓÇ 3x – 2y +7 = 0 ˆÓ˚áyÓ˚ °¡∫

ò)Ó˚̂ ÏcÓ˚ §Ù!T˛ 10 ~Ü˛Ü˛ •Î˚ñ ï˛ Ï̂Ó ˆòáyG ˆÎ P  xÓ¢ƒ•z ~Ü˛!ê˛ ˆÓ˚áyÎ˚ à!ï˛¢#° • Ï̂Ó–
21.  9x + 6y – 7 = 0 ~ÓÇ 3x + 2y + 6 = 0 §Ùyhs˝Ó˚y° ˆÓ˚áymÎ˚ • Ï̂ï˛ §Ùò)Ó˚Óï˛#≈ ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î

!lî≈Î˚ Ü˛ Ï̂Ó˚y–
22. (1, 2) !Ó®%àyÙ# ~Ü˛!ê˛ xy Ï̂°yÜ˛ Ó˚!Ÿ¬ xÈüÈ x Ï̂«˛Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ A !Ó®%̂ Ïï˛ ≤Ã!ï˛Ê˛!°ï˛ •Î˚ ~ÓÇ

≤Ã!ï˛Ê˛!°ï˛ Ó˚!Ÿ¬ (5, 3) !Ó®% !ò Ï̂Î˚ ÎyÎ˚– A !Ó®%Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

23. ≤ÃÙyî Ü˛ Ï̂Ó˚yñ  a b
2 2

0−( ),  ~ÓÇ − −( )a b
2 2

0,  !Ó®% • Ï̂ï˛ 
x

a

y

b
cos sinθ θ+ =1

ˆÓ˚áyÓ˚ í z̨̨ õÓ˚ x!AÜ˛ï˛ °¡∫ò)Ó˚̂ ÏcÓ˚ à%îÊ˛° b2–
24. ~Ü˛çl Óƒ!=˛ 2x – 3y  + 4 = 0 ~ÓÇ 3x + 4y – 5 = 0 §Ù#Ü˛Ó˚î !ò Ï̂Î˚ ≤ÃÜ˛y!¢ï˛ §Ó˚°˛õ Ï̂ÌÓ˚

§!rôfiÌ Ï̂° òÑy!í ¸̨̂ ÏÎ˚ xy Ï̂SÈl ~ÓÇ §Ù#Ü˛Ó˚î  6x – 7y + 8 = 0 !ò Ï̂Î˚ ≤ÃÜ˛y!¢ï˛ ˛õ Ï̂Ì §Ó≈y Į̈̂ õ«˛y Ü˛Ù
§Ù Ï̂Î˚ ̂ ˛õÔÑSÈ Ï̂ï˛ ã˛yl– í z̨!l ̂ Î ̨õ Ï̂Ì Îy Ï̂Ól ̂ §•z ̨ õ Ï̂ÌÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§yÓ˚§Ç Ï̂«˛˛õ

®í z̨Õ‘¡∫ lÎ˚ ~Ùl ̂ Ó˚áy Îy (x
1
, y

1
) ~ÓÇ (x

2
, y

2
)  !Ó®%àyÙ#ñ ̂ §•z ̂ Ó˚áyÓ˚ ≤ÃÓîï˛y (m) • Ï̂°ñ xyÙÓ˚y

!°á Ï̂ï˛ ̨ õy!Ó˚ m
y y

x x

y y

x x
x x=

−

−
=

−

−
≠2 1

2 1

1 2

1 2

1 2, .

® Î!ò ~Ü˛!ê˛ ˆÓ˚áy xÈüÈ x Ï̂«˛Ó˚ ôlydÜ˛ !ò Ï̂Ü˛Ó˚ §y Ï̂Ì  α ˆÜ˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚ñ ï˛ Ï̂Ó ˆÓ˚áy!ê˛Ó˚ ≤ÃÓîï˛y
• Ï̂Ó  m = tan α, α ≠ 90°–

® xl%Ë)̨ !ÙÜ˛ ̂ Ó˚áyÓ˚ ≤ÃÓîï˛y ¢)îƒ ~ÓÇ í z̨Õ‘¡∫ ̂ Ó˚áyÓ˚ ≤ÃÓîï˛y x§ÇK˛yï˛–

±
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® m
1
 ~ÓÇ m

2 
≤ÃÓîï˛y !Ó!¢T˛ ˆÓ˚áy L

1
  ~ÓÇ L

2
 ~Ó˚ ÙôƒÓï˛#≈ §)- Ï̂Ü˛yî åθ ô Ï̂Ó˚yä • Ï̂Ó

tan ,θ =
−

+
+ ≠

m m

m m
m m

2 1

1 2

1 2
1

1 0

® ò%!ê˛ ˆÓ˚áy §Ùyhs˝Ó˚y° • Ï̂Ó Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò ï˛y Ï̂òÓ˚ ≤ÃÓîï˛y §Ùyl •Î˚–

® ò%!ê˛ ˆÓ˚áy ˛õÓ˚flõÓ˚ °¡∫  • Ï̂Ó Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò ï˛y Ï̂òÓ˚ ≤ÃÓîï˛yÓ˚ à%îÊ˛° –1 •Î˚–

® !ï˛l!ê˛ !Ó®% A, B ~ÓÇ C §Ù Ï̂Ó˚á • Ï̂Ó Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò AB ~Ó˚ ≤ÃÓîï˛y = BC ~Ó˚
≤ÃÓîï˛y •Î˚–

® x ÈüÈx«˛ • Ï̂ï˛ a ò)Ó˚̂ Ïc xÓ!fiÌï˛ xl%Ë)̨ !ÙÜ˛ ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î •Î˚ y=a Óy y = – a –

® y ÈüÈ x«˛ • Ï̂ï˛ b ò)Ó˚̂ Ïc xÓ!fiÌï˛ í z̨Õ‘¡∫̂ ÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î •Î˚ x=b Óy x = – b –

® ̂ Î ̂ Ó˚áyÓ˚ ≤ÃÓîï˛y m ~ÓÇ !l!ò≈T˛ !Ó®% (x
o
, y

o
) àyÙ# ̂ §•z ̂ Ó˚áyÓ˚ í z̨̨ õÓ˚ (x, y) !Ó®% xÓ!fiÌï˛ • Ï̂Ó

Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò ~•z fiÌylyAÜ˛ y – y
o
 = m (x – x

o
) §Ù#Ü˛Ó˚î Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚–

® (x
1
, y

1
) ~ÓÇ (x

2
, y

2
) !Ó®%àyÙ# ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î •° y y

y y

x x

x x− =
−

−
−

1

2 1

2 1

1( ).

® m ≤ÃÓîï˛y !Ó!¢T˛ ˆÓ˚áyÓ˚ í z̨̨ õÓ˚ñ !Ó®% (x, y) xÓ!fiÌï˛ ~ÓÇ y ÈüÈ x Ï̂«˛Ó˚ ˆSÈ!òï˛yÇ¢ c ˆÓ˚áy!ê˛Ó˚
í z̨̨ õÓ˚ xÓ!fiÌï˛ • Ï̂Ó Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò y = mx + c •Î˚–

® m ≤ÃÓîï˛y !Ó!¢T˛ ˆÓ˚áyÓ˚ x ÈüÈ ˆSÈ!òï˛yÇ¢ d • Ï̂°ñ ˆÓ˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î • Ï̂Ó y = m (x – d) –

® ˆÎ ˆÓ˚áyÓ˚ x ÈüÈx«˛ ~ÓÇ y ÈüÈx Ï̂«˛Ó˚ ˆSÈ!òï˛yÇ Ï̂¢Ó˚ ˜òâ≈ƒ ÎÌyÜ ̨ Ï̂Ù a ~ÓÇ bñ ˆ§•z ˆÓ˚áyÓ˚ §Ù#Ü˛Ó˚î

x

a

y

b
+ =1

® Ù)°!Ó®% • Ï̂ï˛ ˆÜ˛y Ï̂ly ˆÓ˚áyÓ˚ °¡∫ò)Ó˚c p ~ÓÇ °¡∫ G ôlydÜ˛ x ÈüÈx Ï̂«˛Ó˚ ÙôƒÓï≈̨ # ˆÜ˛yî ω • Ï̂°
ˆÓ˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î • Ï̂Ó xcos ω + ysin ω = p –

® Ax + By + C = 0ñ ˆÎáy Ï̂l A ~ÓÇ B ¢)lƒ lÎ˚ñ ~•z xyÜ˛y Ï̂Ó˚Ó˚ ˆÜ˛y Ï̂îy §Ù#Ü˛Ó˚î Ï̂Ü˛ Ó°y •Î˚
§yôyÓ˚î ˜Ó˚!áÜ˛ §Ù#Ü˛Ó˚î  Óy ~Ü˛!ê˛ ˆÓ˚áyÓ˚ §yôyÓ˚î §Ù#Ü˛Ó˚î –

®  (x
1
,  y

1
)  !Ó®% •ˆÏï˛ Ax + By+ C = 0 ˆÓ˚áyÓ˚ °¡∫ò)Ó˚c d •ˆÏ° xyÙÓ˚y çy!l

d
x y

=
+ +

+

A B C

A B
2 2

1 1

  –

®  Ax + By + C
1
 = 0 ~ÓÇ Ax + By + C

2
 = 0 §Ùyhs˝Ó˚y° ˆÓ˚áy ò%!ê˛Ó˚ Ù Ï̂ôƒ ò)Ó˚c d • Ï̂°ñ

xyÙÓ˚y ˛õy•z  d =
−

+

1 2

2 2

C C

A B
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vLet the relation of knowledge to real life be very visible to your pupils

and let them understand how by knowledge the world could be

transformed. – BERTRAND RUSSELL v

11.1 Ë)̨ !ÙÜ˛y

xy Ï̂àÓ˚ xôƒyÎ˚ È10üÈ~ xyÙÓ˚y ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áyÓ˚ §Ù#Ü˛Ó˚̂ ÏîÓ˚ !Ó!Ë˛ß¨
Ó˚)˛õ !lˆÏÎ˚ xôƒÎ˚l Ü˛ˆÏÓ˚!SÈ– ~ xôƒyˆÏÎ˚ xyÙÓ˚y !Ü˛S%È xlƒ ÓÜ ˛ˆÏÓ˚áy
!l Ï̂Î̊ xôƒÎ̊l Ü˛Ó̊Ó ̂ Îà%̂ Ï°y •° Ó,_ åcirclesäñ x!ôÓ,_ åellipsesäñ
í z̨̨ õÓ,_ åparabolas äñ ~ÓÇ ̨õÓ̊yÓ,_ åhyperbolasäñ x!ôÓ,_ ~ÓÇ
˛õÓ˚yÓ,_ ~ ò%!ê˛ lyÙÜ˛Ó˚î Apollonius Ü˛ˆÏÓ˚!SÈˆÏ°l– ÓyhflÏˆÏÓ ~•z
ÓÜ ˛à%ˆÏ°yˆÏÜ˛ ¢AÜ%˛ˆÏFSÈò Óy xyÓ˚G §yôyÓ˚îË˛yˆÏÓ Ü˛!îÜ˛ åconicsä
Ó°y •Î˚ Ü˛yÓ˚î ~à%̂ Ï°y ~Ü˛!ê˛ °¡∫Ó,_#Î˚ !m¢AÜ%̨  ådouble napped

right circular coneä G ~Ü˛!ê˛ §Ùï˛ˆÏ°Ó˚ ˆSÈˆÏòÓ˚ Ê˛ˆÏ° í˛zÍ˛õß¨
•Î˚– ~•z ÓÜ ̨ à%̂ Ï°yÓ˚ ÓƒÓ•yÓ˚ ̃ òl!®l ̂ «˛ Ï̂e Óƒy˛õÜ˛Ë˛y Ï̂Ó • Ï̂Î˚ Ìy Ï̂Ü˛
ˆÎÙlñ @˝ÃˆÏ•Ó˚ â)î≈l ˛õÌñ ò)Ó˚Ó#«˛ˆÏîÓ˚ l:yÎ˚ñ xƒyˆÏrê˛ly ˜ï˛!Ó˚ˆÏï˛ñ
ê˛ã≈̨ °y•zê˛ G ÎylÓy• Ï̂lÓ˚ ̂ •í˛ °y•ẑ Ïê˛Ó˚ ≤Ã!ï˛Ê˛°Ü˛ !lÙ≈y Ï̂î •zï˛ƒy!ò–
~ál xyÙÓ˚y ̨õÓ˚Óï˛#≈ xl%̂ ÏFSÈòà%̂ Ï°y Ï̂ï˛ ̂ òáÓ Ü˛# Ü˛ Ï̂Ó˚ ~Ü˛!ê˛ °¡∫ Ó,_#Î˚ !m¢AÜ%̨
~ÓÇ ~Ü˛!ê˛ §Ùï˛ˆÏ°Ó˚ ˆSÈòñ !Ó!Ë˛ß¨ ≤ÃÜ˛yÓ˚ ÓÜ ˛ ˜ï˛!Ó˚ Ü˛ˆÏÓ˚–

11.2  ~Ü˛!ê˛ ¢AÜ%˛Ó˚ ˆSÈò (Sections of a Cone)

ôˆÏÓ˚ lyGñ l ~Ü˛!ê˛ !fiÌÓ˚ í˛zÕ‘¡∫ ˆÓ˚áy ~ÓÇ m •° x˛õÓ˚ ~Ü˛!ê˛ ˆÓ˚áy Îy  l ˆÜ˛
~Ü˛!ê˛ !fiÌÓ˚ !Ó®% V ÈüÈˆï˛ ˆSÈò Ü˛ˆÏÓ˚ ~ÓÇ ï˛yÓ˚ §yˆÏÌ α ˆÜ˛yˆÏî lï˛ (!ã˛e11.1).

ôˆÏÓ˚yñ α ˆÜ˛yî!ê˛ˆÏÜ˛ !fiÌÓ˚ ˆÓ˚ˆÏá l ~Ó˚ ã˛yÓ˚!òˆÏÜ˛ m ˆÓ˚áy!ê˛ˆÏÜ˛ ˆâyÓ˚yˆÏly
•°ñ ï˛yˆÏï˛ ~Ü˛!ê˛ ÊÑ˛y˛õy °¡∫ Ó,_yÜ˛yÓ˚ !m¢AÜ%˛ xyÜ,˛!ï˛Ó˚ ï˛° í˛zÍ˛õß¨ •ˆÏÓñ ÎyˆÏÜ˛
˛õÓ̊Óï˛#≈̂ Ïï˛ ¢AÜ%̨  Ó°y • Ï̂Ó ~ÓÇ ~!ê˛ í z̨Ë˛Î̊!ò Ï̂Ü˛ x§#Ù ̨õÎ≈hs˝ Ó,!Âô ̨õyÎ̊  (!ã˛e11.2)

ˆò Ï̂áy–

11

!ã˛e 11. 1

xôƒyÎ̊È

¢AÜ%̨ Ï̂FSÈò
Conic Sections

xƒyˆÏ˛õyˆÏ°y!lÎ˚y§ (Apollonius)

(262 !á / ˛õ)Ó≈ -190 !á / ˛õ)Ó≈)
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V !Ó®%!ê˛ˆÏÜ˛ Ó°y •Î˚ ¢AÜ%˛Ó ˚ ¢#£Ï≈ (vertex) ~ÓÇ l ˆÜ˛ Ó°y •Î˚ ¢AÜ%̨ Ó˚ x«˛ (axis)– â)î≈yÎ˚Ùyl ˆÓ˚áy
m ˆÜ˛ Ó°y ¢AÜ%̨ Ó˚ í˛zÍ˛õyòÜ˛ (generator)– ¢#£Ï≈ñ ¢AÜ%˛!ê˛ˆÏÜ˛ ò%!ê˛ xÇˆÏ¢ Ë˛yà Ü˛ˆÏÓ˚ ÎyˆÏòÓ˚ lyˆÏ˛õ (nappes)

Ó°y •Î˚–
Î!ò xyÙÓ˚y ~Ü˛!ê˛ §Ùï˛° ~ÓÇ ~Ü˛!ê˛ ¢AÜ%˛Ó˚ ̂ SÈò !l•zñ ï˛ˆÏÓ ≤ÃyÆ ≤ÃfiÌˆÏFSÈò!ê˛ˆÏÜ˛ Ó°y •Î˚ ¢AÜ%%˛ˆÏFSÈò

åconic sectionä– §%ï˛Ó̊yÇ ¢AÜ%̨ Ï̂FSÈò •° ̂ §•z§Ó ÓÜ ̨  ̂ Îà%̂ Ï°y ~Ü˛!ê˛ °¡∫Ó,_yÜ˛yÓ̊ ¢AÜ%̨  ~ÓÇ ~Ü˛!ê˛ §Ùï˛ Ï̂°Ó̊
≤ÃfiÌ Ï̂FSÈò–

¢AÜ%̨ Ó̊ í z̨Õ‘¡∫ x«˛ G ≤ÃfiÌ Ï̂FSÈò# §Ùï˛ Ï̂°Ó̊ ÙôƒÓï˛#≈ ̂ Ü˛yî ~ÓÇ ≤ÃfiÌ Ï̂FSÈò# §Ùï˛ Ï̂°Ó̊ !Ó!Ë˛ß̈ xÓfiÌy Ï̂lÓ̊
çlƒ xyÙÓ˚y !Ó!Ë˛ß¨ ≤ÃÜ˛yˆÏÓ˚Ó˚ ¢AÜ%˛ˆÏFSÈò ˛õy•z– ôˆÏÓ˚ lyG ≤ÃfiÌˆÏFSÈò# §Ùï˛°ñ ¢AÜ%˛Ó˚ í˛zÕ‘¡∫ xˆÏ«˛Ó˚ §yˆÏÌ β
ˆÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ å!ã˛e 11.3ä–

¢AÜ%˛Ó˚ §yˆÏÌ §Ùï˛ˆÏ°Ó˚ ˆSÈò ˆlGÎ˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚ñ •Î˚ ¢AÜ%˛Ó˚ ¢#ˆÏ£Ï≈ lï%˛Óy lyˆÏ˛õ ånappeä ~Ó˚ xlƒ
ˆÜ˛yˆÏly Ë˛yˆÏàñ ¢#ˆÏ£Ï≈Ó˚ l#ˆÏã˛ Óy ¢#ˆÏ£Ï≈Ó˚ í˛z˛õˆÏÓ˚ •ˆÏï˛ ̨õyˆÏÓ˚–

11.2.1 Ó,_ñ í˛z˛õÓ,_ñ x!ôÓ,_ ~ÓÇ ˛õÓ˚yÓ,_ (Circle, ellipse, parabola and hyperbola)

Îál ~Ü˛!ê˛ §Ùï˛° ~Ü˛!ê˛ ¢AÜ%˛Ó˚ lyˆÏ˛õˆÏÜ˛ ˆSÈò Ü˛Ó˚ˆÏÓ å¢#£Ï≈!Ó®% SÈyí˛¸yäñ xyÙÓ˚y !l¡¨!°!áï˛ xÓfiÌylà%ˆÏ°y
˛õyÓ ı
(a) Îál β = 90o,  ï˛ál ≤ÃfiÌ Ï̂FSÈò ~Ü˛!ê˛ Ó,_  (circle) • Ï̂Ó (!ã˛e11.4)–
(b) Îál α < β <  90o, ï˛ál ≤ÃfiÌˆÏFSÈò ~Ü˛!ê˛ í˛z˛õÓ,_  (ellipse) •ˆÏÓ (!ã˛e 11.5)–
(c) Îál β = α; ï˛ál ≤ÃfiÌ Ï̂FSÈò ~Ü˛!ê˛ x!ôÓ,_  (parabola)  • Ï̂Ó (!ã˛e 11.6) –

(í˛z˛õˆÏÓ˚Ó˚ !ï˛l!ê˛ ̂ «˛ˆÏe•z §Ùï˛°!ê˛ ¢AÜ%˛Ó˚ ~Ü˛!ê˛ lyˆÏ˛õˆÏÜ˛ §¡õ)î≈ Ë˛yˆÏÓ ̂ SÈò Ü˛ˆÏÓ˚)–

(d) Îál 0 ≤ β < αñ ï˛ál §Ùï˛°!ê˛ ò%!ê˛ lyˆÏ˛õˆÏÜ˛•z ˆSÈò Ü˛ˆÏÓ˚ ~ÓÇ ˆSÈ!òï˛ ÓÜ ˛!ê˛ •° ~Ü˛!ê˛ ˛õÓ˚yÓ,_
(hyperbola) (!ã˛e11.7)–

!ã˛e 11. 2

í˛zÍ˛õyòÜ˛ ågeneratorä

x«˛

í˛zôÁ≈fiÌ
lyˆÏ˛õ

!l¡¨fiÌ
lyˆÏ˛õ

!ã˛e 11. 3

¢AÜ%˛

ï˛°
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11.2.2  x˛õÜ,˛T˛ ¢AÜ%˛ˆÏFSÈò (Degenerated conic sections)

Îál §Ùï˛°!ê˛ ¢#£Ï≈!Ó®% !òˆÏÎ˚ ¢AÜ%˛!ê˛ˆÏÜ˛ ̂ SÈò Ü˛ˆÏÓ˚ ï˛ál xyÙÓ˚y ≤Ãò_ !Ó!Ë˛ß¨ ̂ «˛eà%ˆÏ°y ̨õy•z ı
(a) Îál α < β ≤ 90o, ï˛ál ≤ÃfiÌˆÏFSÈò!ê˛ ~Ü˛!ê˛ !Ó®%%  (point) •Î˚ (!ã˛e11.8) –
(b) Îál β = α, ï˛ál §Ùï˛°!ê˛Ó˚ í˛z˛õÓ˚ ¢AÜ%˛Ó˚ í˛zÍ˛õyòÜ˛ (generator) ˆÓ˚áy!ê˛ xÓ!fiÌï˛ •Î˚ ~ÓÇ

≤ÃfiÌ Ï̂FSÈò!ê˛ ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áy (straight line) •Î˚  (!ã˛e11.9) –
~!ê˛ •° x!ôÓ,̂ Ï_Ó˚ x˛õÜ,̨ T˛ ̂ «˛e–
(c) Îál 0 ≤ β < α, ~áyˆÏl ≤ÃfiÌˆÏFSÈò!ê˛ •° ~Ü˛ ̂ çyí˛¸y ̨ õÓ˚flõÓ˚ ̂ SÈ!ò §Ó˚°ˆÏÓ˚áy (!ã˛e11.10) – ~!ê˛

•° ̨õÓ˚yÓ,̂ Ï_Ó˚ x˛õÜ,̨ T˛ ̂ «˛e–

!ã˛e 11. 4

!ã˛e 11. 6
!ã˛e 11. 7

!ã˛e 11. 5
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˛õÓ˚Óï˛#≈ xl%̂ ÏFSÈ Ï̂ò xyÙÓ˚y ~•z ¢AÜ%̨ Ï̂FSÈ Ï̂òÓ˚ çƒy!Ù!ï˛Ü˛ ̃ Ó!¢ Ï̂T˛Ó˚ í z̨̨ õÓ˚ !Ë˛!_ Ü˛ Ï̂Ó˚ ≤Ã Ï̂ï˛ƒÜ˛!ê˛ ̂ «˛ Ï̂eÓ˚
§ÇK˛y !lÓ)̨̊ õî Ü˛Ó˚̂ ÏÓy–

!ã˛e 11. 8
!ã˛e11. 9

!ã˛e 11. 10

11.3 Ó,_ (Circle)

 §ÇK˛y 1 ~Ü˛!ê˛ Ó,_ •° ~Ü˛!ê˛ §Ùï˛ˆÏ°Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ˆ§•z§Ó !Ó®%Ó˚ ˆ§ê‰˛ ˆÎà%ˆÏ°y ˙ §Ùï˛ˆÏ°Ó˚ ~Ü˛!ê˛
!fiÌÓ˚ !Ó®% ̂ Ì Ï̂Ü˛ §Ùò)Ó˚Óï˛#≈–

!fiÌÓ˚ !Ó®%!ê˛ˆÏÜ˛ Ó°y •Î˚ Ó,ˆÏ_Ó˚ ̂ Ü˛w ~ÓÇ ̂ Ü˛w ̂ ÌˆÏÜ˛ Ó,̂ Ï_Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ̂ Ü˛yˆÏly !Ó®%Ó˚ ò)Ó˚cˆÏÜ˛
Ó°y •Î˚ Ó,_!ê˛Ó˚ Óƒy§yô ≈ åradiusä å!ã˛e 11.11ä–



240    à!îï˛

Î!ò Ó,̂ Ï_Ó˚ ˆÜ˛w åcentreä Ù)° !Ó®% •Î˚ ï˛ˆÏÓ Ó,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î!ê˛ §Ó˚°ï˛Ù •Î˚– Îy•z ˆ•yÜ˛ñ xyÙÓ˚y
!l¡¨Ó˚)ˆÏ˛õ ~Ü˛!ê˛ Ó,ˆÏ_Ó˚ ̂ Ü˛w G Óƒy§yô≈ ≤Ãò_ •ˆÏ° ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚ˆÏÓy å!ã˛e 11.12ä–

Ó,̂ Ï_Ó˚ ˆÜ˛w C (h, k) ~ÓÇ Óƒy§yô≈ r ≤Ãò_– ôˆÏÓ˚yñ Ó,ˆÏ_Ó˚ í˛z˛õÓ˚ P(x, y) ˆÎ ˆÜ˛y Ï̂ly ~Ü˛!ê˛ !Ó®%
(!ã˛e11.12)– §%ï˛Ó˚yÇñ §ÇK˛yl%ÎyÎ˚# | CP | = r  – ò)Ó˚c !lî≈ˆÏÎ˚Ó˚ §)eyl%ÎyÎ˚# xyÙÓ˚y ˛õy•zñ

( ) ( )x h y k r− + − =2 2

xÌ≈yÍ (x – h)2 + (y – k)2 = r2

~!ê˛ •° !l Ï̂î≈Î˚ Ó,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î ÎyÓ˚ ˆÜ˛w (h,k) ~ÓÇ Óƒy§yô≈  r –

í˛z˛òy•Ó˚î 1 Ó,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ ˆÜ˛w  (0,0) ˆï˛ ~ÓÇ Óƒy§yô≈  r –

§Ùyôyl ı  ~áyˆÏlñ  h = k = 0 – §%ï˛Ó˚yÇñ Ó,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î •° x2 + y2 = r2–

í˛z˛òy•Ó˚î 2 Ó,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ ˆÜ˛w  (–3, 2) ~ÓÇ Óƒy§yô≈  4 –

§Ùyôyl ı  ~áyˆÏl h = –3, k = 2 ~ÓÇ r = 4 – §%ï˛Ó˚yÇñ Ó,ˆÏ_Ó˚ !lˆÏî≈Î˚ §Ù#Ü˛Ó˚î

(x + 3)2 + (y –2)2 = 16

í˛z˛òy•Ó˚î 3 Ó,_  x2 + y2 + 8x + 10y – 8 = 0 ~Ó˚ ˆÜ˛w G Óƒy§yô≈ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı   ≤Ãò_ §Ù#Ü˛Ó˚î!ê˛ •°ñ

(x2 + 8x)  + (y2 + 10y) = 8

~álñ Órôl#Ó˚ Ó˚y!¢Ùy°yˆÏÜ˛ ̨ õ)î≈ÓˆÏà≈ ̨ õ!Ó˚îï˛ Ü˛ˆÏÓ˚ñ xyÙÓ˚y ̨ õy•z

(x2 + 8x + 16)  +  (y2 + 10y + 25)  = 8 + 16 + 25

xÌ≈yÍ (x + 4)2 + (y + 5)2 = 49

xÌ≈yÍ {x – (– 4)}2 + {y – (–5)}2 = 72

§%ï˛Ó˚yÇñ  ≤Ãò_ Ó,ˆÏ_Ó˚ ˆÜ˛w  (– 4, –5) ~ÓÇ Óƒy§yô≈ 7 –

!ã˛e 11. 11 !ã˛e 11. 12

Óƒy§yô≈

Ó,_
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í˛z˛òy•Ó˚î 4 ˆÎ Ó,_!ê˛ (2, – 2), ~ÓÇ (3,4) !Ó®%àyÙ# ~ÓÇ ÎyÓ˚ ˆÜ˛w  x + y = 2 §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚
xÓ!fiÌï˛ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl ı  ôˆÏÓ˚yñ Ó,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î!ê˛ •°  (x – h)2 + (y – k)2 = r2 –
ˆÎˆÏ•ï%˛ Ó,_!ê˛  (2, – 2) ~ÓÇ (3,4) !Ó®%àyÙ#ñ ï˛y•z xyÙÓ˚y ˛õy•z

(2 – h)2 + (–2 – k)2 = r2 ... (1)

~ÓÇ (3 – h)2 + (4 – k)2 = r2 ... (2)

xyÓyÓ˚ñ ˆÎˆÏ•ï%˛ Ó,ˆÏ_Ó˚ ˆÜ˛w!ê˛  x + y = 2 §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ xÓ!fiÌï˛ñ xyÙÓ˚y ˛õy•z
h + k = 2 ... (3)

(1), (2) ~ÓÇ (3) §Ù#Ü˛Ó˚îà%ˆÏ°y §Ùyôyl Ü˛ˆÏÓ˚ñ xyÙÓ˚y ˛õy•z
h = 0.7,   k = 1.3  ~ÓÇ r2 = 12.58

xï˛~Ó Ó,̂ Ï_Ó˚ !l Ï̂î≈Î˚ §Ù#Ü˛Ó˚î •°
(x – 0.7)2 + (y – 1.3)2 = 12.58.

xl%¢#°l#  11.1

xl%¢#°l#ˆÏï˛ !l¡¨!°!áï˛ 1 lÇ ≤ÃŸ¿ ̂ Ì Ï̂Ü˛  5 lÇ ≤ÃŸ¿ ̨ õÎ≈hs˝ ≤Ã!ï˛ ̂ «˛ˆÏe Ó,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚yı

1. ˆÜ˛w  (0,2) ~ÓÇ Óƒy§yô≈ 2 2. ˆÜ˛w (–2,3) ~ÓÇ Óƒy§yô≈  4

3. ˆÜ˛w 
1

2

1

4
,









  ~ÓÇ Óƒy§yô≈  

1

12
4. ˆÜ˛w (1,1) ~ÓÇ Óƒy§yô≈  

2

5. ˆÜ˛w (–a, –b) ~ÓÇ Óƒy§yô≈  a b
2 2− –

xl%¢#°l#ˆÏï˛ !l¡¨!°!áï˛  6 lÇ ≤ÃŸ¿ ˆÌ Ï̂Ü˛  9 lÇ ≤ÃŸ¿ ˛õÎ≈hs˝ ≤Ã!ï˛ ˆ«˛ˆÏe Ó,̂ Ï_Ó˚ ˆÜ˛w ~ÓÇ Óƒy§yô≈ !lî≈Î˚
Ü˛ Ï̂Ó˚yı
6. (x + 5)2 + (y – 3)2 = 36 7. x2 + y2 – 4x – 8y – 45 = 0

8. x2 + y2 – 8x + 10y – 12 = 0 9. 2x2 + 2y2 – x = 0

10. (4,1) ~ÓÇ (6,5) !Ó®%%àyÙ# Ó,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ ̂ Ü˛w 4x + y = 16 §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚
xÓ!fiÌï˛–

11. (2,3) ~ÓÇ (–1,1) !Ó®%àyÙ# Ó,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ ̂ Ü˛w x – 3y – 11 = 0 §Ó˚°ˆÏÓ˚áyÓ˚
í z̨̨ õÓ˚ xÓ!fiÌï˛–

12. (2,3) !Ó®%àyÙ# ~ÓÇ 5 ~Ü˛Ü˛ Óƒy§yô≈ !Ó!¢T˛ Ó,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ ̂ Ü˛w x-xˆÏ«˛Ó˚ í˛z˛õÓ˚
xÓ!fiÌï˛–

13. (0,0) !Ó®%àyÙ# ˆÎ Ó,_ fiÌylyAÜ˛ x«˛m Ï̂Î˚  a ~ÓÇ b ˆSÈ!òï˛yÇ¢ í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚
Ü˛ Ï̂Ó˚y–

14. (2,2) ̂ ÏÜ˛w !Ó!¢T˛ ~ÓÇ (4,5) !Ó®%àyÙ# Ó,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–
15. (–2.5,  3.5) !Ó®%!ê˛ Ü˛#  x2 + y2 = 25 Ó,ˆÏ_Ó˚ ˆË˛ï˛ˆÏÓ˚ñ Óy•zˆÏÓ˚ ly í˛z˛õˆÏÓ˚ xÓ!fiÌï˛⁄
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11.4  x!ôÓ,_ åParabolaä

§ÇK˛y 2  ~Ü˛!ê˛ x!ôÓ,_ •° ˆÜ˛y Ï̂ly ~Ü˛!ê˛ §Ùï˛ Ï̂°Ó˚
í˛z˛õÓ˚ xÓ!fiÌï˛ ̂ §•z§Ó !Ó®%Ó˚ ̂ §ê˛ ̂ Îà%ˆÏ°y ̇  §Ùï˛ˆÏ°
xÓ!fiÌï˛ ~Ü˛!ê˛ !l!ò≈T˛ §Ó˚° Ï̂Ó˚áy ~ÓÇ ~Ü˛!ê˛ !fiÌÓ˚ !Ó®%
å˙ §Ó˚° Ï̂Ó˚áyÓ˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ lÎ˚ä ̂ Ì Ï̂Ü˛ §Ùò)Ó˚Óï˛#≈–

!l!ò≈T˛ §Ó̊° Ï̂Ó̊áy!ê˛ Ï̂Ü˛ Ó°y •Î̊ x!ôÓ,̂ Ï_Ó̊ !lÎ̊yÙÜ˛
(directrix) ~ÓÇ !fiÌÓ˚ !Ó®% FüÈˆÜ˛ Ó°y •Î˚ ly!Ë˛
(focus) (!ã˛e 11.13). (‘Para’ ~Ó˚ xÌ≈ ÚçlƒÛ ~ÓÇ
‘bola’ ~Ó˚ xÌ≈ !l Ï̂«˛˛õ Ü˛Ó˚yñ xÌ≈yÍ ~Ü˛!ê˛ Ó° Ï̂Ü˛ ¢)̂ Ïlƒ
!lˆÏ«˛˛õ Ü˛Ó˚yÓ˚ çlƒ í˛zÍ˛õß¨ ̨ õÌ)–

A oT˛Óƒ   Î!ò §Ùï˛ˆÏ° !fiÌÓ˚ !Ó®%!ê˛ñ !l!ò≈T˛
§Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ xÓ!fiÌï˛ •Î˚ ï˛ˆÏÓ ˆÎ !Ó®%à%ˆÏ°yÓ˚
ˆ§ê˛ !fiÌÓ˚ !Ó®% G !l!ò≈T˛ §Ó˚°ˆÏÓ˚áy ̂ ÌˆÏÜ˛ §Ùò)Ó˚Óï˛#≈ñ
ˆÎà%ˆÏ°y ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áy •Î˚ Îy !fiÌÓ˚ !Ó®%àyÙ# ~ÓÇ
!l!ò≈T˛ §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ °¡∫ •Î˚– xyÙÓ˚y ~•z
§Ó˚°ˆÏÓ˚áy!ê˛ˆÏÜ˛ Ó°Ó x!ôÓ,ˆÏ_Ó˚ x˛õÜ,˛T˛ ˆ«˛e
(degenerate case)–

x!ôÓ,ˆÏ_Ó˚ ly!Ë˛àyÙ# ~ÓÇ !lÎ˚yÙˆÏÜ˛Ó˚ í˛z˛õÓ˚ °¡∫
§Ó˚°ˆÏÓ˚áyˆÏÜ˛ x!ôÓ,ˆÏ_Ó˚ x«˛ Ó°y •Î˚– x!ôÓ,_ G ~Ó˚
x Ï̂«˛Ó̊ ̂ SÈò !Ó®%̂ ÏÜ˛ Ó°y •Î̊ x!ôÓ,̂ Ï_Ó̊ ¢#£Ï≈ (!ã˛e11.14)–

11.4.1 x!ôÓ,ˆÏ_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚î åStandard equations of parabolaä  x!ôÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î
§Ó˚°ï˛Ù •ˆÏÓ Î!ò ï˛yÓ˚ ¢#£Ï≈ Ù)° !Ó®%ˆÏï˛ •Î˚ ~ÓÇ ï˛yÓ˚ ≤Ã!ï˛§yÙƒ x«˛!ê˛ x-x«˛ Óy y-x«˛ ÓÓ˚yÓÓ˚ •Î˚–
x!ôÓ,ˆÏ_Ó˚ ~•z ã˛yÓ˚!ê˛ !òˆÏÜ˛ §Ω˛yÓƒ xyÜ˛yÓ˚ !ã˛e 11.15 (a) ̂ Ì Ï̂Ü˛ (d) ̂ ï˛ l# Ï̂ã˛ ̂ òáy Ï̂ly •° ı

!ã˛e 11. 13

!lÎ˚yÙÜ˛
(Directrix)

!ã˛e 11.14

x«˛
(Axis)

¢#£Ï≈
(Vertex)

ly!Ë˛
      (Focus)

ly!Ë˛ (Focus)

!lÎ˚yÙÜ˛
(Directrix)
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~ÓyÓ˚  xyÙÓ˚y !ã˛e 11.15 (a) ˆï˛  ≤Ãò!¢≈ï˛ x!ôÓ,ˆÏ_Ó˚  §Ù#Ü˛Ó˚î !l¡¨Ó˚)ˆÏ˛õ !lî≈Î˚  Ü˛Ó˚ˆÏÓy  ÎyÓ˚ ly!Ë˛
(a, 0) a > 0; ~ÓÇ !lÎ˚yÙˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î x = – a :

ôˆÏÓ˚yñ  F •° ly!Ë˛ ~ÓÇ !lÎ˚yÙÜ˛  l – xyÓ˚G ôˆÏÓ˚yñ
!lÎ˚yÙ Ï̂Ü˛Ó˚ í z̨̨ õÓ˚ °¡∫ FM ~ÓÇ O !Ó®%̂ Ïï˛ FM §Ù!má![˛ï˛
•Î˚– MO ÈüÈ̂ Ü˛  X ̨õÎ≈hs˝ Ó!ô≈ï˛ Ü˛ Ï̂Ó̊y– x!ôÓ,̂ Ï_Ó̊ §ÇK˛yl%ÎyÎ̊#
Ùôƒ!Ó®% O ˆÜ˛ Ó°y •Î˚ x!ôÓ,ÈˆÏ_Ó˚ ¢#£Ï≈–  O ˆÜ˛ Ù)°!Ó®%
~ÓÇ  OX ̂ Ü˛  x- x«˛ ôˆÏÓ˚y– ~ÓÇ ï˛yÓ˚ í˛z˛õÓ˚ °¡∫˛ OY ̂ Ü˛
y- x«˛ ô Ï̂Ó˚y– !lÎ˚yÙÜ˛ ̂ Ì Ï̂Ü˛ ly!Ë˛ ̨õÎ≈hs˝ ò)Ó˚c Ï̂Ü˛ 2a ô Ï̂Ó˚y–
xï˛~Óñ ly!Ë˛Ó̊ fiÌylyAÜ˛ •° (a, 0) ~ÓÇ !lÎ̊yÙ Ï̂Ü˛Ó̊ §Ù#Ü˛Ó̊î
• Ï̂Ó x + a = 0 ñ !ã˛e11.16 ~Ó˚ xl%Ó˚)˛õ–
ôˆÏÓ˚ lyGñ x!ôÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ P(x, y) ˆÎ ˆÜ˛y Ï̂ly ~Ü˛!ê˛ !Ó®%
~Ùl ˆÎ

PF = PB, ... (1)

ˆÎáy Ï̂l PB ̂ Ó˚áÇ¢!ê˛ l ~Ó˚ í z̨̨ õÓ˚ °¡∫–  B !Ó®%Ó˚ fiÌylyAÜ˛ (– a, y) –  ò)Ó˚c !lî≈̂ ÏÎ˚Ó˚ §)e ̂ Ì Ï̂Ü˛ xyÙÓ˚y ̨õy•z

PF = 
( )x a y− +2 2  ~ÓÇ  PB = 

( )x a+ 2

ˆÎˆÏ•ï%˛ñ  PF = PB, §%ï˛Ó˚yÇñ

( ) ( )x a y x a− + = +2 2 2

xÌ≈yÍñ (x – a)2 + y2 = (x + a)2

Óyñ x2 – 2ax + a2 + y2 = x2 + 2ax + a2

Óyñ y2 = 4ax ( a > 0).

!ã˛e 11.15 (a) to (d)

!ã˛e 11.16
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xï˛~Óñ x!ôÓ,̂ Ï_Ó˚ í˛z˛õÓ˚ ̂ Î ̂ Ü˛yˆÏly !Ó®% §Ù#Ü˛Ó˚î
y2 = 4ax ˆÜ˛ !§Âô Ü˛ˆÏÓ˚– ... (2)

!˛Ó˛õÓ˚#ï˛Ü ˛ˆÏÙñ ôˆÏÓ˚y §Ù#Ü˛Ó˚î (2) ˆÜ˛ !Ó®%  P(x, y) !§Âô Ü˛ˆÏÓ˚–

PF = ( )x a y− +2 2 = ( )x a ax− +2
4

= ( )x a+ 2 = PB ... (3)

~ÓÇ ~çlƒ  P(x,y) !Ó®%!ê˛ x!ôÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛–

xï˛~Óñ (2) G (3) §Ù#Ü˛Ó˚ˆÏîÓ˚ §y•yˆÏÎƒ xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚°yÙ ̂ Î ~Ü˛!ê˛ x!ôÓ,_ ÎyÓ˚ ¢#£Ï≈ Ù)°!Ó®%ñ
ly!Ë˛ (a,0) ~ÓÇ !lÎ˚yÙÜ˛  x = – a ï˛yÓ˚ §Ù#Ü˛Ó˚î •Î˚  y2 = 4ax –

xy Ï̂°yã˛ly  §Ù#Ü˛Ó˚î (2) ÈüÈ~ñ ̂ Î Ï̂•ï%̨  a > 0, ï˛y•z x üÈ~Ó˚ Ùyl ôlydÜ˛ Óy ¢)lƒ • Ï̂ï˛ ̨õy Ï̂Ó˚ñ !Ü˛v }îydÜ˛ lÎ˚
~ÓÇ ÓÜ ̨ !ê˛ ≤ÃÌÙ G ã˛ï%̨ Ì≈ ̨õy Ï̂ò x!l!ò≈T˛ Ë˛y Ï̂Ó Óyí ¸̨̂ Ïï˛ ÌyÜ˛ Ï̂Ó ~ÓÇ x!ôÓ,_!ê˛Ó˚ x«˛ • Ï̂Ó ôlydÜ˛  x- x«˛–

xl%Ó˚)˛õ Ë˛yˆÏÓ xyÙÓ˚y x!ôÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚  :

!ã˛e  11.15 (b) ˆï˛  y2 = – 4ax,

!ã˛e 11.15 (c) ˆï˛  x2 = 4ay,

!ã˛e 11.15 (d) ˆï˛  x2 = – 4ay,

~•z ã˛yÓ˚!ê˛ §Ù#Ü˛Ó˚îˆÏÜ˛ Ó°y •Î˚ x!ôÓ,ˆÏ_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚î –

AoT˛Óƒ   x!ôÓ,ˆÏ_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚ˆÏî ly!Ë˛ ÌyˆÏÜ˛ ˆÎ ˆÜ˛yˆÏly fiÌylyAÜ˛ xˆÏ«˛Ó˚ í˛z˛õÓ˚ñ ¢#£Ï≈ •Î˚
Ù)°!Ó®% ~ÓÇ !lÎ˚yÙÜ˛ xlƒ fiÌylyAÜ˛ xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° •Î˚– Îy•z ̂ •yÜ˛ñ ̂ Î x!ôÓ,̂ Ï_Ó˚ ly!Ë˛ ̂ Î ̂ Ü˛yˆÏly
!Ó®% ~ÓÇ !lÎ˚yÙÜ˛ ̂ Î ̂ Ü˛yˆÏly §Ó˚°ˆÏÓ˚áy •Î˚ ̂ § !Ó£ÏˆÏÎ˚ xyˆÏ°yã˛lyÓ˚ §%ˆÏÎyà ̂ l•z–

x!ôÓ,ˆÏ_Ó˚ xyòˆÏ¢≈ §Ù#Ü˛Ó˚î å!ã˛e 11.15ä ˆÌˆÏÜ˛ xyÙÓ˚y !l¡¨!°!áï˛ !Ó£ÏÎ˚à%ˆÏ°y ˛õÎ≈ˆÏÓ«˛î Ü˛Ó˚̂ Ïï˛
˛õy!Ó˚ ı

1. x!ôÓ,_ ï˛yÓ˚ xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ ≤Ã!ï˛§Ù åsymmetryä – Î!ò §Ù#Ü˛Ó˚î!ê˛Ó˚ ~Ü˛!ê˛ ̨ õò y2  •Î˚,
ï˛ˆÏÓ ï˛yÓ˚ ≤Ã!ï˛§Ù x«˛ •Î˚ x-x«˛ ÓÓ˚yÓÓ˚ ~ÓÇ Î!ò §Ù#Ü˛Ó˚î!ê˛Ó˚ ~Ü˛!ê˛ ˛õò  x2  •Î˚ñ ï˛ˆÏÓ
≤Ã!ï˛§Ù x«˛ •Î˚  y- x«˛ ÓÓ˚yÓÓ˚–

2. Î!ò ≤Ã!ï˛§Ù x«˛ x- x«˛ ÓÓ˚yÓÓ˚ •Î˚ ~ÓÇ

(a) x ~Ó˚ §•à ôlydÜ˛ •Î˚ ï˛ˆÏÓ x!ôÓ,_!ê˛ í˛yl!òˆÏÜ˛ ˆáy°y •Î˚–
(b) x ~Ó˚ §•à }îydÜ˛ •Î˚ ï˛ˆÏÓ x!ôÓ,_!ê˛ ÓÑyÈüÈ!òˆÏÜ˛ ˆáy°y •Î˚–

3. Î!ò ≤Ã!ï˛§Ù x«˛ y- x«˛ ÓÓ˚yÓÓ˚ •Î˚ ~ÓÇ

(c)  y ~Ó˚ §•à ôlydÜ˛ •Î˚ ï˛ál x!ôÓ,_!ê˛ í˛z˛õÓ˚ !òˆÏÜ˛ ˆáy°y •Î˚–
(d) y ~Ó˚ §•à }îydÜ˛ •Î˚ ï˛ál x!ôÓ,_!ê˛ l#ˆÏã˛Ó˚ !òˆÏÜ˛ ˆáy°y •Î˚–
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!ã˛e 11.17

11.4.2  ly!Ë˛°¡∫ (Latus rectum)

 §ÇK˛y 3   x!ôÓ,̂ Ï_Ó˚ ly!Ë˛àyÙ#ñ x Ï̂«˛Ó˚ í z̨̨ õÓ˚ °¡∫ñ ̂ Î ̂ Ó˚áyÇ Ï̂¢Ó˚ ̨≤Ãyhs˝!Ó®% ò%!ê˛ x!ôÓ,̂ Ï_Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ñ
ï˛yˆÏÜ˛ x!ôÓ,ˆÏ_Ó˚ ly!Ë˛°¡∫ åLatus rectumä Ó Ï̂° (!ã˛e11.17) –

x!ôÓ,_  y2 = 4ax ~Ó˚ ly!Ë˛°ˆÏ¡∫Ó˚ ˜òâ≈ƒ !lî≈Î˚ (!ã˛e 11.18) –

x!ôÓ,ˆÏ_Ó˚ §ÇK˛yl%ÎyÎ˚#ñ  AF = AC –

!Ü˛vñ AC =  FM  =  2a

xï˛~Óñ AF =  2a.

~ÓÇ ˆÎˆÏ•ï%˛ x!ôÓ,_!ê˛  x- xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ ≤Ã!ï˛§Ù ï˛y•z  AF = FB ~ÓÇ §%ï˛Ó˚yÇñ

AB = ly!Ë˛°ˆÏ¡∫Ó˚ ˜òâ≈ƒ = 4a –

!ã˛e 11.18

í˛z˛òy•Ó˚î 5   y2 = 8x x!ôÓ,ˆÏ_Ó˚ ly!Ë˛Ó˚ fiÌylyAÜ˛ñ !lÎ˚yÙˆÏÜ˛Ó˚
§Ù#Ü˛Ó˚î ~ÓÇ ly!Ë˛°ˆÏ¡∫Ó˚ ̃ òâ≈ƒ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı≤Ãò_ §Ù#Ü˛Ó˚̂ Ïî y2 xy Ï̂S– §%ï˛Ó˚yÇñ ≤Ã!ï˛§Ù x«˛ •°È
x- x«˛– ~áy Ï̂lñ x ~Ó˚ §•à ôlydÜ˛ ï˛y•z x!ôÓ,_!ê˛ í˛yl!ò Ï̂Ü˛
ˆáy°y– y2 = 4ax §Ù#Ü˛Ó˚ˆÏîÓ˚ §yˆÏÌ ≤Ãò_ §Ù#Ü˛Ó˚î!ê˛ ï%˛°ly
Ü˛ˆÏÓ˚ ˛õy•z a = 2 –

xï˛~Óñ  x!ôÓ,̂ Ï_Ó˚  ly!Ë˛  (2, 0)  ~ÓÇ !lÎ˚yÙˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î
x = – 2 (!ã˛e 11.19) –

ly!Ë˛°ˆÏ¡∫Ó˚ ˜òâ≈ƒ  4a = 4 × 2 = 8.

!ã˛e 11.19

ly!Ë˛°¡∫
(Latus rectum)

ly!Ë˛
      (Focus)
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í˛z˛òy•Ó˚î  6  ˆÎ x!ôÓ,̂ Ï_Ó˚ ly!Ë˛ (2,0) !lÎ˚yÙÜ˛  x = – 2 ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ˆÎˆÏ•ï%˛ ly!Ë˛ (2,0)ñ   x- xˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛– ï˛y•z x-x«˛•z x!ôÓ,ˆÏ_Ó˚ x«˛– §%ï˛Ó˚yÇñ
x!ôÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î!ê˛Ó˚ xyÜ˛yÓ˚ •ˆÏÓ y2 = 4ax  Óy y2 = – 4ax ñ ˆÎˆÏ•ï%˛ !lÎ˚yÙˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î x = – 2

~ÓÇ ly!Ë˛ (2,0) !Ó®%ñ ï˛y•z x!ôÓ,̂ Ï_Ó˚ §Ù#Ü˛Ó˚̂ ÏîÓ˚ xyÜ˛yÓ˚ • Ï̂Ó  y2 = 4ax ̂ Îáy Ï̂l a = 2  – §%ï˛Ó˚yÇñ !l Ï̂î≈Î˚
§Ù#Ü˛Ó˚î!ê˛ •ˆÏÓÈüüüÈ

y2 = 4(2)x = 8x

í˛z˛òy•Ó˚î 7 ~Ü˛!ê˛ x!ôÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ ¢#£Ï≈ (0, 0) !Ó®% ~ÓÇ ly!Ë˛ (0, 2) !Ó®%–
§Ùyôyl ı  ˆÎˆÏ•ï%˛ ¢#£Ï≈  (0,0) !Ó®%ˆÏï˛ xÓ!fiÌï˛ ~ÓÇ ly!Ë˛ (0,2) !Ó®% y- xˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ï˛y•z
x!ôÓ,_!ê˛Ó˚ x«˛ y- x«˛– §%ï˛Ó˚yÇñ x!ôÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚ˆÏîÓ˚ xyÜ˛yÓ˚ •ˆÏÓ  x2 = 4ay ñ xï˛~Ó xyÙÓ˚y ˛õy•z

x2 = 4(2)y, xÌ≈yÍ,  x2 = 8y.

í˛z˛òy•Ó˚î 8 ̂ Î x!ôÓ,_!ê˛  y- xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ ≤Ã!ï˛§Ù ~ÓÇ (2,–3) !Ó®%àyÙ# ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ˆÎˆÏ•ï%˛ñ x!ôÓ,_!ê˛ y- xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ ≤Ã!ï˛§Ù ~ÓÇ ~!ê˛Ó˚ ¢#£Ï≈ Ù)°!Ó®%ñ ï˛y•z §Ù#Ü˛Ó˚î!ê˛Ó˚
xyÜ˛yÓ˚ •ˆÏÓ x2 = 4ay xÌÓy x2 = – 4ay ñ ˆÎáyˆÏl !ã˛•´ !lË≈˛Ó˚ Ü˛Ó˚ˆÏÓ x!ôÓ,_!ê˛ í˛z˛õˆÏÓ˚Ó˚ !òˆÏÜ˛ ly !Ü˛
l# Ï̂ã˛Ó˚ !ò Ï̂Ü˛ ̂ áy°y  ï˛yÓ˚ í z̨̨ õÓ˚– !Ü˛v x!ôÓ,_!ê˛ (2,–3)  !Ó®%àyÙ#ñ Îy ã˛ï%̨ Ì≈ ̨õy Ï̂ò xÓ!fiÌï˛– ï˛y•z x!ôÓ,_!ê˛
xÓ¢ƒ•z l#ˆÏã˛Ó˚ !òˆÏÜ˛ ˆáy°y •ˆÏÓ– xï˛~Óñ x!ôÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚ˆÏîÓ˚ xyÜ˛yÓ˚ •ˆÏÓ  x2 = – 4ay –

ˆÎˆÏ•ï%˛ñ x!ôÓ,_!ê˛ ( 2,–3) !Ó®%àyÙ# ï˛y•z xyÙÓ˚y ̨ õy•z

22   = – 4a (–3), xÌ≈yÍ, a   =  
1

3

§%ï˛Ó˚yÇñ x!ôÓ,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î • Ï̂ÓÈ

x2 = −








4

1

3
  y,  xÌ≈yÍ,  3x2 = – 4y.

xl%¢#°l#  11.2

!l Ï̂¡¨ ≤Ãò_ ≤ÃŸ¿  1 ̂ Ì Ï̂Ü˛ 6 ̨õÎ≈hs˝ ≤Ã!ï˛!ê˛ x!ôÓ,̂ Ï_Ó˚ ly!Ë˛Ó˚ fiÌylyAÜ˛ñ !lÎ˚yÙ Ï̂Ü˛Ó˚ §Ù#Ü˛Ó˚îñ x!ôÓ,̂ Ï_Ó˚ x«˛
~ÓÇ ly!Ë˛°ˆÏ¡∫Ó˚ ̃ òâ≈ƒ !lî≈Î˚ Ü˛ˆÏÓ˚y ı

1. y2 = 12x 2. x2 = 6y 3.    y2 = – 8x

4. x2 = – 16y 5. y2 = 10x 6.    x2 = – 9y

!l¡¨!°!áï˛ ≤Ã Ï̂Ÿ¿  7 ˆÌ Ï̂Ü˛ 12 ̨õÎ≈hs˝ ≤Ã!ï˛ ̂ «˛ˆÏe ≤Ãò_ ¢ï≈˛yl%ÎyÎ˚# x!ôÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ı
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xyÙÓ˚yñ ˛õˆÏÓ˚yˆÏ«˛Ó˚ ˜òâ≈ƒˆÏÜ˛ 2a ñ í˛z˛õyˆÏ«˛Ó˚ ˜òâ≈ƒˆÏÜ˛ 2b ~ÓÇ ly!Ë˛mˆÏÎ˚Ó˚ ò)Ó˚cˆÏÜ˛  2c !òˆÏÎ˚ ≤ÃÜ˛y¢
Ü˛!Ó˚– xï˛~Óñ xô≈ÈüÈ˛õÓ˚yˆÏ«˛Ó˚ ˜òâ≈ƒ a ~ÓÇ xô≈ÈüÈí˛z˛õyˆÏ«˛Ó˚ ˜òâ≈ƒ •Î˚ b (!ã˛e 11.22)–

7. ly!Ë˛  (6,0); !lÎ˚yÙÜ˛  x = – 6 8. ly!Ë˛ (0,–3); !lÎ˚yÙÜ˛ y = 3

9. ¢#£Ï≈ (0,0); ly!Ë˛ (3,0) 10. ¢#£Ï≈ (0,0); ly!Ë  (–2,0)

11. ¢#£Ï≈  (0,0) (2,3) !Ó®%àyÙ# ~ÓÇ x«˛ x- x«˛ ÓÓ˚yÓÓ˚–

12. ¢#£Ï≈ (0,0), (5,2) !Ó®%àyÙ# ~ÓÇ y- xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ ≤Ã!ï˛§Ù–

11. 5  í˛z˛õÓ,_ (Ellipse)

§ÇK˛y 4  ~Ü˛!ê˛ í z̨̨ õÓ,_  •° ~Ü˛•z §Ùï˛ Ï̂° xÓ!fiÌï˛ ̂ §•z§Ó
!Ó®%Ó̊ ̂ §ê‰̨  ̂ Îà%̂ Ï°y !l!ò≈T˛ ò%!ê˛ !Ó®% ̂ Ì Ï̂Ü˛ ò)Ó̊ Ï̂cÓ̊ §Ù!T˛ ~Ü˛!ê˛
ô %ÓÜ˛ •Î˚–

~•z ò%!ê˛ !fiÌÓ˚ !Ó®%ˆÏÜ˛ Ó°y •Î˚ í˛z˛õÓ,ˆÏ_Ó˚ ly!Ë˛ ( foci) (!ã˛e
11.20) –

AoT˛Óƒ   í z̨̨ õÓ,̂ Ï_Ó̊ í z̨̨ õÓ̊ ̂ Î ̂ Ü˛y Ï̂ly !Ó®% ̂ Ì Ï̂Ü˛ ly!Ë˛m Ï̂Î̊Ó̊
ò)Ó˚ˆÏcÓ˚ §Ù!T˛ ô %ÓÜ˛ñ Îy §Ó§ÙÎ˚ ly!Ë˛mˆÏÎ˚Ó˚ ò)Ó˚c ˆÌˆÏÜ˛
ˆÓ!¢ •Î˚–

ly!Ë˛mˆÏÎ˚Ó˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇˆÏ¢Ó˚ Ùôƒ!Ó®%ˆÏÜ˛ Ó°y •Î˚ í˛z˛õÓ,ˆÏ_Ó˚ ˆÜ˛w åcentreä– í˛z˛õÓ,ˆÏ_Ó˚
ly!Ë˛mÎ˚àyÙ# ˆÓ˚áyÇˆÏÜ˛ Ó°y •Î˚ ˛õÓ˚y«˛ åmajor axisä ~ÓÇ ˆÜ˛wàyÙ# ~ÓÇ ˛õÓ˚yˆÏ«˛Ó˚ í˛z˛õÓ˚ °¡∫ˆÏÓ˚áyˆÏÜ˛
Ó°y •Î˚ í z̨̨ õy«˛ åminor axisä– ˛õÓ˚yˆÏ«˛Ó˚ ≤Ãyhs˝ !Ó®%mÎ˚ˆÏÜ˛ Ó°y •Î˚ í˛z˛õÓ,ˆÏ_Ó˚ ¢#£Ï≈ å!ã˛e 11.21ä –

!ã˛e 11.20

ly!Ë ly!Ë

í z̨̨ õy«˛

!ã˛e 11.21

˛õÓ̊y«˛

¢#£Ï≈

˛ˆÜ˛w

¢#£Ï≈

!ã˛e 11.22
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11.5.1 xô≈ÈüÈ˛õÓ˚y«˛ñ xô≈ÈüÈí z̨̨ õy«˛ ~ÓÇ í z̨̨ õÓ,̂ Ï_Ó˚ ̂ Ü˛w
ˆÌˆÏÜ˛ ly!Ë˛Ó˚ ò)Ó˚ˆÏcÓ˚ ÙˆÏôƒ §¡õÜ≈˛ å!ã˛e 11.23ä
(Relationship between semi-major axis,

semi-minor axis and the distance of the

focus from the centre of the ellipse.)

˛õÓ˚y Ï̂«˛Ó˚ ~Ü˛ ≤Ãy Ï̂hs˝ ~Ü˛!ê˛ !Ó®% P ôˆÏÓ˚y–

ly!Ë˛mÎ˚ ̂ Ì Ï̂Ü˛ P !Ó®%Ó˚ ò)Ó˚̂ ÏcÓ˚ ̂ ÎyàÊ˛°
 F

1 
P + F

2
P = F

1
O + OP + F

2
P

(ˆÎˆÏ•ï%˛ ,  F
1
P  = F

1
O + OP)

          = c + a + a – c = 2a

í z̨̨ õy Ï̂«˛Ó˚ ~Ü˛ ≤Ãy Ï̂hs˝ ~Ü˛!ê˛ !Ó®% Q ôˆÏÓ˚y– ly!Ë˛mÎ˚ ˆÌˆÏÜ˛  Q  !Ó®%Ó˚ ò)Ó˚ˆÏcÓ˚ §Ù!T˛–

F
1
Q + F

2
Q = b c

2 2+ + b c
2 2+  =  2 b c

2 2+

ˆÎˆÏ•ï%˛ñ P G Q í˛zË˛Î˚ !Ó®%•z í˛z˛õÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛– ï˛y•z í˛z˛õÓ,ˆÏ_Ó˚ §ÇK˛y ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zÈüüüÈ

2 b c
2 2+ =  2a,  xÌ≈yÍñ a = b c

2 2+

Óyñ a 2 = b2 + c2

 

, xÌ≈yÍñ   c = a b
2 2− .

11.5.2 ~Ü˛!ê˛ í˛z˛õÓ,ˆÏ_Ó˚ !ÓˆÏ¢£Ï ˆ«˛e  (Special cases of

an ellipse) í˛z˛õˆÏÓ˚y=˛ §Ù#Ü˛Ó˚î  c2 = a2 – b2 ˆï˛ Î!ò xyÙÓ˚y  a
~Ó˚ Ùyl !fiÌÓ˚ Ó˚y!á ~ÓÇ c ~Ó˚ Ùyl 0 ˆÌ Ï̂Ü˛  a ˆÏï˛ ̨ õ!Ó˚Ó!ï≈˛ï˛ Ü˛Ó˚y
•Î˚ ï˛ Ï̂Ó ≤ÃyÆ í z̨̨ õÓ,_!ê˛ !l¡¨Ó)̊̂ Į̈ õ ̨õ!Ó˚Ó!ï≈̨ ï˛ • Ï̂Ó–

ˆ«˛e (i)  Îál c = 0 •Î˚ñ ï˛ál í˛z˛õÓ,ˆÏ_Ó˚ í˛zË˛Î˚ ly!Ë˛ ˆÜ˛ˆÏw
!Ù!°ï˛ • Ï̂Ó ~ÓÇ a2 = b2 •ˆÏÓñ xÌ≈yÍñ a = b •ˆÏÓñ ~ÓÇ §%ï˛Ó˚yÇñ
í z̨̨ õÓ,_!ê˛ ~Ü˛!ê˛ Ó,̂ Ï_ ˛õ!Ó˚îï˛ • Ï̂Ó (!ã˛e11.24)– xï˛~Ó Ó,_ •°
í˛z˛õÓ,̂ Ï_Ó˚ ~Ü˛!ê˛ !ÓˆÏ¢£Ï ˆ«˛e Îy xl%ˆÏFSÈò  11.3 ˆï˛ Óî≈ly Ü˛Ó˚y
• Ï̂Î˚̂ ÏSÈ–
ˆ«˛e (ii) Îál c = a, ï˛ál b = 0 • Ï̂Ó ~ÓÇ í z̨̨ õÓ,_!ê˛ ~Ü˛!ê˛
ly!Ë˛m Ï̂Î˚Ó˚  §Ç Ï̂ÎyçÜ˛ ̂ Ó˚áyÇ¢ F

1
F

2
 ̂ ï˛ ̨õ!Ó˚îï˛ • Ï̂Ó (!ã˛e 11.25)–

11.5.3  í˛zÍˆÏÜ˛wï˛y  (Eccentricity)

§ÇK˛y  5  í˛z˛õÓ,ˆÏ_Ó˚ í˛zÍˆÏÜ˛wï˛y •° í˛z˛õÓ,ˆÏ_Ó˚ ˆÜ˛w ˆÌˆÏÜ˛ ly!Ë˛ ~ÓÇ ˆÜ˛w ˆÌˆÏÜ˛ ¢#ˆÏ£Ï≈Ó˚ ò)Ó˚ˆÏcÓ˚

xl%˛õyï˛ åí˛zÍˆÏÜ˛wï˛yˆÏÜ˛ e !òˆÏÎ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ä xÌ≈yÍñ e
c

a
=  –

!ã˛e  11.23

Fig 11.24

!ã˛e  11.25
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ˆÎˆÏ•ï%˛ñ ly!Ë˛ ˆÌˆÏÜ˛ ˆÜ˛ˆÏwÓ˚ ò)Ó˚c  c •Î˚ñ ï˛y•z í˛zÍˆÏÜ˛wï˛yÓ˚ ÙyôƒˆÏÙ ˆÜ˛w ˆÌˆÏÜ˛ ly!Ë˛Ó˚ ò)Ó˚c •Î˚ ae –

11.5.4 ~Ü˛!ê˛ í˛z˛õÓ,ˆÏ_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚î (Standard equation of an ellipse) ~Ü˛!ê˛ í˛z˛õÓ,̂ Ï_Ó˚
§Ù#Ü˛Ó˚î §Ó˚°ï˛Ù •Î˚ Îál í z̨̨ õÓ,̂ Ï_Ó˚ ̂ Ü˛w Ù)° !Ó®% •Î˚ ~ÓÇ ly!Ë˛mÎ˚ x-x«˛ Óy y-x Ï̂«˛Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛
•Î˚– ~áyˆÏl ò%!ê˛ §Ω˛yÓƒ !òÜ˛ !Ólƒy§ !ã˛e 11.26 ̂ ï˛ ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

!ã˛e  11.26

 (a)

~álñ xyÙÓ˚y !ã˛e 11.26 (a) ˆï ˆòáy Ï̂ly í z̨̨ õÓ,_
ÎyÓ˚ ly!Ë˛ x-xˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚
Ü˛Ó˚Ó–

ôˆÏÓ˚yñ ly!Ë˛mÎ˚  F
1
 G F

2
 ~ÓÇ F

1
F

2
 ˆÓ˚áyÇˆÏ¢Ó˚

Ùôƒ!Ó®% O– Ù Ï̂l Ü˛ Ï̂Ó˚yñ O •° Ù)°!Ó®% ~ÓÇ O ˆÌ Ï̂Ü˛ F
2

!òˆÏÜ˛ ôlydÜ˛ x x«˛ G F
1
~Ó˚ !òˆÏÜ˛ }îydÜ˛ x x«˛– ôˆÏÓ˚y

O !Ó®%àyÙ# x xˆÏ«˛Ó˚ í˛z˛õÓ˚ °¡∫ §Ó˚°ˆÏÓ˚áy!ê˛ y x«˛– Ù Ï̂l
Ü˛ Ï̂Ó˚yñ F

1 
~Ó˚ fiÌylyAÜ˛ (– c, 0) ~ÓÇ F

2
 ~Ó̊ (c, 0) fiÌylyAÜ˛

å!ã˛e 11.27ä–
ôˆÏÓ˚yñ í˛z˛õÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ P(x, y) ~Ùl ~Ü˛!ê˛ !Ó®% ˆÎ

P ˆÌˆÏÜ˛ ly!Ë˛mˆÏÎ˚Ó˚ ò)Ó˚ˆÏcÓ˚ §Ù!T˛ 2a  xÌ≈yÍñ
PF

1
 + PF

2
 = 2a.  ... (1)

ò)Ó˚c !lî≈ˆÏÎ˚Ó˚ §)e ̂ ÌˆÏÜ˛ xyÙÓ˚y ̨ õy•zÈüüüÈ

 
x c y+( ) +

2 2 +
 

x c y−( ) +
2 2   =  2a

xÌ≈yÍñ  x c y+( ) +
2 2   =  2a – x c y−( ) +

2 2

!ã˛e 11.27

x

b

y

a

2

2

2

2
1+ =
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í˛zË˛Î˚ õ«˛ˆÏÜ˛ Óà≈ Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüü

(x + c)2 + y2 = 4a2 – 4a x c y−( ) +
2 2 + (x – c)2 + y2

~!ê˛ˆÏÜ˛ §Ó˚° Ü˛ˆÏÓ˚ ̨ õyGÎ˚y ÎyÎ˚Èüü

x c y−( ) +
2 2  = a

c

a

x−

xyÓyÓ˚ Óà≈≈ Ü˛ˆÏÓ˚ ~ÓÇ §Ó˚° Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüü

x

a

y

a c

2

2

2

2 2
+

−
  = 1

xÌ≈yÍñ
x

a

y

b

2

2

2

2
+  = 1 (ˆÎˆÏ•ï%˛ c2 = a2 – b2)

§%ï˛Ó˚yÇñ í˛z˛õÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ ̂ Ü˛yˆÏly !Ó®%% §Ù#Ü˛Ó˚î

x

a

y

b

2

2

2

2
+   = 1 ˆÜ˛ !§Âô Ü˛ˆÏÓ˚– ... (2)

!Ó˛õÓ˚#ï˛Ü ˛ˆÏÙñ ôˆÏÓ˚yñ P (x, y) !Ó®% §Ù#Ü˛Ó˚î (2) ˆÜ˛ !§Âô Ü˛ Ï̂Ó˚ ˆÎáy Ï̂l 0 < c < a – §%ï˛Ó˚yÇñ

y2  = b2  1

2

2
−











x

a

xï˛~Óñ  PF
1

= x c y+( ) +
2 2

=   ( )x c b
a x

a
+ +

−









2 2

2 2

2

=     ( ) ( )x c a c
a x

a
+ + −

−









2 2 2

2 2

2  (ˆÎˆÏ•ï%˛ b2 = a2 – c2)

=     a
cx

a
+











2

= a
c

a
x+

xl%Ó̊)̂ Į̈ õñ PF
2
  = 

a
c

a
x−
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§%ï˛Ó˚yÇñ PF
1
 + PF

2
  =  a

c

a
x+  + a

c

a
x−  = 2a ... (3)

xï˛~Óñ ˆÜ˛y Ï̂ly !Ó®% ˆÎ!ê˛   
x

a

y

b

2

2

2

2
+ = 1  ˆÜ˛ !§Âô Ü˛ˆÏÓ˚ñ ˆÎ!ê˛ çƒy!Ù!ï˛Ü˛ ¢ï≈˛ ÙyˆÏl ~ÓÇ ~•zçlƒ

P(x,y) !Ó®%!ê˛ í˛z˛õÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ •ˆÏÓ–

xï˛~Ó (2) G (3) ˆÌˆÏÜ˛ xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚°yÙ ˆÎñ í˛z˛õÓ,̂ Ï_Ó˚ ˆÜ˛w Ù)°!Ó®% ~ÓÇ ˛õÓ˚y«˛ x-x«˛
ÓÓ˚yÓÓ˚ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î •°ÈüüüÈ

x

a

y

b

2

2

2

2
+ = 1.

xyˆÏ°yã˛ly  í˛z˛õˆÏÓ˚ ≤ÃyÆ í˛z˛õÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î ̂ ÌˆÏÜ˛ ~!ê˛ Ó°y ÎyÎ˚ ̂ Îñ í˛z˛õÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ̂ Î ̂ Ü˛yˆÏly
!Ó®%  P (x, y) ~Ó˚çlƒ xyÙÓ˚y ˛õy•zÈüüüÈ

x

a

y

b

2

2

2

2
1= −   ≤  1, xÌ≈yÍ  x2 ≤  a2,   §%ï˛Ó˚yÇñ  – a ≤  x ≤  a –

xï˛~Óñ í z̨̨ õÓ,_!ê˛  x = – a ~ÓÇ x = a ˆÓ˚áymˆÏÎ˚Ó˚ ÙˆÏôƒ xÓ!fiÌï˛ ~ÓÇ ˆÓ˚áymÎ˚ˆÏÜ˛ flõ¢≈ Ü˛ˆÏÓ˚–

xl%Ó˚)ˆÏ˛õñ í˛z˛õÓ,_!ê˛ y = – b ~ÓÇ  y = b ˆÓ˚áymˆÏÎ˚Ó˚ ÙˆÏôƒ xÓ!fiÌï˛ ~ÓÇ ˆÓ˚áymÎ˚ˆÏÜ˛ flõ¢≈ Ü˛ˆÏÓ˚–

xl%Ó˚)˛õË˛yˆÏÓñ xyÙÓ˚y !ã˛e 11.26 (b)  ̂ ÌˆÏÜ˛ í˛z˛õÓ,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î  
x

b

y

a

2

2

2

2
+ =1 ˆ˛õˆÏï˛ ˛õy!Ó˚–

~•z ò%!ê˛ §Ü˛Ó˚îˆÏÜ˛ Ó°y •Î˚ í˛z˛õÓ,ˆÏ_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚î åstandard equationsä–

AoT˛Óƒ  í z̨̨ õÓ,̂ Ï_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚̂ Ïî ̂ Ü˛w Ù)°!Ó®% ~ÓÇ ̨õÓ˚y«˛ G í z̨̨ õy«˛ •° fiÌyly Ï̂AÜ˛Ó˚ x«˛mÎ˚–
Î!òG í z̨̨ õÓ,_ xôƒÎ˚̂ Ïl ̂ Î í z̨̨ õÓ,̂ Ï_Ó˚ ̂ Ü˛w ̂ Î ̂ Ü˛y Ï̂ly xlƒ  !Ó®%% ~ÓÇ ̂ Ü˛wàyÙ# ̨õÓ˚flõÓ˚ °¡∫ x«˛mÎ˚ ̂ Î
ˆÜ˛yˆÏly §Ó˚°ˆÏÓ˚áy ÎyÓ˚y ̨õÓ˚y«˛ G í˛z˛õy«˛ñ ï˛y !lˆÏÎ˚ ~áyˆÏl xyˆÏ°yã˛lyÓ˚ §%ˆÏÎyà ̂ l•z–

í z̨̨ õÓ,̂ Ï_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚î (!ã˛e 11.26) ̂ Ì Ï̂Ü˛ xyÙÓ˚y ̨ !l¡¨!°!áï˛ !Ó£ÏÎ˚à%̂ Ï°y ̨õÎ≈̂ ÏÓ«˛î Ü˛Ó˚̂ Ïï˛ ̨õy!Ó:̊

1. í z̨̨ õÓ,_ñ í z̨Ë˛Î˚ fiÌylyAÜ˛ x«˛m Ï̂Î˚Ó˚ §y Į̈̂ õ Ï̂«˛ ≤Ã!ï˛§Ùñ ï˛y•z Î!ò (x, y) í z̨̨ õÓ,̂ Ï_Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ !Ó®%
•Î˚ ï˛ˆÏÓ (– x, y), (x, –y) ~ÓÇ (– x, –y) !Ó®%à%ˆÏ°yG í˛z˛õÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ •ˆÏÓ–

2. ly!Ë˛mÎ˚ §Ó≈òy ̨õÓ˚yˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ •Î˚– ̨õÓ˚y«˛ !lî≈Î˚ Ü˛Ó˚y ̂ ÎˆÏï˛ ̨õyˆÏÓ˚ ≤Ã!ï˛§yÙƒ x«˛mˆÏÎ˚Ó˚
ˆSÈ!òï˛yÇ¢ !lî≈̂ ÏÎ˚Ó˚ Ùyôƒ Ï̂Ùñ xÌ≈yÍ ̨õÓ˚y«˛  x-x«˛ ÓÓ˚yÓÓ˚ • Ï̂Ó Î!ò x2 ~Ó˚ §•à Ó,•_Ó˚  •Ó˚ Î%=˛ •Î˚ ~ÓÇ ~!ê˛
y-x«˛ ÓÓ˚yÓÓ˚ • Ï̂Ó Î!ò y2 ~Ó˚ §•à Ó,•_Ó˚ •Ó˚ Î%=˛ •Î˚–
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11.5.5  ly!Ë˛°¡∫ (Latus rectum)

§ÇK˛y 6   ̨õÓ̊y Ï̂«˛Ó̊ í z̨̨ õÓ̊ °¡∫ ̂ Î ̂ Ü˛y Ï̂ly ly!Ë˛àyÙ# ̂ Ó̊áyÇ¢ñ
ÎyÓ̊ ≤Ãyhs˝!Ó®%mÎ̊  í z̨̨ õÓ,̂ Ï_Ó̊ í z̨̨ õÓ̊ xÓ!fiÌï˛ ï˛y Ï̂Ü˛ í z̨̨ õÓ,̂ Ï_Ó̊
ly!Ë˛°¡∫ Ó Ï̂°  (!ã˛e 11.28).

í˛z˛õÓ,_  
x

a

y

b

2

2

2

2
+ =1 ~Ó˚ ly!Ë˛°¡∫ ÈüÈ~Ó˚ ˜òâ≈ƒ !lî≈Î˚ ı

ôˆÏÓ˚yñ   AF
2
 ~Ó˚ ˜òâ≈ƒ  l.

§%ï˛Ó˚yÇñ  A !Ó®%%Ó˚ fiÌylyAÜ˛ (c, l ), xÌ≈yÍñ
(ae, l ) –

ˆÎˆÏ•ï%˛  A !Ó®%!ê˛ í˛z˛õÓ,_  
x

a

y

b

2

2

2

2
+ =1 – ~Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ñ xyÙÓ˚y ˛õy•zñ

( )ae

a

l

b

2

2

2

2
1+ =

⇒ l2 = b2 (1 – e2)

!Ü˛vñ e
c

a

a b

a

b

a

2

2

2

2 2

2

2

2
1= =

−
= −

§%ï˛Ó˚yÇñ l2 = 
b

a

4

2
, xÌ≈yÍ, l

b

a
=

2

–

ˆÎˆÏ•ï%˛ñ í˛z˛õÓ,_!ê˛ y-xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ ≤Ã!ï˛§Ù åxÓ¢ƒ•z  í˛zË˛Î˚ fiÌylyAÜ˛  xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ ≤Ã!ï˛§Ùäñ

AF
2
 = F

2
B ~ÓÇ ~•z çlƒ ly!Ë˛°ˆÏ¡∫Ó˚ ˜òâ≈ƒ •ˆÏÓ 

2
2

b

a
–

í˛z˛òy•Ó˚î 9
   

í˛z˛õÓ,_ 
x y

2 2

25 9
1+ =  ~Ó˚ ly!Ë˛mˆÏÎ˚Ó˚ fiÌylyAÜ˛ñ ¢#£Ï≈mˆÏÎ˚Ó˚ fiÌylyAÜ˛ñ ̨õÓ˚yˆÏ«˛Ó˚ G í˛z˛õyˆÏ«˛Ó˚

˜òâ≈ƒñ í˛zÍˆÏÜ˛wï˛y ~ÓÇ ly!Ë˛°¡∫ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ˆÎˆÏ•ï%˛ñ  
x

2

25
 ~Ó˚ •Ó˚ñ 

y
2

9
 ~Ó˚ •ˆÏÓ˚Ó˚ ˆÌˆÏÜ˛ Ó,•_Ó˚ñ ï˛y•z ˛õÓ˚y«˛ •ˆÏÓ ÈxüÈx«˛ ÓÓ˚yÓÓ˚– ≤Ãò_

§Ù#Ü˛Ó˚ÏîˆÏÜ˛   
x

a

y

b

2

2

2

2
1+ =  ~Ó˚ §yˆÏÌ ï%˛°ly Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüüÈ

!ã˛e 11. 28
ly!Ë˛°¡∫
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a = 5 ~ÓÇ b = 3 ñ

ï˛y• Ï̂°ñ c a b= − = − =2 2
25 9 4 –

§%ï˛Ó ˚yÇñ ly!Ë˛mˆ ÏÎ ˚Ó ˚ fiÌylyAÜ˛ •ˆ ÏÓ (– 4,0) ~ÓÇ (4,0), ¢#£Ï ≈mÎ˚ •° (– 5, 0) ~ÓÇ

(5, 0) – ̨õÓ˚y Ï̂«˛Ó˚ ̃ òâ≈ƒ 10 ~Ü˛Ü˛ñ í z̨̨ õy Ï̂«˛Ó˚ ̃ òâ≈ƒ  2b •° 6 ~Ü˛Ü˛ ~ÓÇ í z̨Í Ï̂Ü˛wï˛y •° 
4

5
 ~ÓÇ ly!Ë˛°¡∫

•° 
2

2
b

a
=

18

5
 –

í˛z˛òy•Ó˚î 10 í˛z˛õÓ,_   9x2 + 4y2 = 36 ~Ó˚ ly!Ë˛mÎ˚ G ¢#£Ï≈mˆÏÎ˚Ó˚ fiÌylyAÜ˛ñ ̨õÓ˚y«˛ G í˛z˛õyˆÏ«˛Ó˚ ̃ òâ≈ƒ ~ÓÇ
í z̨Í Ï̂Ü˛wï˛y !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı ≤Ãò_ í˛z˛õÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚îˆÏÜ˛ xyò¢≈ xyÜ˛yˆÏÓ˚ ̂ °áy ÎyÎ˚

x y
2 2

4 9
1+ =

ˆÎˆÏ•ï%˛ñ  
y

2

9
 ~Ó˚ •Ó˚ñ 

x
2

4
~Ó˚ •ˆÏÓ˚Ó˚ ˆÌˆÏÜ˛ Ó,•_Ó˚ ï˛y•zñ ˛õÓ˚y«˛ •ˆÏÓ y-x«˛ ÓÓ˚yÓÓ˚– ≤Ãò_ §Ù#Ü˛Ó˚îˆÏÜ˛

xyòˆÏ¢≈ §Ù#Ü˛Ó˚î 
x

b

y

a

2

2

2

2
+ =1  ~Ó˚ §yˆÏÌ ï%˛°ly Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüüÈ b = 2 ~ÓÇ a = 3–

ï˛y• Ï̂° c = a b
2 2−    =  9 4 5− =

~ÓÇ e
c

a
= =

5

3

xï˛~Óñ ly!Ë˛mÎ˚ •°  (0, 5 )  G (0, – 5 ), ¢#£Ï≈mÎ˚ •°  (0,3) G (0, –3), ˛õÓ˚yˆÏ«˛Ó˚ ˜òâ≈ƒ •° 6

~Ü˛Ü˛ñ í˛z˛õyˆÏ«˛Ó˚ ˜òâ≈ƒ 4 ~Ü˛Ü˛ ~ÓÇ í˛z˛õÓ,ˆÏ_Ó˚ í˛zÍˆÏÜ˛wï˛y •° 
5

3
 –

í˛z˛òy•Ó˚î 11 ˆÎ í˛z˛õÓ,ˆÏ_Ó˚ ¢#£Ï≈mÎ˚  (± 13, 0) ~ÓÇ ly!Ë˛mÎ˚  (± 5, 0) ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ̂ ÎˆÏ•ï%˛ ¢#£Ï≈mÎ˚ x- xˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ï˛y•z §Ù#Ü˛Ó˚î!ê˛ xyÜ˛yÓ˚ •ˆÏÓ

x

a

y

b

2

2

2

2
1+ = , ˆÎáy Ï̂l a •° xô≈ÈüÈ˛õÓ˚y«˛–



254    à!îï˛

~áy Ï̂l ≤Ãò_  a = 13, c = ± 5.

§%ï˛Ó˚yÇñ   c2 = a2 – b2 §¡õÜ≈˛ ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zÈüüüÈ

25 = 169 – b2 , xÌ≈yÍ  b = 12

xï˛~Óñ í˛z˛õÓ,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î •°  
x y

2 2

169 144
1+ =  –

í˛z˛òy•Ó˚î 12 ̂ Î í˛z˛õÓ,ˆÏ_Ó˚ ˛õÓ˚yˆÏ«˛Ó˚ ˜òâ≈ƒ 20 ~ÓÇ ly!Ë˛mÎ˚ (0, ± 5) ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ˆÎˆÏ•ï%˛ñ ly!Ë˛mÎ˚ y- xˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ~ÓÇ ˛õÓ˚y«˛ y-x«˛ ÓÓ˚yÓÓ˚– §%ï˛Ó˚yÇñ í˛z˛õÓ,ˆÏ_Ó˚

§Ù#Ü˛Ó˚ˆÏîÓ˚ xyÜ˛yÓ˚ •ˆÏÓÈüüüÈ 
x

b

y

a

2

2

2

2
1+ =  –

~áy Ï̂l ≤Ãò_ñ

a = xô≈ ˛õÓ˚y«˛ = =
20

2
10

~ÓÇ  §¡õÜ≈̨ c2 =  a2 – b2 ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚

52 = 102 – b2  xÌ≈yÍñ  b2 = 75

§%ï˛Ó˚yÇñ í˛z˛õÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î •°

x y
2 2

75 100
1+ =

í˛z˛òy•Ó˚î 13 í˛z˛õÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ ˛õÓ˚y«˛ x-x«˛ ÓÓ˚yÓÓ˚ ~ÓÇ ˆÎ!ê˛ (4, 3) ~ÓÇ (– 1,4)

!Ó®%àyÙ#–

§Ùyôyl ı í z̨̨ õÓ,̂ Ï_Ó˚ xyò¢≈ xyÜ˛yÓ˚ •° 
x

a

y

b

2

2

2

2
+  = 1 ̂ Î Ï̂•ï%̨ ñ (4, 3) G (–1, 4) !Ó®%mÎ˚ í z̨̨ õÓ,̂ Ï_Ó˚ í z̨̨ õÓ˚

xÓ!fiÌï˛ñ ï˛y•z xyÙÓ˚y ̨ õy•zñ

16

2

9

2
1

a b

+ = ... (1)

~ÓÇ
1 16

1
2 2

a b
+ = ….(2)

(1) ~ÓÇ (2) §Ùyôyl Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z a
2 247

7
=  ~ÓÇ b

2 247

15
= –

§%ï˛Ó˚yÇñ !l Ï̂î≈Î˚ §Ù#Ü˛Ó˚î!ê˛ •°
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x y
2 2

247

7

247

15

1










+ = , xÌ≈yÍñ  7x2 + 15y2 = 247 –

xl%¢#°l#  11.3

xl%¢#°l# Ï̂ï˛ 1 lÇ ≤ÃŸ¿ ˆÌˆÏÜ˛ 9 lÇ ≤ÃŸ¿ ˛õÎ≈hs ≤ÃˆÏï˛ƒÜ˛ í˛z˛õÓ,ˆÏ_Ó˚ ly!Ë˛mÎ˚ñ ¢#ˆÏ£Ï≈Ó˚ fiÌylyAÜ˛ñ ˛õÓ˚y«˛ G
í˛z˛õyˆÏ«˛Ó˚ ̃ òâ≈ƒñ í˛zÍˆÏÜ˛wï˛y ~ÓÇ ly!Ë˛°ˆÏ¡∫Ó˚ ̃ òâ≈ƒ !lî≈Î˚ Ü˛ˆÏÓ˚y–

1.
x y

2 2

36 16
1+ = 2.

x y
2 2

4 25
1+ = 3.

x y
2 2

16 9
1+ =

4.
x y

2 2

25 100
1+ = 5.

x y
2 2

49 36
1+ = 6.

x y
2 2

100 400
1+ =

7. 36x2 + 4y2 = 144 8. 16x2 + y2 = 16 9. 4x2 + 9y2 = 36

xl%¢#°l#ˆÏï˛ !l¡¨!°!áï˛ 10 lÇ ≤ÃŸ¿ ˆÌ Ï̂Ü˛  20 lÇ ≤ÃŸ¿ ˛õÎ≈hs˝ ≤ÃˆÏï˛ƒÜ˛ ˆ«˛ˆÏe ≤Ãò_ ¢ï≈˛yl%ÎyÎ˚# í˛z˛õÓ,ˆÏ_Ó˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ı

10. ¢#£Ï≈mÎ˚ (± 5, 0), ̊ly!Ë˛mÎ˚ (± 4, 0)

11. ¢#£Ï≈mÎ˚ (0, ± 13), ̊ly!Ë˛mÎ˚ (0, ± 5)

12. ¢#£Ï≈mÎ˚  (± 6, 0), ̊ly!Ë˛mÎ˚ (± 4, 0)

13. ˛õÓ˚yˆÏ«˛Ó˚ ≤Ãyhs˝ !Ó®%mÎ˚ (± 3, 0), ̨í˛z˛õyˆÏ«˛Ó˚ ≤Ãyhs˝ !Ó®%mÎ˚(0, ± 2)

14. ˛õÓ˚yˆÏ«˛Ó˚ ≤Ãyhs˝ !Ó®%mÎ˚ (0, ± 5 ),  í˛z˛õyˆÏ«˛Ó˚ ≤Ãyhs˝ !Ó®%mÎ˚  (± 1, 0)

15. ˛õÓ˚yˆÏ«˛Ó˚ ̃ òâ≈ƒ  26,  ̊ly!Ë˛mÎ˚ (± 5, 0)

16. í˛z˛õyˆÏ«˛Ó˚ ̃ òâ≈ƒ 16, ̊ly!Ë˛mÎ˚ (0, ± 6).

17. ly!Ë˛mÎ˚ (± 3, 0), a = 4

18. b = 3,  c = 4, ˆÜ˛w •° Ù)°!Ó®%ó ly!Ë˛mÎ˚ x xˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛–

19. ˆÜ˛w (0,0) !Ó®%ˆÏï˛ñ ˛õÓ˚y«˛ y-xˆÏ«˛Ó˚ í˛z˛õÓ˚ ~ÓÇ (3, 2) G (1,6) !Ó®%àyÙ#–

20. ˛õÓ˚y«˛ x-xˆÏ«˛Ó˚ í˛z˛õÓ˚ ~ÓÇ  (4,3) G (6,2) !Ó®%àyÙ#–

11.6 ˛õÓ˚yÓ,_ (Hyperbola)

§ÇK˛y  7 ~Ü˛!ê˛ ̨õÓ˚yÓ,_ •° ~Ü˛•z §Ùï˛ˆÏ° xÓ!fiÌï˛ §Ó !Ó®%Ó˚ ̂ §ê˛ñ ÎyˆÏòÓ˚ ò%!ê˛ !l!ò≈T˛ !Ó®% ̂ ÌˆÏÜ˛ ò)Ó˚ˆÏcÓ˚
xhs˝Ó˚ ~Ü˛!ê˛ ô %ÓÜ˛ •Î˚–

..
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§ÇK˛yÎ˚ ÓƒÓ•,ï˛ Úxhs˝Ó˚Û ̨õò!ê˛Ó˚ xÌ≈ •° ò)Ó˚Óï˛#≈ !Ó®%Ó˚ ò)Ó˚c !Ó Ï̂Î˚yà !lÜ˛ê˛Óï˛#≈ !Ó®%Ó˚ ò)Ó˚c– ò%!ê˛ !fiÌÓ˚
!Ó®%̂ ÏÜ˛ Ó°y •Î˚ ̨õÓ˚yÓ,̂ Ï_Ó˚ ly!Ë˛ åfoci ä – ly!Ë˛m Ï̂Î˚Ó˚ §Ç Ï̂ÎyçÜ˛ ̂ Ó˚áyÇ Ï̂¢Ó˚ Ùôƒ!Ó®%̂ ÏÜ˛ Ó°y •Î˚ ̨õÓ˚yÓ,̂ Ï_Ó˚
ˆÜ˛w åcentre of the hyperbolaä– ly!Ë˛mÎ˚àyÙ# §Ó˚°ˆÏÓ˚áyˆÏÜ˛ Ó°y !ï˛Î≈Ü˛ x«˛ åtransverse axisä
~ÓÇ ̂ Ü˛wàyÙ# !ï˛Î≈Ü˛ xˆÏ«˛Ó˚ í˛z˛õÓ˚ °¡∫ §Ó˚°ˆÏÓ˚áyˆÏÜ˛ Ó°y •Î˚ xl%Órô# x«˛ åconjugate axisä– ̂ Î ò%!ê˛
!Ó®%̂ Ïï˛ ̨õÓ˚yÓ,_!ê˛ !ï˛Î≈Ü˛ x«˛ Ï̂Ü˛ ̂ SÈò Ü˛ Ï̂Ó˚ ï˛y Ï̂òÓ˚ Ó°y •Î˚ ̨õÓ˚yÓ,̂ Ï_Ó˚ ¢#£Ï≈ å!ã˛e 11.29ä–

ly!Ë˛mˆÏÎ˚Ó˚ ò)Ó˚cˆÏÜ˛˛ xyÙÓ˚y ≤ÃÜ˛y¢ Ü˛!Ó˚ 2c

!òˆÏÎ˚ñ ¢#£Ï≈!Ó®%mˆÏÎ˚Ó˚ ò)Ó˚cˆÏÜ˛ å!ï˛Î≈Ü˛ xˆÏ«˛Ó˚ ̃ òâ≈ƒä
≤ÃÜ˛y¢ Ü˛!Ó˚ 2a ~ÓÇ b Ó˚y!¢ˆÏÜ˛ xyÙÓ˚y §ÇK˛y!Î˚ï˛

Ü˛!Ó˚ b  = c a
2 2

�  Ó̊)̂ Į̈ õ– ï˛y• Ï̂° 2b •° xl%Órô#

x Ï̂«˛Ó˚ ̃ òâ≈ƒ å!ã˛e 11.30ä –

ô %ÓÜ˛ Ó˚y!¢  (P
1
F

2
 – P

1
F

1 
) ~Ó˚ Ùyl !lî≈Î˚ :

P !Ó®%ˆÏï˛ A G B  ˆï˛ ôˆÏÓ˚ !ã˛e 11.30, xyÙÓ˚y ˛õy•zÈ

BF
1 
 – BF

2 
=  AF

2
 – AF

1
  å˛õÓ˚yÓ,ˆÏ_Ó˚ §ÇK˛yl%ÎyÎ˚#ä

BA +AF
1
– BF

2 
= AB + BF

2
– AF

1

xÌ≈yÍñ  AF
1 
=  BF

2

ï˛y•ˆÏ°ñ 
  
BF

1
 – BF

2 
=  BA + AF

1
– BF

2
 = BA = 2a

!ã˛e 11.30

!ã˛e 11.29

ly!Ë˛

ï˛#Î≈Ü˛ x«˛

xl%Órô# x«˛

¢#£Ï≈
¢#£Ï≈

ˆÜ˛wly!Ë˛
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11.6.1  í˛zÍˆÏÜ˛wï˛y åEccentricityä

§ÇK˛y 8   í˛z˛õÓ,ˆÏ_Ó˚ ÙÏˆÏï˛y•z xl%˛õyï˛ e = 
c

a
 ˆÜ˛ Ó°y •Î˚ ˛õÓ˚yÓ,ˆÏ_Ó˚ í˛zÍˆÏÜ˛wï˛y åeccentricity of the

hyperbolaä– ˆÎˆÏ•ï%˛ c ≥ a, ï˛y•z í˛zÍˆÏÜ˛wï˛y Ü˛áˆÏly•z 1 ˆÌˆÏÜ˛ ˆSÈyˆÏê˛y •ˆÏÓ ly– í˛zÍˆÏÜ˛wï˛yÓ˚ §y•yˆÏÎƒ
ˆÜ˛w ˆÌ Ï̂Ü˛ ly!Ë˛m Ï̂Î˚Ó˚ ò)Ó˚c •° ae –

11.6.2  ˛õÓ˚yÓ,ˆÏ_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚î åStandard equation of  Hyperbolaä  ~Ü˛!ê˛ ˛õÓ˚yÓ,ˆÏ_Ó˚
§Ù#Ü˛Ó˚î §Ó˚°ï˛Ù •Î˚ Îál ̨õÓ˚yÓ,̂ Ï_Ó˚ ̂ Ü˛w Ù)° !Ó®%%̂ Ïï˛ ~ÓÇ ly!Ë˛mÎ˚ x-x«˛ Óy y-x Ï̂«˛Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛
•Î˚– !ã˛e 11.31 ̂ ï˛ §Ω˛yÓƒ ò%!ê˛ !òÜ˛ !Ólƒy§ ̂ òáyˆÏly •°–

!ã˛e 11.31

(a) (b)

!ã˛e 11.32

xyÙÓ˚y ~ál !ã˛e 11.31(a) ˆï˛ ≤Ãò!¢≈ï˛ ˛õÓ˚yÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚Óñ ÎyÓ˚ ly!Ë˛mÎ˚ x-xˆÏ«˛Ó˚
í z̨̨ õÓ˚ xÓ!fiÌï˛–

ôˆÏÓ˚yñ F
1
  G  F

2
 •° ly!Ë˛mÎ˚  ~ÓÇ O  •° F

1
F

2
  ˆÓ˚áyÇˆÏ¢Ó˚  Ùôƒ!Ó®%–  ôˆÏÓ˚yñ  Ù)°!Ó®% O ~ÓÇ

O !Ó®%àyÙ# F
2
  ~Ó˚ !òˆÏÜ˛ ˆÓ˚áy!ê˛ ôlydÜ˛

x-x«˛ ~ÓÇ F
1
 ~Ó˚ !ò Ï̂Ü˛ ˆÓ˚áy!ê˛ }îydÜ˛

x-x«˛–  O !Ó®%àyÙ#  x- xˆÏ«˛Ó˚   í˛z˛õÓ˚
°¡∫ ˆÓ˚áy!ê˛ y-x«˛– ôˆÏÓ˚y F

1
 ~Ó˚ fiÌylyAÜ˛

(– c,0) ~ÓÇ F
2
 ~Ó˚ fiÌylyAÜ˛ (c,0) (!ã˛e

11.32).

ôˆÏÓ˚yñ ̨õÓ˚yÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ P(x, y) ~Ùl
~Ü˛!ê˛ !Ó®% ̂ Îñ  P ̂ ÏÌ Ï̂Ü˛ ò)Ó˚Óï˛#≈ ly!Ë˛Ó˚ ò)Ó˚c
G !lÜ˛ê˛Óï˛#≈ ly!Ë˛Ó˚ ò)Ó˚ˆÏcÓ˚ xhs˝Ó˚ 2a.

ï˛y•ˆÏ°ñ  PF
1
 – PF

2
 = 2a
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ò)Ó˚c !lî≈ˆÏÎ˚Ó˚ §)e ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ xyÙÓ˚y ̨õy•zÈüüüÈ

( ) ( )x c y x c y a+ + − − + =2 2 2 2
2

xÌ≈yÍñ ( ) ( )x c y a x c y+ + = + − +2 2 2 2
2

í˛zË˛Î˚ !òˆÏÜ˛ Óà≈ Ü˛ˆÏÓ˚ ˛õy•zÈüüüÈ

(x + c)2 + y2 = 4a2 + 4a  ( )x c y− +2 2  + (x – c)2 + y2

~ÓÇ §Ó˚° Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zñ

cx

a
 – a = ( )x c y− +2 2

˛õ%lÓ˚yÎ˚ Óà≈ Ü˛ˆÏÓ˚ ~ÓÇ xyÓ˚G §Ó˚° Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüüÈ

x

a

y

c a

2

2

2

2 2
1−

−
=

xÌ≈yÍ
x

a

y

b

2

2

2

2
1− = (ˆÎˆÏ•ï%˛ c2 – a2 = b2)

§%ï˛Ó˚yÇñ ˛õÓ˚yÓ,ˆÏï˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ˆÎ ˆÜ˛yˆÏly !Ü˛S%È  
x

a

y

b

2

2

2

2
1− =  ˆÜ˛ !§Âô Ü˛Ó˚ˆÏÓ–

˛!Ó˛õÓ˚#ï˛Ü ˛ˆÏÙñ ôˆÏÓ˚y P(x, y) ˛í˛z˛õˆÏÓ˚Ó˚ §Ù#Ü˛Ó˚îˆÏÜ˛ !§Âô Ü˛ˆÏÓ˚ ˆÎáyˆÏl  0 < a < c ˛– ï˛y•ˆÏ°ñ

y2

 

  =  b2  
x a

a

2 2

2

−









xï˛~Óñ PF
1
 =  + 

( )x c y+ +2 2

=  + ( )x c b
x a

a

+ +
−









2 2

2 2

2  =  a + 
c

a
 x

xl%Ó̊)̂ Į̈ õñ PF
2
 = a – 

a

c
 x

˛õÓ˚yÓ,̂ Ï_  c > a; ~ÓÇ ˆÎ Ï̂•ï%̨  P !Ó®%!ê˛ x = a §Ó˚°ˆÏÓ˚áyÓ˚ í˛yl!òˆÏÜ˛ xyˆÏSÈ ï˛y•ˆÏ°ñ x > a, 
c

a
x > a–

§%ï˛Ó̊yÇ, a – 
c

a
 x  }îydÜ˛ •ˆÏÓ– §%ï˛Ó˚yÇñ  PF

2
 =  

c

a
 x  – a –
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xï˛~Óñ PF
1
 –  PF

2
  = a  + 

c

a
x  – 

cx

a
  +  a = 2a

xyÓ˚G °«˛ Ü˛ Ï̂Ó˚yñ Î!ò P !Ó®%!ê˛ x = – a §Ó˚ˆÏ°áyÓ˚ ÓÑy!òˆÏÜ˛ ÌyˆÏÜ˛ ï˛ˆÏÓñ

PF
1
 = +









� a

c

a
x ,  PF

2
 = a – 

c

a
x –

~ˆÏ«˛ˆÏe P F
2 
– PF

1
 = 2a – §%ï˛Ó˚yÇñ ˆÎ ˆÜ˛yˆÏly !Ó®% ˆÎ!ê˛  x

a

y

b

2

2

2

2
1− = ˆÜ˛ !§Âô Ü˛ˆÏÓ˚ ˆ§!ê˛

˛õÓ˚yÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ •ˆÏÓ– §%ï˛Ó˚yÇñ xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚°yÙñ ˆÎ ˛õÓ˚yÓ,ˆÏ_Ó˚ ˆÜ˛w  (0,0) ~ÓÇ !ï˛Î≈Ü˛

x«˛  x-x«˛ ÓÓ˚yÓÓ˚ •ˆÏ° ï˛yÓ˚ §Ù#Ü˛Ó˚î •Î˚  
x

a

y

b

2

2

2

2
1− = –

AoT˛Óƒ  ~Ü˛!ê˛ ˛õÓ˚yÓ,_ñ ÎyÓ˚ a = b •Î˚ ï˛yˆÏÜ˛ §Ù˛õÓ˚yÓ,_ (equilateral hyperbola) Ó°y •Î˚–

xyˆÏ°yã˛ly  ̨õÓ˚yÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î ̂ ÌˆÏÜ˛ xyÙÓ˚y ̂ ˛õˆÏï˛ ̨ õy!Ó˚ ̨ õÓ˚yÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ≤ÃˆÏï˛ƒÜ˛ !Ó®%  (x, y)

~Ó˚ çlƒñ  
x

a

y

b

2

2

2

2
1= +  ≥ 1 –

xÌ≈yÍñ  x

a

 ≥ 1, xÌ≈yÍñ x ≤ – a  Óyñ x ≥ a – §%ï˛Ó˚yÇñ ÓˆÏÜ ˛Ó˚ ˆÜ˛yˆÏly xÇˆÏ¢ §Ó˚°ˆÏÓ˚áy  x = + a ~ÓÇ

x = – a ~Ó˚ ÙˆÏôƒ xÓ!fiÌï˛ •Î˚ ly  (xÌ≈yÍñ xl%Órô# xˆÏ«˛ ˆÜ˛yˆÏly ÓyhflÏÓ !SÈß¨yÇ¢ ˆl•z)–

xl%Ó˚)˛õË˛yˆÏÓñ !ã˛e 11.31 (b) ̂ ÌˆÏÜ˛ xyÙÓ˚y ̨ õÓ˚yÓ,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î 
y

a

x

b

2

2

2

2
− = 1 !lî≈Î˚ Ü˛Ó˚ˆÏï˛ ̨ õy!Ó˚–

~•z ò%!ê˛ §Ù#Ü˛Ó˚î Ï̂Ü˛ Ó°y •Î˚ ˛õÓ˚yÓ,ˆÏ_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚î  (standard equations of hyperbolas.)

AoT˛Óƒ   ̨õÓ˚yÓ,̂ Ï_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚̂ Ïî !ï˛Î≈Ü˛ G xl%Órô# x«˛mÎ˚ •° fiÌyly Ï̂AÜ˛Ó˚ x«˛mÎ˚ ~ÓÇ ̂ Ü˛w
•° Ù)°!Ó®%– Î!òGñ ~Ùl ̨õÓ̊yÓ,_ ÎyÓ̊ !ï˛Î≈Ü˛ G xl%Órô# x«˛ •° ̂ Î ̂ Ü˛y Ï̂ly ò%!ê˛ ̨õÓ̊flõÓ̊ °¡∫ §Ó̊° Ï̂Ó̊áy–
!Ü˛v ~•z Ó˚)˛õ ̂ «˛ˆÏeÓ˚ xôƒÎ˚l ̂ ï˛yÙÓ˚y ̨ õÓ˚Óï˛#≈ ̂ ◊!îˆÏï˛ ̨ õyˆÏÓ–

˛õÓ˚yÓ,ˆÏ_Ó˚ xyò¢≈ §Ù#Ü˛Ó˚î (!ã˛e 11.29) ̂ ÌˆÏÜ˛ xyÙÓ˚y !l¡¨!°!áï˛ !Ó£ÏÎ˚à%ˆÏ°y ̨õÎ≈ˆÏÓ«˛î Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚ ı

1. ˛õÓ˚yÓ,_ ï˛yÓ˚ ò%!ê˛ xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ ≤Ã!ï˛§Ùñ ï˛y•z Î!ò  (x, y) ̨õÓ˚yÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ ̂ Ü˛yˆÏly !Ó®% •Î˚ñ ï˛ˆÏÓ
(– x, y), (x, – y) ~ÓÇ (– x, – y) !Ó®%à%ˆÏ°yG ˛õÓ˚yÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ •ˆÏÓ–
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2. ly!Ë˛mÎ˚ §Ó≈òy !ï˛Î≈Ü˛ xˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ •Î˚– ~!ê˛ •° ôlydÜ˛ ˛õò ÎyÓ˚ •Ó˚ !ï˛Î≈Ü˛ x«˛ •Î˚–

í˛zòy•Ó˚îfl∫Ó˚)˛õñ  
x y

2 2

9 16
1− =  ~Ó˚ !ï˛Î≈Ü˛ x«˛ñ  x-x«˛ ÓÓ˚yÓÓ˚ ÎyÓ˚ ̃ òâ≈ƒ 6,

xyÓyÓ˚ñ 
y x

2 2

25 16
1− =

~Ó˚ !ï˛Î≈Ü˛ x«˛ñ ˛ y-x«˛ ÓÓ˚yÓÓ˚ ÎyÓ˚ ˜òâ≈ƒ 10 –

11.6.3  ly!Ë˛°¡∫ (Latus rectum)

§ÇK˛y 9    ~ ˛õÓ˚yÓ,̂ Ï_Ó˚ ˆÎ ˆÜ˛yˆÏly ly!Ë˛àyÙ# ~ÓÇ !ï˛Î≈Ü˛ xˆÏ«˛Ó˚ í˛z˛õÓ˚ °¡∫ ˆÓ˚áyÇ¢ ÎyÓ˚ ≤Ãyhs˝ !Ó®%mÎ˚
˛õÓ˚yÓ,̂ Ï_Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ñ ï˛y Ï̂Ü˛ ̨õÓ˚yÓ,̂ Ï_Ó˚ ly!Ë˛°¡∫ Ó Ï̂°–

í˛z˛õÓ,ˆÏ_Ó˚ Ùï˛•z ~!ê˛ ̂ òáyˆÏly §•ç ̂ Îñ ̨õÓ˚yÓ,ˆÏ_Ó˚ ly!Ë˛°ˆÏ¡∫Ó˚ ̃ òâ≈ƒ •° 
2

2
b

a
–

í˛z˛òy•Ó˚î 14 !l¡¨!°!áï˛ ˛õÓ˚yÓ,_à%ˆÏ°yÓ˚ ly!Ë˛ G ¢#£Ï≈mˆÏÎ˚ÏÓ˚ fiÌylyAÜ˛ñ í˛zÍˆÏÜ˛wï˛y ~ÓÇ ly!Ë˛°ˆÏ¡∫Ó˚ ˜òâ≈ƒ
!lî≈Î˚ Ü˛ Ï̂Ó˚yı

(i) 
x y

2 2

9 16
1− = ,  (ii) y2 – 16x2 = 16

§Ùyôyl ı  (i) ≤Ãò_ §Ù#Ü˛Ó˚î  
x y

2 2

9 16
1− =  ˆÜ˛ xyò¢≈ §Ù#Ü˛Ó˚î

x

a

y

b

2

2

2

2
1− =  ~Ó˚ §yˆÏÌ ï%˛°ly Ü˛ˆÏÓ˚ ̨õy•zÈüüüÈ

~áyˆÏlñ  a = 3, b = 4 ~ÓÇ c = a b
2 2

9 16 5+ = + =

§%%ï˛Ó˚yÇñ ly!Ë˛mˆÏÎ˚Ó˚ fiÌylyAÜ˛ •°  (± 5, 0) ~ÓÇ ¢#£Ï≈mˆÏÎ˚Ó˚ fiÌylyAÜ˛ •°  (± 3, 0) – §%ï˛Ó˚yÇñ

í˛zÍˆÏÜ˛wï˛y  e = 
c

a
=

5

3
 – ly!Ë˛°ˆÏ¡∫Ó˚ ˜òâ≈ƒ = =

2 32

3

2
b

a

(ii) ≤Ãò_ §Ù#Ü˛Ó˚ˆÏîÓ˚ í˛zË˛Î˚˛õ«˛ˆÏÜ˛ 16 !òˆÏÎ˚ Ë˛yà Ü˛ˆÏÓ˚ xyÙÓ˚y ̨ õy•z  
y x

2 2

16 1
1− =

~•z §Ù#Ü˛Ó˚î!ê˛ˆÏÜ˛ xyò¢≈ §Ù#Ü˛Ó˚î  
y

a

x

b

2

2

2

2
− = 1 ~Ó˚ §yˆÏÌ ï%˛°ly Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüüÈ

a = 4,  b = 1 ~ÓÇ c a b= + = + =2 2
16 1 17  –
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§%ï˛Ó˚yÇñ ly!Ë˛mˆÏÎ˚Ó˚ fiÌylyAÜ˛ (0,  ± 17 ) ~ÓÇ ¢#£Ï≈mˆÏÎ˚Ó˚ fiÌylyAÜ˛  (0, ± 4) – xyÓ˚Gñ

í˛zÍˆÏÜ˛wï˛y  e
c

a
= =

17

4
–  ly!Ë˛°¡∫  = =

2 1

2

2
b

a
 –

í˛ zòy•Ó˚î 15 ˛õÓ˚yÓ ,ˆ Ï_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î ˚ Ü˛ˆ ÏÓ ˚ y ÎyÓ˚ ly!Ë˛mÎ˚ (0, ± 3) ~ÓÇ ¢#£Ï ≈mÎ˚

(0, ±
 

11

2
) –

§Ùyôyl ı ˆÎˆÏ•ï%˛ñ ly!Ë˛mÎ˚ y-xˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ñ  ï˛y•z ˛õÓ˚yÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚ˆÏîÓ˚ xyÜ˛yÓ˚ •ˆÏÓ

y

a

x

b

2

2

2

2
− = 1–

ˆÎˆÏ•ï%˛ñ ¢#£Ï≈mÎ˚ (0,   ± 
11

2
 ) xï˛~Óñ   a =  

11

2

xyÓyÓ˚ñ ˆÎˆÏ•ï%˛ ly!Ë˛mÎ˚  (0, ± 3); ï˛y•z c = 3  ~ÓÇ b2 = c2 – a2 = 
25

4

§%ï˛Ó˚yÇñ ̨õÓ˚yÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î •°

y x
2 2

11

4

25

4











−










  = 1, xÌ≈yÍñ  100 y2

 

 –  44 x2 = 275 –

í˛zòy•Ó˚î 16 ̨õÓ˚yÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y ̂ ÎáyˆÏl ly!Ë˛mÎ˚ (0, ±12) ~ÓÇ ly!Ë˛°ˆÏ¡∫Ó˚ ̃ òâ≈ƒ 36 –

§Ùyôyl ı  ˛ˆÎˆÏ•ï%˛ñ ly!Ë˛mÎ˚  (0, ± 12) ~çlƒ c = 12 –

ly!Ë˛°ˆÏ¡∫Ó˚ ˜òâ≈ƒ  =  2
36

2
b

a

=
   Óy   b2 = 18a

§%ï˛Ó˚yÇñ   c2 = a2 + b2;  ˆÏÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚
144 = a2 + 18a

xÌ≈yÍñ a2 + 18a – 144 = 0,

§%ï˛Ó˚yÇñ  a = – 24, 6.

ˆÎˆÏ•ï%˛ñ  a }îydÜ˛ •ˆÏï˛ ˛õyˆÏÓ˚ lyñ xyÙÓ˚y ôÓ˚ˆÏÓy  a = 6 ~ÓÇ ï˛y•z  b2 = 108

xï˛~Óñ !lˆÏî≈Î˚ ˛õÓ˚yÓ,ˆÏ_Ó˚ §Ù#Ü˛Ó˚î •°   
y x

2 2

36 108
1− =  xÌ≈yÍñ  3y2 – x2 = 108 –
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!ã˛e  11.33

                                             xl%¢#°l#  11.4

xl%¢#°l#ˆÏï˛  1 lÇ ≤ÃŸ¿ ˆÌ Ï̂Ü˛ 6 lÇ ≤ÃŸ¿ ˛õÎ≈hs˝ ≤ÃˆÏï˛ƒÜ˛!ê˛ ˛õÓ˚yÓ,ˆÏ_Ó˚ ly!Ë˛mÎ˚ G ¢#£Ï≈mˆÏÎ˚Ó˚ fiÌylyAÜ˛ñ
í z̨Í Ï̂Ü˛wï˛y ~ÓÇ ly!Ë˛° Ï̂¡∫Ó˚ ̃ òâ≈ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

1.
x y

2 2

16 9
1− = 2.

y x
2 2

9 27
1− = 3.   9y2 – 4x2 = 36

4. 16x2 – 9y2 = 576 5. 5y2 – 9x2 = 36 6.   49y2 – 16x2 = 784.

xl%¢#°l# Ï̂ï˛ 7 lÇ ≤ÃŸ¿ ̂ Ì Ï̂Ü˛ 15 lÇ ≤ÃŸ¿ ̨õÎ≈hs˝ ≤Ã̂ Ïï˛ƒÜ˛ ̂ «˛ Ï̂e ≤Ãò_ ¢ï≈̨ yl%ÎyÎ̊# ̨õÓ̊yÓ,̂ Ï_Ó̊ §Ù#Ü˛Ó̊î !lî≈Î̊ Ü˛ Ï̂Ó̊yı
7. ¢#£Ï≈mÎ˚  (± 2, 0),  ly!Ë˛mÎ˚ (± 3, 0) –
8. ¢#£Ï≈mÎ˚  (0,  ± 5),  ly!Ë˛mÎ˚ (0, ± 8)–
9. ¢#£Ï≈mÎ˚  (0,  ± 3),  ly!Ë˛mÎ˚ (0, ± 5)–

10. ly!Ë˛mÎ˚ (± 5, 0),  ï˛#Î≈Ü˛ xˆÏ«˛Ó˚ ˜òâ≈ƒ  8–
11. ly!Ë˛mÎ˚ (0, ±13),  xl%Órô# xˆÏ«˛Ó˚ ̃ òâ≈ƒ 24–

12. ly!Ë˛mÎ˚ (± 3 5 , 0), ly!Ë˛°ˆÏ¡∫Ó˚ ̃ òâ≈ƒ  8–

13. ly!Ë˛mÎ˚ (± 4, 0), ly!Ë˛°ˆÏ¡∫Ó˚ ̃ òâ≈ƒ 12–

14. ¢#£Ï≈mÎ˚ (± 7,0),  e = 
4

3
–

15. ly!Ë˛mÎ˚ (0, ± 10 ),  (2,3) !Ó®%àyÙ#–

!Ó!Óô í˛zòy•Ó˚îÙy°y  (Miscellaneous Examples)

í z̨̨ òy•Ó˚î  17  ~Ü˛!ê˛ x!ôÓ,_yÜ˛yÓ˚ ò˛õ Ï̂î≈Ó˚ ly!Ë˛ñ ï˛yÓ˚ ¢#£Ï≈!Ó®% ̂ Ì Ï̂Ü˛ 5 ̂ §!Ù ò)̂ ÏÓ˚ xÓ!fiÌï˛ñ Îy !ã˛e 11.33

ˆï˛ ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ– Î!ò ò˛õî≈!ê˛Ó˚ 45 àË˛#Ó˚ •Î˚ ï˛ Ï̂Ó AB ~Ó˚ ̃ òâ≈ƒ
!lî≈Î˚ Ü˛ Ï̂Ó˚y å!ã˛e 11.33ä

§Ùyôyl ı  ˆÎˆÏ•ï%˛ñ ¢#£Ï≈ ˆÌˆÏÜ˛ ly!Ë˛Ó˚ ò)Ó˚c 5 ˆ§!Ùñ ï˛y•z xyÙÓ˚y
˛õy•z a = 5– Î!ò ò˛õî≈!ê˛Ó˚ ¢#£Ï≈!ê˛ Ù)° !Ó®%ˆÏï˛ ~ÓÇ ~Ó˚ x«˛ˆÏÜ˛ x
x Ï̂«˛Ó˚ ôlydÜ˛ !ò Ï̂Ü˛ ôÓ˚y •Î˚ñ ï˛ Ï̂Ó x!ôÓ,_yÜ˛yÓ˚ xÇ Ï̂¢Ó˚ §Ù#Ü˛Ó˚î
•ˆÏÓÈüüüÈ

y2 = 4 (5) x = 20 x

ÙˆÏl Ü˛ˆÏÓ˚yñ x = 45 – ï˛y•z
y2 = 900

§%ï˛Ó˚yÇñ y = ± 30

xï˛~Óñ AB = 2y = 2 × 30 = 60 ˆ§!Ù

í˛z˛òy•Ó˚î 18 ~Ü˛!ê˛ òˆÏ[˛Ó˚ åbeamä ≤Ãyhs˝mÎ˚ 12 !Ùê˛yÓ˚ ò)Ó˚Óï˛#≈
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xy°ˆÏ¡∫Ó˚ í˛z˛õÓ˚ xyˆÏSÈ– ˆÎˆÏ•ï%˛ òˆÏ[˛Ó˚ Ë˛yÓ˚ ˆÜ˛ˆÏwÓ˚ !òˆÏÜ˛ ˆÜ˛w#Ë)˛ï˛ •Î˚ñ ï˛y•z ò[˛!ê˛Ó˚ ˆÜ˛w 3 ˆ§!Ù V%Ñ˛ˆÏÜ˛
xyˆÏSÈ ~ÓÇ ̨õ!Ó˚Óï˛#≈ï˛ ò[˛!ê˛Ó˚ xyÜ˛yÓ˚ •Î˚ ~Ü˛!ê˛ x!ôÓ,_– ̂ Ü˛w ̂ ÌˆÏÜ˛ Ü˛ï˛ò)ˆÏÓ˚ ò[˛!ê˛ 1 ̂ §!Ù V%Ñ˛ˆÏÜ˛ xyˆÏSÈ⁄

§Ùyôyl ı   ô Ï̂Ó˚yñ ¢#£Ï≈ •° !l¡¨ï˛Ù È !Ó®% ~ÓÇ x«˛ •° í z̨°¡∫– ô Ï̂Ó˚ lyG fiÌyly Ï̂AÜ˛Ó˚ x«˛mÎ˚ •° !ã˛e 11.34

~Ó˚ xl%Ó)̨̊ õÈüüüÈ

x!ôÓ,ˆÏ_Ó˚  §Ù#Ü˛Ó˚ˆÏîÓ˚ xyÜ˛yÓ˚ •°  x2 = 4ay – ˆÎˆÏ•ï%˛ ~!ê˛  6
3

100
,









  !Ó®%àyÙ#ñ ï˛y•z xyÙÓ˚y

˛õy•z  (6)2 = 4a 
3

100









  xÌ≈yÍñ   a = 

36 100

12

×
 = 300 !Ù–

ôˆÏÓ˚yñ  AB •° ò[˛!ê˛Ó˚ ˆV˛ÑyÜ˛ñ ˆÎ!ê˛ •°  
1

100
!Ù ~ÓÇ  B ~Ó˚ fiÌylyAÜ˛ •°  (x, 

2

100
) –

§%ï˛Ó˚yÇñ x 2 = 4 × 300 × 
2

100
 = 24

xÌ≈yÍñ x = 24 = 2 6  !Ù–

í˛z˛òy•Ó˚î 19 15 ˆ§!Ù ˜òâ≈ƒ !Ó!¢T˛ AB ~Ü˛!ê˛ ò[˛ årodä ñ
fiÌyly Ï̂AÜ˛Ó˚ x«˛m Ï̂Î˚Ó˚ Ù Ï̂ôƒ ~Ó)̊̂ Į̈ õ xÓ!fiÌï˛ ̂ Î ï˛yÓ˚ ~!ê˛ ≤Ãyhs˝!Ó®%
Añ x x Ï̂«˛Ó˚ í z̨̨ õÓ˚ ~ÓÇ x˛õÓ˚ ~Ü˛!ê˛ ≤Ãyhs˝ !Ó®% Bñ y ÈüÈx Ï̂«˛Ó˚ í z̨̨ õÓ˚
xÓ!fiÌï˛– òˆÏ[˛Ó˚ í˛z˛õÓ˚ P(x, y) ~Ùl ~Ü˛!ê˛ !Ó®% ˆÎ AP = 6

ˆ§!Ù– ˆòáyG ˆÎñ P !Ó®%Ó˚ §M˛yÓ˚ ˛õÌ ~Ü˛!ê˛ í˛z˛õÓ,_–
§Ùyôyl ı ô Ï̂Ó˚yñ  AB ò[˛!ê˛ OX ~Ó˚ §y Ï̂Ì  θ ̂ Ü˛yî í z̨Í˛õß¨ Ü˛ Ï̂Ó˚̂ ÏSÈñ
Îy !ã˛e 11.35 ̂ ï˛ ̂ òáyˆÏly •ˆÏÎ˚ˆÏSÈ ~ÓÇ ~!ê˛Ó˚ í˛z˛õÓ˚ P (x, y) ~Ùl
~Ü˛!ê˛ !Ó®% ˆÎñ      AP = 6 ˆ§!Ù
ˆÎ Ï̂•ï%̨ ñ AB = 15 ˆ§!Ùñ §%ï˛Ó˚yÇ xyÙÓ˚y ˛õy•z

PB = 9  ˆ§!Ù–
P ˆÌ Ï̂Ü˛ ÈyüÈx«˛ G ÈxüÈxˆÏ«˛Ó˚ í˛z˛õÓ˚ ÎÌyÜ ˛ˆÏÙ PQ ~ÓÇ PR °¡∫–

!ã˛e 11.35

!ã˛e  11.34

ò[˛ ˆ§!Ù

ˆ§!Ù

ˆ§!Ù

!Ù

ˆ§!Ù

ˆ§!Ù
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∆ PBQ, ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ñ cos θ = 
x

9

∆ PRA, ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ñ  sin θ = 
y

6

ˆÎ Ï̂•ï%̨ cos2 θ + sin2 θ = 1

x y

9 6
1

2 2









 +









 =

Óyñ
x y

2 2

81 36
1+ =

xï˛~Óñ  P ~Ó˚ §M˛yÓ˚˛õÌ ~Ü˛!ê˛ í˛z˛õÓ,_–

xôƒyÎ˚ 11 ~Ó˚ !Ó!Óô xl%¢#°l# (Miscellaneous Exercise on Chapter 11)

1. Î!ò ~Ü˛!ê˛ x!ôÓ,_yÜ˛yÓ˚ ≤Ã!ï˛Ê˛° Ï̂Ü˛Ó˚ Óƒy§ 20 ˆ§!Ù ~ÓÇ àË˛#Ó˚ï˛y 5 ˆ§!Ù •Î˚ñ ï˛ˆÏÓ ly!Ë˛ !lî≈Î˚
Ü˛ Ï̂Ó˚y–

2. í˛zÕ‘¡∫ x«˛ !Ó!¢T˛ ~Ü˛!ê˛ ã˛y˛õ x!ôÓ,_yÜ˛yÓ˚– ã˛y˛õ!ê˛ 10 !Ù í˛zFã˛ï˛y !Ó!¢T˛ ~ÓÇ !Ë˛ˆÏï˛Ó˚ í˛z˛õÓ˚ 5 !Ù
≤Ã¢hflÏ– ¢#£Ï≈ ̂ ÌˆÏÜ˛ 2 !Ù ò)Ó˚ˆÏc x!ôÓ,_!ê˛ Ü˛ï˛ê%˛Ü%˛ ≤Ã¢hflÏ •ˆÏÓ⁄

3. ~Ü˛!ê˛ §Ó≈§Ù Ë˛y!Ó̊ V%̨°hs˝ ̂ §ï%̨ Ó̊ Ü˛y!SÈ åcableä x!ôÓ,_yÜ˛yÓ̊Ë˛y Ï̂Ó ̂ V˛y°y Ï̂ly xy Ï̂SÈ– ÎylÓy•l ã˛°yã˛ Ï̂°Ó̊
˛õÌ!ê˛ xl%Ë)̨ !ÙÜ˛ ~ÓÇ 100 !Ù °¡∫yñ ˆÎ!ê˛ Ü˛ï˛à%ˆÏ°y í˛z°¡∫ ï˛yˆÏÓ˚Ó˚ åwiresä §y•yˆÏÎƒ Ü˛y!SÈÓ˚ §yˆÏÌ
§ÇÎ%=˛– ~áy Ï̂l ò#â≈ï˛Ù ï˛yÓ˚!ê˛ 30 !Ù ~ÓÇ «%̨ oï˛Ù ï˛yÓ˚!ê˛ 6 !Ù– Ùôƒ!Ó®% ̂ Ì Ï̂Ü˛ 18 !ÙÉ ̨õÌ!ê˛Ó˚ §y Ï̂Ì
Î%=˛ §y•yÎƒÜ˛yÓ˚# í z̨Õ‘¡∫ ï˛y Ï̂Ó˚Ó˚ ̃ òâ≈ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

4. ~Ü˛!ê˛ ôl%Ü˛ xô≈ÈüÈí z̨̨ õÓ,_yÜ˛yÓ˚– ~!ê˛ ̂ Ü˛w 8 !Ù ≤Ã¢hflÏ ~ÓÇ 2 !Ù í z̨Ñã%̨ – ~Ü˛ ̨≤Ãyhs˝ ̂ Ì Ï̂Ü˛ 1.5 !Ù ò)Ó˚Óï˛#≈
!Ó®%̂ Ïï˛ ôl%̂ ÏÜ˛Ó˚ í z̨Fã˛ï˛y !lî≈Î˚ Ü˛ Ï̂Ó˚y–

5. 12 ̂ §!Ù ̃ òâ≈ƒ !Ó!¢T˛ ~Ü˛!ê˛ ò[˛ årodä ~Ó)̊̂ Į̈ õ à!ï˛¢#° ̂ Î ï˛yÓ˚ ≤Ãyhs˝mÎ˚ §Ó≈òy fiÌyly Ï̂AÜ˛Ó˚ x«˛mÎ˚̂ ÏÜ˛
flõ¢≈ Ü˛ Ï̂Ó˚– ÈxüÈx Ï̂«˛Ó˚ flõ¢≈ !Ó®% ̂ Ì Ï̂Ü˛ 3 ̂ §!Ù ò)Ó˚Óï˛#≈ñ ò Ï̂[˛Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ P !Ó®%Ó˚ §M˛yÓ˚ ̨õ Ï̂ÌÓ˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

6. x!ôÓ,_  x2 = 12y ~Ó˚ ¢#£Ï≈ ~ÓÇ ly!Ë˛°ˆÏ¡∫Ó˚ ≤Ãyhs˝!Ó®%mˆÏÎ˚Ó˚ myÓ˚y í˛zÍ˛õß¨ !eË%˛ˆÏçÓ˚ ˆ«˛eÊ˛° !lî≈Î˚
Ü˛ Ï̂Ó˚y–

7. ~Ü˛çl Óƒ!=˛ ~Ü˛!ê˛ ̂ òÔí ¸̨̨ õ Ï̂Ì ̂ òÔí ¸̨y Ï̂lyÓ˚ §ÙÎ˚ °«˛ Ü˛Ó˚̂ Ï°l ̂ Î ò%!ê˛ !l!ò≈T˛ ̨õï˛yÜ˛yò[˛ ̂ Ì Ï̂Ü˛ ïÑ̨ yÓ˚ ̂ Î
ˆÜ˛yˆÏly xÓfiÌyˆÏlÓ˚ ò)Ó˚ˆÏcÓ˚ §Ù!T˛ 10 !Ù ~ÓÇ ˛õï˛yÜ˛yò[˛ ò%!ê˛Ó˚ ÙôƒÓï˛#≈ ò)Ó˚c 8 !Ù– ˙ Óƒ!=˛Ó˚
ˆòÔí ¸̨̨ õ Ï̂ÌÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

8. x!ôÓ,_ y2 = 4 ax ~Ó˚ xhs˝!°≈!áï˛ ~Ü˛!ê˛ §ÙÓy•% !eË%̨ ç ÎyÓ˚ ~Ü˛!ê˛ ¢#£Ï≈ x!ôÓ,̂ Ï_Ó˚ ¢# Ï̂£Ï≈ xÓ!fiÌï˛–
!eË%̨ ç!ê˛Ó˚ Óy•%Ó˚ ̃ òâ≈ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
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§yÓ̊§Ç Ï̂«˛˛õ

~•z xôƒy Ï̂Î˚ !l¡¨!°!áï˛ ôyÓ˚îy ~ÓÇ !§Âôyhs˝à%̂ Ï°y xôƒÎ˚l Ü˛ Ï̂Ó˚!SÈ–

®~Ü˛!ê˛ Ó,_ •° ~Ü˛!ê˛ §Ùï˛ Ï̂°Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ ̂ §•z §Ó !Ó®%Ó˚ ̂ §ê˛ ̂ Îà%̂ Ï°y ̇  §Ùï˛ Ï̂°Ó˚ ~Ü˛!ê˛
!fiÌÓ˚ !Ó®% ̂ Ì Ï̂Ü˛ §Ùò)Ó˚Óï˛#≈–

®~Ü˛!ê˛ Ó,̂ Ï_Ó˚ §Ù#Ü˛Ó˚îñ ÎyÓ˚ ˆÜ˛w (h, k) ~ÓÇ Óƒy§yô≈  r •°

(x – h)2 + (y – k)2 = r2–

®~Ü˛!ê˛ x!ôÓ,_ •° ~Ü˛•z §Ùï˛ˆÏ°Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ˆ§•z§Ó !Ó®%Ó˚ ˆ§ê‰˛ ˆÎà%ˆÏ°y ˙ §Ùï˛ˆÏ°
xÓ!fiÌï˛ ~Ü˛!ê˛ !l!ò≈T˛ ̂ Ó˚áy ~ÓÇ ~Ü˛!ê˛ !fiÌÓ˚ !Ó®% ̂ ÌˆÏÜ˛ §Ùò)Ó˚Óï˛#≈–

® ˆÎ x!ôÓ,ˆÏ_Ó˚ ly!Ë˛ (a, 0) a > 0 ~ÓÇ !lÎ˚yÙÜ˛ x = – a ï˛yÓ˚ §Ù#Ü˛Ó˚î •°

y2 = 4ax.

®x!ôÓ,ˆÏ_Ó˚ ly!Ë˛°¡∫ •° x!ôÓ,ˆÏ_Ó˚ ly!Ë˛àyÙ#ñ xˆÏ«˛Ó˚ í˛z˛õÓ˚ °¡∫ñ ˆÓ˚áyÇ¢ ÎyÓ˚ ≤Ãyhs˝!Ó®% ò%!ê˛
x!ôÓ,̂ Ï_Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛–

®x!ôÓ,_  y2 = 4ax ~Ó˚ ly!Ë˛°ˆÏ¡∫Ó˚ ˜òâ≈ƒ  4a –

®~Ü˛!ê˛ í z̨̨ õÓ,_ •° ~Ü˛•z §Ùï˛ˆÏ° xÓ!fiÌï˛ ˆ§•z§Ó !Ó®%Ó˚ ˆ§ê˛ñ ˆÎà%ˆÏ°y !l!ò≈T˛ !Ó®% ˆÌˆÏÜ˛
ò)Ó˚ˆÏcÓ˚ §Ù!T˛ ~Ü˛!ê˛ ô %ÓÜ˛ •Î˚–

® ˆÎ í˛z˛õÓ,ˆÏ_Ó˚ ly!Ë˛mÎ˚ ÈxüÈxˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ï˛yÓ˚ §Ù#Ü˛Ó˚î •°  
x

a

+
y

b

=

2

2

2

2
1  –

®í˛z˛õÓ,ˆÏ_Ó˚ ly!Ë˛°¡∫ •° ˆÎ ˆÜ˛yˆÏly ly!Ë˛àyÙ#ñ ˛õÓ˚yˆÏ«˛Ó˚ í˛z˛õÓ˚ °¡∫ ˆÓ˚áyÇ¢ ÎyÓ˚ ≤Ãyhs˝!Ó®%mÎ˚
í z̨̨ õÓ,̂ Ï_Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛–

®í˛z˛õÓ,_  
x

a

+
y

b

=

2

2

2

2
1  ~Ó˚ ly!Ë˛°ˆÏ¡∫Ó˚ ˜òâ≈ƒ  

2
2

b

a
 –

®í z̨̨ õÓ,̂ Ï_Ó˚ í z̨Í Ï̂Ü˛wï˛y •° í z̨̨ õÓ,̂ Ï_Ó˚ ̂ Ü˛w ̂ Ì Ï̂Ü˛ ̂ Î ̂ Ü˛y Ï̂ly ~Ü˛!ê˛ ly!Ë˛Ó˚ ò)Ó˚c ~ÓÇ ̂ Ü˛w ̂ Ì Ï̂Ü˛
ˆÎ ̂ Ü˛ Ï̂ly ¢# Ï̂£Ï≈Ó˚ ò)Ó˚̂ ÏcÓ˚ xl%̨ õyï˛–

®~Ü˛!ê˛ ̨õÓ˚yÓ,_ •° ~Ü˛•z §Ùï˛ Ï̂° xÓ!fiÌï˛ §Ó !Ó®%Ó˚ ̂ §ê˛ñ Îy Ï̂òÓ˚ ò%!ê˛ !l!ò≈T˛ !Ó®% ̂ Ì Ï̂Ü˛ ò)Ó˚̂ ÏcÓ˚
xhs˝Ó˚ ~Ü˛!ê˛ ô %ÓÜ˛ •Î˚–

® ˛õÓ˚yÓ,̂ Ï_Ó˚  §Ù#Ü˛Ó˚îñ  ÎyÓ˚ ly!Ë˛mÎ˚ ÈxüÈxˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ï˛y •° : 
x

a

y

b

2

2

2

2
1− =
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® ˛õÓ˚yÓ,̂ Ï_Ó˚ ̂ Î ̂ Ü˛y Ï̂ly ly!Ë˛àyÙ# ~ÓÇ ï˛#Î≈Ü˛ x Ï̂«˛Ó˚ í z̨̨ õÓ˚ °¡∫ ̂ Ó˚áyÇ¢ ÎyÓ˚ ≤Ãyhs˝ !Ó®%mÎ˚ ̨õÓ˚yÓ,̂ Ï_Ó˚
í z̨̨ õÓ˚ xÓ!fiÌï˛ ̂ §•z ̂ Ó˚áyÇ¢ Ï̂Ü˛ ̨õÓ˚yÓ,̂ Ï_Ó˚ ly!Ë˛°¡∫ Ó Ï̂°–

®
x

a

y

b

2

2

2

2
1− =   ˛õÓ˚yÓ,ˆÏ_Ó˚ ly!Ë˛°¡∫ ˜òâ≈ƒ •°  

2
2

b

a
 –

®  õÓ˚yÓ,̂ Ï_Ó˚ í˛zÍˆÏÜ˛wï˛y •° ï˛yÓ˚ ̂ Ü˛w ̂ ÌˆÏÜ˛ ̂ Î ̂ Ü˛yˆÏly ly!Ë˛Ó˚ ò)Ó˚c ~ÓÇ ̂ Ü˛w ̂ ÌˆÏÜ˛ ̂ Î ̂ Ü˛yˆÏly

~Ü˛!ê˛ ¢# Ï̂£Ï≈Ó˚ ò)Ó˚̂ ÏcÓ˚ xl%̨ õyï˛–

˙!ï˛•y!§Ü˛ ˆ≤Ã«˛y˛õê˛

çƒy!Ù!ï˛ •° à!îˆÏï˛Ó˚ §ÓˆÏã˛ˆÏÎ˚ ≤Ãyã˛#l ¢yáyà%ˆÏ°yÓ˚ ÙˆÏôƒ ~Ü˛!ê˛– !@˝ÃÜ˛ çƒy!Ù!ï˛!ÓˆÏòÓ˚y xˆÏlÜ˛
Ó Ï̂Ü ̨ Ó˚ ̃ Ó!¢ Ï̂T˛Ó˚ xl%§rôyl Ü˛ Ï̂Ó˚!SÈ Ï̂°l Îy Ï̂òÓ˚ ï˛y!_¥Ü˛ G ÓƒÓ•y!Ó˚Ü˛ à%Ó%̊c Ó˚̂ ÏÎ˚̂ ÏSÈ– •zí z̨!Üœ̨ í  ≤ÃyÎ˚ 300

!á / ˛õ)Ó≈yˆÏ∑ çƒy!Ù!ï˛Ó˚ í˛z˛õÓ˚ ïÑ˛yÓ˚ Ó=˛Óƒ !°!˛õÓÂô Ü˛ˆÏÓ˚l– !ï˛!l•z •ˆÏ°l ≤ÃÌÙ Óƒ!=˛ !Î!l ÓyhflÏÓ
x!ËK˛ï˛yÓ˚ !Ë˛!_ˆÏï˛ ≤ÃyÆ fl∫ï˛/!§ˆÏÂôÓ˚ í˛z˛õÓ˚ !Ë˛!_ Ü˛ˆÏÓ˚ çƒy!Ù!ï˛Ü˛ !ã˛eˆÏÜ˛ §Çà!ë˛ï˛ Ü˛ˆÏÓ˚l– ≤Ãyã˛#l
Ë˛yÓ̊ï˛#Î̊ G !@˝ÃÜ˛Ó̊y•z çƒy!Ù!ï˛Ó̊ ≤ÃyÌ!ÙÜ˛ ã˛ã≈̨ y ¢%Ó̊% Ü˛ Ï̂Ó̊l– Îy Ï̂òÓ̊ ̇  §ÙÎ̊ Ó#çà!î Ï̂ï˛Ó̊ !lÎ̊ Ï̂ÙÓ̊ ≤Ã Ï̂Î̊y Ï̂àÓ̊
≤ÃˆÏÎ˚yçl •Î˚ !l– çƒy!Ù!ï˛ !Ó£ÏˆÏÎ˚ §Ùß∫Î˚# ˛õÂô!ï˛Ó˚ §Ó≈≤ÃÌÙ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚l •zí˛z!Üœ˛í˛ Îy §%Õ∫§)e
åSulbasutraä •zï˛ƒy!òˆÏï˛ ˛õyGÎ˚y ÎyÎ˚ ~ÓÇ ≤ÃyÎ˚ 1300 ÓSÈÓ˚ ~!ê˛ ã˛° Ï̂ï˛ Ìy Ï̂Ü˛– 200  !á / ˛õ)Ó≈yˆÏ∑
Apollonius  ~Ü˛!ê˛ @˝ÃrÌ ˆ° Ï̂ál ÎyÓ˚ lyÙ ÚThe ConicÛñ ˆ§!ê˛ •° ¢%ô%Ùye ¢AÜ%˛ˆÏFSÈˆÏòÓ˚ í˛z˛õÓ˚
x Ï̂lÜ˛ í ẑ̨ ÏÕ‘á Ï̂Îyàƒ xy!Ó‹Òy Ï̂Ó˚Ó˚ §ÇÜ˛°l Îy xT˛yò¢ ¢ï˛y∑# ̨õÎ≈hs˝ x≤Ã!ï˛m®µ# Ìy Ï̂Ü˛–

Rene Descartes (1596-1650) ~Ó˚ ly Ï̂Ù xyô%!lÜ˛ !Ó Ï̂Ÿ’£ÏîÙ)°Ü˛ çƒy!Ù!ï˛ Ï̂Ü˛ ÚÜ˛y Ï̂ï≈̨ !çÎ˚Û
åCartesianä Ó°y •Î˚ ÎyÓ˚ §yÌ≈Ü˛ï˛y ‘La Geometrie’ ly Ï̂Ù 1637 !á / ≤ÃÜ˛y!¢ï˛ •ˆÏÎ˚!SÈ°– !Ü˛v
!ÓˆÏŸ’£ÏîÙ)°Ü˛ çƒy!Ù!ï˛Ó˚ Ù)° l#!ï˛ G ̨õÂô!ï˛ xyˆÏà•z Pierre de Fermat (1601-1665) xy!Ó‹ÒyÓ˚
Ü˛ˆÏÓ˚ ˆÊ˛ˆÏ°!SÈˆÏ°l– ò%Ë≈˛yàƒÓ¢ï˛ñ Fermat ~Ó˚ ˆ°áy @˝ÃrÌ Ad Locus Planos et So LIDOS

Isagoge å§Ùï˛° G âlÈüÈ~Ó˚ §M˛yÓ˚̨ õ Ï̂ÌÓ˚ §)ã˛lyä ï˛yÓ˚ Ù,ï%̨ ƒÓ˚ ̨õÓ˚ 1679!á / ≤ÃÜ˛y!¢ï˛ • Ï̂Î˚!SÈ°– ~•z
çlƒ•z ÈDescartesüÈˆÜ˛ !ÓˆÏŸ’£ÏîÙ)°Ü˛ çƒy!Ù!ï˛Ó˚ x!mï˛#Î˚ í˛zqyÓÜ˛ !•§yˆÏÓ àîƒ Ü˛Ó˚y •Î˚–

Isaac Barrow Ü˛yˆÏï≈˛!çÎ˚ ˛õÂô!ï˛ ÓƒÓ•yˆÏÓ˚ x!lFS%ÈÜ˛ !SÈˆÏ°l– Newton ÓˆÏÜ ˛Ó˚ §Ù#Ü˛Ó˚î
!lî≈Î˚ Ü˛Ó˚yÓ˚ çlƒ xK˛yï˛ §•à ̨õÂô!ï˛Ó˚ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚l– !ï˛!l ̇  §ÙÎ˚ !Ó!Ë˛ß¨ ôÓ˚̂ ÏlÓ˚ fiÌylyAÜ˛ ÓƒÓ•yÓ˚
Ü˛ Ï̂Ó˚l ̂ ÎÙl ̂ ÙÓ%̊ åpolarä ~ÓÇ !m Ï̂ÙÓ%̊ åbipolarä fiÌylyAÜ˛ – Leibnitz  ≤ÃÌÙ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚l ÚË)̨ çÛ
åabscissaäñ ÚˆÜ˛y!ê˛Û åordinateä ~ÓÇ ÚfiÌylyAÜ˛Û åcoordinateä ~•z ˛õòà%ˆÏ°y– L’ Hospital

å≤ÃyÎ˚ 1700ä !Ó Ï̂Ÿ’£ÏîÙ)°Ü˛ çƒy!Ù!ï˛Ó˚ í z̨̨ õÓ˚ ~Ü˛!ê˛ à%Ó%̊c˛õ)î≈ ̨õyë˛ƒ˛õ%hflÏÜ˛ !° Ï̂á!SÈ Ï̂°l–
Clairaut (1729) §Ó≈≤ÃÌÙ ò)Ó˚c !lî≈ˆÏÎ˚Ó˚ §)e !òˆÏÎ˚!SÈˆÏ°l Îy !SÈ° ~ˆÏ°yˆÏÙyˆÏ°y xyÜ˛yˆÏÓ˚–

!ï˛!l ˜Ó˚!áÜ˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ˆSÈ!òï˛yÇ¢ Ó˚)˛õG !òˆÏÎ˚!SÈˆÏ°l– Cramer (1750)ñ ò%!ê˛ xˆÏ«˛Ó˚ §yôyÓ˚î
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ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚l !l¡¨Ó)̊̂ Į̈ õ Ó,̂ Ï_Ó˚ §Ù#Ü˛Ó˚î!ê˛ àë˛l Ü˛ Ï̂Ó˚l–
( y – a)2 + (b – x)2 = r

!ï˛!l ˙ §ÙÎ˚Ü˛yˆÏ° !ÓˆÏŸ’£ÏîÙ)°Ü˛ çƒy!Ù!ï˛Ó˚ §ˆÏÓ≈y_Ù í˛zqyÓÜ˛ !SÈˆÏ°l– Monge

(1781) xyô%!lÜ˛ Ú!Ó®%ÈüÈ≤ÃÓîï˛yÛ xyÜ˛y Ï̂Ó˚ §Ó˚° Ï̂Ó˚áyÓ˚ §Ù#Ü˛Ó˚î !l¡¨Ó)̊̂ Į̈ õ !ò Ï̂Î˚!SÈ Ï̂°lÈüüüÈ
y – y′ = a (x – x′)

~ÓÇ ò%!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ °¡∫ •GÎ˚yÓ˚ ¢ï≈˛ !òˆÏÎ˚!SÈ°l  aa′ + 1 = 0 –
S.F. Lacroix (1765–1843) !SÈ Ï̂°l ~Ü˛çl ≤Ã!§Âô ̨õyë˛ƒ ̨õ%hflÏÜ˛ ̂ °áÜ˛ñ !Ó®% !Ó Ï̂Ÿ’£ÏîÙ)°Ü˛

çƒy!Ù!ï˛ˆÏï˛ ï˛yÓ˚ xÓòyl !Ó!«˛Æ Ë˛yˆÏÓ ˆòáy ÎyÎ˚– !ï˛!l !l¡¨Ó˚)ˆÏ˛õ §Ó˚°ˆÏÓ˚áy §Ù#Ü˛Ó˚î Úò%•zÈüÈ!Ó®%Û
åtwo-pointä xyÜ˛yÓ˚ í z̨qyÓl Ü˛ Ï̂Ó˚lÈüüüÈ

      y x− =
′ −

′ −
−β

β β

α α

α(  )

~ÓÇ  (α, β) ˆÌˆÏÜ˛  y = ax + b ~Ó˚ í˛z˛õÓ˚ °ˆÏ¡∫Ó˚ ˜òâ≈ƒ  
( )β α− −

+

a b

a1
2 •ˆÏÓ ï˛y ÓˆÏ°ˆÏSÈl– ò%!ê˛

§Ó̊° Ï̂Ó̊áyÓ̊ ÙôƒÓï˛#≈ ̂ Ü˛yî !lî≈̂ ÏÎ̊Ó̊ ïÑ̨ yÓ̊ §)e!ê˛ !SÈ°  tan θ  =
′ −

+ ′











a a

aa1
– ~!ê˛ xÓ¢ƒ•z xyŸã˛Î≈çlÜ˛

!Ó£ÏÎ˚ ̂ Î !ÓˆÏŸ’£ÏîÙ)°Ü˛ çƒy!Ù!ï˛Ó˚ xy!Ó‹ÒyˆÏÓ˚Ó˚ ̨ õÓ˚ ~Ü˛çlˆÏÜ˛ 150  ÓSÈÓ˚ xˆÏ˛õ«˛y Ü˛Ó˚ˆÏï˛ •ˆÏÎ˚!SÈ°–
≤ÃˆÏÎ˚yçl#Î˚ ≤ÃyÌ!ÙÜ˛ §)eà%ˆÏ°y xy!Ó‹ÒyˆÏÓ˚Ó˚ çlƒ– 1818 !á fiê˛yˆÏ∑ C. Lame !Î!l ~Ü˛çl !lÙ≈yî
≤Ã Ï̂Ü˛Ô¢°# Ó Ï̂°l ̂ Îñ ò%!ê˛ !Ó®%̨ õÌ E = 0 ~ÓÇ E′ = 0 ~Ó˚ ̂ SÈò!Ó®%àyÙ# ÓÜ ˛ •° mE + m′E′ = 0–

!ÓK˛yl ~ÓÇ à!îï˛ í z̨Ë˛ Ï̂Î˚Ó˚•z x Ï̂lÜ˛ à%Ó%̊c˛õ)î≈ xy!Ó‹ÒyÓ˚ ¢AÜ%̨ Ï̂FSÈ Ï̂òÓ˚ §y Ï̂Ì §¡õÜ≈̨ Î%=˛– !@˝ÃÜ˛Ó˚yñ
!ÓˆÏ¢£Ï Ë˛yˆÏÓ Archimedes å287–212 !á / ˛õ)Ó≈ä ~ÓÇ Apollonius å 200 !á / ˛õ)Ó≈ä ¢AÜ%˛ˆÏFSÈò
!l Ï̂Î˚ à Ï̂Ó£Ïîy Ü˛ Ï̂Ó˚l ï˛y Ï̂òÓ˚ !l Ï̂ç Ï̂òÓ˚ Ù Ï̂ï˛y Ü˛ Ï̂Ó˚– Óï≈̨ Ùy Ï̂l ~•z ÓÜ ̨ à%̂ Ï°y Ó!•!Ó≈̂ ÏŸªÓ˚ xl%§rôy Ï̂l ~ÓÇ
˛õyÓ˚Ùyî!ÓÜ˛ Ü˛îyà%̂ Ï°yÓ˚ ̃ Ó!¢T˛ƒàï˛ à Ï̂Ó£ÏîyÎ˚ à%Ó%̊c˛õ)î≈ •y!ï˛Î˚yÓ˚ !•§y Ï̂Ó Ü˛yç Ü˛ Ï̂Ó˚–

— vvvvv —
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Leonhard Euler

(1707-1783)

12xôƒyÎ˚

!eÙy!eÜ˛ çƒy!Ù!ï˛Ó˚ ̨õ!Ó˚ã˛Î˚
INTRODUCTION TO THREE DIMENSIONAL GEOMETRY

* !eÙy!eÜ˛ çƒy!Ù!ï˛Ó˚ !Ó!Ë˛ß¨ ≤ÃÜ˛yˆÏÓ˚Ó˚ Ü˛yÎ≈Ü˛y!Ó˚ï˛y §¡õˆÏÜ≈˛ çylyÓ˚ çlƒ “ A hand book for designing Mathematics

Laboratory in School”, NCERRT, 2005 ̨õ%hflÏÜ˛!ê˛ ̨õí ¸̨yÓ˚ çlƒ §%̨ õy!Ó˚¢ Ü˛Ó˚y • Ï̂FSÈ–

vMathematics is both the queen and the hand-maiden of

all sciences – E.T. BELLv

12.1 ̊ ˛Ë)˛!ÙÜ˛y /
È
ˆï˛yÙÓ˚y Ù Ï̂l Ü˛ Ï̂Ó˚ ̂ ò Ï̂áy ̂ ÎÈüÈ̂ Ü˛y Ï̂ly ï˛ Ï̂° ~Ü˛!ê˛ !Ó®%Ó˚ xÓfiÌyl !l Ï̂ò≈̂ Ï¢Ó˚
çlƒ G•z ï˛ˆÏ° ˛õÓ˚flõÓ˚ °¡∫yË˛yˆÏÓ ˆSÈò Ü˛ˆÏÓ˚ ~Ùl ò%!ê˛ ˆÓ˚áyÓ˚ ≤ÃˆÏÎ˚yçl
•Î˚– ~•z ̂ Ó˚áyà%̂ Ï°y Ï̂Ü˛ Ó°y •Î˚ fiÌylyAÜ˛ x«˛ ~ÓÇ ò%!ê˛ §Çáƒy Ï̂Ü˛ Ó°y •Î˚
xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ !Ó®%Ó˚ fiÌylyAÜ˛– ÓyhflÏÓ ç#ÓˆÏlñ ¢%ô%Ùye ~Ü˛!ê˛ ï˛ˆÏ°
xÓ!fiÌï˛ !Ó®%Ó˚ xÓfiÌyl !l Ï̂Î˚ xyÙÓ˚y xy Ï̂°yã˛ly Ü˛!Ó˚ ly– í z̨òy•Ó˚îfl∫Ó)̨̊ õ
ôÓ˚y ôyÜ˛ !eÙy!eÜ˛ ˆòˆÏ¢ ~Ü˛!ê˛ Ó°ˆÏÜ˛ !lˆÏ«˛˛õ Ü˛Ó˚y •ˆÏ° !Ó!Ë˛ß¨ §ÙˆÏÎ˚
xÓfiÌyl xÌÓy ~Ü˛fiÌyl ̂ Ì Ï̂Ü˛ xlƒ fiÌy Ï̂l ~Ü˛!ê˛ !ÓÙy Ï̂l ã˛°yÜ˛y°#l ~Ó˚
xÓfiÌyl !Ó!Ë˛ß¨ §Ù Ï̂Î˚ !Ó!Ë˛ß¨ •Î˚–

~Ü˛•zË˛yˆÏÓñ Î!ò xyÙÓ˚y ~Ü˛!ê˛ âˆÏÓ˚Ó˚ SÈyò ˆÌˆÏÜ˛  V%˛°hs˝ ~Ü˛!ê˛
˜Óò%ƒ!ï˛Ü˛ ÓyˆÏÕ∫Ó˚ §Ó≈!l¡¨ xÓfiÌyl xÌÓy SÈyò ̂ ÌˆÏÜ˛ ̂ V˛y°yˆÏly ̨õyáyÓ˚ xÓfiÌyl !lî≈Î˚ Ü˛Ó˚yÓ˚ çlƒ ̨õÓ˚flõÓ˚
°¡∫Ë˛yˆÏÓ xÓ!fiÌï˛ ̂ òGÎ˚y° ̂ ÌˆÏÜ˛ ~ˆÏòÓ˚ ò)Ó˚c•z ÎˆÏÌT˛ lÎ˚ñ ~Ó˚y Ë)˛!Ù ̂ ÌˆÏÜ˛ Ü˛ï˛ê%˛Ü%˛ í˛zFã˛ï˛yÎ˚ xyˆÏSÈ ̂ §ê˛y
çylyG ≤ÃˆÏÎ˚yçl– §%ï˛Ó˚yÇ xyÙyˆÏòÓ˚ ˆÜ˛Ó°Ùye ò%!ê˛ lÎ˚ñ ˛õÓ˚flõÓ˚ °¡∫Ë˛yˆÏÓ xÓ!fiÌï˛ !ï˛l!ê˛ ï˛° ˆÌˆÏÜ˛
˛°¡∫ò)Ó˚̂ ÏcÓ˚ §yÇáƒÙyl òÓ˚Ü˛yÓ˚ ̂ §•z !ï˛l!ê˛ ï˛° •° â Ï̂Ó˚Ó˚ ̂ Ù Ï̂V˛ ~ÓÇ âÓ˚!ê˛Ó˚ ò%!ê˛È §!ß¨!•ï˛ ̂ òGÎ˚y°– !ï˛l!ê˛
§yÇáƒÙyl !ï˛l!ê˛ ò)Ó˚c Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚̂ ÏSÈ– Îy Ï̂òÓ˚ !ï˛l!ê˛ fiÌylyAÜ˛ ï˛ Ï̂°Ó˚ §y Į̈̂ õ Ï̂«˛ ̇  !Ó®%!ê˛Ó˚ fiÌylyAÜ˛ Ó°y
•Î˚– §%ï˛Ó˚yÇ !eÙy!eÜ˛ ˆòˆÏ¢ ~Ü˛!ê˛ !Ó®%Ó˚ !ï˛l!ê˛ fiÌylyAÜ˛ xyˆÏSÈ– ~•z xôƒyˆÏÎ˚  xyÙÓ˚y !eÙy!eÜ˛ ˆòˆÏ¢
çƒy!Ù!ï˛Ó˚ ̂ ÙÔ!°Ü˛ ôyÓ˚îy !lˆÏÎ˚ xyˆÏ°yã˛ly Ü˛Ó˚Ó– *
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!ã˛e 12.1

!ã˛e 12.2

12.2  !eÙy!eÜ˛ ˆòˆÏ¢ fiÌylyAÜ˛ x«˛ ~ÓÇ fiÌylyAÜ˛ï˛° ı (Co-rodinate Axes and Co-ordinate

Planes in three dimensional space)

ôÓ˚y ÎyÜ˛ñ 12.2 !ã˛ˆÏe ˛õÓ˚flõÓ˚ O !Ó®%ˆÏï˛ ˆSÈò Ü˛Ó˚ˆÏSÈ– ~•z
!ï˛l!ê˛ §Ùï˛° X′OX, Y′OY ~ÓÇ Z′OZ §Ó̊° Ï̂Ó̊áy ÓÓ̊yÓÓ̊
ˆSÈò Ü˛ˆÏÓ˚ ï˛yˆÏòÓ˚ ÎÌyÜ ˛ˆÏÙ X-x«˛ñ Y-x«˛ G Z-x«˛ Ó°y
•Î˚– xyÙÓ˚y °«˛ Ü˛!Ó˚ ̂ Î ~•z §Ó˚°ˆÏÓ˚áyà%ˆÏ°y ̨ õÓ˚flõÓ˚ °¡∫–
~•z !ï˛l!ê˛ §Ó˚°ˆÏÓ˚áy °¡∫ fiÌylyAÜ˛ ï˛sf (recttangular

Co-ordinate Systems) àë˛l Ü˛ˆÏÓ˚– XOY, YOZ ~ÓÇ
ZOX §Ùï˛° !ï˛l!ê˛ˆÏÜ˛ ÎÌyÜ ˛ˆÏÙ XY- ï˛° YZ- ï˛° ~ÓÇ
ZX- ï˛° Ó°y •Î˚ñ ï˛yÓ˚y fiÌylyAÜ˛ ï˛° !•ˆÏ§ˆÏÓ ˛õ!Ó˚!ã˛ï˛–
xyÙÓ˚y XOY §Ùï˛ˆÏ° Ü˛yàˆÏçÓ˚ ï˛° !•ˆÏ§ˆÏÓ !lˆÏï˛ ˛õy!Ó˚
~ÓÇ Z′OZ §Ó˚° Ï̂Ó˚áy!ê˛ XOY ï˛ Ï̂°Ó˚ í z̨̨ õÓ˚ °¡∫– Ü˛yà Ï̂çÓ˚
ï˛° Î!ò xl%Ë)˛!ÙÜ˛ (Horizontal) •Î˚ ï˛y•ˆÏ° Z′OZ §Ó˚°ˆÏÓ˚áy!ê˛ •ˆÏÓ í˛zÕ‘¡∫ (Vertical). XY §Ùï˛°
ˆÌˆÏÜ˛ í˛zÕ‘¡∫Ë˛yˆÏÓ í˛z˛õˆÏÓ˚Ó˚ !òˆÏÜ˛ñ xÌ≈yÍ OZ′ ~Ó˚ x!Ë˛Ù%ˆÏá ò)Ó˚c ˛õ!Ó˚Ùy˛õˆÏÜ˛ ôlydÜ˛ ~ÓÇ l#ˆÏã˛Ó˚ !òˆÏÜ˛
xÌ≈yÍ OZ x!Ë˛Ù%ˆÏá ò)Ó˚c ˛õ!Ó˚Ùy˛õˆÏÜ˛ }îydÜ˛ ôÓ˚y •ˆÏÓ– ~Ü˛•zË˛yˆÏÓñ ZX §Ùï˛ˆÏ°Ó˚ í˛yl!òˆÏÜ˛ OY

ÓÓ˚yÓÓ˚ ò)Ó˚c Ï̂Ü˛ ôlydÜ˛ ôÓ˚y •Î˚ ~ÓÇ ZX §Ùï˛ˆÏ° ÓyÙ!òˆÏÜ˛ OY′ ÓÓ˚yÓÓ˚ ò)Ó˚cˆÏÜ˛ }îydÜ˛ ôÓ˚y •Î˚–
xyÓyÓ˚ YZ §Ùï˛ˆÏ°Ó˚ §yÙˆÏlÓ˚ !òˆÏÜ˛ OX x!Ë˛Ù%ˆÏáÓ˚ ò)Ó˚c ôlydÜ˛ G OX′ x!Ë˛Ù%ˆÏáÓ˚ ò)Ó˚c }îydÜ˛– O
!Ó®%%ˆÏÜ˛ fiÌylyAÜ˛ï˛ˆÏsfÓ˚ Ù)°!Ó®% (Origin) ÓˆÏ°– fiÌylyAÜ˛ x«˛ !ï˛l!ê˛ !òˆÏÎ˚ !eÙy!eÜ˛ ˆò¢ xyê˛!ê˛ Ë˛yˆÏà
!ÓË˛=˛ •Î˚ñ ≤Ã!ï˛!ê˛ Ë˛yàˆÏÜ˛ ~Ü˛!ê˛ xT˛ÙyÇ¢ ÓˆÏ°–
XOYZ, X′OYZ, X′OY′Z, X′OY′Z, XOY′Z, XOYZ′, X′OY′Z′ ~ÓÇ XOY′Z′ ~•z xyê˛!ê˛
xT˛ÙyÇ¢ˆÏÜ˛ ÎÌyÜ ˛ˆÏÙ I, II, III, IV, V, VI, VII  ~ÓÇ VIII !òˆÏÎ˚ §)!ã˛ï˛ Ü˛Ó˚y •Î˚–

12.3 !eÙy!eÜ˛ ̂ ò Ï̂¢ ̂ Î ̂ Ü˛y Ï̂ly ~Ü˛!ê˛ !Ó®%Ó˚ fiÌylyAÜ˛ (Co-

ordinates of a print in space)

fiÌylyAÜ˛ x«˛ñ fiÌylyAÜ˛ ï˛° ~ÓÇ Ù)°!Ó®% !òˆÏÎ˚ à!ë˛ï˛ ~Ü˛!ê˛
!l!òT˛ fiÌylyAÜ˛ ï˛ Ï̂sf Ü˛#Ë˛y Ï̂Ó !eÙy!eÜ˛ ̂ ò Ï̂¢ ~Ü˛!ê˛ !Ó®% (x, y,

z) ~•z !ï˛l!ê˛ fiÌylyAÜ˛ §• Ï̂Îy Ï̂à ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ï˛y Óƒyáƒy Ü˛Ó˚Ó
~ÓÇ !Ó˛õÓ˚#ï˛Ü ˛ˆÏÙ !ï˛l!ê˛ ≤Ãò_ §ÇáƒyeÎ˚# (x, y, z) ̂ Ü˛ Ü˛#Ë˛y Ï̂Ó
xyÙÓ˚y !eÙy!eÜ˛ ̂ ò Ï̂¢ fiÌy˛õl Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚ ï˛y xy Ï̂°yã˛ly Ü˛Ó˚Ó–

!eÙy!eÜ˛ ˆò Ï̂¢ ≤Ãò_ ~Ü˛!ê˛ !Ó®% P xyÙÓ˚y XY ï˛ˆÏ°Ó˚
í z̨̨ õÓ˚ PM °¡∫ ê˛y!l ̂ Îáy Ï̂l M •° ° Ï̂¡∫Ó̊ ̨õyò!Ó®% å!ã˛e ı12.3ä
ï˛y•ˆÏ° M !Ó®% ˆÌ Ï̂Ü˛ X xˆÏ«˛Ó˚  í˛z˛õÓ˚ ML °¡∫ ê˛yly • Ï̂°
~!ê˛ê˛ L !Ó®%ˆÏï˛ !Ù!°ï˛ •Î˚– ôÓ˚y ÎyÜ˛ OL, LN, ML ÎÌyÜ ˛ˆÏÙ x, y, z ï˛y•ˆÏ° x, y ~ÓÇ z ˆÜ˛ Ó°y • Ï̂Ó
!eÙy!eÜ˛ ˆòˆÏ¢ P !Ó®%Ó˚ ÎÌyÜ ˛ˆÏÙ x, y ~ÓÇ z fiÌylyAÜ˛–

!ã˛e 12.3 ̂ ï˛ xyÙÓ˚y °«˛ƒ Ü˛!Ó˚ ̂ Î P (x, y, z) !Ó®%!ê˛ XOYZ xT˛ÙyÇˆÏ¢ xÓ!fiÌï˛ ~ÓÇ §Ü˛° x,

y, z ôlydÜ˛– Î!ò P !Ó®%!ê˛Ó˚ xÓfiÌyl xlƒ xT˛ÙyÇˆÏ¢ •Î˚ ï˛ˆÏÓ x, y ~ÓÇ z ~Ó˚ !ã˛•´ xT˛ÙyÇ¢ xl%§yˆÏÓ˚
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!ã˛e 12.3

˛õ!Ó˚Ó!ï≈̨ ï˛ • Ï̂Ó– §%ï˛Ó˚yÇ !eÙy!eÜ˛ ̂ ò Ï̂¢ Ü ̨ ÙÓÂô ÓyhflÏÓeÎ˚#  (x, y, z) ≤Ã!ï˛!ê˛ P !Ó®%Ó˚ fiÌylyAÜ˛ §)!ã˛ï˛ Ü˛ Ï̂Ó˚–
!Ó˛õÓ˚#ï˛Ü ˛ˆÏÙ ≤Ãò_ ˆÜ˛yˆÏly eÎ˚# (x, y, z) ~Ó˚ ˆ«˛ Ï̂e xyÙÓ˚y ≤ÃÌ Ï̂Ù x ~Ó˚ §yˆÏ˛õˆÏ«˛ x xˆÏ«˛Ó˚ í˛z˛õÓ˚  L
!Ó®%̂ ÏÜ˛ !fiÌÓ˚ Ü˛!Ó˚ ï˛yÓ˚̨ õÓ˚ XY ï˛ Ï̂°Ó˚ í z̨̨ õÓ˚ M !Ó®%Ó˚ xÓfiÌyl ~Ó)̨̊ õ ̂ Î (x, y)  •° XY ï˛ Ï̂° M  !Ó®%Ó˚
fiÌylyAÜ˛– °«˛ƒ Ü˛Ó˚ ̂ Îñ LM, x xˆÏ«˛Ó˚ í˛z˛õÓ˚ °¡∫ xÌÓy Y xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y°– M !Ó®%ˆÏï˛ ̂ ˛õÔÑSÈˆÏï˛ •ˆÏ°
XY ï˛ Ï̂°Ó˚ í z̨̨ õÓ˚ MP °¡∫ xyÑÜ˛y •° ~ÓÇ ~ê˛y Z ~Ó˚ §y Į̈̂ õ Ï̂«˛ P !ÓÓ®%Ó˚ xÓfiÌyl Ï̂Ü˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚– ~Ë˛y Ï̂Ó
≤ÃyÆ P !Ó®%Ó˚ fiÌylyAÜ˛ •° (x, y, z) §%ï˛Ó˚yÇ !eÙy!eÜ˛ ̂ ò Ï̂¢ !Ó®%à%̂ Ï°y ~ÓÇ Ü ̨ ÙÓÂô ÓyhflÏÓ §ÇáƒyeÎ˚# (x, y,

z) ~Ó˚ Ù Ï̂ôƒ ~Ü˛!ê˛  ~Ü˛ÈüÈ~Ü˛ §¡õÜ≈̨  !ÓòƒÙyl–
!ÓÜ˛“Ó)̊̂ Į̈ õñ !eÙy!eÜ˛ ̂ ò Ï̂¢ P !Ó®% !ò Ï̂Î˚ x«˛ï˛ Ï̂°Ó˚

§Ùyhs˝Ó˚y° Ü˛ˆÏÓ˚ !ï˛l!ê˛ ï˛° xAÜ˛l Ü˛Ó˚y •° Îy x x«˛ñ y
x«˛ ~ÓÇ z x«˛ Ï̂Ü˛ ÎÌyÜ ̨ Ï̂Ù A, B ~ÓÇ C !Ó®%%̂ Ïï˛ !Ù!°ï˛
•Î˚– å!ã˛e ı 12.3ä–

ôÓ˚y ÎyÜ˛ñ OA = x ~ÓÇ OB = y ï˛y•ˆÏ° OC =

z !Ó®%Ó˚ fiÌylyAÜ˛ •ˆÏÓ x, y ~ÓÇ z  ~ÓÇ xyÙÓ˚y !°áÓ P
(x, y, z)– !Ó˛õÓ˚#ï˛ Ü ˛ˆÏÙ ≤Ãò_ x, y ~ÓÇ z • Ï̂Ó !ï˛l!ê˛
x«˛ fiÌyly Ï̂AÜ˛Ó˚ í z̨̨ õÓ˚ A, B ~ÓÇ C ~Ó˚ xÓfiÌyl– A, B

~ÓÇ C !Ó®% !òˆÏÎ˚ xÓfiÌyl– A, B ~ÓÇ C !Ó®% !ò Ï̂Î˚
ÎÌyÜ ̨ Ï̂Ù YZ- ï˛°ñ ZX- ï˛°ñ ~ÓÇ XY- ï˛° ~Ó˚ §Ùyhs˝Ó˚y° ï˛° xAÜ˛l Ü˛!Ó˚– !ï˛l!ê˛ ï˛° ̂ ÎÙl ADPF,

BDPE ~ÓÇ CEPF  flõT˛•z ~Ü˛!ê˛ !Ó®% P ˆï˛ ˆSÈò Ü˛ˆÏÓ˚–
ˆÎáyˆÏl Ü ˛ÙÓÂô §ÇáƒyeÎ˚# (x, y, z)  P !Ó®%!ê˛ˆÏÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚– xyÙÓ˚y °«˛ Ü˛!Ó˚ ̂ Î !eÙy!eÜ˛ ̂ òˆÏ¢

Î!ò P (x, y, z) ̂ Î ̂ Ü˛yl ~Ü˛!ê˛ !Ó®% •Î˚ ï˛y• Ï̂° x, y, z •° ÎÌyÜ ˛ˆÏÙ YZ, ZX ~ÓÇ XY ï˛°à%ˆÏ°y ̂ ÌˆÏÜ˛
°¡∫ ò)Ó˚c–

AoT˛Óƒ    O Ù)°!Ó®%Ó˚ fiÌylyAÜ˛ (o, o, o)– x xˆÏ«˛Ó˚ í˛z˛õÓ˚ ˆÜ˛yˆÏly !Ó®%Ó˚ fiÌylyAÜ˛ •ˆÏÓ (x, o, o)

~ÓÇ YZ ï˛ˆÏ° ̂ Ü˛yl !Ó®%Ó˚ fiÌylyAÜ˛ •ˆÏÓ (o, y, z)É

Ùhs˝Óƒ    ˆÜ˛y Ï̂ly !Ó®% ˆÜ˛yl‰ xT˛ÙyÇˆÏ¢ xÓ!fiÌï˛ ï˛yÓ˚ fiÌylyˆÏAÜ˛Ó˚ !ã˛•´ !lô≈yÓ˚î Ü˛Ó˚Ó– xyê˛!ê˛ xT˛ÙyÇ¢
fiÌyly Ï̂AÜ˛Ó˚ !ã˛•´ !l Ï̂ã˛Ó˚ §yÓ˚!î Ï̂ï˛ ̂ òGÎ˚y •° ı

I II III IV V VI VII VIII

x + – – + + – – +

y + + – – + + – –

z + + + + – – – –

xT˛ÙyÇ¢

fiÌylyAÜ˛
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!ã˛e 12.4

í˛zòy•Ó˚î 1 : !ã˛e 12.1 ÈüÈˆï˛ Î!ò P !Ó®%Ó˚ fiÌylyAÜ˛ (2, 4, 5) •Î˚ñ ï˛ˆÏÓñ F !Ó®%Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl : F !Ó®%Ó˚ çlƒ OY x«˛ ÓÓ˚yÓÓ˚ ò)Ó˚ˆÏcÓ˚ ̨ õ!Ó˚Ùy˛õ ¢)lƒ– §%ï˛Ó˚yÇ F !Ó®%Ó˚ fiÌylyAÜ˛ (2, 0, 5)

í˛zòy•Ó˚î 2 ı (-3, 1, 2) ~ÓÇ (-3, 1, 2) !Ó®%mÎ˚ ˆÜ˛yl‰ xT˛ÙyÇˆÏ¢ xÓ!fiÌï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı 12.1 §yÓ˚!î ̂ Ì Ï̂Ü˛ (-3, 1, 2) !Ó®%!ê˛ II lÇ xT˛ÙyÇˆÏ¢ xÓ!fiÌï˛ ~ÓÇ (-3, 1, 2) !Ó®%!ê˛ VI

lÇ xT˛ÙyÇ Ï̂¢ xÓ!fiÌï˛–

xl%¢#°l# ÈüüüÈ 12.1

1. x ÈüÈxˆÏ«˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ̂ ÎÈüÈˆÜ˛yˆÏly !Ó®%Ó˚ y- fiÌylyAÜ˛ ~ÓÇ z- fiÌylyAÜ˛ Ü˛ï˛⁄
2. XZ §Ùï˛ˆÏ°Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ̂ Ü˛yˆÏly !Ó®%Ó˚ Y- fiÌylyAÜ˛ §¡õˆÏÜ≈˛ ï%˛!Ù Ü˛# Ó°ˆÏï˛ ̨ õyÓ˚⁄
3. !l¡¨!°!áï˛ !Ó®%à%ˆÏ°y ̂ Ü˛yl‰ xT˛ÙyÇˆÏ¢ xÓ!fiÌï˛ ï˛yÓ˚ lyÙ ̂ °ˆÏáy ı

(1, 2, 3), (4, -2, 3), (4, -2, -5), (4, 2, -5), (-4, 2, -5), (-4, 2, 5), (-3, -1, 6), (2, -4, -7)

4. ¢)lƒfiÌyl ̨õ)Ó˚î Ü˛ Ï̂Ó˚y ı
(i) x x«˛ ~ÓÇ y x«˛ ò%!ê˛ ~Ü˛ˆÏe ~Ü˛!ê˛ §Ùï˛° ˜ï˛!Ó˚ Ü˛ˆÏÓ˚ñ ˙ ï˛°ˆÏÜ˛ Ó°y •Î˚ÈÈÈ______–
(ii) XY §Ùï˛ˆÏ° xÓ!fiÌï˛ ˆÎÈüÈˆÜ˛yˆÏly !Ó®%Ó˚ fiÌylyˆÏAÜ˛Ó˚ §yôyÓ˚î xyÜ˛yÓ˚ È______ • Ï̂Ó–
(iii) fiÌylyAÜ˛ ï˛° !eÙy!eÜ˛ ˆò¢ˆÏÜ˛ È______ xT˛ÙyÇˆÏ¢ !ÓË˛=˛ Ü˛ˆÏÓ˚–

12.4  ò %!ê ˛ !l!ò ≈T˛ !Ó®%Ó˚ ÙôƒÓï≈ ˛# ò )Ó ˚c
È(Distance  between two points)

xyÙÓ̊y ̨õ)̂ ÏÓ≈ !mÙy!eÜ˛ fiÌylyAÜ˛ çƒy!Ù!ï˛ Ï̂ï˛ ò%!ê˛ !Ó®%Ó̊
ÙˆÏôƒ ò)Ó˚c !lî≈Î˚ §¡õˆÏÜ≈˛ xôƒÎ˚l Ü˛ˆÏÓ˚!SÈ– ~ál
xyÙÓ̊y ~ê˛y Ï̂Ü˛ !eÙy!eÜ˛ ̨õÂô!ï˛ Ï̂ï˛ §¡±§yÓ̊î Ü˛Ó̊Ó–

ôÓ˚y ÎyÜ˛ñ §Ù Ï̂Ü˛Ô!îÜ˛ x«˛ OX, OY  ~ÓÇ
OZ ~Ó˚ §yˆÏ˛õˆÏ«˛ ò%!ê˛ !l!j≈T˛ !Ó®% P (x

1
, y

1
, z

1
)

~ÓÇ Q (x
2
, y

2
, z

2
)– P ~ÓÇ Q !Ó®% !ò Ï̂Î˚ fiÌylyAÜ˛

§Ùï˛ Ï̂°Ó̊ §Ùyhs˝Ó̊y° ï˛° xyÑÜ˛y • Ï̂° ï˛°à%̂ Ï°y ~Ü˛!ê˛
§Ù Ï̂Ü˛yî# ˆã˛Ô˛õ° àë˛l Ü˛ Ï̂Ó˚ ÎyÓ˚ ~Ü˛!ê˛ Ü˛î≈ PQ

å!ã˛e ı 12.4ä

~ál ˆÎˆÏ•ï%˛ ∠PAQ ~Ü˛!ê˛ §ÙˆÏÜ˛yîñ ï˛y•ˆÏ° PAQ, !eË%˛ç ˆÌˆÏÜ˛ ˛õy•z
PQ2 = PA2 + AQ2      ... (1)

xyÓyÓ˚ ANQ §ÙˆÏÜ˛yî# !eË%˛ˆÏç ∠ANQ ~Ü˛!ê˛ §Ù Ï̂Ü˛yî
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§%ï˛Ó̊yÇ AQ2 = AN2 + NQ2 ... (2)

(1) lÇ ~ÓÇ (2) lÇ ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z

PQ2 = PA2 + AN2 + NQ2

~ál PA = y
2
 – y

1
, AN = x

2
 – x

1
 ~ÓÇ NQ = z

2 
– z

1

xï˛~Ó PQ2 = (x
2
 – x

1
)2 + (y

2
 – y

1
)

2

 + (z
2
 – z

1
)2

§%ï˛Ó̊yÇ PQ =

~ê˛y•z •ˆÏFSÈ ò%!ê˛ !Ó®%  (x
1
, y

1
, z

1
)  ~ÓÇ (x

2
, y

2
, z

2
) ~Ó˚ ÙˆÏôƒ ò)Ó˚c–

!ÓˆÏ¢£ÏË˛yˆÏÓñ Î!ò x
1
 = y

1 
= z

1
 = 0 xÌ≈yÍ P !Ó®%!ê˛ Ù)°!Ó®% O • Ï̂° OQ = x y z

2

2

2

2

2

2+ +

Îy ˆÌ Ï̂Ü˛ ˆÎÈüÈˆÜ˛y Ï̂ly !Ó®% Q (x
2
, y

2
, z

2
) ~ÓÇ Ù)°!Ó®% O ~Ó˚ ÙôƒÓï≈˛# ò)Ó˚c ˛õyGÎ˚y ÎyÎ˚–

í˛zòy•Ó˚î 3 ı P(1, –3, 4) ~ÓÇ Q (– 4, 1, 2). !Ó®% ò%!ê˛Ó˚ ÙôƒÓï≈˛# ò)Ó˚c !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl ı    P (1,–3, 4) ~ÓÇ ÉÉÉ !Ó®% ò%!ê˛Ó˚ ÙôƒÓï≈˛# ò)Ó˚c Q (– 4, 1, 2) •ˆÏ°

PQ = ( ) ( ) ( )− − + + + −4 1 1 3 2 4
2 2 2

      =  25 16 4+ +

      =  45 3 5= ~Ü˛Ü˛

í˛zòy•Ó˚î 4 ı ˆòáyG ˆÎ P (–2, 3, 5), Q (1, 2, 3) ~ÓÇ R (7, 0, –1) !Ó®% !ï˛l!ê˛ §ÙˆÏÓ˚á–

§Ùyôyl ı xyÙÓ˚y çy!l ̂ Î !Ó®%à%ˆÏ°y Ï̂Ü˛ §ÙˆÏÓ˚á Ó°y •Î˚ Î!ò ï˛yÓ˚y ~Ü˛•z ̂ Ó˚áyˆÏï˛ xÓ!fiÌï˛ •Î˚–
~ál PQ = ( ) ( ) ( )1 2 2 3 3 5

2 2 2
+ + − + −

      =  9 1 4+ +

      =   14

QR =  ( ) ( ) ( )7 1 0 2 1 3 36 4 16 56 2 14
2 2 2− + − + − − = + + = =

~ÓÇ PR = ( ) ( ) ( )7 2 0 3 1 5 81 9 36 126 3 14
2 2 2

+ + − + − − = + + = =

xï˛~Óñ  PQ + QR = PR

§%ï˛Ó̊yÇ P, Q ~ÓÇ R §ÙˆÏÓ˚á–

í˛zòy•Ó˚î 5 ı  A (3, 6, 9), B (10, 20, 30) ~ÓÇ C (25, -41, 5) !Ó®%à%ˆÏ°y ~Ü˛!ê˛ §ÙˆÏÜ˛yî# !eË%˛ˆÏçÓ˚

¢#£Ï≈!Ó®% •ˆÏï˛ ̨õyˆÏÓ˚ !Ü˛⁄
§Ùyôyl ı ò)Ó˚c §)e ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zñ

AB2 = (10 – 3)2 + (20 – 6)2 + (30 – 9)2

= 49 + 196 + 441 = 686

BC2 = (25 – 10)2 + (– 41 – 20)2 + (5 – 30)2

= 225 + 3721 + 625 = 4571

( ) ( ) ( )x x y y z z
2 1

2

2 1

2

2 1

2− + − + −
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CA2 = (3 – 25)2 + (6 + 41)2 + (9 – 5)2

= 484 + 2209 + 16 = 2709

xï˛~Óñ CA2 + AB2 ≠ BC2.

§%ï˛Ó˚yÇñ !eË%˛ç ABC ~Ü˛!ê˛ §Ù Ï̂Ü˛yî# !eË%̨ ç lÎ˚–
í˛zòy•Ó˚l 6 ı P !Ó®%Ó˚ §M˛yÓ˚˛õˆÏÌÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y Î!ò PA2 + PB2 = 2k2 •Î˚ñ ˆÎáyˆÏl A ~ÓÇ B
!Ó®%Ó˚ fiÌylyAÜ˛ ÎÌyÜ ˛ˆÏÙ (3, 4, 5) ~ÓÇ (-1, 3, -7)

§Ùyôyl ı ôÓ˚y ÎyÜ˛ñ P !Ó®%Ó˚ fiÌylyAÜ˛ (x, y, z)

~áy Ï̂l PA2  = (x – 3)2 + (y – 4)2 + ( z – 5)2

PB2  = (x + 1)2 + (y – 3)2 + (z + 7)2

≤Ãò_ ¢ï≈˛yl%§yˆÏÓ˚ PA2 + PB2 = 2k2,

xyÙÓ˚y ̨ õy•zñ (x – 3)2 + (y – 4)2 + (z – 5)2 + (x + 1)2 + (y
 
– 3)2 + (z + 7)2 = 2k2

xÌ≈yÍñ 2x2 + 2y2 + 2z2 – 4x – 14y + 4z = 2k2 – 109.

xl%¢#°l# ÈüüÈ 12.2

1. !l¡¨!°!áï˛ !Ó®%Î%à Ï̂°Ó˚ ÙˆÏôƒ ò)Ó˚c !lî≈Î˚ Ü˛ Ï̂Ó˚y
 (i) (2, 3, 5) ~ÓÇ (4, 3, 1) (ii) (–3, 7, 2) ~ÓÇ  (2, 4, –1)

(iii) (–1, 3, – 4) ~ÓÇ (1, –3, 4) (iv) (2, –1, 3) ~ÓÇ (–2, 1, 3).

2. ˆòáyG ˆÎ (–2, 3, 5), (1, 2, 3) ~ÓÇ (7, 0, –1) !Ó®%à%ˆÏ°y §ÙˆÏÓ˚á
3. !l¡¨!°!áï˛ ≤ÃŸ¿à%̂ Ï°y Îyã˛y•z Ü˛ Ï̂Ó˚yı

i). (0, 7, –10), (1, 6, – 6) ~ÓÇ (4, 9, -6) !Ó®%à%ˆÏ°y ~Ü˛!ê˛ §Ù!mÓy•% !eË%˛ˆÏçÓ˚ ¢#£Ï≈!Ó®%–
ii). (0, 7, 10), (–1, 6, 6) ~ÓÇ (–4, 9, 6) !Ó®%à%ˆÏ°y ~Ü˛!ê˛ §ÙˆÏÜ˛yî# !eË%˛ˆÏçÓ˚ ¢#£Ï≈!Ó®%–
iii). (–1, 2, 1), (1, –2, 5), (4, –7, 8) ~ÓÇ (2, -3, 4) !Ó®%à%ˆÏ°y ~Ü˛!ê˛ §yÙyhs˝!Ó˚ˆÏÜ˛Ó˚ ¢#£Ï≈!Ó®%–

4. (1– 2– 3) ~ÓÇ (3– 2– 1) !Ó®% ò%!ê˛ ˆÌˆÏÜ˛ §Ùò)Ó˚Óï≈˛# !Ó®%Ó˚ §M˛yÓ˚˛õˆÏÌÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–
5. A (4, 0, 0) ~ÓÇ B (-4, 0, 0) !Ó®% ˆÌˆÏÜ˛ ˆÜ˛ylG !Ó®%Ó˚ ò)Ó˚ˆÏcÓ˚ §Ù!T˛ 10 •ˆÏ°ñ G•z !Ó®%!ê˛Ó˚
§M˛yÓ˚̨ õ Ï̂ÌÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

12.5  !ÓË˛yçl §)e (Section Fromula) :

!mÙy!eÜ˛ çƒy!Ù!ï˛ Ï̂ï˛ xyÙÓ̊y !¢ Ï̂á!SÈ ~Ü˛!ê˛ ̂ Ó̊áyÇ¢ Ï̂Ü˛ ̂ Ü˛y Ï̂ly ~Ü˛!ê˛ !l!ò≈T˛ !Ó®%̂ Ïï˛ ≤Ãò_ xl%̨ õy Ï̂ï˛ xhs≈̋!ÓË˛=˛
Ü˛Ó˚ˆÏ° Ü˛#Ë˛yˆÏÓ ï˛yÓ˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚– ~ál xyÙÓ˚y !eÙy!eÜ˛ çƒy!Ù!ï˛ˆÏï˛ ~!ê˛Ó˚ §¡±§yÓ˚î Ü˛Ó˚Ó
!l¡¨!°!áï˛ Ë˛y Ï̂Ó ı

ôÓ˚y ÎyÜ˛ñ ≤Ãò_ !Ó®%à%ˆÏ°y •° P (x, y, z)  ~ÓÇ  Q (x, y, z)  Ù Ï̂l Ü˛ Ï̂Ó˚y R (x, y, z)  !Ó®%!ê˛ PQ

ˆÓ˚áyÇ¢ˆÏÜ˛ m : n xl%˛õyˆÏï˛ xhs!Ó≈Ë˛=˛ Ü˛ˆÏÓ˚ˆÏSÈ– PL, QM ~ÓÇ RN, XY-  §Ùï˛ˆÏ°Ó˚ í˛z˛õÓ˚ °¡∫ xyÑˆÏÜ˛y–
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!ã˛e  12.5

flõT˛ï˛•z PL || RN || QM ~ÓÇ ~ Ï̂òÓ˚ ̨õyò !Ó®%à%̂ Ï°y XY-

Èï˛ˆÏ°Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛– !Ó®%à%ˆÏ°y L, M ~ÓÇ N ~Ü˛!ê˛
ˆÓ˚áyÓ˚ í˛z˛õÓ˚ xÓ!fiÌï˛ •ˆÏÓ Îyñ PL, RN ~ÓÇ QM ~Ó˚
ôyÓ˚Ü˛ï˛° ~ÓÇ XY- ï˛ˆÏ°Ó˚ ˆSÈò– R !Ó®% !òˆÏÎ˚ LM

§Ó˚°ˆÏÓ˚áyÓ˚ §Ùyhs˝Ó˚y° Ü˛ˆÏÓ˚ ST §Ó˚°ˆÏÓ˚áy xyÑÜ˛y •°– ST

§Ó˚°ˆÏÓ˚áy!ê˛ S !Ó®%ˆÏï˛ LP ̂ Ó˚áyˆÏÜ˛ Ó!•≈!ÓË˛=˛ Ü˛ˆÏÓ˚ˆÏSÈ ~ÓÇ
T !Ó®%ˆÏï˛ MQ ˆÓ˚áyˆÏÜ˛ xyhs≈˝!ÓË˛=˛ Ü˛ˆÏÓ˚ˆÏSÈ !ã˛e 12.5 ˆï˛
ˆòáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

xyÓyÓ˚ °«˛ Ü˛Ó˚ ˆÎ ã˛ï%˛Ë%≈˛ç LNRS ~ÓÇ NMTR

ò%!ê˛ §yÙyhs˝!Ó˚Ü˛–
PSR ~ÓÇ QTR !eË%˛ç!ê˛ ò%!ê˛ §ò,¢–

§%ï˛Ó̊yÇ

~ ˆÌ Ï̂Ü˛  ˆÓyV˛y ÎyÎ˚ z
mz nz

m n
= 2 1

+

+

~Ü˛•z Ë˛yˆÏÓñ XZ ~ÓÇ XZ ï˛ˆÏ°Ó˚ í˛z˛õÓ˚ °¡∫ xyÑÜ˛y •ˆÏ° xyÙÓ˚y ˛õy•z

y=
my + ny

m+n

2 1  ~ÓÇ x=
mx +nx

m+n

2 1

§%ï˛Ó˚yÇñ P (x
1
, y

1, 
z

1)
 ~ÓÇ Q(x

2
, y

2, 
z

2)
 ò%!ê˛ !Ó®%Ó˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇ¢ˆÏÜ˛ m : n xl%˛õyˆÏï˛  R !Ó®% xhs≈̋

!ÓË˛=˛ Ü˛Ó˚ˆÏ° R !Ó®%Ó˚ fiÌylyAÜ˛

mx nx

m n

my ny

m n

mz nz

m n

2 1 2 1 2 1
+

+

+

+

+

+











, ,

Î!ò R !Ó®%!ê˛ PQ ̂ Ó˚áyÇ¢ˆÏÜ˛ m : n xl%˛õyˆÏï˛ Ó!•≈!ÓË˛=˛ Ü˛ˆÏÓ˚ ï˛y•ˆÏ° R ~Ó˚ fiÌyly Ï̂AÜ˛ n ~Ó˚ ̨õ!Ó˚ÓˆÏï≈˛ -n
Ó!§ˆÏÎ˚ ̨õyGÎ˚y ÎyÎ˚ ï˛ˆÏÓ ̨R !Ó®%Ó˚ fiÌylyAÜ˛

mx nx

m n

my ny

m n

mz nz

m n

2 1 2 1 2 1
−

−

−

−

−

−












, ,

ˆ«˛e 1  Ùôƒ!Ó®%Ó˚ fiÌylyAÜ˛ ı ~ˆÏ«˛ˆÏe R !Ó®%!ê˛ RQ ˆÓ˚áyÓ˚ Ùôƒ!Ó®% •ˆÏ° m : n = 1 : 1 ï˛y• Ï̂°

x
x x

y
y y

=
+

=
+

1 2 1 2

2 2
,  ~ÓÇ z

z z
=

+
1 2

2

~•z fiÌylyAÜ˛à%ˆÏ°y •° P (x
1
, y

1, 
z

1)
 ~ÓÇ Q (x

2
, y

2, 
z

2) 
§ÇˆÏÎyçÜ˛ ˆÓ˚áyÇˆÏ¢Ó˚ Ùôƒ!Ó®%Ó˚ fiÌylyAÜ˛–

m

n

PR

QR

SP

QT

SL PL

QM TM

NR PL

QM NR

z z

z z
= = =

−

−
=

−

−
=

−

−

  
1

2
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ˆ«˛e 2  R !Ó®%!ê˛ RQ ̂ Ó˚áyÇ¢ Ï̂Ü˛ k : 1 xl%̨ õy Ï̂ï˛ !ÓË˛=˛ Ü˛Ó˚̂ Ï° k
m

n
=  Ó!§ Ï̂Î˚ R !Ó®%Ó˚ fiÌylyAÜ˛ ̨õyGÎ˚y

ÎyÎ˚ ï˛y !l Ï̂¡¨ ̂ òGÎ˚y •°

§yôyÓ˚îË˛yˆÏÓñ ~•z Ê˛°yÊ˛° ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ò%!ê˛ ≤Ãò_ !Ó®%Ó˚ §ÇˆÏÎyçÜ˛ ̂ Ó˚áyÇˆÏ¢Ó˚ í˛z˛õÓ˚ ̂ ÎÈüÈˆÜ˛y Ï̂ly §yôyÓ˚î

!Ó®%Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚–

í˛zòy•Ó˚î 7 ı ~Ùl ~Ü˛!ê˛ !Ó®%Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y Îy (1, -2, 3) ~ÓÇ (3, 4, -5) !Ó®%mÎ˚ §Ç Ï̂ÎyçÜ˛

ˆÓ˚áyÇ¢ˆÏÜ˛ 2 : 3  xl%˛õyˆÏï˛ (i) xhs˝!Ó≈Ë˛=˛ ~ÓÇ (ii) Ó!•!Ó≈Ë˛=˛ Ü˛ˆÏÓ˚–

§Ùyôyl ı (i) ôÓ˚y ÎyÜ˛ñ P (x, y, z) !Ó®%!ê˛ A (1, -2, 3) ~ÓÇ B (3, 4, -5) !Ó®%mÎ˚ §ÇˆÏÎyçÜ˛ ̂ Ó˚áyÇ¢ˆÏÜ˛

2 : 3 xl%˛õyˆÏï˛ xhs!Ó≈Ë˛=˛ Ü˛ˆÏÓ˚

§%ï˛Ó˚yÇ x =
2(3) + 3(1)

2 + 3
=

9

5
,  y =

+ −

+
=

2 4 3 2

2 3

2

5

( ) ( )
,  z =

− +

+
=

−2 5 3 3

2 3

1

5

( ) ( )

§%ï˛Ó˚yÇ !l Ï̂î≈Î˚ !Ó®%!ê˛Ó˚ !Ó®%!ê˛Ó˚ fiÌylyAÜ˛ 
9

5

2

5

1

5
, ,

−





(ii) Ù Ï̂l Ü˛ Ï̂Ó˚y P (x, y, z) !Ó®%!ê˛ A (1, -2, 3) ~ÓÇ B (3, 4, -5) !Ó®%mÎ˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇ¢ˆÏÜ˛ 2 : 3

xl%̨ õy Ï̂ï˛ Ó!•!Ó≈Ë˛=˛ Ü˛ Ï̂Ó˚

ï˛y• Ï̂° x y z=
+ −

+ −
= − =

+ − −

+ −
= − =

−2 3 3 1

2 3
3

2 4 3 2

2 3
14

2( ) ( )( )

( )
,

( ) ( )( )

( )
,

(
   

55 3 3

2 3
19

) ( )( )

( )

+ −

+ −
=

§%ï˛Ó˚yÇ !lˆÏÎ˚ !Ó®%!ê˛Ó˚ fiÌylyAÜ˛  (-3, -14, 19)

í˛zòy•Ó˚î 8 ı !ÓË˛yçl §)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ̂ Îñ (-4, 6, 10), (2, 4, 6) ~ÓÇ (14, 0, -2) !Ó®%eÎ˚

§Ù Ï̂Ó˚á–

§Ùyôyl ı ôÓ˚y ÎyÜ˛ñ ≤Ãò_ !Ó®%à%̂ Ï°y A (-4, 6, 10), B (2, 4, 6) ~ÓÇ C (14, 0, -2)–  Ù Ï̂l Ü˛ Ï̂Ó˚y P !Ó®%!ê˛

AB ˆÓ˚áy Ï̂Ü˛ k : 1 xl%˛õyˆÏï˛ !ÓË˛=˛ Ü˛Ü˛ˆÏÓ˚ ï˛ˆÏÓ P !Ó®%Ó˚ fiÌylyAÜ˛
2 4

1

4 6

1

6 10

1

k

k

k

k

k

k

−

+

+

+

+

+












, ,

ã˛ˆÏ°y xyÙÓ˚y ˛õÓ˚#«˛y Ü˛ˆÏÓ˚ ˆò!á k ~Ó˚ ˆÜ˛yˆÏly ÙyˆÏlÓ˚ çlƒ P !Ó®%!ê˛ C ~Ó˚ í˛z˛õÓ˚ §Ùy!˛õï˛ï˛ •Î˚ !Ü˛ly–

2 4

1
14

k

k

−

+
=  Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•z k = −

3

2

k x x

k

ky y

k

kz z

k

2 1 2 1 2 1

1 1 1

+

+

+

+

+

+











, ,
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Îál  k = −

3

2
  ï˛ál  

4 6

1

4
3

2
6

3

2
1

0
k

k

+

+

=

− +

− +

=

( )

~ÓÇ 6 10

1

6
3

2
10

3

2
1

2
k

k

+

+

=

− +

− +

= −

( )

§%ï˛Ó˚yÇ C (14, 0, -2) !Ó®%!ê˛ P ~Ó˚ Ùï˛ AB ̂ Ó˚áy Ï̂Ü˛ 3 : 2 xl%˛õyˆÏï˛ Ó!•!Ó≈Ë˛=˛ Ü˛ˆÏÓ˚– §%ï˛Ó˚yÇ A, B ~ÓÇ
C §ÙˆÏÓ˚á–
í z̨òy•Ó˚î 9 ı ˆÜ˛yl !eË%˛ˆÏçÓ˚ ¢#£Ï≈!Ó®%à%ˆÏ°yÓ˚ fiÌylyAÜ˛ (x

1
, y

1
, z

1
), (x

2
, y

2
, z

2
) ~ÓÇ (x

3
, y

3
, z

3
), • Ï̂°

~Ó˚ Ë˛Ó˚̂ ÏÜ˛ Ï̂wÓ˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl ı ôÓ˚y ÎyÜ˛ñ ABC ~Ü˛!ê˛ !eË%˛ç– ~Ó˚ ¢#£Ï≈!Ó®%à%ˆÏ°y A, B, C ÎyÓ˚ fiÌylyAÜ˛à%ˆÏ°y ÎÌyÜ ˛ˆÏÙ
(x

1
, y

1
, z

1
), (x

2
, y

2
, z

2
) ~ÓÇ (x

3
, y

3
, z

3
),– Ù Ï̂l Ü˛ Ï̂Ó˚yñ D !Ó®%!ê˛ BC ~Ó˚ Ùôƒ!Ó®%– §%ï˛Ó˚yÇ D !Ó®%Ó˚

fiÌylyAÜ˛

x x y y z z
2 3 2 3 2 3

2 2 2

+ + +










, ,

ôÓ˚y ÎyÜ˛ñ G !Ó®%!ê˛ !eË%̨ Ï̂çÓ˚ Ë˛Ó˚̂ ÏÜ˛w

§%ï˛Ó˚yÇ ~Ü˛!ê˛ ÙôƒÙy AD ̂ Ü˛ 2 : 1 xl%˛õyˆÏï˛ !ÓË˛=˛ Ü˛ˆÏÓ˚– xï˛~Ó G !Ó®%Ó˚ fiÌylyAÜ˛

2
2

2 1

2
2

2 1

2
2

2

2 3

1

2 3

1

2 3

1

x x
x

y y
y

z z
z

+










+

+

+










+

+

+










+

+

, ,
11

























Óy
x x x y y y z z z

1 2 3 1 2 3 1 2 3

3 3 3

+ + + + + +










, ,

í˛zòy•Ó˚î 10 ı (4, 8, 10) ~ÓÇ (6, 10, -8) !Ó®%mÎ˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇ¢ˆÏÜ˛ YZ ï˛° ˆÎ xl%˛õyˆÏï˛ !ÓË˛=˛
Ü˛ˆÏÓ˚ñ ̂ §!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl ı ôÓ˚y ÎyÜ˛ñ YZ ï˛° (4, 8, 10) (6, 10, -8) !Ó®%mÎ˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇ¢ˆÏÜ˛ P (x, y, z) !Ó®%̂ Ïï˛

k : 1 xl%̨ õyˆÏï˛ !ÓË˛=˛ Ü˛ˆÏÓ˚ˆÏSÈ– ï˛ál P !Ó®%Ó˚ fiÌylyAÜ˛

4 6

1

8 10

1

10 8

1

+

+

+

+

−

+













k

k

k

k

k

k
, ,
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ˆÎˆÏ•ï%˛ P !Ó®%!ê˛ YZ ï˛ˆÏ° xÓ!fiÌï˛ñ §%ï˛Ó˚yÇ x ~Ó˚ fiÌylyAÜ˛ ¢)lƒ •ˆÏÓ– xÌ≈yÍ  
4 + 6

+ 1
= 0

k

k

Óy k = −

2

3

§%ï˛Ó˚yÇ YZ ï˛° §Ç Ï̂ÎyçÜ˛ ˆÓ˚áyÇ¢ AB ̂ Ü˛ 2 : 3 xl%˛õyˆÏï˛ Ó!•!Ó≈Ë˛=˛ Ü˛ˆÏÓ˚–

xl%¢#°l# ÈüÈ 13.3

1. ~Ùl ~Ü˛!ê˛ !Ó®%Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y Îy (-2, 3, 5) ~ÓÇ (1, -4, 6) !Ó®%mÎ˚ §Ç Ï̂ÎyçÜ˛ ̂ Ó˚áyÇ¢ Ï̂Ü˛
(i) 2 : 3 xl%˛õyˆÏï˛ xhs≈˝ !ÓË˛=˛ (ii) 2 : 3 xl%˛õyˆÏï˛ Ó!•!Ó≈Ë˛=˛ Ü˛ˆÏÓ˚–

2. ˆòGÎ˚y xyˆÏSÈ P (3, 2, -4), Q (5, 4, -6) ~ÓÇ R (9, 8, -10) !Ó®%à%ˆÏ°y §ÙˆÏÓ˚á– Q !Ó®%!ê˛ PR

ˆÓ˚áyÇ¢ˆÏÜ˛ ̂ Î xl%˛õyˆÏï˛ !ÓË˛=˛ Ü˛ˆÏÓ˚ñ ̂ §!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
3. (-2, 4, 7) ~ÓÇ  (3, -5, 8) !Ó®%mÎ˚ §ÇˆÏÎyçÜ˛ ̂ Ó˚áyÇ¢ˆÏÜ˛ YZ ï˛° ̂ Î xl%%˛õyˆÏï˛ !ÓË˛=˛ Ü˛ˆÏÓ˚ñ ̂ §!ê˛

!lî≈Î˚ Ü˛ Ï̂Ó˚y–
4. !ÓË˛yçl§)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ˆòáyG ˆÎ A (2, -3, 4), B (-1, 2, 1) ~ÓÇ C 0

1

3
2, ,











  !Ó®%à%ˆÏ°y
§Ù Ï̂Ó˚á–

5. P (4, 2, -6) ~ÓÇ Q (10, -16, 6) !Ó®%mÎ˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇ¢ˆÏÜ˛ ˆÎ !Ó®%à%ˆÏ°y §Ù!eá![˛ï˛ Ü˛ˆÏÓ˚
ï˛y Ï̂òÓ˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

!Ó!Óô í z̨òy•Ó˚îÙy°y

í˛zòy•Ó˚î 11 ı ̂ òáyG ̂ Î  A (1, 2, 3), B (-1, -2, -1), C (2, 3, 2) ~ÓÇ D (4, 7, 6) !Ó®%à%ˆÏ°y ~Ü˛!ê˛

§yÙyhs˝!Ó˚̂ ÏÜ˛Ó˚ ¢#£Ï≈!Ó®% !Ü˛v ~!ê˛ xyÎ˚ï˛ Ï̂«˛e lÎ˚–

§Ùyôyl ı ABCD ˆÜ˛ §yÙyhs˝!Ó˚Ü˛ ≤ÃÙyî Ü˛Ó˚ˆÏï˛ •ˆÏ° !Ó˛õÓ˚#ï˛ Óy•%à%ˆÏ°y §Ùyl ˆòáyˆÏï˛ •ˆÏÓ–

AB =  ( ) ( ) ( )− − + − − + − −1 1 2 2 1 3
2 2 2  = 4 16 16+ + = 6

BC =  ( ) ( ) ( )2 1 3 2 2 1
2 2 2

+ + + + + = 9 25 9+ +  = 43

CD =  ( ) ( ) ( )4 2 7 3 6 2
2 2 2

− + − + − = 4 16 16 6+ + =

DA =  ( ) ( ) ( )1 4 2 7 3 6
2 2 2

− + − + − = 9 25 9 43+ + =

ˆÎˆÏ•ï%˛ AB = CD ~ÓÇ BC = AD,

§%ï˛Ó˚yÇ ABCD ~Ü˛!ê˛ §yÙyhs˝!Ó˚Ü˛–

~álñ ˛≤ÃÙyî Ü˛Ó˚̂ Ïï˛ • Ï̂Ó ˆÎ ABCD xyÎ˚ï˛ˆÏ«˛e lÎ˚– ~çlƒ xyÙÓ˚y ˆòáyÓ ˆÎ AC ~ÓÇ BD Ü˛î≈mÎ˚

x§Ùyl– xyÙÓ˚y çy!l
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AC = ( ) ( ) ( )2 1 3 2 2 3 1 1 1 3
2 2 2

− + − + − = + + =

BD = ( ) ( ) ( )4 1 7 2 6 1 25 81 49 155
2 2 2

+ + + + + = + + =

ˆÎˆÏ•ï%˛ AC ≠ BD, ABCD xyÎ˚ï˛ˆÏ«˛e lÎ˚–

 AoT˛Óƒ   xyÙÓ˚y xyÓ˚G ˆòáyˆÏï˛ ˛õy!Ó˚ Ü˛î≈mÎ˚ ˛õÓ˚flõÓ˚ˆÏÜ˛ §Ù!má![˛ï˛ Ü˛ˆÏÓ˚ ~•z ôÙ≈ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚
ABCD ~Ü˛!ê˛ §yÙyyhs˝!Ó˚Ü ä

í˛zòy•Ó˚î 12 ı A (3, 4, –5) ~ÓÇ B (– 2, 1, 4) !Ó®% ˆÌˆÏÜ˛ P !Ó®%Ó˚ ò)Ó˚c §Ùyl • Ï̂° P !Ó®%Ó˚
§M˛yÓ˚̨ õ Ï̂ÌÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı Î!ò P (x, y, z) ~Ùl ~Ü˛!ê˛ !Ó®% ˆÎáy Ï̂l ˆÎ PA = PB •Î˚

~ál ( ) ( ) ( ) ( ) ( ) ( )x y z x y z− + − + + = + + − + −3 4 5 2 1 4
2 2 2 2 2 2

Óy ( ) ( ) ( ) ( ) ( ) ( )x y z x y z− + − + + = + + − + −3 4 5 2 1 4
2 2 2 2 2 2

Óy 10x+ 6y – 18z – 29 = 0.

í˛zòy•Ó˚î 13 ı ABC !eË%˛ˆÏçÓ˚ Ë˛Ó˚ˆÏÜ˛ˆÏwÓ˚ fiÌylyAÜ˛ (1, 1, 1)– Î!ò A ~ÓÇ B !Ó®%Ó˚ fiÌylyAÜ˛ ÎÌyÜ ˛ˆÏÙ
(3, -5, 7) ~ÓÇ (-1, 7, -6) •Î˚ •ˆÏÓ C !Ó®%Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛Ó˚–

§Ùyôyl ı ôÓ˚y ÎyÜ˛ñ C !Ó®%Ó˚ (x, y, z) fiÌylyAÜ˛ ~ÓÇ Ë˛Ó˚̂ ÏÜ˛w C ~Ó˚ fiÌylyAÜ˛ (1, 1, 1) ï˛y•ˆÏ°
x + −

=

3 1

3
1 , xÌÓy x = 1;  

y − +

=

5 7

3
1 , xÌÓy  y = 1; 

z + −

=

7 6

3
1  , xÌÓy z = 2.

§%ï˛Ó˚yÇ  C !Ó®%Ó˚ fiÌylyAÜ˛ (1, 1, 2)

xôƒyÎ˚ 12 ~Ó˚ !Ó!Óô xl%¢#°l#

1. ~Ü˛!ê˛ §yÙyhs˝!Ó˚Ü˛ ABCD ~Ó˚ !ï˛l!ê˛ ¢#£Ï≈!Ó®%Ó˚ fiÌylyAÜ˛ A (3, -1, 2), B (1, 2, -4) ~ÓÇ
C (-1, 1, 2) •ˆÏ° §yÙyhs˝!Ó˚ˆÏÜ˛Ó˚ ã˛ï%˛Ì≈ ¢#£Ï≈!Ó®%!ê˛Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

2. ˆÜ˛yl !eË%˛ˆÏçÓ˚ ¢#£Ï≈!Ó®%à%ˆÏ°y A (0, 0, 6), B (0, 4, 0) ~ÓÇ C (6, 0, 0) •ˆÏ° ÙôƒÙyà%ˆÏ°yÓ˚ ̃ òâ≈ƒ
!lî≈Î˚ Ü˛ Ï̂Ó˚y–

3. Î!ò PQR !eË%˛ˆÏçÓ˚ ¢#£Ï≈!Ó®%à%ˆÏ°y P (2a, 2, 6), Q (-4, 3b, -10) ~ÓÇ R (8, 14, 2c) ~ÓÇ
Ë˛Ó˚ˆÏÜ˛w Ù)°!Ó®%ˆÏï˛ xÓ!fiÌï˛ •ˆÏ° a, b, c ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

4. P (3, -2, 5) !Ó®% ̂ Ì Ï̂Ü˛ Y x Ï̂«˛Ó˚ í z̨̨ õÓ˚ xÓ!fiÌï˛ ̂ ÎÈüÈˆÜ˛y Ï̂ly ~Ü˛!ê˛ !Ó®%Ó˚ ò)Ó˚c 5 2  ~Ü˛Ü˛ • Ï̂°
˙ !Ó®%!ê˛Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
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5. P (2, -3, 4) ~ÓÇ Q (8, 0, 10) !Ó®%mˆÏÎ˚Ó˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇˆÏ¢Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ R !Ó®%̂ Ïï˛ x
fiÌylyAÜ˛!ê˛ 4 •ˆÏ° R !Ó®%Ó˚ fiÌylyAÜ˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

[ •z!Aàï˛ ı ôÓ˚y ÎyÜ˛ñ R !Ó®%!ê˛ PQ ̂ Ó˚áyÇ¢ Ï̂Ü˛ k : 1 xl%̨ õy Ï̂ï˛ !ÓË˛=˛ Ü˛ Ï̂Ó˚– ï˛y• Ï̂° R !Ó®%Ó˚ fiÌylyAÜ˛  • Ï̂Ó

8 2

1

3

1

10 4

1

k

k k

k

k

+

+

−

+

+

+







, , ]

6. Î!ò A ~ÓÇ B !Ó®%Ó˚ fiÌylyAÜ˛ ÎÌyÜ ˛ˆÏÙ (3, 4, 5) ~ÓÇ (-1, 3, 7)  • Ï̂° P !Ó®%Ó˚ §M˛yÓ˚˛õˆÏÌÓ˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚ Î!ò PA2 + PB2 = k2 •Î˚ñ ˆÎáyˆÏl k ~Ü˛!ê˛ ô %ÓÜ˛–

§yÓ˚§ÇˆÏ«˛˛õ

® !eÙy!eÜ˛  çƒy!Ù!ï˛ˆÏï˛˛ñ Ü˛yˆÏï≈˛§#Î˚ °¡∫ fiÌylyAÜ˛ ï˛ˆÏsf !ï˛l!ê˛ ˛õÓ˚flõÓ˚ °¡∫ˆÏÓ˚áyˆÏÜ˛ x-Èx«˛ñ y-

x«˛ ~ÓÇ z- x«˛ Ó°y •Î˚–

® fiÌylyAÜ˛ï˛ˆÏ°Ó˚ x«˛Î%à° !ï˛l!ê˛ fiÌylyAÜ˛ï˛° XY, YZ ~ÓÇ ZX ï˛°ˆÏÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚–

® !ï˛l!ê˛ fiÌylyAÜ˛ ï˛° !eÙy!eÜ˛ ̂ ò¢ˆÏÜ˛ xyê˛!ê˛ Ë˛yˆÏà !ÓË˛=˛ Ü˛ˆÏÓ˚ñ ≤Ã!ï˛!ê˛ Ë˛yà xT˛ÙyÇ¢ !•ˆÏ§ˆÏÓ

˛õ!Ó˚!ã˛ï˛–

® !eÙy!eÜ˛ çƒy!Ù!ï˛ˆÏï˛ P !Ó®%Ó˚ fiÌylyAÜ˛ˆÏÜ˛ ̂ °áy •Î˚ §ÇáƒyeÎ˚# (x, y, z) xyÜ˛yˆÏÓ˚– ~áyˆÏl x, y

~ÓÇ z ÎÌyÜ ˛ˆÏÙ YZ, ZX ~ÓÇ XY ï˛°à%ˆÏ°y ˆÌˆÏÜ˛ ò)Ó˚c–

® (i) x xˆÏ«˛Ó˚ í˛z˛õÓ˚ ̂ ÎÈüÈˆÜ˛yˆÏly !Ó®%Ó˚ fiÌylyˆÏAÜ˛Ó˚ xyÜ˛yÓ˚ (x, o, o)

(ii) y x Ï̂«˛Ó˚ í z̨̨ õÓ˚ ̂ ÎÈüÈˆÜ˛y Ï̂ly !Ó®%Ó˚ fiÌyly Ï̂AÜ˛Ó˚ xyÜ˛yÓ˚ (o, y, o)

(iii) z x Ï̂«˛Ó˚ í z̨̨ õÓ˚ ̂ ÎÈüÈˆÜ˛y Ï̂ly !Ó®%Ó˚ fiÌyly Ï̂AÜ˛Ó˚ xyÜ˛yÓ˚ (o, o, z)

® ò%!ê˛ !Ó®% P(x
1
, y

1
, z

1
) ~ÓÇ Q (x

2
, y

2
, z

2
) ~Ó˚ ÙôƒÓï≈˛# ò)Ó˚c •°

PQ= − + − + −( ) ( ) ( )x x y y z z
2 1

2

2 1

2

2 1

2

® P (x
1
 y

1
 z

1
) ~ÓÇ Q (x

2
, y

2
, z

2
) ò%!ê˛ !Ó®%Ó˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇ¢ˆÏÜ˛ m : n  xl%˛õyˆÏï˛ R !Ó®%ˆÏï˛

xhs˝ı!ÓË˛=˛ ~ÓÇ Ó!•!Ó≈Ë˛=˛ Ü˛Ó˚̂ Ï° R !Ó®%Ó˚ fiÌylyAÜ˛ ÎÌyÜ ˛ˆÏÙ

mx nx

m n

my ny

m n

mz nz

m n

2 1 2 1 2 1
+

+

+

+

+

+











, , ~ÓÇ 
mx nx

m n

my ny

m n

mz nz

m n

2 1 2 1 2 1
−

−

−

−

−

−









, ,

® P(x
1
, y

1
, z

1
) ~ÓÇ Q(x

2
, y

2
, z

2
) ò%!ê˛ !Ó®%Ó˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇˆÏ¢Ó˚ Ùôƒ!Ó®%Ó˚ fiÌylyAÜ˛
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—vvvvv—

x x y y z z
1 2 1 2 1 2

2 2 2

+ + +










, ,

® !eË%˛ˆÏçÓ˚ ¢#£Ï≈!Ó®%Ó˚ fiÌylyAÜ˛ (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
) ~ÓÇ (x

3
, y

3
, z

3
), •ˆÏ° !eË%˛ç!ê˛Ó˚

Ë˛Ó˚̂ ÏÜ˛ Ï̂wÓ˚ fiÌylyAÜ˛ • Ï̂Ó x x x y y y z z x
1 2 3 1 2 3 1 2 3

+ + + + + +

3 3 3
, ,













˙!ï˛•y!§Ü˛ ̂ ≤Ã«˛y˛õê˛

1637 §yˆÏ° !ÓˆÏŸ’£Ïî çƒy!Ù!ï˛Ó˚ (Analytical Geometry) çlÜ˛ Rene’ Descartes (1596 -

1650) ≤Ãôylï˛ §yÙï˛!°Ü˛ çƒy!Ù!ï˛Ó˚ ˆ«˛ˆÏe í˛zˆÏÕ‘áˆÏÎyàƒ Ü˛yç Ü˛ˆÏÓ˚!SÈˆÏ°l– ~Ü˛•z Ü˛Ìy §•ˆÏÎyà#
xy!ÓflÒyÓ˚Ü˛ Pierre Fermat (1601 - 1665) ~ÓÇ La Hire (1640 - 1718) ~Ó˚ ̂ «˛ Ï̂eG §ï˛ƒ–
Î!òG !eÙy!eÜ˛ fiÌylyAÜ˛ çƒy!Ù!ï˛ˆÏï˛ ïÑ˛yˆÏòÓ˚ Ü˛yˆÏçÓ˚ ˛õÓ˚yÙ¢≈ !SÈ° !Ü˛v !Óhfl,Ïï˛ !ÓÓÓ˚î !SÈ° ly–
Descartes-~Ó˚ !eÙy!eÜ˛ !Ó®%Ó˚ fiÌylyAÜ˛ §¡õˆÏÜ≈˛ ôyÓ˚îy !SÈ° !Ü˛v ~Ó˚ !ÓÜ˛y¢ §yôl Ü˛Ó˚ˆÏï˛
˛õy Ï̂Ó˚l !l– 1715 §y Ï̂° ~Ü˛!ê˛ !ã˛!ë˛ Ï̂ï˛ J. Bernoulli (1667 - 1748) Leibnitz ˆÜ˛ !eÙy!eÜ˛
§yÙï˛!°Ü˛ fiÌylyAÜ˛ çƒy!Ù!ï˛Ó˚ ̨õ!Ó˚!ã˛!ï˛ §¡õ Ï̂Ü≈̨  í ẑ̨ ÏÕ‘á Ü˛ Ï̂Ó˚!SÈ Ï̂°lñ Îy xyÙÓ˚y xyçG ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚
Ìy!Ü˛– Antoinne Parent (1666 - 1716) §yˆÏ° Ê ˛y™ ~Ü˛yˆÏí˛!ÙˆÏï˛ í˛z˛õfiÌy!˛õï˛ ~Ü˛!ê˛ Ü˛yàˆÏç
§Ó≈≤ÃÌÙ !Ó Ï̂Ÿ’£Ïî# âl çƒy!Ù!ï˛Ó˚ ôyÓ˚yÓy!•Ü˛ !ÓÜ˛y¢ §yôl Ü˛ Ï̂Ó˚!SÈ Ï̂°l– L. Euler (1707 - 1780)

1748 §yˆÏ° ï˛yÓ˚ @˝ÃrÌ “Introduction to Geometry” ~Ó˚ !mï˛#Î˚ áˆÏ[˛˛ ˛õ!Ó˚!¢ Ï̂T˛Ó˚ ˛õM˛Ù
xôƒyˆÏÎ˚ !eÙy!eÜ˛ fiÌylyAÜ˛ çƒy!ï˛!ï˛Ó˚ ôyÓ˚yÓy!•Ü˛ Óî≈ly Ü˛ˆÏÓ˚!SÈˆÏ°l– í˛z!l¢ ¢ï˛ˆÏÜ˛Ó˚ ÙyV˛yÙy!V˛
§Ù Ï̂Î˚ çƒy!Ù!ï˛ ¢y Ï̂flf !ï˛l!ê˛Ó˚ ̂ Ó!¢ÙyeyÎ˚ §¡±§y!Ó˚ï˛ •Î˚ Îy xy•zlfiê˛y•ẑ ÏlÓ˚ !Óáƒyï˛ xy Į̈̂ õ!«˛Ü˛ï˛y
Óy Ï̂òÓ˚ ̂ ò¢Ü˛y° §¡õ!Ü≈̨ ï˛ ï˛ Ï̂_¥ ≤Ã Ï̂Î˚yà • Ï̂Î˚!SÈ°–



vWith the Calculus as a key, Mathematics can be successfully applied to the

explanation of the course of Nature – WHITEHEAD v

13.1  Ë˛)!ÙÜ˛y

~•z xôƒyÎ˚ •° Ü˛°l!ÓòƒyÓ˚ ̨õ!Ó˚!ã˛!ï˛– Ü˛°l!Óòƒy •° à!î Ï̂ï˛Ó˚ ̂ §•z ¢yáy
ˆÎáyˆÏl ≤Ãôylï˛ñ §ÇK˛yÓ˚ xM˛ˆÏ°Ó˚ !Ó!Ë˛ß¨ !Ó®%Ó˚ ˛õ!Ó˚Óï≈˛ˆÏl xˆÏ˛õ«˛ˆÏÜ˛Ó˚
˛ÙyˆÏlÓ˚ õ!Ó˚Óï≈˛lˆÏÜ˛ xôƒÎ˚l Ü˛ˆÏÓ˚– ≤ÃÌˆÏÙ xyÙÓ˚y xhs˝Ó˚Ü˛°ˆÏçÓ˚ fl∫K˛yï˛
ôyÓ˚îy ˆòÓ å~Ó˚ ≤ÃÜ,˛ï˛ §ÇK˛y ly !òˆÏÎ˚ä– ï˛yÓ˚˛õÓ˚ xyÙÓ˚y §#ÙyÓ˚ §•ç
§ÇK˛y ̂ òÓ ~ÓÇ !Ü˛S%È §#ÙyÓ̊ Ó#çà!îï˛ !l Ï̂Î̊ xôƒÎ̊l Ü˛Ó̊ Ï̂Óy– ~Ó̊˛õÓ̊ xyÙÓ̊y
xhs˝Ó˚Ü˛°ˆÏçÓ˚ §ÇK˛yÎ˚ !Ê˛ˆÏÓ˚ xy§ˆÏÓy ~ÓÇ xhs˝Ó˚Ü˛°ˆÏçÓ˚ !Ü˛S%È Ó#çà!îï˛
!lˆÏÎ˚ xôƒÎ˚l Ü˛Ó˚Ó– xyÙÓ˚y !Ü˛S%È xyò¢≈ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç ̨õyÓ–

13.2  xhs˝Ó˚Ü˛°ˆÏçÓ˚ fl∫K˛yï˛ ôyÓ˚îy (Intuitive Idea of

 Derivatives)

ˆË˛Ô!ï˛Ü˛ ̨õÓ˚#«˛y •ˆÏï˛ ~ê˛y !l!Ÿã˛ï˛ ̂ Îñ í˛zÑã%˛ ã)˛í˛¸y •ˆÏï˛ ~Ü˛!ê˛ Ó›ˆÏÜ˛ ̂ SÈˆÏí˛¸
!ò Ï̂°ñ t ̂ § Ï̂Ü˛ Ï̂u˛ Ó›!ê˛ 4.9t2 !Ùê˛yÓ˚ ò)Ó˚c x!ï˛Ü ˛Ù Ü˛ˆÏÓ˚ xÌ≈yÍ Ó› myÓ˚y x!ï˛Ü ˛yhs˝ ò)Ó˚c s å!Ùê˛yÓ˚äñ ~Ü˛!ê˛
§ÙˆÏÎ˚Ó˚ xˆÏ˛õ«˛Ü˛ t åˆ§ˆÏÜ˛ˆÏu˛ä •Î˚ ï˛ˆÏÓ s = 4.9t2–

õyˆÏ¢Ó˚ 13.1 §yÓ˚!î  ̂ ÌˆÏÜ˛ !Ó!Ë˛ß¨ ̂ §ˆÏÜ˛ˆÏu˛Ó˚ §ÙÎ˚ xhs˝ˆÏÓ˚ x!ï˛Ü ˛yhs˝ ò)Ó˚c !Ùê˛yˆÏÓ˚ ̨ õyGÎ˚y ÎyÎ˚ Îál
~Ü˛!ê˛ Ó›ˆÏÜ˛ í˛zÑã%˛ ã)˛í˛¸y ˆÌˆÏÜ˛ ˆÊ˛°y •Î˚–

~•z Ó˚y!¢ï˛Ìƒ • Ï̂ï˛ñ §ÙÎ˚ t = 2 ̂ § Ï̂Ü˛ Ï̂u˛ñ Ó›!ê˛Ó˚ ̂ Óà !lî≈Î˚ Ü˛Ó˚y•z í ẑ̨ Ïj¢ƒ– ~•z §Ù§ƒyÎ˚  ̂ ˛õÑÔSÈy Ï̂lyÓ˚
~Ü˛!ê˛ !òÜ˛ •°ñ  t = 2  ̂ § Ï̂Ü˛ Ï̂u˛ §ÙyÆ •Î˚ ~Ó)̨̊ õ !Ó!Ë˛ß¨ §Ù Ï̂Î˚Ó˚ xhs˝̂ ÏÓ˚ àí ¸̨ ̂ Óà !lî≈Î˚ Ü˛Ó˚y ~ÓÇ xy¢y Ü˛Ó˚y
ÎyÎ˚ñ ~à%ˆÏ°y t = 2 ˆ§ˆÏÜ˛ˆÏu˛ ˆÓà !lî≈ˆÏÎ˚ !Ü˛S%Èê˛y xyˆÏ°yÜ˛˛õyï˛ Ü˛Ó˚ˆÏÓ–

t = t
1 
~ÓÇ t = t

2
 ~Ó˚ ÙôƒÓï˛#≈ §ÙˆÏÎ˚ x!ï˛Ü ˛yhs˝ ò)Ó˚cˆÏÜ˛ (t

2
 – t

1
) myÓ˚y Ë˛yà Ü˛ˆÏÓ˚ àí˛¸ ˆÓà ˛õyGÎ˚y

ÎyÎ˚– ï˛y•ˆÏ°ñ ≤ÃÌÙ ò%•z ˆ§ˆÏÜ˛ˆÏu˛ àí˛¸ˆÏÓà

13

§ƒyÓ˚ xy•zçƒyÜ˛ !lí z̨ê˛l
(1642-1727)

§#Ùy ~ÓÇ xhs˝Ó̊Ü˛°ç
åLimits and Derivativesä

xôƒyÎ̊È
..
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=
t t

t t

2 1

2 1

2 0= =

−

G ~Ó˚ ÙˆÏôƒ x!ï˛Ü  ̨yhs˝ ò)Ó˚c

§ÙÎ˚ xhs˝Ó˚

 

 ( )

=
19 6 0

2 0
9 8

.
.

−( )
−( )

=
!Ùê˛yÓ˚

ˆ§ˆÏÜ˛u˛
!Ùê˛yÓ˚‡ˆ§ Ï̂Ü˛ Ï̂u˛–

xl%Ó˚)ˆÏ˛õñ  t = 1 ~ÓÇ t = 2 ~Ó˚ Ù Ï̂ôƒ

àí ¸̨̂ ÏÓà  = 
19 6 4 9

2 1
14 7

. .
.

−( )
−( )

=
!Ùê˛yÓ˚

ˆ§ˆÏÜ˛u˛
!Ùê˛yÓ˚‡ˆ§ Ï̂Ü˛ Ï̂u˛–

~Ë˛y Ï̂Ó Èt
1 
üÈ~Ó˚ !Ó!Ë˛ß¨ Ùy Ï̂lÓ˚ çlƒñ t = t

1
 ~ÓÇ  t = 2 ~Ó˚

ÙˆÏôƒ xyÙÓ˚y àí˛¸ˆÏÓà !•ˆÏ§Ó Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚– !l¡¨!°!áï˛ §yÓ˚!î 13.2

ˆï˛  t = t
1 
ˆ§ Ï̂Ü˛u˛ ~ÓÇ t = 2 ˆ§ˆÏÜ˛ˆÏu˛Ó˚ ÙôƒÓï˛#≈ àí˛¸ˆÏÓà v

˛õyGÎ˚y ÎyÎ˚–

§yÓ˚!î  13.2

t
1

0 1 1.5 1.8 1.9 1.95 1.99

v 9.8 14.7 17.15 18.62 19.11 19.355 19.551

§yÓ˚!î 13.2, °«˛ Ü˛Ó˚̂ Ï° ̂ òáy ÎyÎ˚ àí ¸̨̂ ÏÓà ô# Ï̂Ó˚ ô# Ï̂Ó˚ Ó,!Âô ̨õyÎ˚– «%̨ o «%̨ o §ÙÎ˚ xhs˝Ó˚ !l Ï̂Î˚ t = 2

ˆï˛ ˆ¢£Ï Ü˛Ó˚ˆÏ°ñ xyÙÓ˚y ˆò!á ˆÎ t = 2 ˆï˛ ˆÓà §¡õˆÏÜ≈˛ xyˆÏÓ˚y Ë˛yˆÏ°y ôÓ˚îy ˛õyGÎ˚y ÎyÎ˚– xy¢y Ü˛Ó˚y ÎyÎ˚ñ
1.99 ˆ§ Ï̂Ü˛u˛ ~ÓÇ 2 ̂ §ˆÏÜ˛ˆÏu˛Ó˚ ÙˆÏôƒ  x≤Ãï˛ƒy!¢ï˛ !Ü˛S%È âê˛ˆÏÓ ly– ~Ó˚ ̂ ÌˆÏÜ˛ xyÙÓ˚y !§Âôyhs˝ !lˆÏï˛ ̨ õy!Ó˚ñ
t = 2 ˆ§ˆÏÜ˛ˆÏu˛ àí˛¸ˆÏÓˆÏàÓ˚ Ùyl 19.551 !Ùê˛yÓ˚‡ˆ§ˆÏÜ˛ˆÏu˛ ˆÌˆÏÜ˛ ~Ü˛ê%˛ ̂ Ó!¢ •ˆÏÓ–

~•z  !§Âôyhs˝ ˆÜ˛yˆÏly ly ˆÜ˛yˆÏlyË˛yˆÏÓ !l¡¨!°!áï˛ àîlyÓ˚ ˆ§ê˛ˆÏÜ˛ ˆçyí˛¸yˆÏ°y Ü˛ˆÏÓ˚– t = 2 ˆ§ˆÏÜ˛u˛
ˆÌˆÏÜ˛ ¢%Ó˚% Ü˛ˆÏÓ˚ !Ó!Ë˛ß¨ §ÙˆÏÎ˚Ó˚ xhs˝ˆÏÓ˚ àí˛¸ˆÏÓà !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– ̨ õ)ˆÏÓ≈Ó˚ ÙˆÏï˛y t = 2 ̂ § Ï̂Ü˛u˛ ~ÓÇ t = t

2

ˆ§ˆÏÜ˛ˆÏu˛Ó˚ ÙˆÏôƒ àí˛¸ˆÏÓàñ v •° ÈüüüÈ

= 
 2   

2
ˆ§ˆÏÜ˛u˛ ~ÓÇ  ˆ§ˆÏÜ˛ˆÏu˛Ó˚ ÙôƒÓï˛#≈ x!ï˛Ü  ̨˛yhs˝ ò)t ÓÓ˚c  

t
2

− 2

=
t
2

   2  ˆ§ˆÏÜ˛ˆÏu  x!ï˛Ü  ̨̨ yhs˝ ò)Ó˚c ˆ§ˆÏÜ˛ˆÏu˛ x!ï˛Ü  ̨˛y− hhs˝ ò)Ó˚c 
t
2

− 2

t s

0 0

1 4.9

1.5 11.025

1.8 15.876

1.9 17.689

1.95 18.63225

2 19.6

2.05 20.59225

2.1 21.609

2.2 23.716

2.5 30.625

3 44.1

4 78.4

§yÓ˚!î 13.1
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= 
t

t

2

2

   19.6ˆ§ˆÏÜ˛ˆÏu˛ x!ï˛Ü  ̨˛yhs˝ ò)Ó˚c −

− 2

!l¡¨!°!áï˛ §yÓ˚!î 13.3  t = 2 ˆ§ Ï̂Ü˛u˛ ~ÓÇ t
2 
ˆ§ˆÏÜ˛ˆÏu˛Ó˚  ÙˆÏôƒ  !Ùê˛yÓ˚ ≤Ã!ï˛ ˆ§ˆÏÜ˛ˆÏu˛ àí˛¸ ˆÓà

vüÈˆÜ˛ ˆòÎ˚–

§yÓ˚!î  13.3

t
2

4 3 2.5 2.2 2.1 2.05 2.01

v 29.4 24.5 22.05 20.58 20.09 19.845 19.649

~áyˆÏl xyÙÓ˚y ̨õ%lÓ˚yÎ˚ °«˛ Ü˛ˆÏÓ˚!SÈ ̂ Îñ t = 2 ̂ ÌˆÏÜ˛ ¢%Ó˚% Ü˛ˆÏÓ˚ «%˛o «%˛o §ÙˆÏÎ˚Ó˚ xhs˝Ó˚ !lˆÏ° t = 2 ~
ˆÓà ~Ó˚ xyˆÏÓ˚y Ë˛yˆÏ°y ôyÓ˚îy ̨ õyGÎ˚y ÎyÎ˚–

àîlyÓ˚ ≤ÃÌÙ ˆ§ Ï̂ê˛˛ñ Èt = 2üÈ~ ˆ¢£Ï •Î˚ ~Ùl Ó!ô≈ï˛ §ÙÎ˚yhs˝ˆÏÓ˚ xyÙÓ˚y àí˛¸ à!ï˛ˆÏÓà !lî≈Î˚ Ü˛ˆÏÓ˚!SÈ
~ÓÇ xy¢y Ü˛!Ó˚ t = 2 ~Ó˚ !ë˛Ü˛ xy Ï̂à ̂ Ü˛y Ï̂ly x≤Ãï˛ƒy!¢ï˛ ̨õ!Ó˚Óï≈̨ l âê˛ Ï̂Ó ly– àîlyÓ˚ !mï˛#Î˚ ̂ § Ï̂ê˛ñ Èt = 2üÈ~
ˆ¢£Ï •Î˚ ~Ùl Ü ˛Ù•…y§Ùyl §ÙÎ˚yhs˝ˆÏÓ˚ xyÙÓ˚y àí˛¸ à!ï˛ˆÏÓà !lî≈Î˚ Ü˛ˆÏÓ˚!SÈ ~ÓÇ xy¢y Ü˛!Ó˚ Èt = 2üÈ~Ó˚ !ë˛Ü˛
˛õˆÏÓ˚ ˆÜ˛yˆÏly x≤Ãï˛ƒy!¢ï˛ ˛õ!Ó˚Óï≈˛l âê˛ˆÏÓ ly– ÓyhflÏÓ ˆ«˛ˆÏe àí˛¸ˆÏÓˆÏàÓ˚ í˛zË˛Î˚ xl%Ü ˛Ù ~Ü˛!ê˛ §#Ùy ÙyˆÏlÓ˚
!òˆÏÜ˛ x@˝Ã§Ó˚ •ˆÏÓ– xyÙÓ˚y !l!Ÿã˛ï˛Ó˚)ˆÏ˛õ !§Âôyhs˝ !lˆÏï˛ ˛õy!Ó˚ ˆÎ Èt = 2üÈ~ ~Ü˛!ê˛ Ó›Ó˚ ˆÓà 19.551

!Ùê˛yÓ˚‡ˆ§ˆÏÜ˛ˆÏu  ~ÓÇ 19.649 !Ùê˛yÓ˚‡ˆ§ˆÏÜ˛ˆÏu  ÙôƒÓï˛#≈– ≤ÃÎ%!=˛àï˛Ë˛yˆÏÓñ xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚ Èt = 2üÈ~
ï˛yÍ«˛!îÜ˛ ̂ Óà 19.551 !Ùê˛yÓ˚‡ˆ§ Ï̂Ü˛ Ï̂u ~ÓÇ 19.649 !Ùê˛yÓ˚‡ˆ§ Ï̂Ü˛ Ï̂u ~Ó˚ ÙôƒÓï˛#≈– xyÙy Ï̂òÓ˚ Ë˛y Ï̂°yË˛y Ï̂Ó
çyly xy Ï̂SÈ ˆÎñ ˆÓà •° §Ó˚ˆÏîÓ˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚– xï˛~Óñ ~ál ˛õÎ≈hs˝ xyÙÓ˚y Îy ˆçˆÏl!SÈñ ï˛y !l¡¨Ó)̨̊ õ–
§ÙˆÏÎ˚Ó˚ !Ó!Ë˛ß¨ Ù%•)ˆÏï≈˛ ≤Ãò_ x!ï˛Ü ˛yhs˝ ò)Ó˚ˆÏcÓ˚
ï˛ˆÏÌƒÓ˚ §y•yˆÏÎƒ §ÙˆÏÎ˚Ó˚ §yˆÏ˛õˆÏ«˛ ò)Ó˚ˆÏcÓ˚
˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ ̨õ!Ó˚Ùy˛õ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– xyÙÓ˚y
Ó°ˆÏï˛ ˛õy!Ó˚ ˆÎñ ò)Ó˚ˆÏcÓ˚ xˆÏ˛õ«˛Ü˛ s = 4.9t2

~Ó˚ ÈÈt = 2üÈ~ xhs˝Ó˚Ü˛° Ï̂çÓ˚ Ùyl 19.551 ~ÓÇ
19.649 ~Ó˚ ÙôƒÓï˛#≈–

~•z §#Ùy ≤Ã!Ü ̨ Î˚y Ï̂Ü˛ !ÓÜ˛“Ë˛y Ï̂Ó 13.1lÇ
!ã˛ Ï̂e ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ– ~ê˛y x!ï˛Ü ̨ yhs˝ §ÙÎ˚ åÈt ä
~ÓÇ ã)˛í˛¸yÓ˚ ¢#£Ï≈ •ˆÏï˛ Ó›Ó˚ ò)Ó˚ˆÏcÓ˚ åsä ~Ó˚
ˆ°á!ã˛e– §ÙÎ˚ xhs˝Ó˚y° h

1
, h

2
, ...üÈ~Ó˚ §#Ùy

Ùyl ¢)lƒ ~Ó˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •ˆÏ°ñ àí˛¸ˆÏÓˆÏàÓ˚
xl%Ü ˛Ù ~Ü˛•z §#Ùy ÙyˆÏlÓ˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚ñ
ˆÎ Ï̂•ï%̨  xl%Ü ̨ Ï̂ÙÓ˚ xl%̨ õyï˛–

ò)Ó̊
Ïc

§ÙÎ̊

!ã˛e 13.1
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C B

AC
,

C B

AC
,

C B

AC

1 1

1

2 2

2

3 3

3

, ...

ˆÎáy Ï̂l  C
1
B

1
 = s

1
 – s

0
  •° h

1
 = AC

1
ñ •zï˛ƒy!ò §ÙˆÏÎ˚Ó˚ xhs˝ˆÏÓ˚ Ó› myÓ˚y x!ï˛Ü ˛yhs˝ ò)Ó˚c– !ã˛e 13.1

•ˆÏï˛ !l!Ÿã˛ï˛ Ë˛yˆÏÓ !§Âôyhs˝ ˆlGÎ˚y ÎyÎ˚ ˆÎñ x«˛Ó˚ ˆ◊!î A !Ó®%ˆÏï˛ ÓˆÏ:Ó˚ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛Ó˚ !òˆÏÜ˛ x@˝Ã§Ó˚
•ˆÏFSÈ– xlƒË˛yˆÏÓñ §ÙÎ˚ t = 2 ~ ~Ü˛!ê˛ Ó›Ó˚ ï˛yÍ«˛!îÜ˛ ̂ Óà v(t)ñ t = 2 ÈüÈ~ ÓÜ ̨  s = 4.9t2  ~Ó˚ flõ¢≈ˆÏÜ˛Ó˚
l!ï˛Ó˚ §Ùyl–

13.3 §#Ùy (Limits)

í˛z˛õ!Ó˚í˛z=˛ xyˆÏ°yã˛ly ~•z ï˛ˆÏÌƒÓ˚ !òˆÏÜ˛ flõT˛ï˛y !lˆÏò≈¢ Ü˛ˆÏÓ˚ ̂ Îñ §#ÙyÓ˚ ≤Ã!Ü ˛Î˚y xyÙyˆÏòÓ˚ xyÏÓ˚G !ÓhflÏy!Ó˚ï˛
Ë˛yˆÏÓ çylyÓ˚ ≤ÃˆÏÎ˚yçl– §#ÙyÓ˚ ôyÓ˚îy §¡õˆÏÜ≈˛ ˛õ!Ó˚!ã˛ï˛ •GÎ˚yÓ˚ çlƒ xyÙÓ˚y !Ü˛S%È ò,T˛yhs˝Ù)°Ü˛ í˛zòy•Ó˚î
xy Ï̂°yã˛ly Ü˛Ó˚̂ ÏÓy–

~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛  f(x) = x2 !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y– °«˛ Ü˛ˆÏÓ˚y x ~Ó˚ Ùyl 0 ~Ó˚ !lÜ˛ê˛Óï˛#≈ • Ï̂°ñ  f(x) ~Ó˚
ÙylG 0 ~Ó˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚ (xôƒyÎ˚Èü 2ñ !ã˛e 2.10 ˆòˆÏáy) – xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚

lim
x

f x
→

( ) =
0

0

å˛õí˛¸ˆÏï˛ •ˆÏÓñ ˆÎˆÏ•ï%˛ xñ ¢)ˆÏlƒÓ˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •ˆÏFSÈ ï˛y•z f (x) ~Ó˚ §#Ùy Ùyl •ˆÏÓ ¢)lƒä– f (x) ~Ó˚ §#Ùy
Îál x ¢)ˆÏlƒÓ˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚ñ ï˛ál ~Ó˚)˛õ Ë˛yÓy •Î˚ ˆÎ x = 0 ˆï˛ f (x) ~Ó˚ ÙylˆÏÜ˛ Ó%V˛yÎ˚–

§yôyÓ˚îË˛yˆÏÓñ Îál  x → a, f (x) → l, ï˛ál l ˆÜ˛ xˆÏ˛õ«˛Ü˛  f (x) ~Ó˚ §#Ùy Ó°y •Î˚ ~ÓÇ ~!ê˛ Ï̂Ü˛

§yÇˆÏÜ˛!ï˛Ü˛Ó˚)ˆÏ˛õ ̂ °áy •Î˚ lim
x a

f x l
→

( ) =  xyÜ˛yˆÏÓ˚–

xˆÏ˛õ«˛Ü˛ g(x) = |x|, x ≠ 0 ˆÜ˛ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y– °«˛ Ü˛ˆÏÓ˚y g(0) §ÇK˛yï˛ lÎ˚– 0 ~Ó˚ !lÜ˛ê˛Óï˛#≈ x
~Ó˚ Ùy Ï̂lÓ˚ çlƒ g(x) ~Ó˚ Ùyl !•ˆÏ§Ó Ü˛Ó˚ˆÏ°ñ xyÙÓ˚y ˆòáˆÏï˛

˛õy•z g(0)ñ 0 ~Ó˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚– ï˛y•ˆÏ°ñ lim
x→0

 g(x)=0–

~ê˛y y = |x| Îál x ≠ 0 ~Ó˚ ̂ °á!ã˛e ̂ Ì Ï̂Ü˛ §K˛yï˛Ó)̊̂ Į̈ õ flõT˛–
åxôƒyÎ˚ 2ñ !ã˛e 2.13 ̂ ò Ï̂áyä

!l Ï̂ã˛Ó˚ x Į̈̂ õ«˛Ü˛!ê˛ !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚y–

h x
x

x
x( ) =

−

−
≠

2
4

2
2, –

2 ~Ó˚ !lÜ˛ê˛Óï˛#≈ x ~Ó˚ ÙyˆÏlÓ˚ çlƒ å!Ü˛v 2 lÎ˚ä
h(x) ~Ó˚ Ùyl !• Ï̂§Ó Ü˛ Ï̂Ó˚y– fl∫#Ü˛yÓ˚ Ü˛ Ï̂Ó˚ lyG  ̂ Î ~•z §Ü˛°
Ùylà%̂ Ï°y 4 ~Ó˚ !lÜ˛ê˛Óï˛#≈– y = h(x) x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ̂ °á!ã˛e
~•z ôyÓ˚îyˆÏÜ˛ !Ü˛S%Èê˛y •ˆÏ°G  ÙçÓ%ï˛ Ü˛ˆÏÓ˚– Îy å!ã˛e 13.2ä
ÈüÈˆï˛ xyˆÏSÈ– !ã˛e 13.2
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~•z §Ü˛° ò,T˛yhs˝à%̂ Ï°y Ï̂ï˛ x = a !Ó®%̂ Ïï˛ x Į̈̂ õ«˛Ü˛ ̂ Î Ùyl @˝Ã•î Ü˛ Ï̂Ó˚ ï˛y ÓyhflÏ̂ ÏÓ xñ ÈaüÈ~Ó˚ ̂ ÏÜ˛yl!ò Ï̂Ü˛
x@˝Ã§Ó˚ •ˆÏãFSÈ ï˛yÓ˚ í˛z˛õÓ˚ !lË≈˛Ó˚¢#° lÎ˚– °«˛ Ü˛ˆÏÓ˚y ˆÎñ x ˆÎ ˆÜ˛y Ï̂ly ~Ü˛!ê˛ §Çáƒy a ~Ó˚ !òˆÏÜ˛ ò%•zË˛yˆÏÓ
x@˝Ã§Ó˚ •GÎ˚y xyÓ¢ƒÜ˛ñ •Î˚ ÓÑy!òˆÏÜ˛ ÎyˆÏÓ Óy í˛yl!òˆÏÜ˛ ÎyˆÏÓ xÌ≈yÍ x ~Ó˚ !lÜ˛ê˛Óï˛#≈ §Ü˛° Ùyl •Î˚ Èa ̂ Ì Ï̂Ü˛
Ü˛Ù •ˆÏÓ Óy a ˆÌˆÏÜ˛ ˆÓ!¢ •ˆÏÓ– ~ê˛y fl∫yË˛y!ÓÜ˛Ë˛yˆÏÓ ò%!ê˛ §#ÙyˆÏÜ˛ ≤Ãò¢≈l Ü˛ˆÏÓ˚ í˛yl˛õˆÏ«˛Ó˚ §#Ùy ~ÓÇ
ÓyÙ˛õˆÏ«˛Ó˚ §#Ùy– x Į̈̂ õ«˛Ü˛ f ~Ó˚ í˛yl˛õˆÏ«˛Ó˚ §#Ùy f(x) ~Ó˚ ˆ§•z Ùyl •Î˚ Îy f(x) ~Ó˚ Ùyl myÓ˚y !lˆÏò≈!¢ï˛
•Î˚ Îál xñ Èa ~Ó˚ í˛yl!òÜ˛ ˆÌˆÏÜ˛ x@˝Ã§Ó˚ •Î˚– xl%Ó˚)ˆÏ˛õ •Î˚ ÓyÙ˛õˆÏ«˛Ó˚ §#Ùy– ~Ó˚ í˛zòy•Ó˚îfl∫Ó˚)˛õñ l#ˆÏã˛Ó˚
x Į̈̂ õ«˛Ü˛!ê˛ !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚y–

f x
x

x
( ) =

≤

>





1 0

2 0

,

,

~•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ°á!ã˛e ≤Ãò!¢≈ï˛ •° !ã˛e 13.3 ~– ~!ê˛ flõT˛
ˆÎ f(x) ~Ó˚ Ùylà%ˆÏ°y 1ÈüÈ~Ó˚ §Ùyl Îál x ≤ 0ñ Îy È0üÈˆï˛ ÈfüÈ~Ó˚ ÙylG
!lˆÏò≈¢ Ü˛ˆÏÓ˚– xÌ≈yÍ 0 ˆï˛ f(x)  ~Ó˚ ÓyÙ˛õˆÏ«˛Ó˚ §#ÙyfiÌ Ùyl •°

lim ( )
x

f x
→ −

=
0

1

xl%Ó˚)˛õË˛yˆÏÓñ  f (x)  ~Ó˚ Ùylà%ˆÏ°y 2ÈüÈ~Ó˚ §Ùyl Îál  x > 0ñ
Îy  0 ˆï˛ f ~Ó˚ ÙylG !lˆÏò≈¢ Ü˛ˆÏÓ˚– xÌ≈yÍ 0 ˆï˛ f (x) ~Ó˚ í˛yl˛õ Ï̂«˛Ó˚

§#ÙyfiÌ Ùyl •° lim ( )
x

f x
→ +

=
0

2 –

~•z ̂ «˛ Ï̂e í˛yl ~ÓÇ ÓyÙ!ò Ï̂Ü˛Ó˚ §#ÙyfiÌ Ùyl !Ë˛ß¨ñ ï˛y•z xyÙÓ˚y Ó° Ï̂ï˛
˛õy!Ó˚ ̂ Îñ ̂ ÎˆÏ•ï%˛  x ¢)ˆÏlƒÓ˚ !òˆÏÜ˛ x@˝Ã§Ó˚ ï˛y•z f (x) ~Ó˚ §#Ùy x!hflÏc•#l åÎ!òG xˆÏ˛õ«˛Ü˛ 0 ̂ ï˛ §ÇK˛yï˛ä–

§yÓ˚§Ç Ï̂«˛˛õ

xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚ È lim
x a→ − f ′(x)ñ x = a üÈˆï˛ f(x) ~Ó˚ ≤Ãï˛ƒy!¢ï˛ Ùylñ Îy a ~Ó˚ ÓÑy!òˆÏÜ˛ x ~Ó˚

!lÜ˛ê˛Óï˛#≈ ÙyˆÏlÓ˚ çlƒ f(x) ~Ó˚ Ùyl ≤Ãò_– ~•z Ùyl Ï̂Ü˛ a ˆï˛ñ f ~Ó˚ ÓyÙ˛õˆÏ«˛Ó˚ §#ÙyfiÌ Ùyl Ó°y •Î˚–

È lim ( )
x a

f x
→ + ñ x = a üÈˆï˛ f(x) ~Ó˚ ≤Ãï˛ƒy!¢ï˛ Ùylñ Îy x ~Ó˚ a ~Ó˚ í˛yl!òˆÏÜ˛ !lÜ˛ê˛Óï˛#≈ ÙyˆÏlÓ˚

çlƒ f(x) ~Ó˚ Ùyl ≤Ãò_– ~•z Ùyl Ï̂Ü˛ a ˆï˛ñ f ~Ó˚ í˛yl˛õˆÏ«˛Ó˚ §#ÙyfiÌ Ùyl Ó°y •Î˚–

Î!ò ÓÑy!òˆÏÜ˛Ó˚ §#ÙyfiÌ Ùyl ~ÓÇ í˛yl !òˆÏÜ˛ §#ÙyfiÌ Ùyl §Ùy˛õ!ï˛ï˛ •Î˚ ï˛ˆÏÓ ~•z §yôyÓ˚î ÙylˆÏÜ˛

x =a ˆï˛ f(x) ~Ó˚ §#Ùy Ó°y •Î˚ ~ÓÇ ~!ê˛ Ï̂Ü˛ lim
x a→

 f(x) !òˆÏÎ˚ !ã˛!•´ï˛ Ü˛Ó˚y •Î˚–

ò,T˛yhs˝ 1 f(x) = x + 10 xˆÏ˛õ«˛Ü˛!ê˛ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y– xyÙÓ˚y ~•z xˆÏ˛õ«˛Ü˛!ê˛Ó˚ §#ÙyfiÌ Ùyl x = 5 ~ !lî≈Î˚
Ü˛Ó˚ˆÏï˛ ã˛y•z– 5 ~Ó˚ á%Ó !lÜ˛ê˛Óï˛#≈ x ~Ó˚ ÙyˆÏlÓ˚ çlƒ f ~Ó˚ Ùyl !•ˆÏ§Ó Ü˛Ó˚ˆÏï˛ •ˆÏÓ– 5 ~Ó˚ xï˛ƒhs˝ !lÜ˛ Ï̂ê˛
ÓÑy!òˆÏÜ˛ !Ü˛S%È !Ó®% •° 4.9, 4.95, 4.99, 4.995. . ., •zï˛ƒy!ò– ~•z !Ó®%à%ˆÏ°yˆÏï˛  f(x) ~Ó˚ Ùyl l# Ï̂ã˛

!ã˛e 13.3
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ï˛y!°Ü˛yÓÂô Ü˛Ó˚y •°– xl%Ó˚)ˆÏ˛õ 5 ~Ó˚ xï˛ƒhs˝ !lÜ˛ê˛Óï˛#≈ í˛yl!òˆÏÜ˛ ÓyhflÏÓ §Çáƒyà%ˆÏ°y •° 5.001, 5.01,

5.1– ~•z !Ó®% à%ˆÏ°yˆÏï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl §yÓ˚!î 13.4 ~ ≤Ãò_–

§yÓ˚!î 13.4

§yÓ̊!î 13.4 ̂ Ì Ï̂Ü˛ xyÙÓ̊y ôyÓ̊îy Ü˛Ó̊ Ï̂ï˛ ̨õy!Ó̊ ̂ Î f(x) ~Ó̊ Ùyl 14.995 ̂ Ì Ï̂Ü˛ Ó Ï̂í˛̧y ~ÓÇ 15.001ˆÌ Ï̂Ü˛
ˆSÈyˆÏê˛y •ˆÏÓ– ~ê˛y ôˆÏÓ˚ ˆlGÎ˚y •ˆÏÎ˚ˆÏSÈ ˆÎ x = 4.995 ~ÓÇ 5.001 – ~Ó˚ ÙˆÏôƒ ˆÜ˛yˆÏly x≤Ãï˛ƒy!¢ï˛ âê˛ly
âê˛ Ï̂Ó ly– ~ê˛y ôÓ˚y §Çàï˛ • Ï̂Ó ˆÎ 5 ~Ó˚ ÓÑy!òˆÏÜ˛ xÓ!fiÌï˛ §ÇáƒyÓ˚ çlƒ x = 5 ÈüÈ~ f(x) ~Ó˚ Ùyl • Ï̂Ó 15

xÌ≈yÍ  lim
x

f x
→ −

( ) =
5

15 –

xl%Ó)̨̊ ˆÏ˛õñ Îál xñ 5 ~Ó˚ í˛yl!òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚ ï˛ál f ~Ó˚ Ùyl 15 •ˆÏÓ xÌ≈yÍñ

lim
x

f x
→ +

( ) =
5

15 –

xÌ≈yÍ ~ê˛y §Ω˛Ó ˆÎñ   f  ~Ó˚ Óy!ò Ï̂Ü˛Ó˚ §#Ùy ~ÓÇ  f ~Ó˚ í˛yl!òˆÏÜ˛Ó˚ §#Ùyñ í˛zË˛ˆÏÎ˚Ó˚ Ùyl 15 ~Ó˚
§Ùyl– ï˛y•ˆÏ°ñ

lim lim lim
x x x

f x f x f x
→ → →− +

( ) = ( ) = ( ) =
5 5 5

15 –

xôƒyÎ˚ 2 ~Ó˚ 2.16 lÇ !ã˛ˆÏe ≤Ãò!¢≈ï˛ xˆÏ˛õ«˛Ü˛ ˆ°á!ã˛eñ §#ÙyfiÌ Ùyl 15 ~•z !§Âôyhs˝ˆÏÜ˛ !Ü˛S%Èê˛y
ÙçÓ%ï˛ Ü˛ˆÏÓ˚– ~•z !ã˛ˆÏe xyÙÓ˚y °«˛ Ü˛Ó˚!SñÈ x  Îál 5 ~Ó˚ í˛yl!òˆÏÜ˛ Óy Óy!òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚ñ ï˛ál xˆÏ˛õ«˛Ü˛
f(x) = x +10 ~Ó˚ ˆ°á!ã˛e (5, 15) !Ó®%Ó˚ !lÜ˛ê˛Óï˛#≈ •Î˚–

xyÙÓ˚y °«˛ Ü˛!Ó˚ Èx = 5üÈ~G x Į̈̂ õ«˛Ü˛!ê˛Ó˚ Ùyl 15 ~Ó˚ §Ùyl •Î˚–

ò,T˛yhs  2   f(x) = x3 xˆÏ˛õ«˛Ü˛!ê˛ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y–  x = 1 ÈüÈ~ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– ̨õ)ˆÏÓ≈Ó˚
˛õÂô!ï˛Ó˚ ÙˆÏï˛yñ 1 ~Ó˚ !lÜ˛ê˛Óï˛#≈ x  ~Ó˚ Ùy Ï̂lÓ˚ çlƒ f(x)  ~Ó˚ ÙyˆÏlÓ˚ §yÓ˚!îÓÂô Ü˛Ó˚y •°– §yÓ˚!î 13.5 ~
~à%̂ Ï°y ̂ òGÎ˚y •°–

§yÓ˚!î  13.5

~•z §yÓ˚!î •ˆÏï˛ xyÙÓ˚y ˛õy•zñ x = 1ÈüÈ~ x Į̈̂ õ«˛Ü˛ f ~Ó˚ Ùyl 0.997002999 ˆÌˆÏÜ˛ ÓˆÏí˛¸y ~ÓÇ
1.003003001 ˆÌ Ï̂Ü˛ ˆSÈy Ï̂ê˛y– ~ê˛y ô Ï̂Ó˚ ˆlGÎ˚y • Ï̂Î˚̂ ÏSÈ ˆÎ x = 0.999 ~ÓÇ 1.001~Ó˚ Ù Ï̂ôƒ ˆÜ˛y Ï̂ly

x 0.9 0.99 0.999 1.001 1.01 1.1

f(x) 0.729 0.970299 0.997002999 1.003003001 1.030301 1.331

x 4.9 4.95 4.99 4.995 5.001 5.01 5.1

f(x) 14.9 14.95 14.99 14.995 15.001 15.01 15.1
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x≤Ãï˛ƒy!¢ï˛ âê˛ly âê˛ˆÏÓ ly– ~ê˛y ôˆÏÓ˚ ˆlGÎ˚y §Çàï˛ ˆÎñ x = 1 ~ f ~Ó˚ Ùyl 1 ~Ó˚ ÓÑy!òˆÏÜ˛ §ÇáƒyÓ˚ í˛z˛õÓ˚
!lË≈˛Ó˚ Ü˛ˆÏÓ˚ñ xÌ≈yÍñ

lim
x

f x
→ −

( ) =
1

1 –

xl%Ó˚)ˆÏ˛õñ x Îál 1 ~Ó˚ í˛yl!òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚ñ ï˛ál  f(x) ~Ó˚ Ùyl • Ï̂Ó 1 xÌ≈yÍñ

lim
x

f x
→ +

( ) =
1

1–

xï˛~Óñ ~ê˛y §Ω˛Ó ˆÎ f(x) ~Ó˚ ÓÑy!ò Ï̂Ü˛Ó˚ §#ÙyÙyl ~ÓÇ f(x) ~Ó˚ í˛yl!òˆÏÜ˛Ó˚ §#ÙyÙyl í˛zË˛ˆÏÎ˚•z 1
•ˆÏÓ– ï˛y•ˆÏ°ñ

lim lim lim
x x x

f x f x f x
→ → →− +

( ) = ( ) = ( ) =
1 1 1

1 –

xôƒyÎ˚ È2üÈ~Ó˚ !ã˛e 2.11 ~ ≤Ãò!¢≈ï˛ xˆÏ˛õ«˛ˆÏÓ˚ ˆ°á!ã˛eñ §#ÙyfiÌ Ùyl 1 ~Ó˚ !§Âôyhs˝ˆÏÜ˛ !Ü˛S%Èê˛y
ÙçÓ%ï˛ Ü˛ˆÏÓ˚– ~•z !ã˛ˆÏe xyÙÓ˚y °«˛ Ü˛Ó˚!SÈñ Îál x ñ 1 ~Ó˚ í˛yl!òˆÏÜ˛ Óy ÓÑy!òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚ ï˛ál f(x) =

x3 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ̂ °á!ã˛e (1, 1) !Ó®%Ó˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚–

xyÙÓ˚y ˛õ%lÓ˚yÎ˚ °«˛ Ü˛Ó˚!SÈ ˆÎñ Èx = 1üÈ~ G xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl 1 ~Ó˚ §Ùyl •Î˚–

ò,T˛yhs  3  f(x) = 3x xˆÏ˛õ«˛Ü˛!ê˛ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y–  x = 2 ÈüÈ~ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ §#ÙyÙyl !lî≈Î˚ Ü˛Ó˚yÓ˚ ˆã˛T˛y
Ü˛Ó˚̂ ÏÓy– !l Ï̂ã˛Ó˚ §yÓ˚!î 13.6 fl∫ÈüÈÓƒyáƒyÜ˛yÓ˚#–

§yÓ˚!î  13.6

x 1.9 1.95 1.99 1.999 2.001 2.01 2.1

f(x) 5.7 5.85 5.97 5.997 6.003 6.03 6.3

˛õ)̂ ÏÓ≈Ó˚ Ù Ï̂ï˛y xyÙÓ˚y °«˛ Ü˛Ó˚!SÈ ̂ Îñ x ÓÑy!ò Ï̂Ü˛ Óy í˛yl!ò Ï̂Ü˛
2 ~Ó˚ !ò Ï̂Ü˛ x@˝Ã§Ó˚ • Ï̂FSñ f(x) ~Ó˚ Ùyl 6 ~Ó˚ !ò Ï̂Ü˛ x@˝Ã§Ó˚ • Ï̂FSÈ
ÙˆÏl •Î˚– xyÙÓ˚y ~!ê˛ˆÏÜ˛ !°áˆÏï˛ ˛õy!Ó˚

lim lim lim
x x x

f x f x f x
→ → →− +

( ) = ( ) = ( ) =
2 2 2

6

13.4  lÇ !ã˛ Ï̂e ≤Ãò!¢≈ï˛ ~Ó˚ ̂ °á!ã˛e ~•z ï˛Ìƒ Ï̂Ü˛ ÙçÓ%ï˛
Ü˛ Ï̂Ó˚–

~áy Ï̂l xyÙÓ̊y ̨õ%lÓ̊yÎ̊ °«˛ Ü˛Ó̊!SÈ ̂ Îñ x = 2 ÈüÈ~ x Į̈̂ õ«˛ Ï̂Ü˛Ó̊
Ùyl ~ÓÇ  x = 2 ÈüÈ~ §#ÙyfiÌ Ùyl §Ùy˛õ!ï˛ï˛ •Î˚–

ò,T˛yhs 4 ô ÓÜ˛ xˆÏ˛õ«˛Ü˛ f(x) = 3 ˆÜ˛ !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚y– x = 2

üÈ~ ~Ó˚ §#ÙyÓÂô Ùyl !lî≈Î˚ Ü˛Ó˚yÓ˚ ̂ ã˛T˛y Ü˛Ó˚ˆÏÓy– ~•z xˆÏ˛õ«˛Ü˛!ê˛
ô %ÓÜ˛ x Į̈̂ õ«˛Ü˛ •GÎ˚yÎ˚ §Ó≈e ~Ü˛!ê˛•z å~•z ̂ «˛ Ï̂e 3ä Ùyl ̨õyGÎ˚y !ã˛e 13.4
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ÎyÎ˚ xÌ≈yÍ 2 ~Ó˚ xï˛ƒhs˝ !lÜ˛ê˛Óï˛#≈ !Ó®%à%ˆÏ°yÓ˚ çlƒ ~Ó˚ Ùyl •Î˚ 3– xï˛~Óñ

lim lim lim
x x x

f x f x f x
→ → →− +

( ) = ( ) = ( ) =
2 2 2

3

 f(x) = 3 ~Ó˚ ˆ°á!ã˛e §Ó§ÙÎ˚ (0, 3) !Ó®%àyÙ# xÈüÈxˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° ˆÓ˚áy Îy xôƒyÎ˚ 2ÈüÈ~Ó˚ 2.9

lÇ !ã˛ Ï̂e ≤Ãò!¢≈ï˛ • Ï̂Î˚̂ ÏSÈ– ~ê˛y ̂ Ì Ï̂Ü˛ flõT˛ ̂ Î !l Ï̂î≈Î˚ §#ÙyfiÌ Ùyl 3– Î!òG ~ê˛y §• Ï̂ç•z °«˛ Ü˛Ó˚y ÎyÎ˚ ̂ Îñ

ˆÎˆÏÜ˛yˆÏly ÓyhflÏÓ §Çáƒy a ~Ó˚ çlƒ lim
x a

f x
→

( ) = 3  –

ò,T˛yhs 5  f(x) = x2 + x xˆÏ˛õ«˛Ü˛!ê˛ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y– xyÙyˆÏòÓ˚˛ lim
x

f x
→

( )
1

 ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ–

x = 1 üÈ~Ó˚ !lÜ˛ê˛Óï˛#≈ f(x) ~Ó˚ Ùylà%ˆÏ°y §yÓ˚!î È13.7üÈ~ §yÓ˚!îÓÂô Ü˛Ó˚y •° –

§yÓ˚!î 13.7

x 0.9 0.99 0.999 1.01 1.1 1.2

f(x) 1.71 1.9701 1.997001 2.0301 2.31 2.64

~!ê˛ • Ï̂ï˛ §Çàï˛Ë˛y Ï̂Ó ̨õyGÎ˚y ÎyÎ˚

lim lim lim
x x x

f x f x f x
→ → →− +

( ) = ( ) = ( ) =
1 1 1

2 ˚–

f(x) = x2 + x  ~Ó˚ ˆ°á!ã˛e 13.5 lÇ !ã˛ˆÏe
ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈñ ~ê˛y •ˆÏï˛ flõT˛ ̂ Îñ  x Îál 1 ~Ó˚
!òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚ñ ï˛ál ˆ°á!ã˛e (1, 2) ~Ó˚ !òˆÏÜ˛
x@˝Ã§Ó˚ •Î˚–

xï˛~Óñ xyÙÓ˚y ̨õ%lÓ˚yÎ˚ °«˛ Ü˛ˆÏÓ˚!SÈ

lim
x→1

 f (x) = f (1)

~ál !l¡¨!°!áï˛ !ï˛l!ê˛ ï˛Ìƒ ̂ ï˛yÙyˆÏòÓ˚ fl∫#Ü˛yÓ˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ  :

lim , lim
x x

x x
→ →

= =
1

2

1

1 1 a ~ÓÇ lim
x

x
→

+ =
1

1 2nd

ï˛y• Ï̂°ñ lim lim lim
x x x

x x x x
→ → →

+ = + = = +



1

2

1 1

2
1 1 2  –

xyÓyÓ̊ñ lim . lim . lim lim
x x x x

x x x x x x
→ → → →

+( ) = = = +( )  = +



1 1 1 1

2
1 1 2 2 1  –

!ã˛e 13.5
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ò,T˛yhs˝  6  f(x) = sin x xˆÏ˛õ«˛Ü˛!!ê˛ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y– xyÙÓ˚y lim s

x→
π

2

 sin x ~ xy@˝Ã•#ñ ˆÎáy Ï̂l ˆÜ˛yî

ˆÓ˚!í˛Î˚yˆÏl ̨õ!Ó˚Ùy˛õ Ü˛Ó˚y •Î˚–

~áy Ï̂lñ 
π

2
~Ó˚ !lÜ˛ê˛Óï˛#≈  f(x)  ~Ó˚ åxy§ß¨ä Ùyl §yÓ˚!îÓÂô å§yÓ˚!î 13.8ä Ü˛Ó˚y •°– ~!ê˛ •ˆÏï˛

xyÙÓ˚y ˆòáyˆÏï˛ ˛õy!Ó˚ Èü

lim lim lim

x x x

f x f x f x

→ → →
− +

( ) = ( ) = ( ) =
π π π

2 2 2

1

í˛z˛õÓ˚v ~!ê˛  f(x) = sin x ÈüÈ~Ó˚ ̂ °á!ã˛e myÓ˚y !§Âô •Î˚ Îy !ã˛e 3.8 (xôƒyÎ˚ 3) ÈüÈ~ ̂ òGÎ˚y • Ï̂Î˚̂ ÏSÈ–

~•z xÓfiÌyÎ˚G xyÙÓ˚y ˆòáï˛ ˛õy•z  lim s

x→
π

2

 sin x = 1 –

§yÓ˚!î  13.8

x
π

2
0 1− .

π

2
0 01− .

π

2
0 01+ .

π

2
0 1+ .

f(x) 0.9950 0.9999 0.9999 0.9950

ò,T˛yhs 7   f(x) = x + cos x xˆÏ˛õ«˛Ü˛!!ê˛ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y– xyÙÓ˚y lim
x→0

 f (x) ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚ˆÏï˛ ã˛y•z–

~áyˆÏl xyÙÓ˚y 0 ~Ó˚ !lÜ˛ê˛Óï˛#≈  f(x) ~Ó˚ Ùyl åxy§ß¨ä §yÓ˚!îÓÂô Ü˛Ó˚y •° (§yÓ˚!î 13.9) –

§yÓ˚!î  13.9

§yÓ˚!î 13.9 •ˆÏï˛ñ xyÙÓ˚y ˆòáyˆÏï˛ ˛õy!Ó˚ ˆÎñ

lim lim lim
x x x

f x f x f x
→ → →− +

( ) = ( ) = ( ) =
0 0 0

1

~•z ˆ«˛ˆÏeG xyÙÓ˚y ˆòáˆÏï˛ ˛õy•z  lim
x→0

 f (x) = f (0) = 1

~ál xyÙÓ˚y !lˆÏçÓ˚y !Ü˛ fl∫#Ü˛yÓ˚ Ü˛Ó˚ˆÏï˛ ̨ õy!Ó˚ÈüüüÈ

lim cos lim limcos
x x x

x x x x
→ → →

+[ ] = +
0 0 0

 ÓyhflÏ̂ ÏÓ §ï˛ƒ⁄

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) 0.9850 0.98995 0.9989995 1.0009995 1.00995 1.0950
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ò,T˛yhs 8  f x

x
( ) =

1

2 ˆˆ xˆÏ˛õ«˛Ü˛!!ê˛ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚yñ Îál x>0 –  lim
x→0

 f (x) ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

~áyˆÏlñ °«˛ Ü˛ˆÏÓ˚y ˆÎ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÇK˛yÓ˚ ˆ«˛e •° §Ü˛° ôlydÜ˛ ÓyhflÏÓ §Çáƒy§Ù)•– xï˛~Óñ
xyÙÓ˚y Îál f(x) ~Ó˚ Ùyl §yÓ˚!îÓÂô Ü˛!Ó˚ñ ï˛ál xÈñ 0 üÈ~Ó˚ ÓÑy!òÜ˛ •ˆÏï˛ x@˝Ã§Ó˚ •ˆÏFSÈñ ~Ó˚ ˆÜ˛yˆÏly ôyÓ˚îy
˜ï˛!Ó˚ Ü˛ Ï̂Ó˚ ly– l# Ï̂ã˛ xyÙÓ˚y 0 ~Ó˚ !lÜ˛ê˛Óï˛#≈ x ~Ó˚ ôlydÜ˛ Ùy Ï̂lÓ˚ çlƒñ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ùy Ï̂lÓ˚ §yÓ˚!îÓÂô Ü˛Ó˚y
•° å§yÓ˚!îˆÏï˛ x •° ˆÎ ˆÜ˛yˆÏly ôlydÜ˛ xá[˛ §Çáƒyä–

!lˆÏ¡¨ ≤Ãò_ 13.10 §yÓ˚!îˆÏï˛ xyÙÓ˚y ˆòáˆÏï˛ ˛õy•z xÈñ 0 ~Ó˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •ˆÏ°ñ f(x) Ó Ï̂í ¸̨y ~ÓÇ
xyÓ˚G ÓˆÏí˛¸y •Î˚– ~áyˆÏl ~!ê˛Ó˚ xÌ≈ •° f(x) ~Ó˚ ÙylˆÏÜ˛ Ó,•_Ó˚ Ü˛Ó˚y ÎyÎ˚ ˆÎˆÏÜ˛yˆÏly ≤Ãò_ §ÇáƒyÓ˚ çlƒ–

§yÓ˚!î  13.10

x 1 0.1 0.01 10–n

f(x) 1 100 10000 102n

ày!î!ï˛Ü˛Ë˛y Ï̂Óñ xyÙÓ˚y Ó° Ï̂ï˛ ̨õy!Ó˚ñ

lim
x

f x
→

( ) = +∞
0

~•z ̨ õyë˛ƒÜ ˛ˆÏÙ xyÙÓ˚y ~•z ≤ÃÜ˛yÓ˚ §#Ùy !lˆÏÎ˚ xyˆÏ°yã˛ly Ü˛Ó˚ˆÏÓy ly–

ò,T˛yhs 9  lim
x

f x
→

( ) =
0

 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y Îálñ

f x

x x

x

x x

( ) =

− <

=

+ >









2 0

0 0

2 0

,

,

,

˛õ)ˆÏÓ≈Ó˚ ÙˆÏï˛y xyÙÓ˚y 0 ~Ó˚ !lÜ˛ê˛Óï˛#≈ x ~Ó˚ Ùy Ï̂lÓ˚ çlƒ f(x) ~Ó˚ §yÓ˚!î ˜ï˛!Ó˚ Ü˛Ó˚y •°– °«˛ Ü˛ˆÏÓ˚y x ~Ó˚
}îydÜ˛ Ùy Ï̂lÓ˚ çlƒ  x – 2 ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó ~ÓÇ ôlydÜ˛ Ùy Ï̂lÓ˚ çlƒ x + 2  ~Ó˚ Ùyl !lî≈Î˚
Ü˛Ó˚ˆÏï˛ •ˆÏÓ–

§yÓ˚!î 13.11

§yÓ˚!î 13.11 ~Ó˚ ≤ÃÌÙ !ï˛!l!ê˛ ÙyˆÏlÓ˚ çlƒñ xyÙÓ˚y ˆòáˆÏï˛ ˛õy•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl –2 ˛õÎ≈hs˝ •…y§

˛õyÎ˚–  xï˛~Óñ lim
x

f x
→ −

( ) = −
0

2

x – 0.1 – 0.01 – 0.001 0.001 0.01 0.1

f(x) – 2.1 – 2.01 – 2.001 2.001 2.01 2.1
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§yÓ˚!îˆÏï˛ ˆ¢£Ï !ï˛l!ê˛ ÙyˆÏlÓ˚ çlƒ xyÙÓ˚y ˆòáˆÏï˛ ˛õy•zñ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ Ùyl 2 •ˆÏï˛ Ó,!Âô ˛õyÎ˚ ~ÓÇ
ï˛y• Ï̂°

lim
x

f x
→ +

( ) =
0

2

ˆÎˆÏ•ï%˛ 0 ~Ó˚ ÓÑy!òˆÏÜ˛Ó˚ ~ÓÇ í˛yl!òˆÏÜ˛Ó˚ §#Ùy §Ùy˛õ!ï˛ï˛ •Î˚ lyñ
ï˛y•z xyÙÓ˚y Ó°ˆÏï˛ ̨ õy!Ó˚ 0 !Ó®%ˆÏï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §#ÙyÓ˚ x!hflÏc ̂ l•z–

~•z xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ˆ°á!ã˛e 13.6 lÇ !ã˛ˆÏe ˆòáyˆÏly •°– ~áyˆÏl
xyÙÓ˚y Ùhs˝Óƒ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚ ̂ Î x = 0 !Ó®%̂ Ïï˛ x Į̈̂ õ«˛Ü˛!ê˛Ó˚ Ùyl §%§ÇK˛yï˛ñ
ÓyhflÏˆÏÓ 0 ~Ó˚ §Ùylñ !Ü˛v x = 0 ˆï˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ §#ÙyG §ÇK˛yï˛ lÎ˚–

ò,T˛yhs  10 §Ó≈ˆÏ¢£Ï ò,T˛yhs˝ !•ˆÏ§ˆÏÓñ xyÙÓ˚y  lim
x

f x
→

( )
1

 ~Ó˚ Ùyl !lî≈Î˚

Ü˛Ó˚̂ ÏÓyñ Îál

f x
x

( ) =
+




2

0

§yÓ˚!î  13.12

x 0.9 0.99 0.999 1.001 1.01 1.1

f (x) 2.9 2.99 2.999 3.001 3.01 3.1

˛õ)ˆÏÓ≈Ó˚ ÙˆÏï˛yñ xyÙÓ˚y 1 ~Ó˚ !lÜ˛ê˛Óï˛#≈ x ~Ó˚ Ùy Ï̂lÓ˚ çlƒ f(x) ~Ó˚ ÙylˆÏÜ˛ §yÓ˚!îÓÂô Ü˛!Ó˚– 1 ̂ Ì Ï̂Ü˛
ˆSÈy Ï̂ê˛y x ~Ó˚ çlƒñ f(x)~Ó˚ Ùyl ˆÌ Ï̂Ü˛ ~ê˛y ˆÓyV˛y ÎyÎ˚ ˆÎñ x = 1 ~ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ùyl 3 •ˆÏï˛ •ˆÏÓ xÌ≈yÍñ

lim
x

f x
→ −

( ) =
1

3 –

~Ü˛•zË˛yˆÏÓñ 1 ˆÌˆÏÜ˛ ÓˆÏí˛y¸ x ~Ó˚ ÙyˆÏlÓ˚ çlƒ f(x) ~Ó˚
Ùylà%ˆÏ°y !lˆÏò≈¢ Ü˛ˆÏÓ˚ ˆÎñ f(x) ~Ó˚ Ùyl 3 •GÎ˚y í˛z!ã˛ï˛–

lim
x

f x
→ +

( ) =
1

3 –

!Ü˛vñ ï˛y•ˆÏ° ÓyÙ˛õˆÏ«˛Ó˚ §#Ùy ~ÓÇ í˛yl˛õˆÏ«˛Ó˚ §#Ùy
§Ùy˛õ!ï˛ï˛ •Î˚ ~ÓÇ

        lim lim lim
x x x

f x f x f x
→ → →− +

( ) = ( ) = ( ) =
1 1 1

3 –

13.7 lÇ !ã˛ Ï̂e ≤Ãò_ñ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ̂ °á!ã˛e §#Ùy §ÇÜ ̨ yhs˝
ôyÓ˚îyˆÏÜ˛ ÙçÓ%ï˛ Ü˛ˆÏÓ˚–  xyÙÓ˚y §yôyÓ˚îË˛yˆÏÓ ~áyˆÏl ˆòáˆÏï˛

!ã˛e 13.6

!ã˛e 13.7

ñ  x ≠ 1

ñ  x ≠ 1
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˛õy!FSÈ ̂ Îñ ~Ü˛!ê˛ ≤Ãò_ !Ó®%ˆÏï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl ~ÓÇ ~Ó˚ §#ÙyfiÌ Ùyl !Ë˛ß¨ !Ë˛ß¨ •ˆÏï˛ ̨ õyˆÏÓ˚ å~Ùl!Ü˛ Îál
í˛zË˛Î˚•z §ÇK˛yï˛ ä–

13.3.1  §#ÙyÓ˚ Ó#çà!îï˛ (Algebra of limits) í˛z˛õ!Ó˚í˛z=˛ ò,T˛yhs˝à%ˆÏ°yˆÏï˛ñ xyÙÓ˚y °«˛ Ü˛ˆÏÓ˚!SÈ ˆÎñ
§#Ùy ≤Ã!Ü ˛Î˚y ˆÎyàñ !ÓˆÏÎ˚yàñ à%î ~ÓÇ Ë˛yà ~Ó˚ !lÎ˚Ù ˆÙˆÏl ã˛ˆÏ°ñ ˆÎáyˆÏl !ÓˆÏÓã˛lyô#l xˆÏ˛õ«˛Ü˛ ~ÓÇ
§#Ùyà%̂ Ï°y §%§ÇK˛yï˛ • Ï̂Ó– âê˛ly ò%!ê˛ §Ùy˛õ!ï˛ï˛ lÎ˚– ÓyhflÏ̂ ÏÓ xyÙÓ˚y ~ Ï̂òÓ˚ ≤ÃÙyî SÈyí ¸̨y í z̨̨ õ˛õy Ï̂òƒÓ˚ xyÜ˛y Ï̂Ó˚
!l¡¨Ó)̊̂ Į̈ õ ≤ÃÜ˛y¢ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚–

í˛z˛õ˛õyòƒ 1 ôÓ˚y ÎyÜ˛ñ  f  ~ÓÇ g ò%!ê˛ ~Ó˚)˛õ xˆÏ˛õ«˛Ü˛ ˆÎáyˆÏl lim
x a→

 f (x) ~ÓÇ  lim
x a→

 g(x)  ~Ó˚ x!hflÏc

xy Ï̂SÈ– ï˛y• Ï̂°

  (i) ò%!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ̂ ÎyàÊ˛ Ï̂°Ó˚ §#ÙyfiÌ Ùylñ xˆĮ̈ õ«˛Ü˛ ò%!ê˛Ó˚ §#ÙyfiÌ ÙyˆÏlÓ˚ ̂ ÎyàÊ˛° §Ùylñ xÌ≈yÍ

lim
x a→

[ f(x) + g (x)] =  lim
x a→

 f(x) + lim
x a→

 g(x) –

 (ii) ò%!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ xhs˝Ó˚Ê˛ Ï̂°Ó˚ §#ÙyfiÌ Ùylñ x Į̈̂ õ«˛Ü˛ ò%!ê˛Ó˚ §#ÙyfiÌ Ùy Ï̂lÓ˚ xhs˝Ó˚Ê˛ Ï̂°Ó˚ §Ùylñ xÌ≈yÍ

lim
x a→

[  f(x) – g(x)] =  lim
x a→

 f(x) – lim
x a→

 g(x) –

(iii) ò%!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ à%îÊ˛ˆÏ°Ó˚ §#ÙyfiÌ Ùylñ xˆÏ˛õ«˛Ü˛ ò%!ê˛Ó˚ §#ÙyfiÌ ÙyˆÏlÓ˚ à%îÊ˛ˆÏ°Ó˚ §Ùylñ xÌ≈yÍ

lim
x a→

 [ f(x) . g(x)] =  lim
x a→

 f(x) É lim
x a→

 g(x)–

(iv) ò%!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ë˛yàÊ˛ Ï̂°Ó˚ §#ÙyfiÌ Ùylñ x Į̈̂ õ«˛Ü˛ ò%!ê˛Ó˚ §#ÙyfiÌ Ùy Ï̂lÓ˚ Ë˛yàÊ˛ Ï̂°Ó˚ §Ùylñ xÌ≈yÍ

lim

lim

limx a

x a

x a

f x

g x

f x

g x→

→

→

( )
( )

=
( )

( )

A oT˛Óƒ   (iii) ~Ó˚ ~Ü˛!ê˛ !Ó Ï̂¢£Ï ̂ «˛ Ï̂eñ Îál g ~Ü˛!ê˛ ô %ÓÜ˛ xˆÏ˛õ«˛Ü˛ xÌ≈yÍ   g(x) = λ , λ  ̂ Î
ˆÜ˛yˆÏly ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy •ˆÏ°ñ xyÙÓ˚y çy!lñ

lim . .lim
x a x a

f x f x
→ →

( ) ( )  = ( )λ λ –

˛õÓ˚Óï˛#≈ ò%!ê˛ xl%̂ ÏFSÈ Ï̂òñ xyÙÓ˚y !Ü˛S%È í z̨òy•Ó˚î ̂ òÓ ̂ Îáy Ï̂l ~•z í z̨̨ õ˛õyòƒ!ê˛ !Ó Ï̂¢£Ï ≤ÃÜ˛yÓ˚ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚
§#ÙyfiÌ Ùyl !lî≈ˆÏÎ˚ ≤ÃˆÏÎ˚yà Ü˛Ó˚y •ˆÏÓ–
13.3.2  Ó•%˛õò ~ÓÇ Ù)°ò xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §#Ùy (Limits of polynomials and rational functions)

~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛  f ˆÜ˛ Ó•%̨ õò x Į̈̂ õ«˛Ü˛ Ó°y • Ï̂Ó Î!ò f(x) ¢)lƒ å0ä xˆÏ˛õ«˛Ü˛ •Î˚ xÌÓy Î!ò f(x) = a
0
 +

a
1
x + a

2
x2 +. . .+ a

n
xn ñ ˆÎáyˆÏl a

i
 à%ˆÏ°y ÓyhflÏÓ §Çáƒy G a

n
 ≠ 0ñ ˆÎ ˆÜ˛yˆÏly fl∫yË˛y!ÓÜ˛ §Çáƒy n ~Ó˚

çlƒ–

xyÙÓ˚y çy!l ˆÎñ lim
x a→

x = a –
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ï˛y• Ï̂°ñ lim lim . lim .lim .
x a x a x a x a

x x x x x a a a
→ → → →

= ( ) = = =2 2

 n  ~Ó˚ í˛z˛õÓ˚ xyˆÏÓ˚y•ˆÏîÓ˚ l#!ï˛ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ §•ˆÏç Ó°y ÎyÎ˚

lim
x a

n n
x a

→
=

~álñ ô!Ó˚ f x a a x a x a x
n

n( ) = + + + +
0 1 2

2
...  ~Ü˛!ê˛ Ó•%˛õò xˆÏ˛õ«˛Ü˛–

a a x a x a x
n

n

0 1 2

2
, , ,...,  ~ˆÏòÓ˚ ≤ÃˆÏï˛ƒÜ˛ˆÏÜ˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ Ë˛yÓˆÏ°ñ xyÙÓ˚y ̨ õy•zñ

lim
x a→

m f x( )
0

= lim ...
x a

n

n
a a x a x a x

→
+ + + +



0 1 2

2

= lim lim lim ... lim
x a x a x a x a

n

n
a a x a x a x

→ → → →
+ + + +

0 1 2

2

= a a x a x a x
x a x a

n
x a

n

0 1 2

2+ + + +
→ → →

lim lim ... lim

= a a a a a a a
n

n

0 1 2

2+ + + +...

= f a( )

(í˛z˛õ!Ó˚í˛z=˛ ≤Ã!ï˛!ê˛ ôyˆÏ˛õÓ˚ ̂ ÎÔ!=˛Ü˛ï˛y ̂ ï˛yÙÓ˚y Ó%ˆÏV˛SÈ !Ü˛ ly ï˛y !l!Ÿã˛ï˛ •Gú)

~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛  f ̂ Ü˛ Ù)°ò x Į̈̂ õ«˛Ü˛ Ó°y • Ï̂Óñ Î!ò  f(x) = 
g x

h x

( )
( )  •Î˚ñ ̂ ÎáyˆÏl  g(x) ~ÓÇ h(x)

•° Ó•%˛õò Ó˚y!¢Ùy°y G  h(x) ≠ 0 – ï˛y•ˆÏ°ñ

lim lim

lim

limx a x a

x a

x a

f x
g x

h x

g x

h x

g a

h a→ →

→

→

( ) =
( )
( )

=
( )

( )
=

( )
( )

Î!ò h(a) = 0  •Î̊ñ ï˛ Ï̂Ó ò%!ê˛ xÓfiÌy •°Èüü (i) Îál g(a) ≠ 0 ~ÓÇ  (ii) Îál g(a) = 0– ≤ÃÌÙ ̂ «˛ Ï̂e
xyÙÓ̊y Ó° Ï̂ï˛ ̨õy!Ó̊ §#ÙyÓ̊ x!hflÏc ̂ l•z– ̨õÓ̊Óï˛#≈ ̂ «˛ Ï̂e xyÙÓ̊y !°á Ï̂ï˛ ̨õy!Ó̊ g(x) = (x – a)k g

1 
(x)ñ ̂ Îáy Ï̂l

kñ g (x) ~  (x – a)  ~Ó˚  §ˆÏÓ≈yFã˛ âyï˛–  xl%Ó˚)ˆÏ˛õñ h (x) = (x–a)l h
1
 (x) ˆÎˆÏ•ï%˛ h (a) = 0– ~álñ

Î!ò  k > l •Î˚ñ ï˛ˆÏÓ

lim

lim

lim

lim

limx a

x a

x a

x a

k

x a

f x

g x

h x

x a g x

x a→

→

→

→

→

( ) =
( )

( )
=

−( ) ( )

−

1

(( ) ( )l

h x
1
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= 

lim

lim

.
x a

k l

x a

x a g x

h x

g a

h a

→

−( )

→

−( ) ( )

( )
=

( )
( )

=
1

1

1

1

0
0

Î!ò  k < l •Î˚ñ ï˛ˆÏÓ §#Ùy §ÇK˛yï˛ lÎ˚–

í˛z˛òy•Ó˚î 1  §#Ùy !lî≈Î˚ Ü˛ˆÏÓ˚y  (i) lim
x

x x
→

− +



1

3 2
1     (ii)  lim

x

x x
→

+( ) 
3

1

 (iii) lim ...
x

x x x
→−

+ + + +



1

2 10
1  –

§Ùyôyl ı  ≤Ãò_ Ó•%˛õò Ó˚y!¢Ó˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §#ÙyfiÌ Ùylà%ˆÏ°y •° !lˆÏî≈Î˚ §#ÙyÙyl– xï˛~Óñ §#ÙyfiÌ
Ùylà%ˆÏ°y •° ≤Ãò_ !Ó®%ˆÏï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl– xyÙÓ˚y çy!lñ

(i) lim
x→1

 [x3 – x2 + 1] = 13 – 12 + 1 = 1

(ii) lim
x

x x
→

+( )  = +( ) = ( ) =
3

1 3 3 1 3 4 12

(iii) lim ...
x

x x x
→−

+ + + +



1

2 10
1  = + −( ) + −( ) + + −( )1 1 1 1

2 10

...

= − + + =1 1 1 1 1... –
í˛zòy•Ó˚î 2 §#Ùyà%ˆÏ°yÓ˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ı

(i) lim
x

x

x→

+

+











1

2
1

100
(ii) lim

x

x x x

x→

− +

−











2

3 2

2

4 4

4

(iii) lim
x

x

x x x→

−

− +











2

2

3 2

4

4 4
(iv) lim

x

x x

x x→

−

− +











2

3 2

2

2

5 6

(v) lim
x

x

x x x x x→

−

−
−

− +











1
2 3 2

2 1

3 2
–

§Ùyôyl   ≤Ãò_ §Óà%̂ Ï°y x Į̈̂ õ«˛Ü˛ Ù)°ò x Į̈̂ õ«˛Ü˛– ï˛y•z ≤ÃÌ Ï̂Ù xyÙy Ï̂òÓ˚ !Ó®%̂ Ïï˛ ~•z x Į̈̂ õ«˛Ü˛à%̂ Ï°yÓ˚ Ùyl

!lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– Î!ò ~!ê˛ 
0

0
 xyÜ˛yˆÏÓ˚Ó˚ •Î˚ ï˛ˆÏÓñ xˆÏ˛õ«˛Ü˛!ê˛ ̨õ%lÓ˚yÎ˚ ~ÙlË˛yˆÏÓ !°áÓ ÎyˆÏï˛ 

0

0
xy§yÓ˚

çlƒ òyÎ˚# à%îl#Î˚Ü˛!ê˛ x˛õl#ï˛ •Î˚–
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(i) xyÙÓ˚y ˛çy!lñ    lim
x

x

x→

+

+
=

+

+
=

1

2 2
1

100

1 1

1 100

2

101

(ii) x = 2 !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ Ùylñ  
0

0
 xyÜ˛yˆÏÓ˚Ó˚ •Î˚–

xï˛~Óñ lim
x

x x x

x→

− +

−2

3 2

2

4 4

4
 = lim

x

x x

x x→

−( )
+( ) −( )2

2

2

2 2

= lim
x

x x

x→

−( )
+( )2

2

2
    ˆÎ Ï̂•ï%̨  x ≠ 1

 =
2 2 2

2 2

0

4
0

−( )
+

= = –

(iii) x = 2 !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ Ùylñ  
0

0
 xyÜ˛yˆÏÓ˚Ó˚ •Î˚–

xï˛~Óñ lim
x

x

x x x→

−

− +2

2

3 2

4

4 4
 = lim

x

x x

x x
→

+( ) −( )
−( )2

2

2 2

2

= lim
x

x

x x→

+( )
−( )

=
+

−( )
=

2

2

2

2 2

2 2 2

4

0

•z•y §ÇK˛yï˛ lÎ˚–

(iv) x = 2 !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ Ùylñ 
0

0
 xyÜ˛yˆÏÓ˚Ó˚ •Î˚–

xï˛~Óñ lim
x

x x

x x→

−

− +2

3 2

2

2

5 6
 = lim

x

x x

x x→

−( )
−( ) −( )2

2
2

2 3

= lim
x

x

x→ −( )
=

( )
−

=
−

= −
2

2
2

3

2

2 3

4

1
4  –
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(v) ≤ÃÌˆÏÙñ xˆÏ˛õ«˛Ü˛!ê˛ˆÏÜ˛ xyÙÓ˚y Ù)°ò xˆÏ˛õ«˛Ü˛ xyÜ˛yˆÏÓ˚ !°ˆÏá ˛õy•zÈ üü

x

x x x x x

−

−
−

− +











2 1

3 2
2 3 2  =

x

x x x x x

−

−( )
−

− +( )















2

1

1

3 2
2

=
x

x x x x x

−

−( )
−

−( ) −( )












2

1

1

1 2

=
x x

x x x

2
4 4 1

1 2

− + −

−( ) −( )












=
x x

x x x

2
4 3

1 2

− +

−( ) −( )

x = 1 !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ Ùyl  
0

0
 xyÜ˛yˆÏÓ˚Ó˚ •Î˚–

xï˛~Óñ lim
x

x

x x x x x→

−

−
−

− +











1

2

2 3 2

2 1

3 2
= lim

x

x x

x x x→

− +

−( ) −( )1

2
4 3

1 2

= lim
x

x x

x x x→

−( ) −( )
−( ) −( )1

3 1

1 2

= lim
x

x

x x→

−

−( )1

3

2
 = 

1 3

1 1 2

−

−( )  = 2 –

xyÙÓ˚y Ùhs˝Óƒ Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚ ˆÎñ í˛z˛õˆÏÓ˚y=˛ Ùyl !lî≈ˆÏÎ˚  (x – 1) ˛õò!ê˛ Óç≈l Ü˛Ó˚y •° ˆÎˆÏ•ï%˛ x ≠ 1 –

~Ü˛!ê˛ à%Ó˚%c˛õ)î≈ §#ÙyÓ˚ Ùyl !lî≈Î˚ñ l#ˆÏã˛ ~Ü˛!ê˛ í˛z˛õ˛õyòƒ xyÜ˛yˆÏÓ˚ ˆòGÎ˚y •° Îy ˛õÓ˚Óï˛#≈ Ê˛°yÊ˛ˆÏ°
≤ÃˆÏÎ˚yà Ü˛Ó˚y •°–

í˛z˛õ˛õyòƒ 2  ˆÎ ˆÜ˛y Ï̂ly ôlydÜ˛ xá[˛ §Çáƒy n ~Ó˚ çlƒñ

lim
x a

n n

nx a

x a
na

→

−−

−
= 1

.

Ùhs˝Óƒ    n  ~Ü˛!ê˛ Ù)°ò §Çáƒy ~ÓÇ a ôlydÜ˛ §Çáƒy •ˆÏ°G í˛z˛õˆÏÓ˚y=˛ í˛z˛õ˛õyˆÏòƒñ Ó˚y!¢Ùy°yÓ˚ §#ÙyfiÌ Ùyl
§ï˛ƒ • Ï̂Ó–
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≤ÃÙyî xn – an = (x–a) (xn–1 + xn–2 a + xn–3 a2 + ... + x an–2 + an–1)

(xn – an) ˆÜ˛ (x – a) !òˆÏÎ˚ Ë˛yà Ü˛ˆÏÓ˚ñ xyÙÓ˚y ˛õy•zÈüüüÈ

ï˛y• Ï̂°ñ lim lim
x a

n n

x a

x a

x a→ →

−

−
=  (xn–1 + xn–2 a + xn–3 a2 + ... + x an–2 + an–1)

= an – l + a an–2 +. . . + an–2 (a) +an–l

= an–1 + an – 1 +...+an–1 + an–1 (n §ÇáƒÜ˛ ˛õò)

= nan – l

í˛z˛òy•Ó˚î  3  Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ı

(i)  lim
x

x

x→

−

−1

15

10

1

1
(ii) lim

x

x

x→

+ −
0

1 1

§Ùyôyl  (i) xyÙÓ˚y ̨ õy•zñ

lim
x

x

x→

−

−1

15

10

1

1
 = lim

x

x

x

x

x→

−

−
÷

−

−











1

15 10
1

1

1

1

= lim lim
x x

x

x

x

x→ →

−

−









 ÷

−

−











1

15

1

10
1

1

1

1

= 15 (1)14 ÷ 10(1)9   (í˛z˛õˆÏÓ˚y=˛ í˛z˛õ˛õyˆÏòƒÓ˚ §y•yˆÏÎƒ)

= 15 ÷ 10 =
3

2

(ii)  y = 1 + x Ó§yG– §%ï˛Ó˚yÇñ  x → 0.  • Ï̂° y →1  –

ï˛y• Ï̂°ñ lim
x

x

x→

+ −

0

1 1
 = lim

�y

y

y→

−

1

1

1

= lim
y

y

y→

−

−1

1

2

1

21

1

=
1

2
1

1

2
1

( )
−

 (í z̨̨ õ Ï̂Ó˚Ó˚ Ùhs˝Óƒ xl%§y Ï̂Ó˚)  =
1

2
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13.4  !eˆÏÜ˛yÏî!Ù!ï˛Ü˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §#Ùy (Limits of Trigonometric Functions)

x Į̈̂ õ«˛Ü˛ §ÇÜ ̨ yhs˝ !l Ï̂¡¨Ó˚ ï˛ÌƒyÓ!° åÎy í z̨̨ õ˛õy Ï̂òƒÓ˚ xyÜ˛y Ï̂Ó˚ Óƒ=˛äñ !Ü˛S%È !e Ï̂Ü˛yî!Ù!ï˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §#ÙyfiÌ
Ùy Ï̂lÓ˚ !• Ï̂§Ó !lî≈̂ ÏÎ˚ §yôyÓ˚îï˛ §•yÎ˚ï˛y Ü˛ Ï̂Ó˚–

í˛z˛õ˛õyòƒ  3   ôÓ˚y  ÎyÜ˛ñ ~Ü˛•z  ˆ«˛e  !Ó!¢T˛  ò%!ê˛  ÓyhflÏÓ Ùyl §¡õß¨  f ~ÓÇ g ~Ó˚)˛õ ò%!ê˛ xˆÏ˛õ«˛Ü˛ ˆÎl

f (x) ≤ g( x)ñ §ÇK˛yˆÏ«˛ˆÏe x ~Ó˚ §Ó Ùy Ï̂l– ~álñ ˆÜ˛y Ï̂ly a ~Ó˚ çlƒñ Î!ò í˛zË˛Î˚ §#Ùy lim
x a→

 f(x) ~ÓÇ

lim
x a→

 g(x) ~Ó˚ x!hflÏc ÌyˆÏÜ˛ñ ï˛ˆÏÓ lim
x a→

 f(x) ≤ lim
x a→

 g(x) ~!ê˛ 13.8 lÇ !ã˛ˆÏe ≤Ãò!¢≈ï˛ •°–

í˛z˛õ˛õyòƒ 4 ( §ƒyu˛í˛z•zã˛ í˛z˛õ˛õyòƒ)          ôÓ˚y ÎyÜ˛ñ  f,  g ~ÓÇ h ~Ó)̨̊ õ !ï˛l!ê˛ x Į̈̂ õ«˛Ü˛ ˆÎl
f (x) ≤ g( x) ≤ h(x) ñ  x  ~Ó˚ §Ó §yôyÓ˚î §ÇK˛yÓ˚ ˆ«˛ˆÏeÓ˚ çlƒ– !Ü˛S%È ÓyhflÏÓ §Çáƒy  a ~Ó˚ çlƒñ Î!ò

lim
x a→

  f(x) = l = lim
x a→

 h(x), ï˛ˆÏÓ lim
x a→

 g(x) = l – ~!ê˛ 13.9 lÇ !ã˛ˆÏe ≤Ãò!¢≈ï˛ •°–

!eˆÏÜ˛yî!Ù!ï˛Ü˛ xˆÏ˛õ«˛Ü˛ §ÇÜ ˛yhs˝ à%Ó˚%c˛õ)î≈ x§Ùï˛yÓ˚ ~Ü˛!ê˛ §%®Ó˚ çƒy!Ù!ï˛Ü˛ ≤ÃÙyî !lˆÏ¡¨ ̂ òGÎ˚y •°–

cos
sin

x
x

x
< <1 Îál  0

2
< <x

π

(*)

!ã˛e  13.8

!ã˛e 13.9
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≤ÃÙyî   xyÙÓ˚y çy!l ˆÎñ  sin (– x) =  – sin x ~ÓÇ  cos( – x) = cos x – ï˛y•z  0
2

< <x
Àπ

2
 !ÓhflÏyˆÏÓ˚

x§Ùï˛y!ê˛Ó˚ ≤ÃÙyî•z Î Ï̂ÌT˛–
13.10 lÇ !ã˛ Ï̂eñ  O •° ~Ü˛Ü˛ Ó,̂ Ï_Ó˚ ˆÜ˛w ~Ó)̨̊ õ ˆÎl AOC ˆÜ˛yˆÏîÓ˚

˛õ!Ó˚Ùy˛õ x ̂ Ó˚!í˛Î˚yl ~ÓÇ  0
2

< <x
Àπ

2
–  B A ~ÓÇ CD ̂ Ó˚áyÇ¢  OA ~Ó˚ í˛z˛õÓ˚

°¡∫– AC Î%=˛ Ü˛Ó˚y •°– ï˛y•ˆÏ°ñ

∆ OAC ~Ó˚ ˆ«˛eÊ˛° < Ó,_Ü˛°y OAC ~Ó˚ ˆ«˛eÊ˛° < ∆ OAB ~Ó˚
ˆ«˛eÊ˛°–

xÌ≈yÍñ
1

2 2

1

2

2
OA CD

x
OA OA AB. . .( ) .< <

π

π .

xÌ≈yÍñ CD < x . OA < AB.

∆ OCD •ˆÏï˛ñ

sin x = 
CD

OA
(ˆÎˆÏ•ï%˛ OC = OA) ï˛y•ˆÏ°ñ  CD = OA sin x – xyÓyÓ˚ñ  tan x =

AB

OA

ï˛y• Ï̂°ñ AB = OA. tan x –
xï˛~Óñ OA sin x < OA. x < OA. tan x –
ˆÎ Ï̂•ï%̨ OA ~Ó˚ ˜òâ≈ƒ ôlydÜ˛ñ ï˛y•z sin x <  x <  tan x –

ˆÎˆÏ•ï%˛  0
2

< <x
Àπ

2
, sin x ôlydÜ˛ñ §%ï˛Ó˚yÇñ í˛z˛õˆÏÓ˚y=˛ §¡õ)î≈ x§Ù#Ü˛Ó˚î!ê˛ˆÏÜ˛ sinx myÓ˚y Ë˛yà Ü˛ˆÏÓ˚

˛õy•zÈüüÈ      1<
x

x xsin cos
<

1
 – §Óà%̂ Ï°yÓ˚ x Ï̂lylƒÜ˛ !l Ï̂Î˚ ̨õy•z

cos
sin

x
x

x
< <1

Îy ≤ÃÙyî!ê˛ Ï̂Ü˛ §¡õ)î≈ Ü˛ Ï̂Ó˚–
í˛z˛õ˛õyòƒ 5  l#ˆÏã˛ ò%ˆÏê˛y à%Ó˚%c˛õ)î≈ §#Ùy ˆòGÎ˚y •°ÈüüüÈ

(i) lim
sin

x

x

x→
=

0

1 . (ii) lim
cos

x

x

x→

−
=

0

1
0 .

≤ÃÙyî (i)   (*) ~Ó˚ x§Ùï˛y xl%§yˆÏÓ˚ xˆÏ˛õ«˛Ü˛ 
sin x

x
•° x Į̈̂ õ«˛Ü˛ cos x ~ÓÇ ô %ÓÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ åÎyÓ˚

Ùyl 1ä ÙôƒÓï˛#≈ åsandwich ~Ó˚ ÙˆÏï˛yä–

!ã˛e 13.10
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xyÓyÓ˚ñ ˆÎˆÏ•ï%˛ lim
x→0

 cos x = 1, xyÙÓ˚y ˆòáˆÏï˛ ˛õy•z ˆÎñ í˛z˛õ˛õyòƒ (i) ~Ó˚ ≤ÃÙyî §¡õ)î≈ •Î˚

sandwich §ƒyu˛í z̨•zã˛ ~Ó˚ í z̨̨ õ˛õòƒ xl%§y Ï̂Ó˚–

(ii) ˆÜ˛ ˛≤ÃÙyî Ü˛Ó˚yÓ˚ çlƒñ xyÙÓ˚y !eˆÏÜ˛yî!Ù!ï˛Ü˛ xˆÏË˛ò  1 – cos x = 2 sin2 

x

2









  ˆÜ˛ Ù Ï̂l

Ü˛Ó˚Ó–
ï˛y• Ï̂°ñ

lim
cos

x

x

x→

−

0

1
 = lim

sin

lim

sin

.sin
x x

x

x

x

x

x

→ →











=





















0

2

0

2
2 2

2

2

=
lim

sin

.limsin .
x x

x

x

x

→ →



















 = =

0 0

2

2

2
1 0 0

°«˛ Ü˛ˆÏÓ˚ ˆòˆÏáyñ x → 0  •ˆÏ° ˛õˆÏÓ˚y«˛Ë˛yˆÏÓ  
x

2
0→  ÈüÈ~Ó˚ §Ùï%˛°ƒ–  y = 

x

2
 Ó!§ˆÏÎ˚ ~!ê˛ ≤ÃÙyî Ü˛Ó˚y

ÎyÎ̊–

í˛zòy•Ó˚î 4 :    Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y ı (i) lim
sin

sinx

x

x→0

4

2
(ii) lim

tan

x

x

x→0

§Ùyôyl  (i) lim
sin

sinx

x

x→0

4

2
=









→

lim
sin

.
sin

.
x

x

x

x

x0

4

4

2

2
2

= 2
4

4

2

20

.
sin sin

lim
x

x

x

x

x→









 ÷











= 2
4

4

2

24 0 2 0

.
sin

lim
sin

lim
x x

x

x

x

x→ →









 ÷











= 2.1.1 = 2 (ˆÏÎˆÏ•ï%˛  x → 0, ï˛y•z 4x → 0 ~ÓÇ 2x → 0)
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(ii) xyÙÓ̊y çy!lñ  lim
tan

x

x

x→0
 = lim

sin

cosx

x

x x→0
 = lim

sin
. lim

cosx x

x

x x→ →0 0

1
 = 1.1 = 1

 §#ÙyfiÌ Ùyl !lî≈ˆÏÎ˚Ó˚ §ÙÎ˚ l#ˆÏã˛Ó˚ §yôyÓ˚î !lÎ˚Ù!ê˛ ÙˆÏl Ó˚yáˆÏï˛ •ˆÏÓ– ôÓ˚y ÎyÜ˛ §#Ùy  lim
x a

f x

g x→

( )
( )

~Ó˚ x!hflÏc xyˆÏSÈ ~ÓÇ xyÙÓ˚y ~Ó˚ Ùyl !lî≈Î˚ Ü˛Ó˚ˆÏï˛ ã˛y•z– ≤ÃÌˆÏÙ  f (a)  ~ÓÇ g(a) ~Ó˚ Ùyl Îyã˛y•z Ü˛Ó˚ˆÏï˛
• Ï̂Ó– Î!ò  í z̨Ë˛ Ï̂Î˚Ó˚ Ùyl  ¢)lƒ  •Î˚ñ ï˛ Ï̂Ó xyÙy Ï̂òÓ˚ ̂ §•z í z̨Í˛õyòÜ˛!ê˛ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó ÎyÓ˚ çlƒ ̨õò!ê˛ ¢)lƒ •Î˚
xÌ≈yÍ Î!ò xyÙÓ˚y !°!á  f(x) = f

1
 (x) f

2
(x)  ï˛ Ï̂Ó  f

1
 (a) = 0 ~ÓÇ f

2
 (a) ≠ 0 –  xl%Ó)̊̂ Ï˛õ ˆ°áy ÎyÎ˚

g(x) = g
1
 (x) g

2
(x), ˆÎáy Ï̂l g

1
(a) = 0 ~ÓÇ g

2
(a) ≠ 0 –   f(x) ~ÓÇ g(x) •ˆÏï˛ §yôyÓ˚î í˛zÍ˛õyòÜ˛

Óç≈l Ü˛ˆÏÓ˚ åÎ!ò §Ω˛Ó •Î˚ä xyÙÓ˚y !°áˆÏï˛ ̨ õy!Ó˚–

f x

g x

p x

q x

( )
( )

=
( )
( ) , ˆÎáy Ï̂l q(x) ≠ 0.

ï˛y• Ï̂°ñ
lim
x a

f x

g x

p a

q a→

( )
( )

=
( )
( )

xl%¢#°l# 13.1

1 ˆÌ Ï̂Ü˛  22 ̨õÎ≈hs˝ !l¡¨!°!áï˛ ≤ÃŸ¿à%ˆÏ°yÓ˚ §#ÙyfiÌ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

1. lim
x

x
→

+
3

3 2. lim
x

x
→

−










π

22

7
3. lim

r

r
→1

2
π

4. lim
x

x

x→

+

−4

4 3

2
5. lim

x

x x

x→ −

+ +

−1

10 5
1

1
6. lim

x

x

x→

+( ) −

0

5

1 1

7. lim
x

x x

x→

− −

−2

2

2

3 10

4
8. lim

x

x

x x→

−

− −3

4

2

81

2 5 3
9. lim

x

ax b

cx→

+

+0 1

10. lim
z

z

z

→

−

−
1

1

3

1

6

1

1

11. lim ,
x

ax bx c

cx bx a

a b c
→

+ +

+ +
+ + ≠

1

2

2
0

12. lim
x

x

x→−

+

+2

1 1

2

2

13. lim
sin

x

ax

bx→0
14.  lim

sin

sin
, ,

x

ax

bx
a b

→
≠

0

0
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15. lim
sin

x

x

x→

−( )
−( )π

π

π π
16. lim

cos

x

x

x→ −0 π

17. lim
cos

cosx

x

x→

−

−0

2 1

1

18. lim
cos

sinx

ax x x

b x→

+

0
19. lim sec

x

x x
→0

20.  lim
sin

sin
, ,

x

ax bx

ax bx
a b a b

→

+

+
+ ≠

0

0 ,     21. lim ( cot )
x

x x
→

−
0

cosec

22.  
lim

tan

x

x

x→ −
π π

2

2

2

23.  lim
x

f x
→

( )
0

 ~ÓÇ lim
x

f x
→

( )
1

 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ Îál f x
x x

x x
( ) =

+ ≤

+( ) >





2 3 0

3 1 0

,

,

24.  lim
x→1

m f x( )
0

 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ Îál  f x
x x

x x

( ) =
− ≤

− − >







2

2

1 1

1 1

,

,

25.  lim
x

f x
→

( )
0

 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ Îál  f x

x

x
x

x

( ) =
≠

=








| |
,

,

0

0 0

26.  lim
x

f x
→

( )
0

~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ Îál  f x

x

x
x

x

( ) =
≠

=









| |
,

,

0

0 0

27.  lim
x

f x
→

( )
5

~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ Îál  f x x( ) = −| | 5

28.  Î!ò f x

a bx x

x

b ax x

( ) =

+ <

=

− >









,

,

,

1

4 1

1

~ÓÇ   lim
x→1

 f (x) = f (1) •Î˚ ï˛ Ï̂Ó  a G b ~Ó˚ §Ω˛yÓƒ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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29. ôˆÏÓ˚y a
1
, a

2
, . . ., a

n
  !l!ò≈T˛ ÓyhflÏÓ §Çáƒy ~ÓÇ

f x x a x a x a
n( ) = −( ) −( ) −( )1 2

...  ~Ü˛!ê˛  xˆÏ˛õ«˛Ü˛Ó˚)ˆÏ˛õ §ÇK˛y!Î˚ï˛–

 lim
x a→

1

f (x)  Ü˛# ˆÓyV˛yÎ˚ ?   a ≠ a
1
, a

2
, ..., a

n
 •ˆÏ° lim

x a→
 f (x) !lî≈Î˚ Ü˛ˆÏÓ˚y⁄

30. Î!ò  f x

x x

x

x x

( ) =

+ <

=

− >









1 0

0 0

1 0

,

,

,

•Î˚ñ ï˛ˆÏÓ a ~Ó˚ ˆÜ˛yl Ùy Ï̂lÓ˚ çlƒ  lim
x a→

 f (x)  §ÇK˛yï˛⁄

31.  Î!ò xˆÏ˛õ«˛Ü˛  f(x) ñ  lim
x

f x

x→

( ) −

−
=

1
2

2

1
Àπ , ÈüÈˆÜ˛ !§Âô Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ lim

x→1
 f (x) ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

32.  Î!ò f x

mx n x

nx m x

nx m x

( ) =

+ <

+ ≤ ≤

+ >









2

3

0

0 1

1

,

,

,

 •ÏÎ˚ñ ï˛ˆÏÓ m ~ÓÇ n ~Ó˚ ˆÜ˛yˆÏly xá[˛ ÙyˆÏlÓ˚ çlƒ

lim
x

f x
→

( )
0

 ~ÓÇ lim
x→1

f  (x)  í˛zË˛ˆÏÎ˚Ó˚ x!hflÏc ÌyˆÏÜ˛ ?

13.5  xhs˝Ó˚Ü˛°ç (Derivatives)

13.2 ̨õ!Ó̊ Ï̂FSÈ̂ Ïò xyÙÓ̊y ̂ ò Ï̂á!SÈñ !Ó!Ë˛ß̈ §Ù Ï̂Î̊Ó̊ xhs˝̂ ÏÓ̊ Ó›Ó̊ xÓfiÌyl ̂ ç Ï̂lñ Ó›!ê˛Ó̊ xÓfiÌy Ï̂lÓ̊ ̨õ!Ó̊Óï≈̨ Ï̂lÓ̊
•yÓ˚ !lî≈Î˚ Ü˛Ó˚y §Ω˛Ó– §ÙˆÏÎ˚Ó˚ !Ó!Ë˛ß¨ Ù%•)ˆÏï≈˛ ~Ü˛!ê˛ !l!Ÿã˛ï˛ ≤Ãyã˛° åParameterä çyly ~ÓÇ ˆ§•z •yÓ˚
!lî≈ˆÏÎ˚Ó˚ ˆã˛T˛y ˆÎáyˆÏl ~Ó˚ ˛õ!Ó˚Óï≈˛l •Î˚ñ ï˛y xï˛ƒhs˝ ÙçyòyÓ˚– ÓyhflÏÓ ç#ÓˆÏl ~Ùl xˆÏlÜ˛ ˛õ!Ó˚!fiÌ!ï˛ •Î˚
ˆÎáy Ï̂l ~•z ≤Ã!Ü ̨ Î˚y xyÓ¢ƒÜ˛ •Î˚– í z̨òy•Ó˚îfl∫Ó)̨̊ õ ç°yôy Ï̂Ó˚Ó˚ ç Ï̂°Ó˚ !•§yÓ Ó˚«˛yÜ˛yÓ˚# Óƒ!=˛Ó˚ §Ù Ï̂Î˚Ó˚ !Ó!Ë˛ß¨
Ù%•)̂ Ïï≈̨  ç Ï̂°Ó˚ àË˛#Ó˚ï˛y ̂ ç Ï̂l Ü˛ál ç°yôy Ï̂Ó˚Ó˚ ç° í z̨̨ õ Ï̂ã˛ ̨õí ¸̨̂ ÏÓ ï˛y çyly ~Ü˛yhs˝ ≤Ã Ï̂Î˚yçl– !Ó!Ë˛ß¨ §Ù Ï̂Î˚
Ó˚ˆÏÜ˛ˆÏê˛Ó˚ í˛zFã˛ï˛y ˆçˆÏl Ó˚ˆÏÜ˛ê˛ ˜ÓK˛y!lÜ˛ˆÏòÓ˚ ˆ§•z ÎÌyÎÌ ˆÓà !lî≈Î˚ Ü˛Ó˚y xï˛ƒyÓ¢ƒÜ˛ •Î˚ ÎyˆÏï˛ í˛z˛õ@˝Ã•!ê˛
Ó˚ˆÏÜ˛ê˛ ̂ ÌˆÏÜ˛ í˛zÍˆÏ«˛˛õl §Ω˛Ó •Î˚– xy!Ì≈Ü˛ §ÇfiÌyÓ˚ ~Ü˛!ê˛ !l!ò≈T˛ fiê˛Ü˛ ~Ó˚ Óï≈˛Ùyl Ù)°ƒ ̂ çˆÏl ~Ó˚ Ù)ˆÏ°ƒÓ˚
˛õ!Ó˚Óï≈̨ l Ë˛!Ó£Ïƒò‰Óyî# Ü˛Ó˚y ≤Ã Ï̂Î˚yçl •Î˚– ~ Ï̂«˛ Ï̂e ~ÓÇ ~Ó)̨̊ õ x Ï̂lÜ˛ ̂ «˛ Ï̂e ~!ê˛  çyly ≤Ã Ï̂Î˚yçl ̂ Îñ ~Ü˛!ê˛
≤Ãyã˛° x˛õÓ˚ ~Ü˛!ê˛ ≤Ãyã˛ˆÏ°Ó˚ §yˆÏ˛õˆÏ«˛ Ü˛#Ó˚)ˆÏ˛õ ˛õ!Ó˚Óï≈˛l •Î˚– xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÇK˛yÓ˚ xM˛ˆÏ°Ó˚ ˆÜ˛yˆÏly ~Ü˛!ê˛
!Ó®%̂ Ïï˛ x Į̈̂ õ«˛Ü˛!ê˛Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚•z xy Ï̂°yã˛lyÓ˚ Ù%áƒ í ẑ̨ Ïj¢ƒ–
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 §ÇK˛y 1   ôˆÏÓ˚y  f  ~Ü˛!ê˛ ÓyhflÏÓ Ùyl!Ó!¢T˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ ~Ó˚ §ÇK˛yÓ˚ ̂ «˛ˆÏe ådomainä   a ~Ü˛!ê˛ !Ó®%–
a !Ó®%ˆÏï˛ f ~Ó˚ xhs˝Ó˚Ü˛°ç

lim
h

f a h f a

h→

+( ) − ( )
0

Ó)̊̂ Į̈ õ §ÇK˛yï˛ñ ~•z ¢ Ï̂ï≈̨  ̂ Îñ G•z !Ó®%̂ Ïï˛ §#ÙyÓ˚ x!hflÏc xy Ï̂SÈ–  f (x) ~Ó˚ xhs˝Ó˚Ü˛°ç Ï̂Ü˛ f′ (a) !ò Ï̂Î˚  !ã˛!•´ï˛
Ü˛Ó˚y •Î˚–

°«˛ Ü˛ Ï̂Ó˚yñ x ~Ó˚ §yˆÏ˛õˆÏ«˛ a !Ó®%ˆÏï˛ f(x) ~Ó˚ ˛õ!Ó˚Óï≈˛lˆÏÜ˛ f′ (a) !òˆÏÎ˚ ˛õ!Ó˚Ùy˛õ Ü˛Ó˚y •Î˚–
í˛z˛òy•Ó˚î 5  f(x) = 3x xˆÏ˛õ«˛Ü˛ˆÏÜ˛Ó˚  x = 2 !Ó®%ˆÏï˛ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl ı  xyÙÓ˚y çy!l

f′ (2) = lim
h

f h f

h→

+( ) − ( )
0

2 2
 =  lim

h

h

h→

+( ) − ( )
0

3 2 3 2

= lim lim lim
h h h

h

h

h

h→ → →

+ −
= = =

0 0 0

6 3 6 3
3 3 –

x = 2 !Ó®%ˆÏï˛ñ 3x xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ˆÏçÓ˚ Ùyl 3–
í˛z˛òy•Ó˚î  6   x =  –1 !Ó®%ˆÏï˛ f(x) = 2x2 + 3x – 5 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ˆÏçÓ˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y– ~!ê˛G
≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ f ′ (0) + 3f ′ ( –1) = 0–
§Ùyôyl ı ≤ÃÌˆÏÙ x = –1 ~ÓÇ x = 0 !Ó®%ˆÏï˛ f(x) ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– xyÙÓ˚y çy!l

f′ f
f h f

hh

’ lim−( ) =
− +( ) − −( )

→
1

1 1

0

= lim
h

h h

h→

− +( ) + − +( ) −





− −( ) + −( ) −





0

2 2

2 1 3 1 5 2 1 3 1 5

= lim lim
h h

h h

h
h

→ →

−
= −( ) = ( ) − = −

0

2

0

2
2 1 2 0 1 1

~ÓÇ  f′ (0)  = lim
h

f h f

h→

+( ) − ( )
0

0 0

= lim
h

h h

h→

+( ) + +( ) −





− ( ) + ( ) −





0

2 2

2 0 3 0 5 2 0 3 0 5
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= lim lim
h h

h h

h
h

→ →

+
= +( ) = ( ) + =

0

2

0

2 3
2 3 2 0 3 3

flõT˛ï˛ñ   f′ (0) + 3  f′ (–1) = 0

 Ùhs˝Óƒ ı   ~•z ̨ õ!Ó˚!fiÌ!ï˛ˆÏï˛ ~!ê˛ °«˛ Ü˛Ó˚y ÎyÎ˚ ̂ Îñ ~Ü˛!ê˛ !Ó®%ˆÏï˛ §#ÙyÓ˚ §yˆÏ˛õˆÏ«˛ xhs˝Ó˚Ü˛°ç !lî≈ˆÏÎ˚ Ó•%
Ü˛yÎ≈Ü˛Ó˚# !lÎ˚ˆÏÙÓ˚ ≤ÃˆÏÎ˚yà Î%=˛ ÌyˆÏÜ˛– ~Ó˚ Óƒyáƒy !l¡¨!°!áï˛ í˛zòy•Ó˚ˆÏî ̨õyGÎ˚y ÎyÎ˚–

í˛z˛òy•Ó˚î 7   x = 0 !Ó®%̂ Ïï˛  sin x ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı   ôÓ˚y ÎyÜ˛ñ   f(x) = sin x ï˛y•ˆÏ°ñ

f ′(0) = lim
h

f h f

h→

+( ) − ( )
0

0 0

= lim
sin sin

h

h

h→

+( ) − ( )
0

0 0
 = lim

sin

h

h

h→
=

0

1

í˛z˛òy•Ó˚î 8  x = 0 ~ÓÇ  x = 3 !Ó®%ˆÏï˛  f(x) = 3 ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı ̂ ÎˆÏ•ï%˛ xhs˝Ó˚Ü˛°çñ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ̨õ!Ó˚Óï≈˛lˆÏÜ˛ ̨õ!Ó˚Ùy˛õ Ü˛ˆÏÓ˚ñ ï˛y•z flõT˛ï˛ §•çË˛yˆÏÓ Ó°y ÎyÎ˚ñ
≤Ã Ï̂ï˛ƒÜ˛ !Ó®%̂ Ïï˛ ô %ÓÜ˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ xhs˝Ó˚Ü˛°ç xÓ¢ƒ•z ¢)lƒ • Ï̂Ó– ≤ÃÜ,̨ ï˛˛õ Ï̂«˛ñ !l¡¨!°!áï˛ Ê˛°yÊ˛° xÓ¢ƒ•z
¢)lƒ •ˆÏÓ– ≤ÃÜ,̨ ï˛˛õˆÏ«˛ñ !l¡¨!°!áï˛ Ê˛°yÊ˛° ~!ê˛ˆÏÜ˛ §ÙÌ≈l Ü˛ˆÏÓ˚–

 f ′(0) 
f h f

h h hh h h

lim lim lim
0 0 3 3 0

0
0 0 0

) =
+( ) − ( )

=
−

= =
→ → →

.

xl%Ó̊)̂ Į̈ õ f ′(3)
f h f

h hh h

lim lim3
3 3 3 3

0
0 0

) =
+( ) − ( )

=
−

=
→ →

~ál xyÙÓ˚y ~Ü˛!ê˛ !Ó®%ˆ Ïï˛
xˆÏ˛õ«˛ˆÏÜ˛Ó˚  xhs˝Ó˚Ü˛°ˆÏçÓ˚  çƒy!Ù!ï˛Ü˛
Óƒyáƒy í z̨̨ õfiÌy˛õl Ü˛Ó̊Ó– ôÓ̊y ÎyÜ˛ñ y = f(x)

~Ü˛!ê˛ xˆÏ ˛õ«˛Ü˛ ~ÓÇ xˆÏ˛õ«˛Ü˛!ê˛Ó˚
ˆ°á!ã˛ˆÏeÓ˚ í˛z˛õÓ˚ P =[ a, f(a) ]~ÓÇ
Q = [ a + h, f(a + h) ] ò%!ê˛ !Ó®%
˛õÓ˚flõÓ˚ Ü˛ySÈyÜ˛y!SÈ xÓ!fiÌï˛– ~Ùl !ã˛e
13.11 !lˆÏç•z !lˆÏçÓ˚ Óƒyáƒy ≤Ãòyl Ü˛ˆÏÓ˚–

!ã˛e 13.11
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xyÙÓ˚y çy!l   ′( ) =
+( ) − ( )

→
f a

f a h f a

hh

lim
0

PQR !eË%̨ç ̂ Ì Ï̂Ü˛ ~!ê˛ flõT˛ ̂ Îñ ÎyÓ̊ §#Ùy xyÙÓ̊y !lî≈Î̊ Ü˛Ó̊!SÈ ï˛yÓ̊ xl%̨ õyï˛ñ ÎÌyÎÌË˛y Ï̂Ó tan(QPR)

~Ó˚ §Ùylñ Îy PQ çƒy ~Ó˚ l!ï˛ §#ÙyfiÌ Ùyl !lî≈ˆÏÎ˚Ó˚ ̨ õÂô!ï˛ˆÏï˛ñ h ¢)ˆÏlƒÓ˚ å0ä !òˆÏÜ˛ x@˝Ã§Ó˚ •ˆÏ°ñ Q !Ó®%
P ~Ó˚ !òˆÏÜ˛ x@˝Ã§Ó˚ •Î˚ ~ÓÇ xyÙÓ˚y ˛õy•z

lim lim
h

f a h f a

h→ →

+( ) − ( )
=

0 Q P

QR

PR

~!ê˛  ï˛ˆÏÌƒÓ˚ §Ùï%˛°ƒ ˆÎñ PQ çƒy y = f(x) ÓˆÏÜ ˛Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ P !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ !òˆÏÜ˛
x@˝Ã§Ó˚ •ˆÏFSÈ– ï˛y•ˆÏ° §#ÙyfiÌ Ùyl •° flõ¢≈ˆÏÜ˛Ó˚ l!ï˛Ó˚ §Ùyl– xï˛~Óñ

′( ) =f a tanψ̈–

≤Ãò_ x Į̈̂ õ«˛Ü˛ f ~Ó˚ xhs˝Ó˚Ü˛°ç ≤Ã!ï˛!ê˛ !Ó®%̂ Ïï˛ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚– Î!ò ≤Ã!ï˛!ê˛ !Ó®%̂ Ïï˛ xhs˝Ó˚Ü˛° Ï̂çÓ˚
x!hflÏc Ìy Ï̂Ü˛ ï˛ Ï̂Ó ~ê˛y ~Ü˛!ê˛ lï%̨ l x Į̈̂ õ«˛ Ï̂Ü˛ §ÇK˛yï˛ Ü˛ Ï̂Ó˚ Ìy Ï̂Ü˛ f ~Ó˚ xhs˝Ó˚Ü˛°ç Ó°y •Î˚– ≤ÃÌyàï˛Ë˛y Ï̂Óñ
xyÙÓ˚y ~Ü˛!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ xhs˝Ó˚Ü˛°ç !l¡¨Ó)̨̊ õ §ÇK˛y!Î˚ï˛ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚–
§ÇK˛y 2   ôˆÏÓ˚y f  ~Ü˛!ê˛ ÓyhflÏÓ Ùyl !Ó!¢T˛ xˆÏ˛õ«˛Ü˛ñ Îy !l¡¨Ó˚)˛ˆÏ˛õ §ÇK˛y!Î˚ï˛

lim
h

f x h f x

h→

+( ) − ( )
0

ˆÎáyˆÏl §#ÙyÓ˚ x!hflÏc xyˆÏSÈ ~ÓÇ xÈüÈ~ f ~Ó˚ xhs˝Ó˚Ü˛°ç §ÇK˛yï˛– ~!ê˛ f′(x) !òˆÏÎ˚ !ã˛!•´ï˛ Ü˛Ó˚y •Î˚– ~•z

§ÇK˛y!ê˛ Ï̂Ü˛  xhs˝Ó˚Ü˛° Ï̂çÓ˚ ≤ÃÌÙ !lÎ˚ÙG Ó°y •Î˚–

ï˛y• Ï̂°ñ f′ f x
f x h f x

hh

’ lim( ) =
+( ) − ( )

→0

flõT˛ï˛•z  f′ (x) ~Ó˚ §ÇK˛yï˛ xM˛° • Ï̂Ó ̂ Îáy Ï̂l í z̨̨ õ Ï̂Ó˚y=˛ §#ÙyÓ˚ x!hflÏc xy Ï̂SÈ– ~Ü˛!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚

xhs˝Ó˚Ü˛°ç !Ó!Ë˛ß¨ ≤Ãï˛#ˆÏÜ˛Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– Ü˛áyˆÏly  f′ (x) !ã˛!•´ï˛ Ü˛Ó˚y •Î˚ 
d

dx
( [ f (x) ]  myÓ˚y

Îál  y = f(x), ~!ê˛ 
dy

dx
 !òˆÏÎ˚ !ã˛!•´ï˛ •Î˚– ~!ê˛  f(x) Óy  y ~Ó˚ x ÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ xhs˝Ü˛°ç !lˆÏò≈¢ Ü˛ˆÏÓ˚–

~!ê˛ Ï̂Ü˛ D [ f (x) ] !òˆÏÎ˚G ˆÓyV˛yˆÏly •Î˚– x!ôÜ˛v x = a ~ f ~Ó˚ xhs˝Ó˚Ü˛°ç !ã˛!•´ï˛ •Î˚   
d

dx
f x

a

( )

Óy 
df

dx a
 Óy 

df

dx
x a











=
 !òˆÏÎ˚–

í˛z˛òy•Ó˚î  9  f(x) = 10x ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y –

§Ùyôyl  ˆÎˆÏ•ï%˛  f′ ( x) = lim
h

f x h f x

h→

+( ) − ( )
0
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= lim
h

x h x

h→

+( ) − ( )
0

10 10

= lim
h

h

h→0

10
 = lim

h→
( ) =

0

10 10  –

í˛z˛òy•Ó˚î  10   f(x) = x2  ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ˚xyÙÓ˚y çy!lñ  f ′(x)  =  lim
h

f x h f x

h→

+( ) − ( )
0

= lim
h

x h x

h→

+( ) − ( )
0

2 2

 = lim
h

h x x
→

+( ) =
0

2 2

í˛z˛òy•Ó˚î 11 ô %ÓÜ˛ xˆÏ˛õ«˛Ü˛  f (x) = a ~Ó˚ xhs˝Ó˚ Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚yñ ˆÎáy Ï̂l  a ~Ü˛!ê˛ !l!ò≈T˛ ÓyhflÏÓ
§Çáƒy–

§Ùyôyl ı xyÙÓ˚y çy!lñ  f ′(x) =  lim
h

f x h f x

h→

+( ) − ( )
0

= lim lim
h h

a a

h h→ →

−
= =

0 0

0
0   ˆÎˆÏ•ï%˛ h ≠ 0

í˛z˛òy•Ó˚î 12   f(x) = 
1

x
 ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı  xyÙÓ˚y çy!lñ   f ′(x) = lim
h

f x h f x

h→

+( ) − ( )
0

=  lim
( )

h

x h x

h→

+
−

0

1 1

=  lim
h h

x x h

x x h→

− +( )
+( )











0

1

= lim
h h

h

x x h→

−

+( )










0

1

= lim
h x x h→

−

+( )0

1

= −
1

2
x
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13.5.1 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç ÈüÈ~Ó˚ Ó#çà!îï˛  (Algebra of derivative of functions)  ˆÎˆÏ•ï%˛
¢%Ó˚%ˆÏï˛ xhs˝Ó˚Ü˛°ˆÏçÓ˚ §ÇK˛yÎ˚ ≤Ãï˛ƒ«˛Ë˛yˆÏÓ §#Ùy Î%=˛ñ ï˛y•z xy¢y Ü˛Ó˚y ÎyÎ˚ xhs˝Ó˚Ü˛°ˆÏçÓ˚ !lÎ˚Ùà%ˆÏ°y ̇ §Ó
§#Ùy Ùylà%ˆÏ°yÓ˚ §yˆÏÌ !l!Óí˛¸Ë˛yˆÏÓ Î%=˛– !l¡¨!°!áï˛ í˛z˛õ˛õyˆÏòƒ xyÙÓ˚y ~ˆÏòÓ˚ §ÇÜ˛!°ï˛ Ü˛ˆÏÓ˚!SÈ–

í˛z˛õ˛õyòƒ 5 ôÓ˚y ÎyÜ˛ñ  f ~ÓÇ g ~Ó˚)˛õ ò%!ê˛ xˆÏ˛õ«˛Ü˛ ÎyˆÏòÓ˚ xhs˝Ó˚Ü˛°ç ~Ü˛!ê˛ §yôyÓ˚î xM˛ˆÏ° §ÇK˛yï˛–
ï˛y• Ï̂°ñ

(i) ò%!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ̂ ÎyàÊ˛ Ï̂°Ó˚ xhs˝Ó˚Ü˛°çñ x Į̈̂ õ«˛Ü˛ ò%!ê˛Ó˚ xhs˝Ó˚Ü˛° Ï̂çÓ˚ ̂ ÎyàÊ˛ Ï̂°Ó˚ §Ùyl–

d

dx
f x g x

d

dx
f x

d

dx
g x( ) + ( )  = +( ) ( ) .

(ii) ò%!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ xhs˝Ó˚Ê˛ Ï̂°Ó˚ xhs˝Ó˚Ü˛°çñ x Į̈̂ õ«˛Ü˛ ò%!ê˛Ó˚ xhs˝Ó˚Ü˛° Ï̂çÓ˚ xhs˝Ó˚Ê˛ Ï̂°Ó˚ §Ùyl–

d

dx
f x g x

d

dx
f x

d

dx
g x( ) − ( )  = −( ) ( ) .

(iii) ò%!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ à%îÊ˛ Ï̂°Ó˚ xhs˝Ó˚Ü˛°ç l# Ï̂ã˛ à%̂ ÏîÓ˚ !lÎ˚̂ ÏÙ ̂ òGÎ˚y •°–

d

dx
f x g x

d

dx
f x g x f x

d

dx
g x( ) ( )  = +. ( ) . ( ) ( ) . ( )

(iv) ò%!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ë˛yàÊ˛ˆÏ°Ó˚ xhs˝Ó˚Ü˛°ç l#ˆÏã˛ Ë˛yˆÏàÓ˚ !lÎ˚ˆÏÙ ̂ òGÎ˚y •° (Îál •Ó˚ ≠ 0)–

d

dx

f x

g x

d

dx
f x g x f x

d

dx
g x

g x

( )

( )

( ) . ( ) ( ) ( )

( )









 =

−

( )2

~!ê˛Ó˚ ≤ÃÙyî §#ÙyÓ˚ xl%Ó˚)˛õ í˛z˛õ˛õyòƒ ˆÌˆÏÜ˛ ≤ÃˆÏÎ˚yçl#Î˚ !l!Ó˚ˆÏá xl%§,ï˛ •Î˚– xyÙÓ˚y ~áyˆÏl ~!ê˛Ó˚
≤ÃÙyî Ü˛Ó˚̂ ÏÓy ly– §#ÙyÓ˚ ̂ «˛ Ï̂e ~•z í z̨̨ õ˛õyòƒ ̂ Ì Ï̂Ü˛ çyly ÎyÎ˚ !Ü˛Ë˛y Ï̂Ó !Ó Ï̂¢£Ï !Ó Ï̂¢£Ï x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ xhs˝Ó˚Ü˛°ç
!lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– í z̨̨ õ Ï̂Ó˚Ó˚ í z̨̨ õ˛õy Ï̂òƒÓ˚ ̂ ¢£Ï ò%!ê˛ !ÓÓ,!ï˛ !l¡¨Ó)̊̂ Į̈ õ ̨õ%lÓ˚yÎ˚ ̂ °áy ÎyÎ˚ñ ÎyÓ˚ Ê˛ Ï̂° ~ Ï̂òÓ˚ §• Ï̂ç
ÙˆÏl Ó˚yáy ÎyÎ˚–

ôÓ˚y ÎyÜ˛ñ u f x= ( )  ~ÓÇ  v = g (x) ñ  ï˛y• Ï̂°

 uv u v uv( )′ ′ + ′= 

x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ à%îÊ˛ Ï̂°Ó˚ xhs˝Ó˚Ü˛° Ï̂çÓ˚ çlƒ à%̂ ÏîÓ˚ !lÎ˚Ù Óy !°Ó!lç  åLeibnitz ruleä !lÎ˚Ù  í ẑ̨ ÏÕ‘á
Ü˛Ó˚y •Î˚– xl%Ó˚)ˆÏ˛õ Ë˛yàÊ˛° !lÎ˚Ù!ê˛ •°ÈüüüÈ

   
u

v

u v uv

v










′ ′ − ′
 = 

2
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~álñ ã˛ˆÏ°y xyÙÓ˚y !Ü˛S%È xyò¢≈ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°Ïç !lî≈ˆÏÎ˚ §¡ø%á#l ••z–

~ê˛y §•ˆÏç•z ˆòáyˆÏly ÎyÎ˚ ˆÎñ  f(x) = x xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç •° ô %ÓÜ˛ xˆÏ˛õ«˛Ü˛ 1 – ~!ê˛Ó˚

Ü˛yÓ˚î •°   f ′(x)  = lim
h

f x h f x

h→

+( ) − ( )
0

 = lim
h

x h x

h→

+ −

0

= lim
h→

=
0

1 1 –

xyÙÓ˚y ~ê˛y ~ÓÇ í˛z˛õ!Ó˚í˛z=˛ í˛z˛õ˛õyˆÏòƒÓ˚ ≤ÃˆÏÎ˚yà f(x) = 10x = x + .... + x  åò¢ ÓyÓ˚ä ~Ó˚
xhs˝Ó˚Ü˛°ç !lî≈̂ ÏÎ˚ Ü˛Ó˚Ó– í˛z˛õ!Ó˚í˛z=˛ í˛z˛õ˛õyòƒ (i) ~Ó˚ §y•yˆÏÎƒ

     
df x

dx

( )
 =

d

dx
 x x+ +( )...  (ò¢ ÓyÓ˚)

=
d

dx
x

d

dx
x+ +...   (ò¢ ÓyÓ˚)

= 1 1+ +...  (ò¢ ÓyÓ˚) = 10 –

°«˛ Ü˛Ó˚ˆÏ° ˆòáy ÎyÎ˚ñ ~•z §#ÙyÓ˚ Ùyl à%ˆÏîÓ˚ !lÎ˚Ù ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚G ˆÓÓ˚ Ü˛Ó˚y ÎyÎ˚– ˆ°áy ÎyÎ˚ñ
f(x) = 10x = uv, ˆÎá Ï̂l u ~Ü˛!ê˛ ô %ÓÜ˛ xˆÏ˛õ«˛Ü˛ å≤Ã!ï˛ˆÏ«˛ˆÏe Ùyl 10 !lˆÏÎ˚ä ~ÓÇ  v(x) = x  ~Ó˚
xhs˝Ó˚Ü˛° Ï̂çÓ˚ Ùyl 1ñ  ï˛y•ˆÏ° à%ˆÏîÓ˚ !lÎ˚ˆÏÙ xyÙÓ˚y ˛õy•z–

f ′(x) = 10 0 10 1 10x uv u v uv x( )′ = ( )′ = ′ + ′ = + =. .

xl%Ó˚)ˆÏ˛õ f(x) = x2 ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚– xyÙÓ˚y çy!l  f(x) = x2 = x .x ï˛ˆÏÓ

df

dx

d

dx
x x

d

dx
x x x

d

dx
x = . . .( ) = ( ) + ( )

= 1 1 2. .x x x+ =  –

xy Ï̂Ó˚y §yôyÓ˚î Ë˛y Ï̂Óñ xyÙÓ˚y !l¡¨!°!áï˛ í z̨̨ õ˛õyòƒ!ê˛ ̨õy•z–

í˛z˛õ˛õyòƒ 6  f(x) = xn  ~Ó˚ xhs˝Ó˚Ü˛°ç  nxn – 1 ñ ˆÎáyˆÏl n ôlydÜ˛ xá[˛ §Çáƒy–

≤ÃÙyî   xhs˝Ó˚Ü˛°ç xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÇK˛y xl%ÎyÎ˚#ñ xyÙÓ˚y çy!lñ

       f x
f x h f x

hh

’ lim( ) =
+( ) − ( )

→0

= lim
h

n n
x h x

h→

+( ) −

0

 –
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!m˛õò í˛z˛õ˛õyòƒ ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ÈüüüÈ (x + h)n = 
n n n n n

n

n
x x h hC C C

0 1

1( ) + ( ) + + ( )−
...

xï˛~Óñ   (x + h)n – xn = h(nxn – 1 +... + hn – 1) –

ï˛y• Ï̂°ñ
df x

dx

( )
= lim

h

n n
x h x

h→

+( ) −

0

= lim

....

h

n n
h nx h

h→

− −+ +( )
0

1 1

= lim ...
h

n n
nx h

→

− −+ +( )
0

1 1

 = nx
n−1 –

!ÓÜ˛“Ó)̊̂ Ï˛õñ xyÙÓ˚y ~!ê˛  n ~Ó˚ í˛z˛õÓ˚ xyˆÏÓ˚y•î Ü˛ˆÏÓ˚ ~ÓÇ à%ˆÏîÓ˚ §)ˆÏeÓ˚ §y•yˆÏÎƒG !l¡¨Ó˚)˛ˆÏ˛õ ≤ÃÙyî
Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚–   n = 1 •ˆÏ° ~!ê˛ §ï˛ƒñ Îy ˛õ)ˆÏÓ≈ ≤ÃÙy!îï˛ •ˆÏÎ˚ˆÏSÈ– xyÙÓ˚y çy!lñ

d

dx
x

n( ) = 
d

dx
x x

n
.

−( )1

= 
d

dx
x x x

d

dx
x

n n( ) ( ) + ( )− −
. .

1 1

 (à%ˆÏîÓ˚ !lÎ˚ˆÏÙ)

= 1 1
1 2

. .x x n x
n n− −+ −( )( )  (xy Ï̂Ó˚y•î ≤ÃÜ˛“ xl%ÎyÎ˚#)

= x n x nx
n n n− − −+ −( ) =1 1 1

1  –

Ùhs˝Óƒ ı   í˛z˛õˆÏÓ˚y=˛ í˛z˛õ˛õyòƒ  x ~Ó˚ §Ü˛° âyï˛ ~Ó˚ çlƒ §ï˛ƒ xÌ≈yÍ  n  ̂ Î ̂ Ü˛yˆÏly ÓyhflÏÓ §Çáƒy •ˆÏï˛ ̨õyˆÏÓ˚
åxyÙÓ˚y ~áy Ï̂l ~!ê˛ ≤ÃÙyî Ü˛Ó˚Ó lyä–
13.5.2  Ó•%˛õò ~ÓÇ !eˆÏÜ˛yî!Ù!ï˛Ü˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç ı (Derivative of polynomials and

trigonometric functions)  xyÙÓ˚y !lˆÏ¡¨Ó˚ í˛z˛õ˛õyòƒ!ê˛ !òˆÏÎ˚ ¢%Ó˚% Ü˛!Ó˚ñ  Îy ˆÌˆÏÜ˛ Ó•%˛õò xˆÏ˛õ«˛ˆÏÜ˛Ó˚
xhs˝Ó˚Ü˛°ç ̨õyGÎ˚y ÎyÎ˚–

í˛z˛õ˛õyòƒ 7  ôˆÏÓ˚yñ  f(x) = a x a x a x a
n

n

n

n+ + + +−
−

1

1

1 0
....  ~!ê˛ Ó•%˛õò xˆÏ˛õ«˛Ü˛ñ ˆÎáyˆÏl §Ü˛°

ÓyhflÏÓ §Çáƒy •°  a
i 
s ~ÓÇ  a

n
 ≠  0 – ï˛y•ˆÏ° xhs˝Ó˚Ü˛°ç xˆÏ˛õ«˛Ü˛ !lˆÏ¡¨ ˆòGÎ˚y •°È üüüÈ

df x

dx
na x n a x

n

n

n

x( )
...= + −( ) + +−

−
−1

1

2
1  2

2 1
a x a+ –

í˛z˛õ˛õyòƒ  5 ~ÓÇ í˛z˛õ˛õyòƒ 6 ~Ó˚ ≤ÃÌÙ Ë˛yàˆÏÜ˛ ~Ü˛!eï˛Ü˛Ó˚ˆÏî ~•z í˛z˛õ˛õyˆÏòƒÓ˚ ≤ÃÙyî Ü˛Ó˚y •Î˚–

í˛z˛òy•Ó˚î 13  6x100 – x55 + x ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı í z̨̨õ!Ó̊í z̨=˛  í z̨̨ õ˛õy Ï̂òƒÓ̊  §Ó̊y§!Ó̊ ≤Ã̂ ÏÎ̊yà Ü˛̂ ÏÓ̊ ~•z x Į̈̂õ«˛̂ ÏÜ˛Ó̊ xhs˝Ó̊Ü˛°ç  •Î̊ 600 55 1
99 54

x x− + –
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í˛z˛òy•Ó˚î 14   x = 1 ~  f(x) = 1 + x + x2 + x3 +... + x50 ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı  í z̨̨ õy˛õyòƒ 6 §Ó̊y§!Ó̊ ≤Ã Ï̂Î̊yà Ü˛ Ï̂Ó̊ñ ~•z x Į̈̂ õ«˛ Ï̂Ü˛Ó̊ xhs˝Ó̊Ü˛°ç •Î̊ 1+2x + 3x2 + ...+ 50x49–
x = 1 ~ ~•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl •°È

1 + 2(1) + 3(1)2 + .. . + 50(1)49 = 1 + 2 + 3 + . . . + 50 = 
50 51

2

( )( )
 = 1275 –

í˛z˛òy•Ó˚î  15   f f(x) = 
x

x

+1
 ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  flõT˛ï˛ ~•z  xˆÏ˛õ«˛Ü˛!ê˛  x = 0  Óƒyï˛#ï˛ §Ü˛° !Ó®%ˆÏï˛ §ÇK˛yï˛ •Î˚– xyÙÓ˚y u = x + 1 ~ÓÇ
v = x ôˆÏÓ˚ Ë˛yˆÏàÓ˚ !lÎ˚Ù ≤ÃˆÏÎ˚yà Ü˛!Ó˚– ï˛y•ˆÏ°  u′ = 1 ~ÓÇ v′ = 1 –

     
df x

dx

d

dx

x

x

d

dx

u

v

( )
=

+







 =











1
=

′ − ′
=

( ) − +( )
= −

u v uv

v

x x

x x
2 2 2

1 1 1 1

í˛z˛òy•Ó˚î  16  sin x ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl ı  ôÓ˚y ÎyÜ˛ñ  f(x) = sin x ï˛y•ˆÏ°

df x

dx

( )
= lim lim

sin sin

h h

f x h f x

h

x h x

h→ →

+( ) − ( )
=

+( ) − ( )
0 0

= 
lim

cos sin

h

x h h

h→

+



















0

2
2

2 2  ñ ( sin A – sin B ~Ó˚ §)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚)

= 
limcos lim

sin

cos . cos
h h

x
h

h

h
x x

→ →
+









 = =

0 02

2

2

1 –

í˛z˛òy•Ó˚î  17   tan x ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  ôÓ˚y ÎyÜ˛ñ   f(x) = tan x –  ï˛y• Ï̂°

df x

dx

( )
= lim lim

tan tan

h h

f x h f x

h

x h x

h→ →

+( ) − ( )
=

+( ) − ( )
0 0

= lim
sin

cos

sin

cosh h

x h

x h

x

x→

+( )
+( )

−










0

1
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= lim
sin cos cos sin

cos cosh

x h x x h x

h x h x→

+( ) − +( )
+( )











0

= lim
sin

cos cosh

x h x

h x h x→

+ −( )
+( )0

ñ (  sin (A + B) ~Ó˚ §)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚)

= lim
sin

.lim
cos cosh h

h

h x h x→ → +( )0 0

1

= 1
1

2

2
.
cos

sec
x

x= –

í˛z˛òy•Ó˚î  18  f(x) = sin2 x ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ı  xyÙÓ˚y ~Ó˚ §ÙyôyˆÏlÓ˚ çlƒ !°Ó!lç åLeibnitzä ~Ó˚ à%ˆÏîÓ˚ !lÎ˚Ù ≤ÃˆÏÎ˚yà Ü˛Ó˚Ó–

df x

dx

d

dx
x x

( )
sin sin= ( )

= ( )′ + ( )′sin sin sin sinx x x x

= ( ) + ( )cos sin sin cosx x x x

= =2 2sin cos sinx x x –

xl%¢#°l# 13.2

1. x = 10 ÈüÈ~ñ x2 – 2 ÈüÈ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y–
2. x = 100 üÈ~ñ 99x ÈüÈ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y–
3. x = 1 üÈ~ñ  x ÈüÈ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–
4. ≤ÃÌÙ !lÎ˚Ù ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛ à%ˆÏ°yÓ˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–

(i) x
3

27−  (ii)   x x−( ) −( )1 2

(iii)
1

2
x

(iv)   
x

x

+

−

1

1

5.  f x
x x x

x( ) = + + + + +
100 99 2

100 99 2
1...  •ˆÏ°ñ
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≤ÃÙyî Ü˛ Ï̂Ó˚y    ′( ) = ′( )f f1 100 0  –

6. x ax a x a x a
n n n n n+ + + + +− − −1 2 2 1

. . .  ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y ̂ Îáy Ï̂l a ~Ü˛!ê˛ !l!ò≈T˛

ÓyhflÏÓ §Çáƒy–
7. a ~ÓÇ b ô %ÓÜ˛ •ˆÏ°ñ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚yÈüüüÈ

 (i) x a x b−( ) −( )   (ii)   ax b
2

2

+( )       (iii)  
x a

x b

−

−

8.  a  ô %ÓÜ˛ •ˆÏ°  
x a

x a

n n−

−
 ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y–

9. xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y

(i) 2
3

4
x − (ii)   5 3 1 1

3
x x x+ −( ) −( )

(iii) x x
− +( )3

5 3 (iv)   x x
5 9

3 6−( )−

(v) x x
− −−( )4 5

3 4 (vi)   
2

1 3 1

2

x

x

x+
−

−

10. ≤ÃÌÙ !lÎ˚Ù ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚  cos x ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–

11. !l Ï̂¡¨Ó˚ x Į̈̂ õ«˛à%̂ Ï°yÓ˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚y ı

(i) sin cosx x (ii)   sec x (iii)  5 4sec cosx x+

(iv) cosec x (v)   3 5cot x x+ cosec

(vi) 5 6 7sin cosx x− +            (vii)  2 7tan secx x−

!Ó!Óô í z̨òy•Ó˚î åMiscellaneous Examplesä

í˛z˛òy•Ó˚î 19  ≤ÃÌÙ !lÎ˚Ù ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚  f ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚yñ ˆÎáyˆÏl  f  •ˆÏ°yÈüüüÈ

(i) f (x) = 
2 3

2

x

x

+

−
(ii)    f (x) = x

x
+

1

§Ùyôyl ı  (i) °«˛ Ü˛ Ï̂Ó˚yñ  x = 2 ~ xˆÏ˛õ«˛Ü˛!ê˛ §ÇK˛yï˛ lÎ˚– !Ü˛vñ xyÙÓ˚y çy!l

′( ) =
+( ) − ( )

=

+( ) +

+ −
−

+

−
→ →

f x
f x h f x

h

x h

x h

x

x

hh h

lim lim
0 0

2 3

2

2 3

2
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= lim
h

x h x x x h

h x x h→

+ +( ) −( ) − +( ) + −( )
−( ) + −( )0

2 2 3 2 2 3 2

2 2

= lim
h

x x h x x x h x

h x x h→

+( ) −( ) + −( ) − +( ) −( ) − +( )
−( ) + −( )0

2 3 2 2 2 2 3 2 2 3

2 2

= 
lim

�

h x x h x
→ −( ) + −( )

= −
−( )0

2

7

2 2

7

2

xyÓyÓ˚ °«˛ Ü˛ Ï̂Ó˚y f ′ xˆÏ˛õ«˛Ü˛!ê˛  x = 2 !Ó®%ˆÏï˛ §ÇK˛yï˛ lÎ˚–
(ii) x = 0 xˆÏ˛õ«˛Ü˛!ê˛ §ÇK˛yï˛ lÎ˚– !Ü˛v xyÙÓ˚y çy!l

f ′(x) = 
lim lim
h h

f x h f x

h

x h
x h

x
x

h→ →

+( ) − ( )
=

+ +
+









 − +











0 0

1 1

= lim
h h

h
x h x→

+
+

−










0

1 1 1

= lim lim
h hh

h
x x h

x x h h
h

x x h→ →
+

− −

+( )












= −
+( )














0 0

1 1
1

1









= lim
h x x h x→

−
+( )













= −
0

2
1

1
1

1

xyÓyÓ˚ °«˛ Ü˛ˆÏÓ˚y x = 0 ˆï˛  f ′ §ÇK˛yï˛ lÎ˚–
í˛z˛òy•Ó˚î  20 ≤ÃÌÙ !lÎ˚Ù ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚  f(x) ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ Ï̂Ó˚ñ ˆÎáy Ï̂l  f(x)  •°ñ

(i) sin cosx x+ (ii) x xsin

§Ùyôyl ı  (i) xyÙÓ˚y çy!l  f ′(x) = 
f x h f x

h

+( ) − ( )

= lim
sin cos sin cos

h

x h x h x x

h→

+( ) + +( ) − −

0

= lim
sin cos cos sin cos cos sin sin sin cos

h

x h x h x h x h x x

h→

+ + − − −

0
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= lim
sin cos sin sin cos cos cos

h

x x x h x h

h→

−( ) + −( ) + −( )
0

1 1h

= lim
sin

cos sin limsin
cos

h h

h

h
x x x

h

h→ →
−( ) +

−( )
0 0

1
 +

−( )
→

limcos
cos

h

x
h

h0

1

= cos sinx x−

(ii) f ′(x) = lim lim
sin sin

h h

f x h f x

h

x h x h x x

h→ →

+( ) − ( )
=

+( ) +( ) −

0 0

= lim
sin cos sin cos sin

h

x h x h h x x x

h→

+( ) +( ) −

0

= lim
sin cos cos sin sin cos sin cos

h

x x h x x h h x h h x

h→

−( ) + + +( )
0

1

           = lim
sin cos

lim cos
sin

h
h

x x h

h
x x

h

h→
→

−( )
+

0
0

1
+ +( )

→
lim sin cos sin cos
h

x h h x
0

           = x x xcos sin+

í˛z˛òy•Ó˚î  21 xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚yÈüüüÈ

(i) f(x) = sin 2x (ii) g(x) = cot x

§Ùyôyl ı  (i) !eˆÏÜ˛yî!Ù!ï˛Ü˛ §)e  sin 2x = 2 sin x cos x fløÓ˚î Ü˛ˆÏÓ˚y– ï˛y•ˆÏ°ñ

df x

dx

( )
= 

d

dx
x x

d

dx
x x2 2sin cos sin cos( ) = ( )

= ( )′ + ( )′





2 sin cos sin cosx x x x

= ( ) + −( ) 2 cos cos sin sinx x x x

= −( )2
2 2

cos sinx x

(ii) §ÇK˛yl%ÎyÎ˚#ñ  g(x) = cot
cos

sin
x

x

x
= – xyÙÓ˚y ~•z xˆÏ˛õ«˛ˆÏÜ˛Ó˚ çlƒ Ë˛yˆÏàÓ˚ !lÎ˚Ù ≤ÃˆÏÎ˚yà Ü˛Ó˚ˆÏÓyñ

ˆÎáy Ï̂l ~!ê˛ §ÇK˛yï˛–  
dg

dx

d

dx
x

d

dx

x

x
= =









(cot )

cos

sin
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= 
(cos ) (sin ) (cos )(sin )

(sin )

x x x x

x

′ − ′
2

= 
( sin )(sin ) (cos )(cos )

(sin )

− −x x x x

x
2

= −
+

=−
sin cos

sin

2 2

2

2x x

x

xcosec

!ÓˆÏ¢£ÏË˛yˆÏÓñ !°ˆÏáG ~!ê˛ˆÏÜ˛ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ñ  cot
tan

x
x

=
1

 !°ˆÏáG ~!ê˛ˆÏÜ˛ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚– ~áyˆÏl

xyÙÓ˚y tan x ~Ó˚ xhs˝Ó˚Ü˛°ç sec2 x ~•z ï˛Ìƒ ≤ÃˆÏÎ˚yÏà Ü˛Ó˚ˆÏÓyñ Îy xyÙÓ˚y í˛zòy•Ó˚î 17 ~ ˆò Ï̂á!SÈ ~ÓÇ
ô %ÓÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç 0 –

dg

dx
= 

d

dx
x

d

dx x
(cot )

tan
=











1

= 
( ) (tan ) ( ) (tan )

(tan )

1 1

2

′ − ′x x

x

= 
( ) (tan ) (sec )

(tan )

0
2

2

x x

x

−

= 
−

= −
sec

tan

2

2

2x

x

xcosec

í˛z˛òy•Ó˚î 22 xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚yÈüüü

(i) 
x x

x

5 − cos

sin
(ii) 

x x

x

+ cos

tan

§Ùyôyl ı  (i) ôÓ˚y ÎyÜ˛ñ h x
x x

x
( )

cos

sin
=

−5

– ~•z xˆÏ˛õ«˛ˆÏÜ˛Ï xyÙÓ˚y Ë˛yˆÏàÓ˚ !lÎ˚Ù ≤ÃˆÏÎ˚yà Ü˛Ó˚ˆÏÓyñ

ˆÎáyˆÏl ~ê˛y §ÇK˛yï˛–

′ =
− ′ − − ′

h x
x x x x x x

x

( )
( cos ) sin ( cos )(sin )

(sin )

5 5

2
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= 
( sin )sin ( cos )cos

sin

5
4 5

2

x x x x x x

x

+ − −

= 
− + +x x x x

x

5 4

2

5 1cos sin

(sin )

 (iii)  
x x

x

+ cos

tan
 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ í˛z˛õÓ˚ xyÙÓ˚y Ë˛yˆÏàÓ˚ !lÎ˚Ù ≤ÃˆÏÎ˚yà Ü˛Ó˚ˆÏÓyñ ̂ ÎáyˆÏl ~ê˛y §ÇK˛yï˛–

′h x( ) = 
( cos ) tan ( cos )(tan )

(tan )

x x x x x x

x

+ ′ − + ′
2

=
( sin ) tan ( cos )sec

(tan )

1
2

2

− − +x x x x x

x

xôƒyÏÎ˚ 13 ~Ó˚ í˛z˛õÓ˚ !Ó!Óô xl%¢#°l#

1.  ≤ÃÌÙ !lÎ˚Ù ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ l#ˆÏã˛Ó˚ xˆÏ˛õ«˛Ü˛à%ˆÏ°yÓ˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y ı

 (i) –x (ii) (–x)–1 (iii) sin (x + 1) (iv) cos (x – 
π

8
)

l#ˆÏã˛Ó˚ xˆÏ˛õ«˛Ü˛à%ˆÏ°y xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y å a, b, c, d, p, q, r ä ~ÓÇ s  !l!ò≈T˛ x¢)lƒ ô %ÓÜ˛
ôÓ˚ˆÏï˛ •ˆÏÓñ  m G n  xá[˛ §Çáƒy ä :

2. (x + a) 3. (px + q) 
r

x
s+









 4. ax b cx d+( ) +( )2

5.
ax b

cx d

+

+
6.

1
1

1
1

+

−

x

x

7.
1

2
ax bx c+ +

8.

ax b

px qx r

+

+ +2 9.
px qx r

ax b

2 + +

+
10.

a

x

b

x

x
4 2

− + cos

11. 4 2x − 12. ( )ax b
n+ 13. ( ) ( )ax b cx d

n m+ +

14. sin (x + a) 15. cosec x cot x 16.
cos

sin

x

x1+
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17.
sin cos

sin cos

x x

x x

+

−
18.

sec

sec

x

x

−

+

1

1
19. sin

n
x

20.
a b x

c d x

+

+

sin

cos
21.

sin( )

cos

x a

x

+
22. x x x

4
5 3( sin cos )−

23. x x
2

1+( )cos 24. ax x p q x
2 +( ) +( )sin cos

25. x x x x+( ) −( )cos tan 26.
4 5

3 7

x x

x x

+

+

sin

cos
27. 

x

x

2

4
cos

sin

π









28.
x

x1+ tan
29. x x x x+( ) −( )sec tan 30.

x

x
n

sin

Summary

®xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ≤Ãï˛ƒy!¢ï˛ Ùyl Îy ~Ü˛!ê˛ !Ó®%Ó˚ Óy!òˆÏÜ˛Ó˚ !Ó®% §Ù)ˆÏ•Ó˚ í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ñ ï˛yˆÏÜ˛ ˙
!Ó®%̂ Ïï˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ÓyÙ˛õ Ï̂«˛Ó˚ §#Ùy åleft hand limitä Ó°y •Î˚– xl%Ó)̊̂ Į̈ õ í˛yl˛õ Ï̂«˛Ó˚ §#Ùy–

® ˆÜ˛yÏˆÏly ~Ü˛!ê˛  !Ó®%ˆÏï˛ ~Ü˛!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §#Ùy Ùyl §yôyÓ˚î •ˆÏÓ Î!òñ ÓyÙ˛õˆÏ«˛Ó˚ §#ÙyÙyl ~ÓÇ
í˛yl˛õˆÏ«˛Ó˚ §#ÙyÙyl §Ùy˛õ!ï˛ï˛ •Î˚–

®~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy  a ~ÓÇ ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f ~Ó˚ çlƒ, lim
x a→

 f(x) ~ÓÇ f (a) §Ùyl lyG •ˆÏï˛

˛õyˆÏÓ˚ åÓyhflÏˆÏÓ ~Ü˛!ê˛ §ÇK˛yï˛ ~ÓÇ x˛õÓ˚!ê˛ lyG •ˆÏï˛ ̨õyˆÏÓ˚ä–
®  f ~ÓÇ g xˆÏ˛õ«˛ˆÏÜ˛Ó˚ çlƒ l#ˆÏã˛Ó˚ à%ˆÏ°y !§Âô •Î˚ ı

lim ( ) ( ) lim ( ) lim ( )
x a x a x a

f x g x f x g x
→ → →

±[ ]= ±

lim ( ). ( ) lim ( ).lim ( )
x a x a x a

f x g x f x g x
→ → →

[ ]=

lim
( )

( )

lim ( )

lim ( )x a

x a

x a

f x

g x

f x

g x→

→

→









 =

®  !lˆÏ¡¨ !Ü˛S%È xyò¢≈ §#Ùy •° ı

lim
x a

n n

nx a

x a
na

→

−−

−
= 1
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lim
sin

x

x

x→
=

0

1

lim
cos

x

x

x→

−
=

0

1
0

®  a ÈüÈˆï˛ x Į̈̂ õ«˛Ü˛  f ~Ó˚ xhs˝Ó˚Ü˛°ç §ÇK˛yï˛ •Î˚ñ

′ =
+ −

→
f a

f a h f a

hh

( ) lim
( ) ( )

0

®   ˆÎ ˆÜ˛y Ï̂ly !Ó®% ÈxüÈ~ x Į̈̂ õ«˛Ü˛  f ~Ó˚ xhs˝Ó˚Ü˛°ç

′ = =
+ −

→
f x

df x

dx

f x h f x

hh

( )
( )

lim
( ) ( )

0
 !òˆÏÎ˚ §ÇK˛yï˛–

®  x Į̈̂ õ«˛Ü˛ u ~ÓÇ v  ~Ó˚ çlƒ l#ˆÏã˛Ó˚ à%ˆÏ°y !§Âô •Î˚ ı

( )u v u v± ′= ′± ′

( )uv u v uv′= ′ + ′

u

v

u v uv

v










′

=
′ − ′

2
 ~•z ¢ˆÏï≈˛ ˆÎñ ≤ÃˆÏï˛ƒÜ˛ §ÇK˛yï˛–

®  !Ü˛S%È xyò¢≈ xhs˝Ó˚Ü˛°ç •°ÈüüüÈ

d

dx
x nx

n n
( )= −1

d

dx
x x(sin ) cos=

d

dx
x x(cos ) sin=−

˙!ï˛•y!§Ü˛ ̂ ≤Ã«˛y˛õê˛

à!î Ï̂ï˛Ó̊ •z!ï˛•y Ï̂§ñ Ü˛°l!ÓòƒyÓ̊ xy!Ó‹Òy Ï̂Ó̊Ó̊ Ü,̨ !ï˛ Ï̂cÓ̊ x!ôÜ˛yÓ̊# ò)çl !Ó!¢T˛ à!îï˛!Óò  • Ï̂°l xy•zçyÜ˛
!lí˛zê˛l (Issac Newton) (1642 – 1727) ~ÓÇ !çÉ í˛!Óœí˛z !°Ó!lç åG.W. Leibnitz 1646 –

1717) – 1700 ¢ï˛y∑# Ï̂ï˛ í z̨Ë˛ Ï̂Î̊•z fl∫yô#lË˛y Ï̂Ó xhs˝Ó̊Ü˛°ç xy!Ó‹ÒyÓ̊ Ü˛ Ï̂Ó̊l– Ü˛°l!ÓòƒyÓ̊ xy!Ó‹Òy Ï̂Ó̊Ó̊
˛õÓ˚ x Ï̂lÜ˛ à!îï˛!Óò ~Ó˚ !ÓÜ˛y¢ §yô Ï̂l à%Ó%̊c˛õ)î≈ xÓòyl ̂ Ó˚̂ Ïá Ï̂SÈl– ̨õ!Ó˚¢%Âô ôyÓ˚îyÓ˚ Ù%áƒ Ü,̨ !ï˛ Ï̂cÓ˚
x!ôÜ˛yÓ˚# • Ï̂°l à!îï˛!Óò   A.L. Cauchy, J.L.Lagrange ~ÓÇ Karl Weierstrass – Cauchy
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Ü˛°l!ÓòƒyÓ̊ ̂ Î !Ë˛!_ !ò Ï̂Î̊ Ï̂SÈl ï˛y xyÙy Ï̂òÓ̊ ̨õyë˛ƒ ̨õ%hflÏÜ˛à%̂ Ï°y Ï̂ï˛ à,•#ï˛ • Ï̂Î̊ Ï̂SÈ–  Cauchy x Į̈̂ õ«˛ Ï̂Ü˛Ó̊
xhs˝Ó˚Ü˛°ˆÏçÓ˚ §ÇK˛y !lî≈ˆÏÎ˚ D’ Alembert’s ~Ó˚ §#ÙyÓ˚ ôyÓ˚îy ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚l– §#ÙyÓ˚ §ÇK˛yÓ˚

¢%Ó˚%ˆÏï˛ñ  Cauchy ˆÎ í˛zòy•Ó˚î!ê˛ !òˆÏÎ˚!SÈˆÏ°l ï˛y 
sinα

α

 ~Ó˚ §#Ùy Îál α = 0– í z̨!l !° Ï̂ál

∆

∆

y

x

f x i f x

i
=

+ −( ) ( )
,  i → 0  ~Ó˚ çlƒñ §#ÙyfiÌ Ùyl Ï̂Ü˛ Ó Ï̂° Ï̂SÈl  “function derive’e, y′

for f ′ (x)”–

1900 ¢ï˛y∑#Ó˚ ̨õ)̂ ÏÓ≈ñ ~ê˛y Ë˛yÓy •ï˛ ̂ Îñ Ü˛°l!Óòƒy Ï̂Ü˛ ̨õí ¸̨y Ï̂ly xï˛ƒhs˝ Ü˛!ë˛l– ï˛y•z Ü˛°l!Óòƒy
Î%ÓÜ˛ˆÏòÓ˚ xyÎ˚ˆÏ_¥Ó˚ Óy•zˆÏÓ˚ ã˛ˆÏ° ÎyÎ˚– !Ü˛v !ë˛Ü˛ 1900 ¢ï˛y∑#ˆÏï˛ñ John Perry ~ÓÇ •zÇ°ƒyˆÏu˛Ó˚
xlƒÓ̊y ≤Ãã˛yÓ̊ Ü˛Ó̊y ¢%Ó̊% Ü˛ Ï̂Ó̊l ̂ Îñ Ü˛°l!ÓòyÓ̊ à%Ó̊%c˛õ)î≈ ôyÓ̊îy ~ÓÇ ̨õÂô!ï˛ á%Ó §Ó̊° ~ÓÇ !Óòƒy°Î̊hflÏ̂ ÏÓ̊G
˛õí˛¸yˆÏly ÎyÎ˚– ≤ÃÌÙ ÓSÈÓ˚ SÈyeˆÏòÓ˚ Ü˛°l!Óòƒy ˛õí˛¸yˆÏlyÓ˚ ˛õ!ÌÜ,˛Í !SÈˆÏ°l F.L. Griffin– ï˛álÜ˛yÓ˚
§ÙÎ˚ ~ê˛y !SÈ° ~Ü˛!ê˛ §y•§# ̨ õòˆÏ«˛˛õ–

xyçÜ˛y° ¢%ô% à!î Ï̂ï˛•z lÎ̊ñ xlƒylƒ x Ï̂lÜ˛ !Ó£ÏÎ̊ ̂ ÎÙl ̨õòyÌ≈!Óòƒyñ Ó̊§yÎ̊l!Óòƒyñ xÌ≈l#!ï˛!Óòƒy
~ÓÇ ç#Ó!ÓK˛y Ï̂lG Ü˛°l!ÓòƒyÓ˚ Ê˛°yÊ˛° ÓƒÓ•,ï˛ • Ï̂FSÈ–

— vvvvv —
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ày!î!ï˛Ü˛ Î%!=˛
(MATHEMATICAL REASONING)

çç≈ Ó%°
 (1815 - 1864)

vThere are few things which we know which are not capable of

mathematical reasoning and when these can not, it is a sign that our

knowledge of them is very small and confused and where a mathematical

reasoning can be had, it is as great a folly to make use of another,

as to grope for a thing in the dark when you have a candle stick

standing by you. – ARTHENBOT v

14.1  Ë)̨ !ÙÜ˛y
~ xôƒy Ï̂Î˚ xyÙÓ˚y ày!î!ï˛Ü˛ Î%!=˛ §¡õ!Ü≈̨ ï˛ !Ü˛S%È ˆÙÔ!°Ü˛ ôyÓ˚îyÓ˚ í z̨̨ õÓ˚
xy Ï̂°yã˛ly Ü˛Ó˚Ó– xyÙy Ï̂òÓ˚ §Ü˛ Ï̂°Ó˚•z çyly xy Ï̂SÈ ˆÎ Ùyl%£Ï çy!ï˛ °«˛
°«˛ ÓSÈÓ˚ xy Ï̂à ̂ Ì Ï̂Ü˛ !l¡¨ï˛Ó˚ ≤Ãçy!ï˛ ̂ Ì Ï̂Ü˛ !ÓÜ˛!¢ï˛ • Ï̂Î˚̂ ÏSÈ– Ùyl%̂ Ï£ÏÓ˚
Î%!=˛ !Óã˛yÓ˚ «˛Ùï˛yÓ˚ à%îyÓ!° Ùyl%£Ï̂ ÏÜ˛ xlƒ ≤Ãçy!ï˛Ó˚ ˆã˛ Ï̂Î˚ ˆ◊¤˛ Ü˛ Ï̂Ó˚
ˆÓ˚̂ Ïá Ï̂SÈ– ̂ Ü˛y Ï̂ly Óƒ!=˛ ~à%îà%̂ Ï°y Ü˛# Ó˚Ü˛ Ï̂Ù Ë˛y Ï̂°y Ü˛ Ï̂Ó˚ ≤Ã Ï̂Î˚yà Ü˛Ó˚̂ Ïï˛
˛õy Ï̂Ó˚l ï˛y !lË≈̨ Ó˚ Ü˛ Ï̂Ó˚ ïÑ̨ yÓ˚ Î%!=˛ «˛Ùï˛yÓ˚ í z̨̨ õÓ˚– ~•z «˛Ùï˛yÓ˚ !ÓÜ˛y¢
Ü˛#Ë˛y Ï̂Ó Ü˛Ó̊y ÎyÎ̊⁄ ~áy Ï̂l xyÙÓ̊y !Ó Ï̂¢£Ï Ü˛ Ï̂Ó̊ à!îï˛ §¡õ!Ü≈̨ ï˛ Î%!=˛≤Ã!Ü ̨ Î̊yÓ̊
í z̨̨ õÓ˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó–

ày!î!ï˛Ü˛ Ë˛y£ÏyÎ̊ñ Î%!=˛ ò%•z ≤ÃÜ˛y Ï̂Ó̊Ó̊ •Î̊ÈüüüÈ xy Ï̂Ó̊y•# ~ÓÇ xÓ Ï̂Ó̊y•#–
xyÙÓ˚y •ẑ Ïï˛yÙ Ï̂ôƒ ày!î!ï˛Ü˛ xy Ï̂Ó˚y•î ≤Ã§ Ï̂Aà xy Ï̂Ó˚y•# Î%!=˛Ó˚ xy Ï̂°yã˛ly
Ü˛Ó˚!SÈ– ~ xôƒy Ï̂Î˚ xyÙÓ˚y xÓ Ï̂Ó˚y•# Î%!=˛Ó˚ !Ü˛S%È ˆÙÔ!°Ü˛ ôyÓ˚îy §¡õ Ï̂Ü≈̨
xy Ï̂°yã˛ly Ü˛Ó̊Ó–
14.2  í z̨!=˛ (Statements)

ày!î!ï˛Ü˛ Î%!=˛Ó˚ ̂ ÙÔ!°Ü˛ ~Ü˛Ü˛ ày!î!ï˛Ü˛ í z̨!=˛–
xyÙÓ˚y !l¡¨!°!áï˛ ò%!ê˛ Óy Ï̂Ü˛ƒÓ˚ Ùyôƒ Ï̂Ù ¢%Ó%̊ Ü˛Ó˚!SÈ–

2003 §y Ï̂° Ë˛yÓ˚̂ Ïï˛Ó˚ Ó˚yT …̨̨ õ!ï˛ ~Ü˛çl Ù!•°y !SÈ Ï̂°l–
~Ü˛!ê˛ •y!ï˛Ó˚ Gçl ~Ü˛çl Ùyl%̂ Ï£ÏÓ˚ ̂ ã˛ Ï̂Î˚ ̂ Ó!¢–
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~•z ÓyÜ˛ƒà%̂ Ï°y ˛õí ¸̨yÙye•z  xyÙÓ˚y !fiÌÓ˚ Ü˛Ó˚̂ Ïï˛ ˛õy!Ó˚ ˆÎ ≤ÃÌÙ ÓyÜ˛ƒ!ê˛ !ÙÌƒy ~ÓÇ !mï˛#Î˚!ê˛ §ï˛ƒ– ~
Óƒy˛õy Ï̂Ó˚ ̂ Ü˛y Ï̂ly § Ï̂®• ̂ l•z– à!î Ï̂ï˛ ~ ôÓ˚̂ ÏlÓ˚ ÓyÜ˛ƒà%̂ Ï°y Ï̂Ü˛ í z̨!=˛ Ó Ï̂°–

x˛õÓ˚!ò Ï̂Ü˛ l# Ï̂ã˛Ó˚ ÓyÜ˛ƒ!ê˛ Ï̂Ü˛ !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚y ÈüÈ
Ù!•°yÓ˚yñ ̨õ%Ó%̊̂ Ï£ÏÓ˚ ̂ ã˛ Ï̂Î˚ Ó%!ÂôÙï˛#–

!Ü˛S%È ̂ °yÜ˛ ~!ê˛ Ï̂Ü˛ §ï˛ƒ Ó Ï̂° Ë˛y Ï̂Ól !Ü˛v x˛õÓ˚̨ õ Ï̂«˛ x Ï̂l Ï̂Ü˛ ~!ê˛ Ï̂ï˛ §•Ùï˛ ̂ ˛õy£Ïî Ü˛ Ï̂Ó˚l ly– ~•z
Óy Ï̂Ü˛ƒÓ˚ ˛õ!Ó˚̂ Ï≤Ã!«˛ Ï̂ï˛ xyÙÓ˚y Ó° Ï̂ï˛ ˛õy!Ó˚ ly ˆÎ ~!ê˛ §Ó§ÙÎ˚ §ï˛ƒ Óy §Ó §ÙÎ˚ !ÙÌƒy– xÌ≈yÍ ~•z ÓyÜ˛ƒ!ê˛
mƒÌ≈Ü˛ !Ó!¢T˛ Óy xflõT˛– ~ôÓ˚̂ ÏlÓ˚ ÓyÜ˛ƒ Ï̂Ü˛ à!î Ï̂ï˛ í z̨!=˛ !• Ï̂§ Ï̂Ó Ùyly •Î˚ ly–

~Ü˛!ê˛ ÓyÜ˛ƒ Ï̂Ü˛ ày!î!ï˛Ü˛Ó)̊̂ Į̈ õ í z̨!=˛ Ó°y •Î˚ Î!ò ÓyÜ˛ƒ!ê˛ •Î˚ §ï˛ƒ Óy !ÙÌƒy !Ü˛v ~Ü˛•z §y Ï̂Ì !ÙÌƒy Óy
§ï˛ƒ í z̨Ë˛Î˚•z lÎ˚– Îál•z xyÙÓ˚y ~áy Ï̂l í z̨!=˛ !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó ï˛y ÚÚày!î!ï˛Ü˛ Ó)̊̂ Į̈ õ @˝Ã•î Ï̂ÎyàƒÛ í z̨!=˛
ôÓ˚Ó–

à!îï˛ xôƒÎ˚lÜ˛y Ï̂° xyÙÓ˚y !Ü˛S%È Óy Ï̂Ü˛ƒÓ˚ Ù%̂ ÏáyÙ%!á • Ï̂Î˚ Ìy!Ü˛ Îy l# Ï̂ã˛ ̂ òGÎ˚y •° ı

ò%•z ̂ Îyà ò%•zÈüÈ~ ã˛yÓ˚ •Î˚–
ò%!ê˛ ôlydÜ˛ §ÇáƒyÓ˚ ̂ ÎyàÊ˛° ôlydÜ˛–

§Ó ̂ ÙÔ!°Ü˛ §Çáƒyà%̂ Ï°y !Ó Ï̂çyí ¸̨ §Çáƒy–
~•z ÓyÜ˛ƒà%̂ Ï°yÓ˚ ≤ÃÌÙ ò%!ê˛ §ï˛ƒ ~ÓÇ ï,̨ ï˛#Î˚!ê˛ !ÙÌƒy– ~•z ÓyÜ˛ƒà%̂ Ï°y §¡õ Ï̂Ü≈̨  ˆÜ˛y Ï̂ly § Ï̂®• ˆl•z–

xï˛~Ó ~à%̂ Ï°y •° í z̨!=˛–
ˆï˛yÙÓ˚y !Ü˛ ~Ùl ̂ Ü˛y Ï̂ly Óy Ï̂Ü˛ƒÓ˚ í z̨òy•Ó˚î Ë˛yÓ Ï̂ï˛ ̨õy Ï̂Ó˚y Îy x!l!Ÿã˛ï˛ Óy xflõT˛⁄ l# Ï̂ã˛Ó˚ ÓyÜ˛ƒ!ê˛ !l Ï̂Î˚

ã˛ã≈̨ y Ü˛ Ï̂Ó˚yı
x G y ~Ó˚ ˆÎyàÊ˛° 0 ˆÌ Ï̂Ü˛ Ó Ï̂í ¸̨y–

~áy Ï̂l xyÙÓ˚y !l!Ÿã˛ï˛ • Ï̂ï˛ ˛õy!Ó˚ ly ˆÎ ÓyÜ˛ƒ!ê˛ §ï˛ƒ Óy !ÙÌƒyñ Îï˛«˛î ly xyÙÓ˚y x Óy y §¡õ Ï̂Ü≈̨
çyl Ï̂ï˛ ̨ õyÓ˚!SÈ– í z̨òy•Ó˚î fl∫Ó)̨̊ õñ x = 1, y = -3 ÈüÈ~Ó˚ çlƒ ~!ê˛ §ï˛ƒ lÎ˚ !Ü˛v x = 1, y = 0 ÈüÈ~Ó˚ çlƒ ~!ê˛
§ï˛ƒ– xï˛~Ó ~•z ÓyÜ˛ƒ!ê˛ í z̨!=˛ lÎ˚– !Ü˛v !l¡¨!°!áï˛ ÓyÜ˛ƒ!ê˛ ı

ˆÎ ̂ Ü˛y Ï̂ly fl∫yË˛y!ÓÜ˛ §Çáƒy x G y ÈüÈ~Ó˚ ̂ «˛ Ï̂eñ x G y ÈüÈ~Ó˚ ̂ ÎyàÊ˛° ¢)lƒ ̂ Ì Ï̂Ü˛ Ó Ï̂í ¸̨y ÈÈüüüÈ ~!ê˛ ~Ü˛!ê˛
í z̨!=˛–

~ál l# Ï̂ã˛Ó˚ ÓyÜ˛ƒà%̂ Ï°y !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚y ı

xy•yñ Ü˛# §%®Ó˚ú
òÓ˚çy ̂ áy Ï̂°y–

ï%̨ !Ù ̂ Ü˛yÌyÎ˚ ÎyFSÈ⁄
~à%̂ Ï°y !Ü˛ í z̨!=˛⁄ lyñ Ü˛yÓ˚î ≤ÃÌÙ!ê˛ !Ó‹øÎ˚§)ã˛Ü˛ ÓyÜ˛ƒñ !mï˛#Î˚!ê˛ xy Ï̂ò¢§)ã˛Ü˛ñ ï,̨ ï˛#Î˚!ê˛ ≤ÃŸ¿ Ï̂ÓyôÜ˛–

~à%̂ Ï°yÓ˚ ̂ Ü˛y Ï̂ly!ê˛•z ày!î!ï˛Ü˛ í z̨!=˛ lÎ˚– ̂ Î §Ó ÓyÜ˛ƒ ̨õ!Ó˚Óï≈̨ l¢#° §ÙÎ˚ ̂ ÎÙlñ ÚxyçÛñ ÚxyàyÙ#Ü˛y°Û xÌÓy
Úàï˛Ü˛y°Û Î%=˛ ~à%̂ Ï°y í z̨!=˛ •Î˚ ly– Ü˛yÓ˚î ~áy Ï̂l ˆÜ˛yl‰ §ÙÎ˚̂ ÏÜ˛ §)!ã˛ï˛ Ü˛Ó˚y • Ï̂FSÈ ï˛y xyÙy Ï̂òÓ˚ xK˛yï˛–
í z̨òy•Ó̊îfl∫Ó̊)̨ õ

xyàyÙ#Ü˛y° ¢%Ü ̨ ÓyÓ˚–
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~!ê˛ í z̨!=˛ lÎ˚– ~•z ÓyÜ˛ƒ!ê˛ ̂ Ü˛y Ï̂ly ~Ü˛ Ó,•flõ!ï˛Óy Ï̂Ó˚Ó˚ çlƒ §ï˛ƒ !Ü˛v xlƒ ̂ Ü˛y Ï̂ly !ò Ï̂lÓ˚ çlƒ §ï˛ƒ lÎ˚– ~•z

!Ó£ÏÎ˚!ê  x˛õÓ˚ ÓyÜ˛ƒ ˆÎà%̂ Ï°y Ï̂ï˛ !Óly § Ï̂¡∫yô Ï̂l §Ó≈ly Ï̂ÙÓ˚ ≤Ã Ï̂Î˚yà •Î˚ ˆ§ §Ó ˆ«˛ Ï̂e ~ÓÇ ˆÎ §Ó Óy Ï̂Ü˛ƒ

Ú~áy Ï̂lÛ Úˆ§áy Ï̂lÛ •zï˛ƒy!ò í ẑ̨ ÏÕ‘̂ Ïáƒ x!l!Ÿã˛ï˛ fiÌyl Ï̂Ü˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ñ ~Ó)̨̊ õ ̂ «˛ Ï̂eG ≤Ã Ï̂Îyçƒ– í z̨òyÓ˚•î fl∫Ó)̨̊ õñ

ˆ§ ~Ü˛çl à!îï˛ fl¨yï˛Ü˛–

Ü˛yŸ¬#Ó˚ ~áyl ̂ Ì Ï̂Ü˛ x Ï̂lÜ˛ ò)Ó˚–

~à%̂ Ï°y í z̨!=˛ lÎ˚–

~ál x˛õÓ˚ ~Ü˛!ê˛ ÓyÜ˛ƒ !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚yÈüüüÈ

40 !ò Ï̂l ~Ü˛!ê˛ Ùy§ •Î˚–

ˆï˛yÙÓ˚y !Ü˛ ~!ê˛ Ï̂Ü˛ í z̨!=˛ Ó° Ï̂Ó⁄ °«˛ Ü˛ Ï̂Ó˚y ~áy Ï̂l í z̨!Õ‘!áï˛ §ÙÎ˚ x!l!Ÿã˛ï˛ xÌ≈yÍ 12  Ùy Ï̂§Ó˚ ̂ Ü˛y Ï̂ly

~Ü˛!ê˛ Ùy§– !Ü˛v xyÙy Ï̂òÓ˚ çyly xy Ï̂SÈ ÓyÜ˛ƒ!ê˛ §Ó≈òy !ÙÌƒy åˆÎ ˆÜ˛y Ï̂ly Ùy Ï̂§Ó˚ §y Į̈̂ õ Ï̂«˛äñ ˆÎ Ï̂•ï%̨  ˆÜ˛y Ï̂ly

Ùy Ï̂§Ó˚ §Ó≈y!ôÜ˛ !òl §Çáƒy 31 ~Ó˚ ̂ Ó!¢ •Î˚ ly– xï˛~Óñ ~•z ÓyÜ˛ƒ!ê˛ ~Ü˛!ê  í z̨!=˛– §%ï˛Ó˚yÇ ~Ü˛!ê˛ ÓyÜ˛ƒ ̂ Ü˛Ó°

§ï˛ƒ Óy !ÙÌƒy • Ï̂° !Ü˛v í z̨Ë˛Î˚•z ly • Ï̂° ï˛ Ï̂Ó ÓyÜ˛ƒ!ê˛ í z̨!=˛ • Ï̂Ó–

Îál xyÙÓ˚y í z̨!=˛ !l Ï̂Î˚ Ü˛yç Ü˛!Ó˚ñ xyÙÓ˚y §yôyÓ˚îï˛ ~ Ï̂òÓ˚̂ ÏÜ˛ ˆSÈy Ï̂ê˛y •Ó˚Ê˛ p, q, r,...  •zï˛ƒy!ò !ò Ï̂Î˚

!ã˛!•´ï˛ Ü˛!Ó˚– í z̨òy•Ó˚î fl∫Ó)̨̊ õñ ÚÚxyà%l §Ó≈òy í z̨£÷Ï •Î˚ÛÛ í z̨!=˛!ê˛ Ï̂Ü˛ xyÙÓ˚y p !ò Ï̂Î˚ !ã˛!•´ï˛ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚– ~ê˛y Ï̂Ü˛

~Ó)̊̂ Į̈ õG ̂ °áy ÎyÎ˚

p: xyà%l §Ó≈òy í z̨£÷Ï •Î˚–

í z̨òy•Ó˚î 1 : !l Ï̂ã˛Ó˚ ÓyÜ˛ƒà%̂ Ï°y í z̨!=˛ • Ï̂Ó !Ü˛ly Îyã˛y•z Ü˛ Ï̂Ó˚y– ̂ ï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ §ÙÌ≈̂ Ïl Î%!=˛ òyG–

 (i) 8 §Çáƒy!ê˛ 6 ÈüÈ~Ó˚ ̂ ã˛ Ï̂Î˚ ̂ SÈy Ï̂ê˛y–  (ii) ≤Ã Ï̂ï˛ƒÜ˛˛ ̂ §ê˛ ~Ü˛!ê˛ §§#Ù ̂ §ê˛–

(iii) §)Î≈ ~Ü˛!ê˛ l«˛e– (iv) à!îï˛ ~Ü˛ ÙçyòyÓ˚ !Ó£ÏÎ˚–

(v) !Óly ˆÙ Ï̂â Ó,!T˛ •Î˚ ly– (vi) ~áyl ̂ Ì Ï̂Ü˛ ̂ ã˛ß¨y•z Ü˛ï˛ ò)Ó˚⁄

§Ùyôyl ı (i) ~•z ÓyÜ˛ƒ!ê˛ !ÙÌƒy Ü˛yÓ˚î 8 §Çáƒy!ê˛ 6 ˆÌ Ï̂Ü˛ Ó Ï̂í ¸̨y– xï˛~Ó ~!ê˛ ~Ü˛ê˛y í z̨!=˛–

(ii) ~•z í z̨!=˛!ê˛G !ÙÌƒy Ü˛yÓ˚î §§#Ù ~ÙlG ̂ §ê˛ xy Ï̂SÈ– xï˛~Ó ~!ê˛ ~Ü˛!ê˛ í z̨!=˛–

(iii) !ÓK˛yl§¡øï˛Ó)̊̂ Į̈ õ !Ó£ÏÎ˚!ê˛ ≤Ã!ï˛!¤˛ï˛ ̂ Î §)Î≈ ~Ü˛!ê˛ l«˛e ~ÓÇ ï˛y•z ÓyÜ˛ƒ!ê˛ §Ó≈òy §ï˛ƒ– xï˛~Ó ~!ê˛

~Ü˛!ê˛ í z̨!=˛–

(iv) ~•z ÓyÜ˛ƒ!ê˛ xy Į̈̂ õ!«˛Ü˛ Ü˛yÓ˚î ÎyÓ˚y à!îï˛ ̨ õSÈ® Ü˛ Ï̂Ó˚l ï˛y Ï̂òÓ˚ Ü˛y Ï̂SÈ ÙçyòyÓ˚ !Ü˛v xlƒ Ï̂òÓ˚ ̂ «˛ Ï̂e

~!ê˛ lyG • Ï̂ï˛ ̨ õy Ï̂Ó˚– ~!ê˛ ̂ Ì Ï̂Ü˛ ̂ ÓyV˛y ÎyÎ˚ ÓyÜ˛ƒ!ê˛ §Ó≈òy §ï˛ƒ lÎ˚–
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(v) !ÓK˛yl§¡øï˛ Ó)̊̂ Į̈ õ ≤ÃyÜ,̨ !ï˛Ü˛ âê˛lyÎ˚ ~!ê˛ ≤Ã!ï˛!¤˛ï˛ ̂ Î Ó,!T˛Ó˚ xy Ï̂à xyÜ˛y Ï̂¢ ̂ Ùâ ç Ï̂Ù– xï˛~Óñ ÓyÜ˛ƒ!ê˛
§Ó≈òy §ï˛ƒ– §%ï˛Ó˚yÇ ~!ê˛ ~Ü˛!ê˛ í z̨!=˛–

(vi) ~!ê˛ ~Ü˛!ê˛ ≤ÃŸ¿ Ï̂ÓyôÜ˛ ÓyÜ˛ƒ í z̨̨ õÓ˚v ~!ê˛ ÚÚ~áy Ï̂lÛÛ ¢∑ Î%=˛– xï˛~Óñ ~!ê˛ ~Ü˛!ê˛ í z̨!=˛ lÎ˚–
í z̨̨ õ Ï̂Ó˚Ó˚ í z̨òy•Ó˚îà%̂ Ï°y ̂ Ì Ï̂Ü˛ ̂ òáy ÎyÎ˚ Îál xyÙÓ˚y ~Ü˛!ê˛ ÓyÜ˛ƒ Ï̂Ü˛ í z̨!=˛ Ó!° ï˛ál xyÙy Ï̂òÓ˚ §Ó§ÙÎ˚ Ó°y
òÓ˚Ü˛yÓ˚ ~!ê˛ ̂ Ü˛l í z̨!=˛ •Î˚– ~•z ÚÚˆÜ˛lÛÛñ í z̨̨ õ Ï̂Ó˚Ó˚ ̂ ã˛ Ï̂Î˚ x!ôÜ˛ï˛Ó˚ à%Ó%̊c˛õ)î≈–

xl%¢#°l# 14.1

1. !l¡¨!°!áï˛ ÓyÜ˛ƒà%̂ Ï°yÓ˚ ̂ Ü˛yl‰à%̂ Ï°y í z̨!=˛⁄ˆï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ §ÙÌ≈̂ Ïl Î%!=˛ òyG⁄

  (i) 35 !ò Ï̂l ~Ü˛!ê˛ Ùy§ •Î˚–
 (ii) à!îï˛ Ü˛!ë˛l !Ó£ÏÎ˚–
(iii) 5 G 7 ÈüÈ~Ó˚ ˆÎyàÊ˛° 10 ÈüÈ~ ˆã˛ Ï̂Î˚ Ó Ï̂í ¸̨y–
(iv) ~Ü˛!ê˛ §ÇáƒyÓ˚ Óà≈ ~Ü˛!ê˛ ˆçyí ¸̨ §Çáƒy •Î˚–
 (v) ~Ü˛!ê˛  ã˛ï%̨ Ë)≈̨ Ï̂çÓ˚ Óy•%à%̂ Ï°yÓ˚ ̃ òâ≈ƒ §Ùyl–
(vi) ~ ≤ÃŸ¿!ê˛Ó˚ í z̨_Ó˚ Ü˛ Ï̂Ó˚y–
(vii) (-1) G 8ÈüÈ~Ó˚ à%îÊ˛° •° 8
(viii) ~Ü˛!ê˛ !eË%̨ Ï̂çÓ˚ §Óà%̂ Ï°y xhs˝ıˆÜ˛y Ï̂îÓ˚ §Ù!T˛ 180–
 (ix) xyç ~Ü˛!ê˛ ï%̨ Ê˛y!l !òl
  (x) §Ó ÓyhflÏÓ §Çáƒyà%̂ Ï°y •° ç!ê˛° §Çáƒy

2.  !ï˛l!ê˛ Óy Ï̂Ü˛ƒÓ˚ í z̨òy•Ó˚î òyG ÎyÓ˚y í z̨!=˛ lÎ˚– í z̨_ Ï̂Ó˚Ó˚ §ÙÌ≈̂ Ïl Î%!=˛ òyG–

14.3  ˛õ%̂ ÏÓ˚y Ï̂ly í z̨!=˛ • Ï̂ï˛ l)ï˛l í z̨!=˛ (New Statements From Old.)

xyÙÓ˚y Îál ̨õ)̂ ÏÓ≈ K˛yï˛ í z̨!=˛ ̂ Ì Ï̂Ü˛ l)ï˛l í z̨!=˛ àë˛ Ï̂lÓ˚ !Ó!ô !l Ï̂Î˚ !Óã˛yÓ˚ Ü˛Ó˚Ó– 1854 §y Ï̂° •zÇ Ï̂Ó˚ç à!îï˛K˛
ÚÚçç≈ Ó%°ÛÛ GlyÓ˚ “The laws of Thoughtws” ̨õ%hflÏ̂ ÏÜ˛ ~§Ó !Ó!ôà%̂ Ï°y !l Ï̂Î˚ !Óã˛yÓ˚ÈüÈ!Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚̂ ÏSÈl–
~áy Ï̂l xyÙÓ˚y ò%!ê˛ ̂ Ü˛Ô¢° !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó–

í z̨!=˛ §¡õ Ï̂Ü≈̨  xôƒÎ˚̂ ÏlÓ˚ ≤ÃÌÙ ôy Į̈̂ õñ xyÙÓ˚y ~Ü˛ à%Ó%̊c˛õ)î≈ ̂ Ü˛Ô¢° !l Ï̂Î˚ ò,!T˛˛õyï˛ Ü˛Ó˚Ó ÎyÓ˚ ≤Ã Ï̂Î˚y Ï̂à
ày!î!ï˛Ü˛ í z̨!=˛ àË˛#Ó˚Ë˛y Ï̂Ó xl%ôyÓl Ü˛Ó˚y ÎyÎ˚– ~•z ̂ Ü˛Ô¢° xyÙy Ï̂òÓ˚ çyl Ï̂ï˛ §y•yÎƒ Ü˛Ó˚̂ ÏÓ ̂ Î ≤Ãò_ ̂ Ü˛y Ï̂ly
í z̨!=˛ ¢%ô% §ï˛ƒï˛y §¡õ Ï̂Ü≈̨  lÎ˚ í z̨̨ õÓ˚v ̂ ÓyV˛y Ï̂ï˛ §y•yÎƒ Ü˛ Ï̂Ó˚ í z̨!=˛!ê˛ §ï˛ƒ ly •GÎ˚yÓ˚ xÌ≈–

14.3.1 ~Ü˛!ê˛ í z̨!=˛Ó˚ lyÈüÈ!Ü ̨ Î˚y (Negattion of a statement)

ˆÜ˛yl ~Ü˛!ê˛ í z̨!=˛Ó˚ xfl∫#Ü˛yÓ˚ Ü˛Ó˚y Ï̂Ü˛ í z̨!=˛!ê˛Ó˚ lyÈüÈ!Ü ̨ Î˚y Ó°y •Î˚–
ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ í z̨!=˛ ı

p: lï%̨ l !ò!Õ‘ ~Ü˛!ê˛ ¢•Ó˚
~•z í z̨!=˛!ê˛Ó˚ lyÈüÈ!Ü ̨ Î˚y •°
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~ê˛y !ë˛Ü˛ lÎ˚ ̂ Î lï%̨ l !ò!Õ‘ ~Ü˛!ê˛ ¢•Ó˚
~ê˛y Ï̂Ü˛  xyÓ˚G ̂ °áy ÎyÎ˚

~ê˛y !ÙÌƒy ̂ Î lï%̨ l !ò!Õ‘ ~Ü˛!ê˛ ¢•Ó˚–
§•çË˛y Ï̂Ó ~ê˛y Ï̂Ü˛ Ó°y ÎyÎ˚

lï%̨ l !ò!Õ‘ ~Ü˛!ê˛ ¢•Ó˚ lÎ˚–

 §ÇK˛y 1   Î!ò p ~Ü˛!ê˛ í z̨!=˛ •Î˚ñ ï˛ Ï̂Ó p ÈüÈ~Ó˚ lyÈüÈ!Ü ̨ Î˚yG ~Ü˛!ê˛ í z̨!=˛ ~ÓÇ ~ê˛y Ï̂Ü˛ ∼ p !ò Ï̂Î˚ !ã˛!•´ï˛ Ü˛Ó˚y
•Î˚ ~ÓÇ ˛õí ¸̨y •Î˚ Úp lÎ˚Û–

AoT˛Óƒ   ˆÜ˛y Ï̂ly í z̨!=˛Ó˚ lyÈüÈ!Ü ̨ Î˚y àë˛ Ï̂lÈüÈÈ ÚÚ~ê˛y !ë˛Ü˛ lÎ˚ ˆÎÛÛ xÌÓy ÚÚ~ê˛y !ÙÌƒy ˆÎÛÛ ¢∑à%̂ Ï°y

ÓƒÓ•yÓ˚  •Î˚–

~áy Ï̂l ~Ü˛!ê˛ í z̨òy•Ó˚î ̂ òGÎ˚y •° Îy ̂ Ì Ï̂Ü˛ ̂ ÓyV˛y ÎyÎ˚ ̂ Ü˛y Ï̂ly í z̨!=˛Ó˚ lyÈüÈ!Ü ̨ Î˚y ̨õÎ≈̂ ÏÓ«˛ Ï̂î Ü˛#Ë˛y Ï̂Ó
~!ê˛ §•ç ̂ Óy Ï̂ôyôÎ˚ •Î˚–
ô Ï̂Ó˚y ~Ü˛!ê˛ í z̨!=˛

p: çyÙ≈y Ï̂l ≤Ã Ï̂ï˛ƒ Ï̂Ü˛ çyÙ≈yl Ë˛y£ÏyÎ˚ Ü˛Ìy Ó Ï̂°–

~•z ÓyÜ˛ƒ!ê˛Ó˚ ≤Ãï˛ƒyáƒy Ï̂l Ó°y •Î˚ ̂ Î çyÙ≈y Ï̂lÓ˚ ≤Ã Ï̂ï˛ƒÜ˛ ̂ °yÜ˛ çyÙ≈yl Ë˛y£y Ó Ï̂° ly– ~!ê˛Ó˚ ï˛yÍ˛õÎ≈ ~•z
lÎ˚ ˆÎ çyÙ≈y Ï̂lÓ˚ ˆÜ˛í z̨•z çyÙ≈yl Ë˛y£ÏyÎ˚ Ü˛Ìy Ó Ï̂° ly– ~!ê˛ ˆÜ˛Ó° ˆÓyV˛yÎ˚ ˆÎ Ü˛Ù˛õ Ï̂«˛ çyÙ≈y Ï̂lÓ˚ ~Ü˛çl
çyÙ≈yl Ë˛y£Ïy Ó Ï̂° ly–

xyÙÓ˚y xyÓ˚G í z̨òy•Ó˚î xy Ï̂°yã˛ly Ü˛Ó˚Ó–

í z̨òy•Ó˚î 2 !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°yÓ˚ lyÈüÈ!Ü ̨ Î˚y ̂ ° Ï̂áy ı
(i)    xyÎ˚ï˛ Ï̂«˛ Ï̂eÓ˚ í z̨Ë˛Î˚ Ü˛î≈•z §Ùyl ̃ ò Ï̂â≈ƒÓ˚ •Î˚–

(ii)  7 xÙ)°ò –

§Ùyôyl ı (i) ~•z í z̨!=˛!ê˛ Ó Ï̂° ̂ Î ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛ Ï̂eÓ˚ñ í z̨Ë˛Î˚ Ü˛ Ï̂î≈Ó˚ ̃ òâ≈ƒ §Ùyl •Î˚– ~Ó˚ xÌ≈ ~•z ̂ Îñ Î!ò
ï%̨ !Ù ̂ Î ̂ Ü˛y Ï̂ly xyÎ˚ï˛ Ï̂«˛e lyGñ ï˛ Ï̂Ó ï˛y Ï̂òÓ˚ Ü˛î≈mÎ˚ §Ùyl ̃ ò Ï̂â≈ƒÓ˚ • Ï̂Ó– í z̨!=˛!ê˛Ó˚ lyÈüÈ!Ü ̨ Î˚y •°

~!ê˛ !ÙÌƒy ̂ Î ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛ Ï̂eÓ˚ í z̨Ë˛Î˚ Ü˛î≈•z §Ùyl ̃ ò Ï̂â≈ƒÓ˚ •Î˚

xÌ≈yÍ Ü˛Ù˛õ Ï̂«˛ ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛e xy Ï̂SÈ ÎyÓ˚ í z̨Ë˛Î˚ Ü˛î≈ §Ùyl •Î˚–

(ii) í z̨!=˛ (ii) ÈüÈ~Ó˚ lyÈüÈ!Ü ̨ Î˚y ~Ë˛y Ï̂ÓG ̂ °áy ÎyÎ˚

~ê˛y !ë˛Ü˛ lÎ˚ ˆÎ 7 Ù)°ò–

~ê˛y Ï̂Ü˛ xyÓ˚G ̂ °áy ÎyÎ˚ ̂ Î

7 Ù)°ò lÎ˚–
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í z̨òy•Ó˚î 3  !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°yÓ˚ lyÈüÈ!Ü ̨ Î˚y ̂ ° Ï̂áy ~ÓÇ °kô í z̨!=˛Ó˚ §ï˛ƒï˛y Îyã˛y•z Ü˛ Ï̂Ó˚y–
  (i) x Ï̂fiê ∆̨!°Î˚y ~Ü˛!ê˛ Ù•y Ï̂ò¢
 (ii) ~Ùl ̂ Ü˛y Ï̂ly ã˛ï%̨ Ë%≈̨ Ï̂çÓ˚ x!hflÏc ̂ l•z ÎyÓ˚ §Óà%̂ Ï°y Óy•% §Ùyl–
(iii) ≤Ã!ï˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy 0 ̂ Ì Ï̂Ü˛ Ó Ï̂í ¸̨y–
(iv) 3 ~ÓÇ 4  ~Ó˚ ˆÎyàÊ˛° 9–

§Ùyôyl ı (i) í z̨!=˛!ê˛Ó˚ lyÈüÈ!Ü ̨ Î˚y •°
~ê˛y !ÙÌƒy ̂ Î x Ï̂fiê ∆̨!°Î˚y ~Ü˛!ê˛ Ù•y Ï̂ò¢–

~ê˛y Ï̂Ü˛ ~Ë˛y Ï̂ÓG ̂ °áy ÎyÎ˚
x Ï̂fiê ∆̨!°Î˚y ~Ü˛!ê˛ Ù•y Ï̂ò¢ lÎ˚–

xyÙÓ˚y çy!l ̂ Î í z̨!=˛!ê˛ !ÙÌƒy–

(ii) í z̨!=˛!ê˛Ó˚ lyÈüÈ!Ü ̨ Î˚y •°
~ê˛y !ë˛Ü˛ lÎ˚ ̂ Î ~Ùl ̂ Ü˛y Ï̂ly ã˛ï%̨ Ë%≈̨ Ï̂çÓ˚ x!hflÏc ̂ l•z ÎyÓ˚ §Ó Óy•%à%̂ Ï°y §Ùyl–

ÎyÓ˚ ï˛yÍ˛õÎ≈ •°
~Ùl ã˛ï%̨ Ë%≈̨ Ï̂çÓ˚ x!hflÏc xy Ï̂SÈ ÎyÓ˚ §Ó Óy•% §Ùyl–

~•z í z̨!=˛!ê˛ §ï˛ƒ Ü˛yÓ˚î xyÙÓ˚y çy!l Óà≈̂ Ï«˛e ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ ç ÎyÓ˚ §Óà%̂ Ï°y Óy•% §Ùyl–
(iii)  í z̨!=˛ lyÈüÈ!Ü ̨ Î˚y •°

~ê˛y !ÙÌƒy ̂ Î fl∫yË˛y!ÓÜ˛ §Çáƒy 0 ̂ Ì Ï̂Ü˛ Ó Ï̂í ¸̨y–
~ê˛y Ï̂Ü˛ xlƒË˛y Ï̂Ó ̂ °áy ÎyÎ˚

~Ùl ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ x!hflÏc xy Ï̂SÈ Îy 0 ̂ Ì Ï̂Ü˛ Ó Ï̂í ¸̨y lÎ˚–
~•z í z̨!=˛ !ÙÌƒy

(iv) í z̨!=˛!ê˛Ó˚ lyÈüÈ!Ü ̨ Î˚y •°
~ê˛y !ÙÌƒy ˆÎ 3 ~ÓÇ 4 ~Ó˚ ˆÎyàÊ˛° 9 –

~ê˛y Ï̂Ü˛ xlƒË˛y Ï̂Ó ̂ °áy ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚
3 ~ÓÇ 4 ~Ó˚ ˆÎyàÊ˛° 9 lÎ˚ –

~•z í z̨!=˛!ê˛ §ï˛ƒ–

14.3.2  ˆÎÔ!àÜ˛ í z̨!=˛ (Compound Statements)

Ü˛ Ï̂Î˚Ü˛!ê˛ §Ç Ï̂ÎyçÜ˛ ̂ ÎÙl ÚÚ~ÓÇÛÛñ ÚÚxÌÓyÛÛ •zï˛ƒy!ò ≤Ã Ï̂Î˚y Ï̂à ~Ü˛y!ôÜ˛ í z̨!=˛ Ï̂Ü˛ ç%̂ Ïí ¸̨ !ò Ï̂Î˚ x Ï̂lÜ˛ ày!î!ï˛Ü˛
í z̨!=˛ ̨õyGÎ˚y ÎyÎ˚– l# Ï̂ã˛Ó˚ í z̨!=˛!ê˛ °«˛ Ü˛ Ï̂Ó˚y

p: ÓyÕ∫ xÌÓy ̃ Óò%ƒ!ï˛Ü˛ ï˛y Ï̂Ó˚ !Ü˛S%È e%!ê˛ xy Ï̂SÈ–

~•z í z̨!=˛!ê˛Ó˚ xÌ≈ •° Óy Ï̂Õ∫ ̂ Ü˛y Ï̂ly e%!ê˛ xy Ï̂SÈ Óy ̃ Óò%ƒ!ï˛Ü˛ ï˛y Ï̂Ó˚ ̂ Ü˛y Ï̂ly e%!ê˛ xy Ï̂SÈ–
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§%ï˛Ó˚yÇñ˛ ≤ÃÜ,̨ ï˛˛õ Ï̂«˛ ≤Ãò_ í z̨!=˛!ê˛ ò%!ê˛ «%̨ oï˛Ó˚ í z̨!=˛Ó˚ §Ùß∫̂ ÏÎ˚ à!ë˛ï˛ ı
q: Óy Ï̂Õ∫ !Ü˛S%È e%!ê˛ xy Ï̂SÈ–

r: ̃ Óò%ƒ!ï˛Ü˛ ï˛y Ï̂Ó˚ !Ü˛S%È e%!ê˛ xy Ï̂SÈ–
~•z í z̨!=˛ ò%!ê˛ ÚÚxÌÓyÛÛ §Ç Ï̂ÎyçÜ˛ !ò Ï̂Î˚ §Ç Ï̂Îyà Ü˛Ó˚y • Ï̂Î˚!SÈ°–

~álñ l# Ï̂ã˛Ó˚ xyÓ˚ ò%!ê˛ í z̨!=˛ Ï̂Ü˛ ôÓ˚y ÎyÜ˛ ı
p: 7 ~Ü˛!ê˛ !Ó Ï̂çyí ¸̨ §Çáƒy–
q: 7 ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy–

~•z í z̨!=˛ ò%!ê˛ Ï̂Ü˛  ÚÚ~ÓÇÛÛ §Ç Ï̂ÎyçÜ˛ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ ̨ õy•z
r: 7 !Ó Ï̂çyí ¸̨ ~ÓÇ ˆÙÔ!°Ü˛ í z̨Ë˛Î˚ ≤ÃÜ˛yÓ˚ §Çáƒy–

~!ê˛ ~Ü˛!ê˛ ̂ ÎÔ!àÜ˛ í z̨!=˛–
~ ̂ Ì Ï̂Ü˛ !l Ï̂¡¨Ó˚ §ÇK˛y ̨ õyGÎ˚y ÎyÎ˚–

§ÇK˛y 2  ~Ü˛!ê˛ ̂ ÎÔ!àÜ˛ í z̨!=˛ •° ~Ùl ~Ü˛!ê˛ í z̨!=˛ Îy ò%•z Óy ï˛ Ï̂ï˛y!ôÜ˛ í z̨!=˛ !ò Ï̂Î˚ ̃ ï˛!Ó˚– ~ Ï̂«˛ Ï̂eñ ≤Ã!ï˛!ê˛
í z̨!=˛ Ï̂Ü˛ Ó°y •Î˚ ~Ü˛!ê˛ ˛í z̨̨ õyÇ¢ í z̨!=˛ (Component Statement)–

!l Ï̂ã˛Ó˚ í z̨òy•Ó˚îà%̂ Ï°y °«˛ Ü˛ Ï̂Ó˚y
í z̨òy•Ó˚î 4  !l Ï̂ã˛Ó˚ ̂ ÎÔ!àÜ˛ í z̨!=˛à%̂ Ï°yÓ˚ í z̨̨ õyÇ¢ í z̨!=˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

 (i) xyÜ˛y¢ l#° ~ÓÇ ây§ §Ó%ç •Î˚–
(ii) Ó,!T˛ • Ï̂FSÈ ~ÓÇ ë˛yu˛y ˛õí ¸̨̂ ÏSÈ–
(iii) §Ó Ù)°ò §Çáƒy ÓyhflÏÓ §Çáƒy ~ÓÇ §Ó ÓyhflÏÓ §Çáƒy •° ç!ê˛° §Çáƒy–
(iv) 0 ~Ü˛!ê˛ ôlydÜ˛ §Çáƒy xÌÓy ~Ü˛!ê˛ }îydÜ˛ §Çáƒy–

§Ùyôyl ı ã˛ Ï̂°y xyÙÓ˚y ~Ü˛!ê˛Ó˚ ̨õÓ˚ ~Ü˛!ê˛ xy Ï̂°yã˛ly Ü˛!Ó˚–
(i)  í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: xyÜ˛y¢ l#° –
q: ây§ §Ó%ç –

§Ç Ï̂ÎyçÜ˛ ¢∑ •° Ú~ÓÇÛ–
(ii) ~áy Ï̂l í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: Ó,!T˛ • Ï̂FSÈ–
q: ë˛yu˛y ˛õí ¸̨̂ ÏSÈ–

§Ç Ï̂ÎyçÜ˛ ¢∑ •° Ú~ÓÇÛ–
(iii) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: §Ó Ù)°ò §Çáƒy ÓyhflÏÓ–
q: §Ó ÓyhflÏÓ §Çáƒy •° ç!ê˛° §Çáƒy–

§Ç Ï̂ÎyçÜ˛ ¢∑ •° Ú~ÓÇÛ–
(iv) ~áy Ï̂l í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°
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p: 0 ~Ü˛!ê˛ ôlydÜ˛ §Çáƒy

q: 0 ~Ü˛!ê˛ }îydÜ˛ §Çáƒy

~áy Ï̂l §Ç Ï̂ÎyçÜ˛ ¢∑ •° Ú~ÓÇÛ–

í z̨òy•Ó˚î 5  !l¡¨!°!áï˛ ̂ «˛ Ï̂e í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y !lî≈Î˚ Ü˛ Ï̂Ó˚y ~ÓÇ ~Ó˚y §ï˛ƒ Óy !ÙÌƒy !Ü˛ly Îyã˛y•z Ü˛ Ï̂Ó˚y–

  (i) ~Ü˛!ê˛ Óà≈̂ Ï«˛e •° ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ ç ~ÓÇ ~Ó˚ ã˛yÓ˚!ê˛ Óy•% §Ùyl–

 (ii) §Ó ˆÙÔ!°Ü˛ §Çáƒy •Î˚ ˆçyí ¸̨ xÌÓy !Ó Ï̂çyí ¸̨–

(iii) ~Ü˛ Óƒ!=˛ !Î!l à!îï˛ xÌÓy Ü˛!¡õí z̨ê˛yÓ˚ !ÓK˛yl xôƒÎ˚l Ü˛ Ï̂Ó˚l !ï˛!l MCA-ˆï˛ ≤Ã Ï̂Ó¢ Ü˛Ó˚̂ Ïï˛

˛õy Ï̂Ó˚l–

(iv) ã˛u˛#àí ¸̨ •° •!Ó˚Î˚yly ~ÓÇ •zí z̨ !˛õÈüÈ~Ó˚ Ó˚yçôyl#–

(v) 2 ~Ü˛!ê˛ Ù)°ò §Çáƒy xÌÓy ~Ü˛!ê˛ xÙ)°ò §Çáƒy–

(vi) 2, 4 ~ÓÇ 8 ÈüÈ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛ 24

§Ùyôyl  (i) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: ~Ü˛!ê˛ Óà≈̂ Ï«˛e ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ ç–

q:  ~Ü˛!ê˛ Óà≈̂ Ï«˛ Ï̂eÓ˚ §Óà%̂ Ï°y Óy•% §Ùyl–

xyÙÓ˚y çy!l í z̨Ë˛Î˚ í z̨!=˛à%̂ Ï°y §ï˛ƒ– ~áy Ï̂l §Ç Ï̂ÎyçÜ˛ ¢∑ Ú~ÓÇÛ–

(ii) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: §Ó ˆÙÔ!°Ü˛ §Çáƒy !Ó Ï̂çyí ¸̨ §Çáƒy–

q:  §Ó ˆÙÔ!°Ü˛ §Çáƒy ˆçyí ¸̨ §Çáƒy–

~áy Ï̂l í z̨Ë˛Î˚ í z̨!=˛ !ÙÌƒy ~ÓÇ §Ç Ï̂ÎyçÜ˛ ¢∑ •° ÚxÌÓyÛ–

(iii) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: ~Ü˛ Óƒ!=˛ !Î!l Ü˛!¡õí z̨ê˛yÓ˚ !ÓK˛y Ï̂l xôƒÎ˚l Ü˛ Ï̂Ó˚l !ï˛!l MCAÈüÈˆï˛ ≤Ã Ï̂Ó¢ Ü˛Ó˚̂ Ïï˛ ̨õy Ï̂Ó˚l–

q:  ~Ü˛ Óƒ!=˛ !Î!l Ü˛!¡õí z̨ê˛yÓ˚ !ÓK˛y Ï̂l xôƒÎ˚l Ü˛ Ï̂Ó˚l !ï˛!l MCAÈüÈˆï˛ ≤Ã Ï̂Ó¢ Ü˛Ó˚̂ Ïï˛ ̨ õy Ï̂Ó˚l–

í z̨Ë˛Î˚ í z̨!=˛à%̂ Ï°y §ï˛ƒ– ~áy Ï̂l §Ç Ï̂ÎyçÜ˛ ¢∑ ÚxÌÓyÛ–

(iv) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: ã˛u˛#àí ¸̨ •° •!Ó˚Î˚ylyÓ˚ Ó˚yçôyl# –

q:  ã˛u˛#àí ¸̨ •° •zí z̨ !˛õÈ ~Ó˚ Ó˚yçôyl# –

≤ÃÌÙ í z̨!=˛!ê˛ §ï˛ƒ !Ü˛v !mï˛#Î˚!ê˛ !ÙÌƒy– ~áy Ï̂l §Ç Ï̂ÎyçÜ˛ ¢∑ •° Ú~ÓÇÛ–

(v) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°
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p: 2 ~Ü˛!ê˛ Ù)°ò §Çáƒy –

q:  2 ~Ü˛!ê˛ xÙ)°ò §Çáƒy –

≤ÃÌÙ í z̨!=˛!ê˛ !ÙÌƒy ~ÓÇ !mï˛#Î˚!ê˛ §ï˛ƒ– ~áy Ï̂l §Ç Ï̂ÎyçÜ˛ ¢∑ •° ÚxÌÓyÛ–

(vi) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p : 2 ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛ 24 –

q : 4  ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛ 24 –

r : 8  ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛ 24 –

!ï˛l!ê˛ í z̨!=˛•z §ï˛ƒ– ~áy Ï̂l §Ç Ï̂ÎyçÜ˛ ¢∑à%̂ Ï°y •° Ú~ÓÇÛ– §%ï˛Ó˚yÇñ xyÙÓ˚y °«˛ Ü˛!Ó˚ ̂ Îñ ̂ ÎÔ!àÜ˛ í z̨!=˛à%̂ Ï°y

˜ï˛!Ó˚ •Î˚ñ ̂ Îáy Ï̂l Ú~ÓÇÛ ÚxÌÓyÛ •zï˛ƒy!ò §Ç Ï̂ÎyçÜ˛ !• Ï̂§ Ï̂Ó ÓƒÓ•,ï˛ •Î˚– ~•z ¢∑à%̂ Ï°y à!îï˛¢y Ï̂flf !Ó Ï̂¢£Ï

xÌ≈ Ó•l Ü˛ Ï̂Ó˚– xyÙÓ˚y ~ Óƒy˛õyÓ˚ê˛y !l¡¨!°!áï˛ xl%̂ ÏFSÈ Ï̂ò xy Ï̂°yã˛ly Ü˛Ó˚Ó–

xôƒyÎ˚ 14.2

1. !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°yÓ˚ lyÈüÈ!Ü ̨ Î˚y ̂ ° Ï̂áy ı

 (i) ˆã˛ß¨y•z ï˛y!Ù°lyí ¸̨%Ó˚ Ó˚yçôyl#–

 (ii) 2 ~Ü˛!ê˛ ç!ê˛° §Çáƒy lÎ˚–

(iii) §Ó !eË%̨ ç §ÙÓy•% !eË%̨ ç lÎ˚–

(iv) 2 §Çáƒy!ê˛ 7 ÈüÈ~Ó˚ ̂ ã˛ Ï̂Î˚ Ó Ï̂í ¸̨y–

(v) ≤Ã!ï˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ~Ü˛!ê˛ xá[˛ §Çáƒy–

2.  !l¡¨!°!áï˛ í z̨!=˛ Î%à° ~ Ï̂Ü˛ x˛õ Ï̂Ó˚Ó˚ lyÈüÈ!Ü ̨ Î˚y !Ü˛ly⁄

 (i) x §Çáƒy!ê˛ ~Ü˛!ê˛ Ù)°ò §Çáƒy lÎ˚–

x §Çáƒy!ê˛ ~Ü˛!ê˛ xÙ)°ò §Çáƒy lÎ˚–

(ii) x §Çáƒy!ê˛ ~Ü˛!ê˛ Ù)°ò §Çáƒy lÎ˚–

x §Çáƒy!ê˛ ~Ü˛!ê˛ xÙ)°ò §Çáƒy lÎ˚–

3.  !l¡¨!°!áï˛ ̂ ÎÔ!àÜ˛ ÓyÜ˛ƒà%̂ Ï°yÓ˚ í z̨̨ õyÇ¢ í z̨!=˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y ~ÓÇ ~à%̂ Ï°y §ï˛ƒ Óy !ÙÌƒy !Ü˛ly Îyã˛y•z Ü˛ Ï̂Ó˚y–

 (i) 3 §Çáƒy!ê˛ ̂ ÙÔ!°Ü˛ xÌÓy ~!ê˛ !Ó Ï̂çyí ¸̨–

 (ii) §Ó xáu˛ §Çáƒy ôlydÜ˛ Óy }îydÜ˛–

(iii) 3, 11 ~ÓÇ 5 !ò Ï̂Î˚ 100 !ÓË˛yçƒ •Î˚–

14.4  !Ó Ï̂¢£Ï ¢∑‡ÓyÜ˛ƒyÇ¢ (Special Words/Phrases)

ˆÎÔ!àÜ˛ í z̨!=˛ Ï̂ï˛ Ü˛ Ï̂Î˚Ü˛!ê˛ §Ç Ï̂ÎyçÜ˛ ¢∑ ̂ ÎÙlñ Ú~ÓÇÛñ ÚxÌÓyÛ •zï˛ƒy!ò ≤ÃyÎ˚•z ày!î!ï˛Ü˛ í z̨!=˛ Ï̂ï˛ ÓƒÓ•,ï˛ •Î˚–



330 à!îï

~à%̂ Ï°y Ï̂Ü˛ §Ç Ï̂ÎyçÜ˛ Ó°y •Î˚– Îál•z xyÙÓ˚y ̂ ÎÔ!àÜ˛ í z̨!=˛ ÓƒÓ•yÓ˚ Ü˛!Ó˚ñ ~•z ¢∑à%̂ Ï°yÓ˚ à%Ó%̊c Ë˛y Ï̂°y Ë˛y Ï̂Ó

ˆÓyV˛y òÓ˚Ü˛yÓ˚– l# Ï̂ã˛ xyÙÓ˚y ~ê˛y !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó–

14.4.1 §Ç Ï̂ÎyçÜ˛ Ú~ÓÇÛ (The Word ‘And’) : Ú~ÓÇÛ ≤Ã Ï̂Î˚y Ï̂à ~Ü˛!ê˛ ˆÎÔ!àÜ˛ ÓyÜ˛ƒ °«˛ Ü˛ Ï̂Ó˚y–

p : ~Ü˛!ê˛ !Ó®%Ó˚ çlƒ ~Ü˛!ê˛ fiÌyl Ìy Ï̂Ü˛ ~ÓÇ ~Ó˚ !fiÌ!ï˛ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚–

~•z í z̨!=˛!ê˛ Ï̂Ü˛ ò%!ê˛ í z̨̨ õyÇ¢ í z̨!=˛ Ï̂ï˛ Ë˛y.y ÎyÎ˚

q : ~Ü˛!ê˛ !Ó®%Ó˚ çlƒ ~Ü˛!ê˛ fiÌyl Ìy Ï̂Ü˛–

r : ~Ó˚ !fiÌ!ï˛ !lî≈Î˚ Ü˛Ó˚y òÓ˚Ü˛yÓ˚–

~áy Ï̂l xyÙÓ˚y °«˛ Ü˛!Ó˚ ̂ Î í z̨Ë˛Î˚ í z̨!=˛ §ï˛ƒ–

˛x˛õÓ˚ ~Ü˛!ê˛ í z̨!=˛ °«˛ Ü˛ Ï̂Ó˚y

p: 5, 6 ~ÓÇ 7 !ò Ï̂Î˚ 42 !ÓË˛yçƒ

q: 5 !ò Ï̂Î˚ 42 !ÓË˛yçƒ–

r: 6 !ò Ï̂Î˚ 42 !ÓË˛yçƒ–

s: 6 !ò Ï̂Î˚ 42 !ÓË˛yçƒ–

~áy Ï̂lñ xyÙÓ˚y çy!l ̂ Î ≤ÃÌÙ!ê˛ !ÙÌƒy ̂ Îáy Ï̂l x˛õÓ˚ ò%!ê˛ §ï˛ƒ–

§Ç Ï̂ÎyçÜ˛ Ú~ÓÇÛ ÈüÈ~Ó˚ ̂ «˛ Ï̂e xyÙÓ˚y !l¡¨!°!áï˛ !lÎ˚Ùà%̂ Ï°y ̨õy•z–

 1. Ú~ÓÇÛ §Ç Ï̂Îy Ï̂à ̂ ÎÔ!àÜ˛ ÓyÜ˛ƒ §ï˛ƒ • Ï̂Ó Î!ò ~Ó˚ §Ó í z̨̨ õyÇ¢à%̂ Ï°y §ï˛ƒ •Î˚–

 2. Ú~ÓÇÛ §Ç Ï̂Îy Ï̂à ̂ ÎÔ!àÜ˛ ÓyÜ˛ƒ !ÙÌƒy • Ï̂Ó Î!ò ~Ó˚ ̂ Ü˛y Ï̂ly ~Ü˛!ê˛ í z̨̨ õyÇ¢ !ÙÌƒy •Î˚ xÌ≈yÍ

Ü˛ Ï̂Î˚Ü˛!ê˛ í z̨̨ õyÇ¢ Óy §Óà%̂ Ï°y í z̨̨ õyÇ¢ !ÙÌƒy • Ï̂° ̂ ÎÔ!àÜ˛ ÓyÜ˛ƒ !ÙÌƒy •Î˚–

í z̨òy•Ó˚î 6  !l¡¨!°!áï˛ ̂ ÎÔ!àÜ˛ Óy Ï̂Ü˛ƒÓ˚ í z̨̨ õyÇ¢à%̂ Ï°y ̂ ° Ï̂áy ~ÓÇ ̂ ÎÔ!àÜ˛ ÓyÜ˛ƒ!ê˛ §ï˛ƒ Óy !ÙÌƒy !Ü˛ly Îyã˛y•z

Ü˛ Ï̂Ó˚y–

(i)  ~Ü˛!ê˛ ˆÓ˚áy ˆ§yçy •Î˚ ~ÓÇ í z̨Ë˛Î˚ !ò Ï̂Ü˛ x§#Ù ˛õÎ≈hs˝ Óyí ¸̨y Ï̂ly ÎyÎ˚–

(ii) 0 ≤Ã!ï˛!ê˛ ôlydÜ˛ ̨õ)î≈§Çáƒy ~ÓÇ ≤Ã!ï˛!ê˛ }îydÜ˛ ̨õ)î≈ §ÇáƒyÓ˚ ̂ ã˛ Ï̂Î˚ ̂ SÈy Ï̂ê˛y–

(iii) §Ó §ç#Ó Ó›Ó˚ ò%!ê˛ ̨õy ~ÓÇ ò%!ê˛ ̂ ã˛yá xy Ï̂SÈ–

§Ùyôyl (i) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: ~Ü˛!ê˛ ˆÓ˚áy ˆ§yçy •Î˚–

q: ~Ü˛!ê˛ ˆÓ˚áy í z̨Ë˛Î˚ !ò Ï̂Ü˛ x§#Ù ˛õÎ≈hs˝ Óyí ¸̨y Ï̂ly ÎyÎ˚–
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í z̨Ë˛Î˚ í z̨!=˛•z §ï˛ƒñ xï˛~Ó ̂ ÎÔ!àÜ˛ ÓyÜ˛ƒ!ê˛ §ï˛ƒ–
(ii) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: 0 ≤Ã!ï˛!ê˛ ôlydÜ˛ ̨õ)î≈§ÇáƒyÓ˚ ̂ ã˛ Ï̂Î˚ ̂ SÈy Ï̂ê˛y–
q: 0 ≤Ã!ï˛!ê˛ }îydÜ˛ ̨õ)î≈ §ÇáƒyÓ˚ ̂ ã˛ Ï̂Î˚ ̂ SÈy Ï̂ê˛y–

!mï˛#Î˚ í z̨!=˛!ê˛ !ÙÌƒy– xï˛~Óñ ̂ ÎÔ!àÜ˛ í z̨!=˛!ê˛ !ÙÌƒy–
(iii) í z̨̨ õyÇ¢ í z̨!=˛ ò%!ê˛ •°

p: §Ó §ç#Ó Ó›Ó˚ ò%!ê˛ ˛õy xy Ï̂SÈ
q: §Ó §ç#Ó Ó›Ó˚ ò%!ê˛ ˆã˛yá xy Ï̂SÈ–

ˆÎ Ï̂•ï%̨  í z̨!=˛à%̂ Ï°y !ÙÌƒyñ xï˛~Óñ ̂ ÎÔ!àÜ˛ í z̨!=˛!ê˛ !ÙÌƒy–
~ál l# Ï̂ã˛Ó˚ ̂ ÎÔ!àÜ˛ ÓyÜ˛ƒ!ê˛ °«˛ Ü˛ Ï̂Ó˚y

p: xƒy° Ï̂Ü˛y•° ~ÓÇ ç Ï̂°Ó˚ !Ù◊î Ó˚y§yÎ˚!lÜ˛ ̨ õÂô!ï˛ Ï̂ï˛ ̨ õ,ÌÜ˛ Ü˛Ó˚y ÎyÎ˚–
Ú~ÓÇÛ Î%=˛ ~•z í z̨!=˛!ê˛ ̂ ÎÔ!àÜ˛ í z̨!=˛ lÎ˚– ~áy Ï̂l Ú~ÓÇÛ ¢∑!ê˛ ò%!ê˛ !ç!l£ Ï̂Ü˛ Î%=˛ Ü˛ Ï̂Ó˚̂ ÏSÈÈüÈ xƒy° Ï̂Ü˛y•° ~ÓÇ
ç°– ~ê˛y ˆÌ Ï̂Ü˛ ~Ü˛!ê˛ à%Ó%̊c˛õ)î≈ oT˛ Ï̂Óƒ xy§ Ï̂ï˛ ˛õy!Ó˚–

AAAAAoT˛Óƒ  ÚÚ~ÓÇÛÛ §ÇÎ%=˛ §Ó ÓyÜ˛ƒà%̂ Ï°y Ï̂Ü˛ §Ó≈òy ˆÎÔ!àÜ˛ ÓyÜ˛ƒ Ó)̊̂ Į̈ õ Ù Ï̂l Ü˛ Ï̂Ó˚y lyñ Îy í z̨̨ õ Ï̂Ó˚Ó˚
í z̨òy•Ó˚̂ Ïî ̂ òáy Ï̂ly • Ï̂Î˚̂ ÏSÈ– xï˛~Óñ Ú~ÓÇÛ ¢∑!ê˛ ~ Ï̂«˛ Ï̂e §Ç Ï̂ÎyçÜ˛ !• Ï̂§ Ï̂Ó ÓƒÓ•,ï˛ •Î˚!l–

14.4.2 §Ç Ï̂ÎyçÜ˛ Ó)̊̂ Į̈ õ ¢∑ ÚxÌÓyÛ (The Word ‘or”) ã˛ Ï̂°y l# Ï̂ã˛Ó˚ í z̨!=˛!ê˛ °«˛ Ü˛!Ó˚ÈüÈ

p: ~Ü˛!ê˛ §Ùï˛ Ï̂° ò%!ê˛ ̂ Ó˚áy •Î˚ ~Ü˛!ê˛ !Ó®%̂ Ïï˛ ̂ SÈò Ü˛ Ï̂Ó˚ xÌÓy ~Ó˚y ̨ õÓ˚flõÓ˚ §Ùyhs˝Ó˚y° •Î˚–

xyÙÓ˚y çy!l ̂ Î ~•z í z̨!=˛!ê˛ §ï˛ƒ– ~!ê˛ !Ü˛ ̂ ÓyV˛yÎ˚⁄ ~ê˛y ̂ ÓyV˛yÎ˚ ~Ü˛!ê˛ §Ùï˛ Ï̂° ò%!ê˛ ̂ Ó˚áy Î!ò ̂ SÈò Ü˛ Ï̂Ó˚ñ ï˛ Ï̂Ó
ï˛yÓ˚y §Ùyhs˝Ó˚y° •Î˚ ly– xlƒË˛y Ï̂Óñ Î!ò ò%!ê˛ ˆÓ˚áy §Ùyhs˝Ó˚y° ly •Î˚ñ ï˛ Ï̂Ó ï˛yÓ˚y ~Ü˛!ê˛ !Ó®%̂ Ïï˛ ˆSÈò Ü˛ Ï̂Ó˚–
xÌ≈yÍ í z̨!=˛!ê˛ í z̨Ë˛Î˚ ̨õ!Ó˚!fiÌ!ï˛ Ï̂ï˛ §ï˛ƒ–

ÚxÌÓyÛ Î%=˛ í z̨!=˛ Ï̂Ü˛ ̂ ÓyV˛yÓ̊ xy Ï̂à xyÙÓ̊y °«˛ Ü˛!Ó̊ ̂ Î ÚxÌÓyÛ ¢∑!ê˛ •zÇ Ï̂Ó̊!ç Ë˛y£ÏyÎ̊ ò%•z Ë˛y Ï̂Ó ÓƒÓ•,ï˛
•Î˚– ã˛ Ï̂°y ≤ÃÌ Ï̂Ù xyÙÓ˚y l# Ï̂ã˛Ó˚ ÓyÜ˛ƒ!ê˛ Ï̂Ü˛ ̂ ò!á–

p: ~Ü˛!ê˛ ̂ Ó˚̂ ÏhflÏyÓ˚yÎ˚ ~Ü˛!ê˛ xy•z§!Ü ̨ Ù Óy ̂ ˛õ˛õ!§ ~Ü˛!ê˛ Ìy°y §• ̨õyGÎ˚y ÎyÎ˚–
~Ó˚ xÌ≈ ~•z ̂ Îñ ~Ü˛ Óƒ!=˛ !Î!l xy•z§!Ü ̨ Ù ̨õSÈ® Ü˛ Ï̂Ó˚l ly Ìy°y §• ~Ü˛!ê˛ ̂ ˛õ˛õ!§ ̂ ˛õ Ï̂ï˛ ̨õy Ï̂Ó˚l xÌÓy !Î!l
ˆ˛õ˛õ!§ ̨õSÈ® Ü˛ Ï̂Ó˚l ly Ìy°y§• ~Ü˛!ê˛ xy•z§!Ü ̨ Ù ̂ ˛õ Ï̂ï˛ ̨õy Ï̂Ó˚l– xÌ≈yÍ !Î!l ̂ ˛õ˛õ!§ ̨õSÈ® Ü˛ Ï̂Ó˚l ly– !ï˛!l
xy•z§!Ü ̨ Ù ̂ ˛õ Ï̂ï˛ ̨õy Ï̂Ó˚l– ~Ü˛çl Óƒ!=˛Ó˚ xy•z§!Ü ̨ Ù G ̂ ˛õ˛õ!§ ò%!ê˛•z • Ï̂ï˛ ̨õy Ï̂Ó˚ ly– ~ê˛y Ï̂Ü˛ Ó°y •Î˚ Ó!•Ë)≈̨ !=˛
ÚÚxÌÓyÛÛ (exclusive ‘or”) x˛õÓ˚ ~Ü˛!ê˛ í z̨!=˛ °«˛ Ü˛ Ï̂Ó˚yÈüÈ

~Ü˛çl !¢«˛yÌ≈# ̂ Î ç#Ó!Óòƒy Óy Ó˚§yÎ˚l !l Ï̂Î˚̂ ÏSÈ ̂ § Ùy•ẑ ÏÜ ̨ yÓy Ï̂Î˚y°!ç ̂ ≤Ãy@˝Ãy Ï̂Ù ~ÙÉ~§!§ÈüÈ~Ó˚ çlƒ
xy Ï̂Óòl Ü˛Ó˚̂ Ïï˛ ̨õy Ï̂Ó˚–

~áy Ï̂l xyÙÓ˚y Ó%V˛ Ï̂ï˛ ˛õyÓ˚!SÈñ ˆÎ !¢«˛yÌ≈# ç#Ó!Óòƒy ~ÓÇ Ó˚§yÎ˚l í z̨Ë˛Î˚•z !l Ï̂Î˚̂ ÏSÈ ˆ§ Ùy•ẑ ÏÜ ̨ yÓy Ï̂Î˚y°!ç
ˆ≤Ãy@˝Ãy Ï̂ÙÓ̊ çlƒ xy Ï̂Óòl Ü˛Ó̊ Ï̂ï˛ ̨õy Ï̂Ó̊ñ xyÓyÓ̊ ̂ Î !¢«˛yÌ≈# ¢%ô%Ùye ~Ü˛!ê˛ !Ó£ÏÎ̊ !l Ï̂Î̊ Ï̂SÈ ̂ §G Ùy•ẑ ÏÜ ̨ yÓy Ï̂Î̊y°!ç
ˆ≤Ãy@˝Ãy Ï̂Ù xy Ï̂Óòl Ü˛Ó˚̂ Ïï˛ ̨õy Ï̂Ó˚– ~ Ï̂«˛ Ï̂e xyÙÓ˚y xhsË)≈̨ !=˛ ÚÚxÌÓyÛÛ (Inclusive “or”) ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚!SÈ–

~•z ò%•z ≤ÃÜ˛yÓ˚ ÚxÌÓyÛÈüÈ~Ó˚ Ù Ï̂ôƒ ̨õyÌ≈Ü˛ƒ Ë˛y Ï̂°yË˛y Ï̂Ó ̂ ÓyV˛y òÓ˚Ü˛yÓ˚ Îy !ò Ï̂Î˚ ̂ Ü˛y Ï̂ly í z̨!=˛ §ï˛ƒ Óy !ÙÌƒy
!Ü˛ly Îyã˛y•z Ü˛Ó˚y Îy Ï̂Ó–
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ã˛ Ï̂°y !l Ï̂ã˛Ó˚ í z̨òy•Ó˚î!ê˛ °«˛ Ü˛!Ó˚ÈüÈ
í z̨òy•Ó˚î 7 l# Ï̂ã˛Ó˚ í z̨!=˛à%̂ Ï°y Ï̂ï˛ ˆÜ˛yl‰!ê˛ xhs˝Ë%≈̨ !=˛ ÚÚxÌÓyÛÛ Óy Ó!•Ë %̨≈!=˛ ÚÚxÌÓyÛÛ ÓƒÓ•yÓ˚ • Ï̂Î˚̂ ÏSÈñ Î%!=˛§•
í z̨_Ó˚ òyG–

(i) ˆÜ˛y Ï̂ly ̂ ò Ï̂¢ ≤Ã Ï̂Ó Ï̂¢Ó˚ ̂ «˛ Ï̂e ̂ ï˛yÙyÓ˚ ̨õy§ Į̈̂ õyê≈̨  xÌÓy ̂ Ë˛yê˛yÓ˚ ̂ Ó˚!ç Ï̂T …̨¢l Ü˛yí≈̨  òÓ˚Ü˛yÓ˚–

(ii) S%È!ê˛Ó˚ !òl Óy Ó˚!ÓÓyÓ˚ !Óòƒy°Î˚ Órô ÌyÜ˛ Ï̂Ó–

(iii) ˛ò%!ê˛ ̂ Ó˚áy ~Ü˛!ê˛ !Ó®%ˆÏï˛ ̂ SÈò Ü˛ˆÏÓ˚ xÌÓy §Ùyhs˝Ó˚y° •Î˚–

(iv) !¢«˛yÌ≈#Ó˚y ï,̨ ï˛#Î˚ Ë˛y£Ïy !• Ï̂§ Ï̂Ó Ê˛Ó˚y!§ Óy §Çfl,Òï˛ ̨õSÈ® Ü˛Ó˚̂ Ïï˛ ̨õy Ï̂Ó˚–
§Ùyôyl (i) ~áy Ï̂l ~!ê˛ xhs˝Ë%≈̨ !=˛ ÚÚxÌÓyÛÛ Ü˛yÓ˚î ~Ü˛çl Óƒ!=˛Ó˚ ̂ ò Ï̂¢ ≤Ã Ï̂Ó Ï̂¢Ó˚ çlƒ ̨õy§ Į̈̂ õyê≈̨  Óy ̂ Ë˛yê˛yÓ˚
ˆÓ˚!ç Ï̂T …̨¢l í z̨Ë˛Î˚•z ÌyÜ˛ Ï̂ï˛ ̨õy Ï̂Ó˚–

(ii) ~!ê˛G ~Ü˛!ê˛  xhs˝Ë%≈̨ !=˛ ÚÚxÌÓyÛÛ ̂ Î Ï̂•ï%̨  S%È!ê˛Ó˚ !ò Ï̂lÓ˚ ̨õy¢y˛õy!¢ Ó˚!ÓÓyÓ˚G !Óòƒy°Î˚ Órô Ìy Ï̂Ü˛–
(iii) ˛~!ê˛ Ó!•Ë%≈̨ !=˛ ÚÚxÌÓyÛÛ Ü˛yÓ˚î ò%!ê˛ §Ó˚° Ï̂Ó˚áyÓ˚ ̂ «˛ Ï̂e ̂ SÈò Ü˛Ó˚y ~ÓÇ §Ùyhs˝Ó˚y° •GÎ˚y í z̨Ë˛Î˚•z

§Ω˛Ó lÎ˚–
(iv) ~!ê˛G Ó!•Ë%≈̨ !=˛ ÚÚxÌÓyÛÛ ̂ Ü˛lly ̂ Ü˛y Ï̂ly !¢«˛yÌ≈# ~Ü˛•z §y Ï̂Ì Ê˛Ó˚y!§ ~ÓÇ §Çfl,Òï˛ í z̨Ë˛Î˚•z ̨õSÈ®

Ü˛Ó˚ˆÏï˛ ̨õyÓ˚ˆÏÓ ly–

ÚÚxÌÓyÛÛ ̂ Îy Ï̂à ̂ ÎÔ!àÜ˛ í z̨!=˛Ó˚ !lÎ˚ÙyÓ!°

1. ÚÚxÌÓyÛÛ Î%=˛ ~Ü˛!ê˛ ˆÎÔ!àÜ˛ í z̨!=˛ §ï˛ƒ • Ï̂Ó Îál ~Ü˛!ê˛ í z̨̨ õyÇ¢ í z̨!=˛ §ï˛ƒ •Î˚ xÌÓy
í z̨Ë˛Î˚ í z̨̨ õyÇ¢ í z̨!=˛•z §ï˛ƒ •Î˚–

2. ÚÚxÌÓyÛÛ Î%=˛ ~Ü˛!ê˛ ̂ ÎÔ!àÜ˛ í z̨!=˛ !ÙÌƒy • Ï̂Ó Îál í z̨Ë˛Î˚ í z̨̨ õyÇ¢ í z̨!=˛•z !ÙÌƒy •Î˚–

í z̨òy•Ó˚î fl∫Ó)̨̊ õñ l# Ï̂ã˛Ó˚ í z̨!=˛!ê˛ °«˛ Ü˛ Ï̂Ó˚y

p: ò%!ê˛ §Ó˚° Ï̂Ó˚áy ~Ü˛!ê˛ !Ó®%̂ Ïï˛ ̂ SÈò Ü˛ Ï̂Ó˚ xÌÓy ~Ó˚y §Ùyhs˝Ó˚y° •Î˚–
í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •Î˚

q: ò%!ê˛ §Ó˚° Ï̂Ó˚áy ~Ü˛!ê˛ !Ó®%̂ Ïï˛ ̂ SÈò Ü˛ Ï̂Ó˚–
r: ò%!ê˛ §Ó˚° Ï̂Ó˚áy §Ùyhs˝Ó˚y° •Î˚–

ï˛y• Ï̂°ñ Îál q §ï˛ƒ •Î˚ ï˛ Ï̂Ó r !ÙÌƒy •Î˚ ~ÓÇ Îál r §ï˛ƒ •Î˚ q !ÙÌƒy •Î˚– §%ï˛Ó˚yÇ ˆÎÔ!àÜ˛ í z̨!=˛
p §ï˛ƒ–
xy Ï̂Ó˚Ü˛!ê˛ í z̨!=˛ °«˛ Ü˛ Ï̂Ó˚y

p: 125 •° 7 xÌÓy 8 ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛– ÈüÈ~Ó˚ í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°
q: 125 •° 7 ÈüÈ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛–
r : 125 •° 8 ÈüÈ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛–

q ~ÓÇ r í z̨Ë˛Î˚•z !ÙÌƒy– xï˛~Ó ˆÎÔ!àÜ˛ í z̨!=˛ p !ÙÌƒy–
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xyÓyÓ˚ l# Ï̂ã˛Ó˚ í z̨!=˛!ê˛ °«˛ Ü˛ Ï̂Ó˚y ı
p: !Óòƒy°Î˚ Órô ÌyÜ˛ Ï̂Óñ Î!ò S%È!ê˛Ó˚ !òl Óy Ó˚!ÓÓyÓ˚ •Î˚–

í z̨̨ õyÇ¢ í z̨!=˛ •°
q: !Óòƒy°Î˚ Órô ÌyÜ˛ Ï̂Ó Î!ò SÈ%È!ê˛Ó˚ !òl •Î˚–
r: !Óòƒy°Î˚ Órô ÌyÜ˛ Ï̂Ó Î!ò Ó˚!ÓÓyÓ˚ •Î˚–

í z̨Ë˛Î˚•z q G r  §ï˛ƒñ xï˛~Óñ ˆÎÔ!àÜ˛ í z̨!=˛!ê˛ §ï˛ƒ–
xlƒ xy Ï̂Ó˚Ü˛!ê˛ í z̨!=˛ ̂ ò Ï̂áy

p: Ù%¡∫y•z •° ˆÜ˛y°Ü˛yï˛y xÌÓy Ü˛î≈yê˛Ü˛ ÈüÈ~Ó˚ Ó˚yçôyl#–
í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y

q: Ù%¡∫y•z •° ˆÜ˛y°Ü˛yï˛yÓ˚ Ó˚yçôyl#–
r: Ù%¡∫y•z •° Ü˛î≈yê˛ Ï̂Ü˛Ó˚ Ó˚yçôyl#–

í z̨Ë˛Î˚ í z̨!=˛•z !ÙÌƒy– xï˛~Óñ ̂ ÎÔ!àÜ˛ í z̨!=˛!ê˛ !ÙÌƒy– ã˛ Ï̂°y !l Ï̂ã˛Ó˚ í z̨òy•Ó˚î!ê˛ °«˛ Ü˛!Ó˚–
í z̨òy•Ó˚î 8 : !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°y Ï̂ï˛ Ü˛#˛ ôÓ˚̂ ÏlÓ˚ ÚÚxÌÓyÛÛ ÓƒÓ•,ï˛ • Ï̂Î˚̂ ÏSÈ §ly=˛ Ü˛ Ï̂Ó˚y ~ÓÇ í z̨!=˛à%̂ Ï°y §ï˛ƒ
Óy !ÙÌƒy !Ü˛ly Îyã˛y•z Ü˛ Ï̂Ó˚y–

(i) 2 ~Ü˛!ê˛ Ù)°ò §Çáƒy xÌÓy ~Ü˛!ê˛ xÙ)°ò §Çáƒy–

(ii) ~Ü˛!ê˛ §yÓ≈çl#l ˛õ%hflÏÜ˛y° Ï̂Î˚ !¢¢%̂ ÏòÓ˚ ≤Ã Ï̂Ó Ï̂¢Ó˚ çlƒ !Óòƒy°Î˚ Ü˛ï≈,̨ Ü˛ ≤Ãò_ ˛õ!Ó˚ã˛Î˚̨ õe xÌÓy
!Óòƒy°Î˚ Ü˛ï,≈̨ ˛õ Ï̂«˛Ó˚ ï˛Ó˚̂ ÏÊ˛ !ã˛!ë˛Ó˚ ≤Ã Ï̂Î˚yçl •Î˚–

(iii) ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛e •° ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ ç xÌÓy 5ÈüÈÓy•% !Ó!¢¤˛ ~Ü˛!ê˛ Ó•%Ë%̨ ç–

§Ùyôyl (i) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°
p: 2 ~Ü˛!ê˛ Ù)°ò §Çáƒy–

q: 2 ~Ü˛!ê˛ xÙ)°ò §Çáƒy–
~áy Ï̂lñ xyÙÓ˚y çy!l ̂ Î ≤ÃÌÙ í z̨!=˛!ê˛ !ÙÌƒy ~ÓÇ !mï˛#Î˚!ê˛ §ï˛ƒ– ~!ê˛ Ó!•Ë%≈̨ !=˛ ÚÚxÌÓyÛÛ–

§%ï˛Ó˚yÇñ ̂ ÎÔ!àÜ˛ í z̨!=˛!ê˛ §ï˛ƒ–
(ii) ~áy Ï̂l í z̨̨ õyÇ¢ í z̨!=˛ •°

p: §Ó≈çl#l ̨õ%hflÏÜ˛y° Ï̂Î˚ ≤Ã Ï̂Ó Ï̂¢Ó˚ çlƒ !¢¢%̂ ÏòÓ˚ ̨õ!Ó˚ã˛Î˚̨ õe ≤Ã Ï̂Î˚yçl–
q: §yÓ≈çl#l ̨õ%hflÏÜ˛y° Ï̂Î˚ ≤Ã Ï̂Ó Ï̂¢Ó˚ çlƒ !¢¢%̂ ÏòÓ˚ !Óòƒy°Î˚ Ü˛ï≈,̨ ˛õ Ï̂«˛Ó˚ ï˛Ó˚̂ ÏÊ˛ !ã˛!ë˛ ≤Ã Ï̂Î˚yçl–

!¢¢%Ó˚y ˛õ%hflÏÜ˛y° Ï̂Î˚ ≤Ã Ï̂Ó¢ Ü˛Ó˚̂ Ïï˛ ˛õyÓ˚̂ ÏÓ Î!ò ï˛y Ï̂òÓ˚ ò%!ê˛Ó˚ ˆÎÈüÈˆÜ˛y Ï̂ly ~Ü˛!ê˛ ˛õ!Ó˚ã˛Î˚̨ õe Óy !ã˛!ë˛ Ìy Ï̂Ü˛ñ Óy
˛õy¢y˛õy!¢ í z̨Ë˛Î˚•z Ìy Ï̂Ü˛– xï˛~Óñ ~!ê˛ •° xhs˝Ë%≈̨ !=˛ ÚÚxÌÓyÛÛ Ê˛ Ï̂° Ü˛yí≈̨  Óy !ã˛!ë˛ í z̨Ë˛Î˚•z !¢¢%̂ ÏòÓ˚ ÌyÜ˛ Ï̂°
ˆÎÔ!àÜ˛ í z̨!=˛!ê˛ §ï˛ƒ • Ï̂Ó–
(iii) ~áy Ï̂l ~!ê˛ Ó!•Ë%≈̨ !=˛ ÚÚxÌÓyÛÛ– Îál xyÙÓ˚y í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°yÓ˚ !ò Ï̂Ü˛ ï˛yÜ˛y•zñ xyÙÓ˚y í z̨!=˛!ê˛Ó˚ §ï˛ƒï˛y

˛õyÓ–
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14.4.3 ˛õ!Ó˚Ùyî !l Ï̂ò≈¢Ü˛ (Quantifiers) ˛õ!Ó˚Ùyî !l Ï̂ò≈¢Ü˛ •° ~Ü˛ !Ó Ï̂¢£Ï ¢∑ ˆày¤˛# (Phrases)

ˆÎÙlñ ÚÚ~áy Ï̂l x!hflÏc xy Ï̂SÈÛÛ (There exists) ~ÓÇ ÚÚ§Ü˛ Ï̂°Ó˚ çlƒÛÛ (For all)– ày!î!ï˛Ü˛ í z̨!=˛ Ï̂ï˛
ÚÚ~áy Ï̂l x!hflÏc xy Ï̂SÈÛÛ ¢∑ ̂ ày¤˛# ÓƒÓ•,ï˛ •Î˚ñ ̂ ÎÙlÈüÈ
p :  ~Ùl ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛ Ï̂eÓ˚ x!hflÏhflÏ xy Ï̂SÈ ÎyÓ˚ §Óà%̂ Ï°y Óy•% §Ùyl– ~Ó˚ xÌ≈ ~•z ̂ Î ~áy Ï̂l Ü˛Ù˛õ Ï̂«˛ ~Ùl
~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛e !ÓòƒÙyl ÎyÓ˚ §Óà%̂ Ï°y Óy•% §Ùyl–
ÚÚ~áy Ï̂l x!hflÏc xy Ï̂SÈÛÛ ÈüÈ~Ó˚ §y Ï̂Ì â!l¤˛Ë˛y Ï̂Ó ÓƒÓ•,ï˛ ¢∑ ̂ ày¤˛# ÚÚ≤Ã!ï˛!ê˛Ó˚ çlƒÛÛ åÓy §Ü˛ Ï̂°Ó˚ çlƒä “for

every” (or for all)–
l# Ï̂ã˛Ó˚ í z̨!=˛!ê˛ °«˛ Ü˛ Ï̂Ó˚y

p: ≤Ã!ï˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy p, p ~Ü˛!ê˛ xÙ)°ò §Çáƒy–

~Ó˚ xÌ≈ •° §Ü˛° ˆÙÔ!°Ü˛ §ÇáƒyÓ˚ ˆ§ê˛ S • Ï̂°ñ ï˛ Ï̂Ó S ÈüÈ~Ó˚ §Ó §ò§ƒ p ÈüÈ~Ó˚ çlƒñ p ~Ü˛!ê˛ xÙ)°ò

§Çáƒy–
§yôyÓ˚îË˛y Ï̂Óñ ̂ Ü˛y Ï̂ly ày!î!ï˛Ü˛ í z̨!=˛ Ï̂ï˛ ÚÚ≤Ã!ï˛!ê˛Ó˚ çlƒÛÛ ¢∑ ̂ ày¤˛# ≤Ã Ï̂Î˚yà Ü˛Ó˚yÓ˚ xÌ≈ ~•z ̂ Î ̂ Ü˛y Ï̂ly ̂ § Ï̂ê˛
Î!ò ~Ü˛!ê˛ !Ó Ï̂¢£Ï ôÙ≈ Ìy Ï̂Ü˛ ï˛ Ï̂Ó ï˛y ̂ § Ï̂ê˛Ó˚ §Óà%̂ Ï°y ̨ õ Ï̂òÓ˚ çlƒ • Ï̂ï˛ • Ï̂Ó–
xyÙy Ï̂òÓ˚ °«˛ Ü˛Ó˚y í z̨!ã˛ï˛ñ ≤Ãò_ ˆÜ˛y Ï̂ly Óy Ï̂Ü˛ƒ !ë˛Ü˛ ˆÜ˛yÌyÎ˚ §Ç Ï̂ÎyçÜ˛ ˛¢∑ ÓƒÓ•,ï˛ • Ï̂Ó ï˛y çyly á%Ó•z
≤Ã Ï̂Î˚yçl– í z̨òy•Ó˚îfl∫Ó)̨̊ õñ !l¡¨!°!áï˛ ÓyÜ˛ƒ ò%!ê˛Ó˚ ï%̨ °ly Ü˛ Ï̂Ó˚y ı

1. ≤Ã!ï˛!ê˛ ôlydÜ˛ ˛õ)î≈ §Çáƒy xÈ üÈ~Ó˚ çlƒ ~Ùl ~Ü˛!ê˛ ôlydÜ˛˛ õ)î≈ §Çáƒy y ÈüÈ~Ó˚ x!hflÏc xy Ï̂SÈ
ˆÎáy Ï̂l y < x –

2. ~Ùl ~Ü˛!ê˛ ôlydÜ˛ ̨õ)î≈ §Çáƒy y ÈüÈ~Ó˚ x!hflÏc xy Ï̂SÈ ̂ Îáy Ï̂l ≤Ã!ï˛!ê˛ ôlydÜ˛ ̨õ)î≈ §Çáƒy x ÈüÈ~Ó˚
çlƒ y < x –

Î!òG í z̨̨ õ Ï̂Ó˚Ó˚ í z̨!=˛ ò%!ê˛ ~Ü˛•z Ó˚Ü˛Ù Ù Ï̂l •Î˚ !Ü˛v ï˛y Ï̂òÓ˚ xÌ≈ ~Ü˛ Ó˚Ü˛Ù lÎ˚– ≤ÃÜ,̨ ï˛˛õ Ï̂«˛ (1) lÇ §ï˛ƒ
(2) lÇ !ÙÌƒy– ̂ Ü˛y Ï̂ly ày!î!ï˛Ü˛ í z̨!=˛ xÌ≈̨ õ)î≈ • Ï̂ï˛ ̂ à Ï̂° ≤Ãï˛#Ü˛ à%̂ Ï°y !ë˛Ü˛ !ë˛Ü˛ fiÌy Ï̂l ≤Ã Ï̂Î˚yà Ü˛Ó˚y xyÓ¢ƒÜ˛–

ÚÚ~ÓÇÛÛ G ÚÚxÌÓyÛÛ ¢∑à%̂ Ï°y Ï̂Ü˛ §Ç Ï̂ÎyçÜ˛ (Connectives) ~ÓÇ ÚÚ~áy Ï̂l x!hflÏc xy Ï̂SÈÛÛ ~ÓÇ
ÚÚ§Ü˛ Ï̂°Ó˚ çlƒÛÛ ̂ ày¤˛# à%̂ Ï°y Ï̂Ü˛ ̨ õ!Ó˚Ùyî !l Ï̂ò≈¢Ü˛ (Quantifiers) Ó Ï̂°–
§%ï˛Ó˚yÇñ xyÙÓ˚y ̂ ò Ï̂á!SÈ ̂ Îñ x Ï̂lÜ˛ ày!î!ï˛Ü˛ í z̨!=˛ Ï̂ï˛ !Ó Ï̂¢£Ï !Ü˛S%È ¢∑ Óy ¢∑ ̂ ày¤˛#Ó˚ ≤Ã Ï̂Î˚yà • Ï̂Î˚ Ìy Ï̂Ü˛ ÎyÓ˚
xÌ≈ ̂ ÓyV˛y á%Ó•z ï˛yÍ˛õÎ≈̨ õ)î≈ñ !Ó Ï̂¢£Ï Ü˛ Ï̂Ó˚ Îál xyÙÓ˚y !Ó!Ë˛ß¨ í z̨!=˛Ó˚ ̃ Óôï˛y Îyã˛y•z Ü˛!Ó˚–

xl%¢#°l# 14.3

1. !l¡¨!°!áï˛ ≤Ã!ï˛!ê˛ ̂ ÎÔ!àÜ˛ í z̨!=˛Ó˚ ̂ «˛ Ï̂e ≤ÃÌ Ï̂Ù §Ç Ï̂ÎyçÜ˛ ¢∑ §ly=˛ Ü˛ Ï̂Ó˚y ~ÓÇ ï˛yÓ˚̨ õÓ˚ í z̨̨ õyÇ¢ í z̨!=˛ Ï̂ï˛
!ÓË˛=˛ Ü˛ Ï̂Ó˚y–

(i) §Ó Ù)°ò §Çáƒy ÓyhflÏÓ ~ÓÇ §Ó ÓyhflÏÓ §Çáƒy ç!ê˛° lÎ˚–
(ii) ~Ü˛!ê˛ ̨ õ)î≈ §ÇáƒyÓ˚ Óà≈ ôlydÜ˛ xÌÓy }îydÜ˛ •Î˚–
(iii) Óy°%Ü˛yÓ˚y!¢ ̂ Ó˚y Ï̂ò á%Ó ï˛yí ¸̨yï˛y!í ¸̨ í z̨_Æ •Î˚ ~ÓÇ Ó˚y!e Ï̂Ó°yÎ˚ ï˛yí ¸̨yï˛y!í ¸̨ ë˛yu˛y •Î˚ ly–
(iv) x = 2 ~ÓÇ x = 3 •° È3x2 – x – 10 = 0 §Ù#Ü˛Ó˚̂ ÏîÓ˚ Ó#ç–
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2. !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°yÓ˚ ˛õ!Ó˚Ùyî !l Ï̂ò≈¢Ü˛ (Quantifier) §ly=˛ Ü˛ Ï̂Ó˚y ~ÓÇ í z̨!=˛à%̂ Ï°yÓ˚ lyÈüÈ!Ü ̨ Î˚y
(Negagion)  ˆ° Ï̂áy–
(i) ~Ùl ~Ü˛!ê˛ §ÇáƒyÓ˚ x!hflÏc xy Ï̂SÈñ ̂ Î !l Ï̂çÓ˚ Ó Ï̂à≈Ó˚ §Ùyl–
(ii) ≤Ã!ï˛!ê˛ ÓyhflÏÓ §Çáƒy x ~Ó˚ çlƒñ x + 1 x Į̈̂ õ«˛y x «%̨ oï˛Ó˚–
(iii) Ë˛yÓ˚ï˛Ó Ï̂£Ï≈Ó˚ ≤Ã!ï˛!ê˛ Ó˚y Ï̂çƒÓ˚ çlƒ ~Ü˛!ê˛ Ó˚yçôyl#Ó˚ x!hflÏc xy Ï̂SÈ–

3. !l¡¨!°!áï˛ í z̨!=˛ ̂ çyí ¸̨ ̨õÓ˚flõ Ï̂Ó˚Ó˚ lyÈüÈ!Ü ̨ Î˚y !Ü˛ly Îyã˛y•z Ü˛ Ï̂Ó˚y– ̂ ï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ ̨õ Ï̂«˛ Î%!=˛ òyG–
(i) ≤Ã!ï˛!ê˛ ÓyhflÏÓ §Çáƒy x G y ~Ó˚ çlƒ x + y = y + x §ï˛ƒ •Î˚–
(ii) ÓyhflÏÓ §Çáƒy x G y ~Ó˚ x!hflÏc xy Ï̂SÈ ÎyÓ˚ çlƒ x + y = y + x •Î˚–

4. !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°yÓ˚ ˆÜ˛yl!ê˛ Ï̂ï˛ xhs˝Ë%≈̨ !=˛ ÚÚxÌÓyÛÛ Óy Ó!•Ë%̨ ≈!=˛ ÚÚxÌÓyÛÛ ÓƒÓ•,ï˛ • Ï̂Î˚̂ ÏSÈ Ó Ï̂°y–
ˆï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ §ÙÌ≈̂ Ïl Î%!=˛ òyG–
(i) §)Î≈ í z̨!òï˛ •Î˚ xÌÓy ãÑ̨ yò xhflÏ ÎyÎ˚–
(ii) í»̨ y•z!Ë˛Ç °y•ẑ Ï§ Ï̂™Ó˚ xy Ï̂Óòl Ü˛Ó˚̂ Ïï˛ ̂ ï˛yÙyÓ˚ ̂ Ó˚¢l Ü˛yí≈̨  xÌÓy ̨õy§ Į̈̂ õyê≈̨  ÌyÜ˛y í z̨!ã˛ï˛–
(iii) §Ó ̨õ)î≈ §Çáƒyà%̂ Ï°y ôlydÜ˛ xÌÓy }îydÜ˛–

14.5  xl%§,!ï˛ (Implications)

~•z xl%̂ ÏFSÈ Ï̂ò ÚÚÎ!òÈüÈï˛álÛÛ (if-then) ÚÚˆÜ˛Ó°Ùye Î!òÛÛ (only if), ÚÚÎ!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!òÛÛ (if and

only if) xl%§,!ï˛ !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛Ó˚Ó–
ÚÚÎ!òÈüÈï˛álÛÛ åÓy Î!òÉÉÉ ï˛ Ï̂ÓÉÉÉÉä !ò Ï̂Î˚ í z̨!=˛ à!î Ï̂ï˛ §ã˛Ó˚yã˛Ó˚ ÓƒÓ•,ï˛ •Î˚– í z̨òy•Ó˚î fl∫Ó)̨̊ õ l# Ï̂ã˛Ó˚ í z̨!=˛!ê˛

°«˛ Ü˛ Ï̂Ó˚y
r: Î!ò ̂ ï˛yÙyÓ˚ çß√ ̂ Ü˛y Ï̂ly ̂ ò Ï̂¢ •Î˚ñ ï˛ Ï̂Ó ï%̨ !Ù ̂ § ̂ ò Ï̂¢Ó˚ ~Ü˛çl lyà!Ó˚Ü˛–

Îál xyÙÓ˚y ~•z í z̨!=˛!ê˛ Ï̂Ü˛ ˆò!áñ xyÙÓ˚y ï˛ál °«˛ Ü˛!Ó˚ ~!ê˛ l# Ï̂ã˛Ó˚ í z̨!=˛ p G p ˆÜ˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚–
p: ˆï˛yÙyÓ˚ çß√ ̂ Ü˛y Ï̂ly ̂ ò Ï̂¢ •Î˚–

q: ï%̨ !Ù ̂ § ̂ ò Ï̂¢Ó˚ ~Ü˛çl lyà!Ó˚Ü˛–
ï˛y• Ï̂° ÚÚÎ!ò p ï˛ál q” ÓyÜ˛ƒ!ê˛  ˆÓyV˛yÎ˚ñ ˆÜ˛y Ï̂ly âê˛lyÎ˚ Î!ò p §ï˛ƒ •Î˚ñ ï˛ál q xÓ¢ƒ•z §ï˛ƒ • Ï̂Ó–

ÚÚÎ!ò p ï˛ál q” í z̨!=˛Ó˚ Óƒy˛õy Ï̂Ó˚ ~Ü˛!ê˛ à%Ó%̊c˛õ)î≈ âê˛ly ~•z ̂ Î Îál p !ÙÌƒy •Î˚ ̂ § Ï̂«˛ Ï̂e q  §¡õ Ï̂Ü≈̨
!Ü˛S%È Ó°y ˆl•z åxÌÓy í ẑ̨ ÏÕ‘á Ü˛ Ï̂Ó˚ lyä– í z̨òy•Ó˚î fl∫Ó)̨̊ õñ Î!ò ˆï˛yÙyÓ˚ çß√ ˆÜ˛y Ï̂ly ˆò Ï̂¢ ly •Î˚ñ ï˛ Ï̂Ó q
§¡õ Ï̂Ü≈̨  ï%̨ !Ù !Ü˛S%È Ó° Ï̂ï˛ ̨õyÓ˚ ly– ~ê˛y Ï̂Ü˛ xlƒË˛y Ï̂Ó Ó°y ÎyÎ˚ñ p ly âê˛yÓ˚ §y Ï̂Ì q âê˛yÓ˚ ̂ Ü˛y Ï̂ly §¡õÜ≈̨  ̂ l•z–

ÚÚÎ!ò p ï˛ál q” ÈüÈ~Ó˚ ˆ«˛ Ï̂e x˛õÓ˚ !Ó£ÏÎ˚!ê˛ °«˛î#Î˚ ˆÎ í z̨!=˛!ê˛ ~ê˛y ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚ ly p âê˛ Ï̂SÈ !Ü˛ly–
ÚÚÎ!ò p ï˛ Ï̂Ó q” í z̨!=˛!ê˛ ˆÓyV˛y Ï̂lyÓ˚ x Ï̂lÜ˛ í z̨̨ õyÎ˚ xy Ï̂SÈ– ~ ≤Ã§ Ï̂Aà !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°y ò,T˛yhs˝

!• Ï̂§ Ï̂Ó ̂ òGÎ˚y ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚
r: Î!ò ~Ü˛!ê˛ §Çáƒy 9 ÈüÈ~Ó˚ à%!îï˛Ü˛ •Î˚ñ ï˛ Ï̂Ó ~!ê˛ ~Ü˛!ê˛ 3ÈüÈ~Ó˚ à%!îï˛Ü˛–

ô Ï̂Ó˚y p G q !l Ï̂ã˛Ó˚ í z̨!=˛à%̂ Ï°y Ï̂Ü˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚
p: ~Ü˛!ê˛ §Çáƒy 9ÈüÈ~Ó˚ à%!îï˛Ü˛–
q: ~Ü˛!ê˛ §Çáƒy 3ÈüÈ~Ó˚ à%!îï˛Ü˛–
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ï˛y• Ï̂°ñ Î!ò p ï˛ál q  !l Ï̂ã˛Ó˚à%̂ Ï°yÓ˚ §ò,¢
1.  p Ê˛°fl∫Ó)̨̊ õ (Implies) q ˆÜ˛ p ⇒ q  !ò Ï̂Î˚ §)!ã˛ï˛ •Î˚–  ⇒ ≤Ãï˛#Ü˛!ê˛ ˆÓyV˛yÎ˚ Ê˛°fl∫Ó)̨̊ õ

~!ê˛ Ó°y ÎyÎ˚ ˆÎñ ~Ü˛!ê˛ §Çáƒy 9 ÈüÈ~Ó˚ à%!îï˛Ü˛ • Ï̂° ˆ§!ê˛ 3 ÈüÈ~Ó˚G à%!îï˛Ü˛ •Î˚–
2.  p •° q ÈüÈ~Ó˚ çlƒ ~Ü˛!ê˛ Î Ï̂ÌT˛ ¢ï≈̨ –

~!ê˛ Ó°y ÎyÎ˚ ̂ Îñ ~Ü˛!ê˛ §Çáƒy 9 ÈüÈ~Ó˚ à%!îï˛Ü˛ •Î˚ ~ê˛y çyl Ï̂° ~•z !§Âôyhs˝ Ü˛Ó˚y Î Ï̂ÌT˛ ̂ Î ~!ê˛
~Ü˛!ê˛ 3 ÈüÈ~Ó˚G à%!îï˛Ü˛–

3.  p ˆÜ˛Ó°Ùye Î!ò q
~ê˛yÓ˚ xÌ≈ ~•z ˆÎ ~Ü˛!ê˛ §Çáƒy 9 ÈüÈ~Ó˚ à%!îï˛Ü˛ • Ï̂Ó ˆÜ˛Ó°Ùye Î!ò ~!ê˛ ~Ü˛!ê˛ 3 ÈüÈ~Ó˚ à%!îï˛Ü˛
•Î˚–

4.  q •° p ÈüÈ~Ó˚ çlƒ ≤Ã Ï̂Î˚yçl#Î˚ ¢ï≈̨ –
~ê˛yÓ˚ xÌ≈ Îál ˆÜ˛y Ï̂ly §Çáƒy 9 ÈüÈ~Ó˚ à%!îï˛Ü˛ •Î˚ñ xÓ¢ƒ•z ~!ê˛ 3 ÈüÈ~Ó˚ à%!îï˛Ü˛–

5. ∼q Ê˛°fl∫Ó)̨̊ õ (Implies) ∼p.

~Ó˚ xÌ≈ Î!ò ~Ü˛!ê˛ §Çáƒy 3 ÈüÈ~Ó˚ à%!îï˛Ü˛ ly •Î˚ñ ï˛y• Ï̂° ~!ê˛ 9 ÈüÈ~Ó˚ à%!îï˛Ü˛G lÎ˚–

14.5.1 !ÓÓ˚%Âô ôlydÜ˛ ~ÓÇ !Ó˛õÓ˚#ï˛ (Contrapositive and Converse) !ÓÓ˚%Âô ôlydÜ˛
(Contrapositive) ~ÓÇ !Ó˛õÓ˚#ï˛ (Converse) •° ò%!ê˛ x˛õÓ˚ !Ó Ï̂¢£Ï í z̨!=˛ Îy ≤Ãò_ í z̨!=˛ ÚÚÎ!òÈüÈï˛álÛÛ
í z̨!=˛ ̂ Ì Ï̂Ü˛ ̃ ï˛!Ó˚ •Î˚– í z̨òy•Ó˚î fl∫Ó)̨̊ õ l# Ï̂ã˛Ó˚ ÚÚÎ!òÈüÈï˛álÛÛ í z̨!=˛ °«˛ Ü˛ Ï̂Ó˚y–
Î!ò Óy!•ƒÜ˛ ̨õ!Ó˚̂ ÏÓ¢ ̨õ!Ó˚Ó!ï≈̨ ï˛ •Î˚ñ ï˛ál ̃ ç!ÓÜ˛ ̨õ!Ó˚̂ ÏÓ¢ ̨õ!Ó˚Ó!ï≈̨ ï˛ •Î˚–
~!ê˛Ó˚ !ÓÓ%̊Âô ôlydÜ˛ í z̨!=˛ •Î˚
Î!ò ̃ ç!ÓÜ˛ ̨õ!Ó˚̂ ÏÓ¢ ̨õ!Ó˚Ó!ï≈̨ ï˛ ly •Î˚ñ ï˛ál Óy!•Ü˛ƒ ̨õ!Ó˚̂ ÏÓ¢ ̨õ!Ó˚Ó!ï≈̨ ï˛ •Î˚ ly–
°«˛ Ü˛ Ï̂Ó˚y ~•z í z̨!=˛à%̂ Ï°y ~Ü˛•z xÌ≈ Ó•l Ü˛ Ï̂Ó˚–
Ë˛y Ï̂°yË˛y Ï̂Ó ̂ ÓyV˛yÓ˚ çlƒñ !l Ï̂ã˛Ó˚ xyÓ˚G í z̨òy•Ó˚îà%̂ Ï°y °«˛ Ü˛ Ï̂Ó˚y–

í z̨òy•Ó˚î 9  !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°yÓ˚ !ÓÓ%̊Âô ôlydÜ˛ ̂ ° Ï̂áy ı
(i) Î!ò ~Ü˛!ê˛ §Çáƒy 9 myÓ˚y !ÓË˛yçƒ •Î˚ñ ï˛ál ~!ê˛ 3 myÓ˚y !ÓË˛yçƒ–
(ii) Î!ò ̂ ï˛yÙyÓ˚ çß√ Ë˛yÓ˚̂ Ïï˛ •Î˚ñ ï˛ Ï̂Ó ï%̨ !Ù ~Ü˛çl Ë˛yÓ˚̂ Ïï˛Ó˚ lyà!Ó˚Ü˛–
(iii) Î!ò ~Ü˛!ê˛ !eË%̨ ç §ÙÓy•% •Î˚ñ ï˛ Ï̂Ó ~!ê˛ §Ù!mÓy•%–

§Ùyôyl  í z̨̨ õ Ï̂Ó˚Ó˚ í z̨!=˛à%̂ Ï°yÓ˚ !ÓÓ%̊Âô ôlydÜ˛ •°
(i) Î!ò ~Ü˛!ê˛ §Çáƒy 3 !ò Ï̂Î˚ !ÓË˛yçƒ ly •Î˚ñ ï˛ál ̂ §!ê˛ 9  !ò Ï̂Î˚ !ÓË˛yçƒ •Î˚ ly–
(ii) Î!ò ï%̨ !Ù ~Ü˛çl Ë˛yÓ˚ï˛#Î˚ lyà!Ó˚Ü˛ ly •Gñ ï˛ Ï̂Ó ̂ ï˛yÙyÓ˚ çß√  Ë˛yÓ˚̂ Ïï˛ •Î˚!l–
(iii) Î!ò ~Ü˛!ê˛ !eË%̨ ç §Ù!mÓy•% ly •Î˚ñ ï˛ Ï̂Ó ~!ê˛ §ÙÓy•% lÎ˚–

í z̨̨ õ Ï̂Ó˚Ó˚ í z̨òy•Ó˚îà%̂ Ï°y ˆÌ Ï̂Ü˛ ÚÚÎ!ò p, ï˛ Ï̂Ó qÛÛ– ˛õ Ï̂Ó˚ xyÙÓ˚y ˆÜ˛y Ï̂ly í z̨!=˛Ó˚ !Ó˛õÓ˚#ï˛ (Converse) !l Ï̂Î˚
xy Ï̂°yã˛ly Ü˛Ó̊Ó–
~Ü˛!ê˛ ≤Ãò_ í z̨!=˛ ÚÚÎ!ò p, ï˛ Ï̂Ó qÛÛ ÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ •° Î!ò q, ï˛ Ï̂Ó p–
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í z̨òy•Ó˚î fl∫Ó)̨̊ õ í z̨!=˛!ê˛Ó˚ !Ó˛õÓ˚#ï˛ !Ü ̨ Î˚y

p: Î!ò ~Ü˛!ê˛ §Çáƒy 10 !ò Ï̂Î˚ !ÓË˛yçƒ •Î˚ñ ~!ê˛ 5 !ò Ï̂Î˚G !ÓË˛yçƒ •Î˚–

q:  Î!ò ~Ü˛!ê˛ §Çáƒy 5 !ò Ï̂Î˚ !ÓË˛yçƒ •Î˚ñ ï˛ Ï̂Ó ~!ê˛ 10 !ò Ï̂Î˚ !ÓË˛yçƒ •Î˚–

í z̨òy•Ó˚î 10  !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°yÓ˚ !Ó˛õÓ˚#ï˛ ˆ° Ï̂áy–

(i) Î!ò n ~Ü˛!ê˛ ˆçyí ¸̨ §Çáƒy •Î˚ñ ï˛ Ï̂Ó n2 ˆçyí ¸̨ §Çáƒy–

(ii) Î!ò ï%̨ !Ù Ó•z!ê˛Ó˚ §Ó xl%¢#°l#à%̂ Ï°y xôƒÎ˚l Ü˛ Ï̂Ó˚ Ìy Ï̂Ü˛yñ ï˛ Ï̂Ó ï%̨ !Ù ̂ ◊!î Ï̂ï˛ AÈüÈˆ@˝Ãí˛ ̨õy Ï̂Ó–

(iii) Î!ò a G b ò%!ê˛ ˛õ)î≈§Çáƒy ~Ó)̨̊ õ ˆÎñ a > b ï˛ Ï̂Ó a - b §Ó≈òy ~Ü˛!ê˛ ôlydÜ˛ ˛õ)î≈§Çáƒy–

§Ùyôyl  ~•z í z̨!=˛à%̂ Ï°yÓ˚ !Ó˛õÓ˚#ï˛ •°

(i) Î!ò n2 ˆçyí ¸̨ §Çáƒyy •Î˚ñ ï˛ Ï̂Ó n ˆçyí ¸̨ §Çáƒy–

(ii) Î!ò ï%̨ !Ù ̂ ◊!î Ï̂ï˛ A ̂ @˝Ãí˛ ̨ õyGñ ï˛ Ï̂Ó ï%̨ !Ù Ó•z!ê˛Ó˚ §Ó xl%¢#°l#à%̂ Ï°y xôƒÎ˚l Ü˛ Ï̂Ó˚SÈ–

(iii) Î!ò ò%!ê˛ ˛õ)î≈§Çáƒy a G b ~Ó)̨̊ õ ˆÎ a - b §Ó≈òy ôlydÜ˛ ˛õ)î≈§Çáƒy •Î˚ñ ï˛ Ï̂Ó a > b –

í z̨òy•Ó˚î 11 l# Ï̂ã˛Ó˚ ≤Ã!ï˛!ê˛ ˆÎÔ!àÜ˛ Óy Ï̂Ü˛ƒÓ˚ ˆ«˛ Ï̂eñ ≤ÃÌ Ï̂Ù xl%Ó)̨̊ õ í z̨̨ õyÇ¢ !ã˛!•´ï˛ Ü˛ Ï̂Ó˚y– xï˛/˛õÓ˚ ~ Ï̂òÓ˚

§ï˛ƒï˛y Îyã˛y•z Ü˛ Ï̂Ó˚y–

(i) Î!ò ABC ~Ü˛!ê˛ §ÙÓy•% !eË%̨ ç •Î˚ñ ï˛ Ï̂Ó ~!ê˛ §Ù!mÓy•%–

(ii) Î!ò a G b ˛õ)î≈§Çáƒy •Î˚ñ ï˛ Ï̂Ó ab ~Ü˛!ê˛ Ù)°ò §Çáƒy–

§Ùyôyl  (i) í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°
p: !eË%̨ ç ABC §ÙÓy•%–

q: !eË%̨ ç ABC §Ù!mÓy•%–

ˆÎ Ï̂•ï%̨  ~Ü˛!ê˛ §ÙÓy•% !eË%̨ ç §Ù!mÓy•% •Î˚ñ xyÙÓ˚y Ó° Ï̂ï˛ ̨ õy!Ó˚ ̂ ÎÔ!àÜ˛ ÓyÜ˛ƒ!ê˛ §ï˛ƒ–
(ii) ~áy Ï̂lÓ˚ í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: a G b  ˛õ)î≈§Çáƒy •Î˚–
q: ab ~Ü˛!ê˛ Ù)°ò §Çáƒy–

ˆÎ Ï̂•ï%̨  ò%!ê˛ ̨ õ)î≈§ÇáƒyÓ˚ à%îÊ˛° ~Ü˛!ê˛ ̨õ)î≈§Çáƒy •Î˚ñ xï˛~Ó ~!ê˛ Ù%°ò §Çáƒy– ï˛y•z ̂ Îy!àÜ˛ í z̨!=˛!ê˛ §ï˛ƒ–
ÚÎ!ò ~ÓÇ ˆÜ˛Ó° Ùye Î!òÛ (If and only if) ‘⇔’ !ã˛•´ myÓ˚y §)!ã˛ï˛ •Î˚ñ Îy !l¡¨!°!áï˛ ≤Ãò_ í z̨!=˛ p G q
~Ó˚ §Ùï%̨ °ƒ Ó)̨̊ õ–

(i) p Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò q

(ii) q Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò p
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(iii) p •° q ~Ó˚ çlƒ ≤Ã Ï̂Î˚yçl#Î˚ G Î Ï̂ÌT˛ ¢ï≈̨  ~ÓÇ !Ó˛õÓ˚#ï˛ Ü ̨ Ï̂Ù–
(iv)  p ⇔ q

!l Ï̂ã˛Ó˚ í z̨òy•Ó˚î!ê˛ °«˛ Ü˛ Ï̂Ó˚y
í z̨òy•Ó˚î 12   l# Ï̂ã˛Ó˚ ò%•z ̂ çyí ¸̨y í z̨!=˛ ≤Ãò_ •°– ÚÚÎ!ò ~ÓÇ ̂ Ü˛Ó°Ùye Î!òÛÛ ≤Ã Ï̂Î˚y Ï̂à ~•z ò%!ê˛ í z̨!=˛ Ï̂Ü˛ §ÇÎ%=˛
Ü˛ Ï̂Ó˚y–

(i) p: Î!ò ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛e ~Ü˛!ê˛ Óà≈̂ Ï«˛e •Î˚ñ ï˛ Ï̂Ó ~Ó˚ ã˛yÓ˚!ê˛ Óy•% §Ùyl •Î˚–
q: Î!ò ~Ü˛!ê˛ xyÎ̊ï˛ Ï̂«˛ Ï̂eÓ̊ ã˛yÓ̊!ê˛ Óy•%Ó̊ §Óà%̂ Ï°y §Ùyl •Î̊ñ ï˛ Ï̂Ó xyÎ̊ï˛ Ï̂«˛e!ê˛ ~Ü˛!ê˛ Óà≈̂ Ï«˛e–

(ii) p: Î!ò ~Ü˛!ê˛ §ÇáƒyÓ˚ xAÜ˛à%̂ Ï°yÓ˚ ̂ ÎyàÊ˛° 3 !ò Ï̂Î˚ !ÓË˛yçƒ •Î˚ñ ï˛ Ï̂Ó §Çáƒy!ê˛ 3 !ò Ï̂Î˚ !ÓË˛yçƒ
•Î˚–
q: Î!ò ~Ü˛!ê˛ §Çáƒy 3 !ò Ï̂Î˚ !ÓË˛yçƒ •Î˚ñ ï˛ Ï̂Ó ~Ó˚ xAÜ˛˛à%̂ Ï°yÓ˚ §Ù!T˛ 3 !ò Ï̂Î˚ !ÓË˛yçƒ •Î˚–

§Ùyôyl  (i) ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛e ~Ü˛!ê˛ Óà≈̂ Ï«˛e •Î˚ Î!ò ̂ Ü˛Ó°Ùye Î!ò ~Ó˚ §Óà%̂ Ï°y Óy•% §Ùyl •Î˚–
(ii) ~Ü˛!ê˛ §Çáƒy 3 !ò Ï̂Î˚ !ÓË˛yçƒ •Î˚ Î!ò ~ÓÇ ̂ Ü˛Ó°Ùye Î!ò •Î˚ xAÜ˛à%̂ Ï°yÓ˚ §Ù!T˛ 3 !ò Ï̂Î˚ !ÓË˛yçƒ

•Î˚–

xl%¢#°l# 14.4

1. ÚÚÎ!ò ï˛álÛÛ ÓyÜ˛ƒyÇ¢ ≤Ã Ï̂Î˚y Ï̂à ̨õÑyã˛!ê˛ !l¡¨!°!áï˛ í z̨!=˛ §ÙyÌ≈Ü˛ í z̨!=˛ ̂ ° Ï̂áy–

Î!ò ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy !Ó Ï̂çyí ¸̨ •Î˚ñ ï˛ál ï˛yÓ˚ Óà≈G !Ó Ï̂çyí ¸̨ •Î˚–

2. l# Ï̂ã˛Ó˚ í z̨!=˛à%̂ Ï°yÓ˚ !ÓÓ%̊Âô ôlydÜ˛ ~ÓÇ !Ó˛õÓ˚#ï˛ ̂ ° Ï̂áy

 (i) Î!ò x ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy •Î˚ñ ï˛ál x !Ó Ï̂çyí ¸̨ §Çáƒy •Î˚–

(ii) Î!ò ò%!ê˛ §Ó˚° Ï̂Ó˚áy §Ùyhs˝Ó˚y° •Î˚ñ ï˛ál G•z ~Ü˛•z ï˛ Ï̂° ~Ó˚y ̂ SÈò Ü˛ Ï̂Ó˚ ly–

(iii) ˆÜ˛y Ï̂ly !Ü˛S%È ë˛yu˛y •GÎ˚y Ùy Ï̂l ~•z ˆÎ ~!ê˛Ó˚ !l¡¨ ï˛y˛õÙyeyÓ˚ •Î˚–

(iv) ï%̨ !Ù çƒy!Ù!ï˛ Ï̂Ü˛ í z̨̨ õ°!kô Ü˛Ó˚̂ Ïï˛ ̨õyÓ˚̂ ÏÓly Î!ò ̂ ï˛yÙyÓ˚ çyly ly Ìy Ï̂Ü˛ ̂ Î xÓ Ï̂Ó˚y•# Î%!=˛ Ü˛#Ó)̨̊ õ–

(v) x ~Ü˛!ê˛ ˆçyí ¸̨ §Çáƒy •GÎ˚y Ùy Ï̂l x, 4 !ò Ï̂Î˚ !ÓË˛yçƒ–

3. l# Ï̂ã˛Ó˚ ≤Ã!ï˛!ê˛ í z̨!=˛ Ï̂Ü˛ ÚÚÎ!òÈ ï˛álÛÛ xyÜ˛y Ï̂Ó˚ ̂ ° Ï̂áy–

(i) ˆï˛yÙyÓ˚ ã˛yÜ˛!Ó˚ ̨õyGÎ˚yÓ˚ xÌ≈ ~•z ̂ Î ̂ ï˛yÙyÓ˚ !ÓŸªy§ Ï̂Îyàƒï˛y ̂ Ó!¢–

(ii) Ü˛°yàySÈ ≤Ãfl≥%̨ !ê˛ï˛ • Ï̂Ó Î!ò ~Ü˛Ùy§ àÓ˚Ù fiÌyÎ˚# •Î˚–

(iii) ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ ç §yÙyhs˝!Ó˚Ü˛ •Î˚ Î!ò ~Ó˚ Ü˛î≈mÎ˚ ̨ õÓ˚flõÓ˚̂ ÏÜ˛ §Ù!má!u˛ï˛ Ü˛ Ï̂Ó˚–

(iv) ˆ◊!î Ï̂ï˛ ̂ ï˛yÙy Ï̂Ü˛ A+ ˆ˛õ Ï̂ï˛ • Ï̂°ñ ~ê˛y çÓ%̊!Ó˚ ̂ Î Ó•zÈüÈ~Ó˚ §Óà%̂ Ï°y xl%¢#°l# xôƒÎ˚l Ü˛Ó˚y–
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4. l# Ï̂ã˛ (a) ~ÓÇ (b) ˆï˛ ≤Ãò_ í z̨!=˛à%̂ Ï°y ˆÌ Ï̂Ü˛ ˛õÓ˚flõÓ˚ !ÓÓ%̊Âô ôlydÜ˛ xÌÓy !Ó˛õÓ˚#ï˛ í z̨!=˛ §ly=˛

Ü˛ Ï̂Ó̊y

(a) Î!ò ï%̨ !Ù !ò!Õ‘̂ Ïï˛ Óy§ Ü˛Ó˚ñ ï˛ál ̂ ï˛yÙyÓ˚ ¢# Ï̂ï˛Ó˚ ̂ ˛õy¢yÜ˛ xy Ï̂SÈ–

(i) Î!ò ̂ ï˛yÙyÓ˚ ¢# Ï̂ï˛Ó˚ ̂ ˛õy£ÏyÜ˛ ly Ìy Ï̂Ü˛ñ ï˛ Ï̂Ó ï%̨ !Ù !òÕ‘# Ï̂ï˛ Óy§ Ü˛Ó˚ ly–

(ii) Î!ò ̂ ï˛yÙyÓ˚ ¢# Ï̂ï˛Ó˚ ̂ ˛õy£ÏyÜ˛ Ìy Ï̂Ü˛ñ ï˛ Ï̂Ó ï%̨ !Ù !ò!Õ‘̂ Ïï˛ Óy§ Ü˛Ó˚ ly–

(b) Î!ò ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ ç ~Ü˛!ê˛ §yÙyhs˝!Ó˚Ü˛ •Î˚ñ ï˛ál ~Ó˚ Ü˛î≈mÎ˚ ̨ õÓ˚flõÓ˚̂ ÏÜ˛ §Ù!má![˛ï˛ Ü˛ Ï̂Ó˚–

(i) Î!ò ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ Ï̂çÓ̊ Ü˛î≈mÎ̊ ̨õÓ̊flõÓ̊ Ï̂Ü˛ §Ù!má![˛ï˛ ly Ü˛ Ï̂Ó̊ñ ï˛ál ã˛ï%̨ Ë%≈̨ ç!ê˛ ~Ü˛!ê˛ §yÙyhs˝!Ó̊Ü˛

•Î˚ ly–

(ii) Î!ò ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ Ï̂çÓ˚ Ü˛î≈mÎ˚ ̨ õÓ˚flõÓ˚̂ ÏÜ˛ §Ù!má![˛ï˛ Ü˛ Ï̂Ó˚ñ ï˛ál ~!ê˛ ~Ü˛!ê˛ §yÙyhs˝!Ó˚Ü˛ •Î˚–

14.6   í z̨!=˛ ˜ÓôÜ˛Ó˚î (Validating Statements)

~•z xl%̂ ÏFSÈ Ï̂òñ xyÙÓ˚y xy Ï̂°yã˛ly Ü˛Ó˚Óñ ~Ü˛!ê˛ í z̨!=˛ ̂ Ü˛yl ̨õ!Ó˚!fiÌ!ï˛ Ï̂ï˛ §ï˛ƒ Ó Ï̂° !Ó Ï̂Ó!ã˛ï˛ •Î˚– ~ê˛y çylyÓ˚

çlƒ xyÙy Ï̂òÓ˚ !l¡¨!°!áï˛ ≤ÃŸ¿à%̂ Ï°yÓ˚ í z̨_Ó˚ çyly xyÓ¢ƒÜ˛–

í z̨!=˛ Ùy Ï̂l Ü˛#⁄ ~ê˛yÓ˚ Ùy Ï̂l Ó° Ï̂ï˛ ̂ à Ï̂° Ü˛ál ~Ü˛!ê˛ í z̨!=˛ §ï˛ƒ •Î˚ñ Ü˛ál §ï˛ƒ •Î˚ ly⁄ÈüÈ~ê˛y Ó° Ï̂ï˛

• Ï̂Ó–

í z̨̨ õ Ï̂Ó̊y=˛ ≤ÃŸ¿à%̂ Ï°yÓ̊ í z̨_Ó̊ !lË≈̨ Ó̊ Ü˛ Ï̂Ó̊ !Ü˛S%È !Ó Ï̂¢£Ï ¢∑ Óy ÓyÜ˛ƒyÇ Ï̂¢Ó̊ ÚÚ~ÓÇÛÛñ ÚÚxÌÓyÛÛ xl%§,!ï˛ í z̨!= Ę̀üÈ

ÚÚÎ!ò ~ÓÇ ̂ Ü˛Ó°ÙyeÛÛñ ÚÚÎ!òÈüÈï˛álÛÛ ̨õ!Ó̊Ùyî !l Ï̂ò≈¢Ü Ę̀üÈ ÚÚ≤Ã!ï˛!ê˛Ó̊ çlƒÛÛñ ÚÚˆ§áy Ï̂l x!hflÏc xy Ï̂SÈÛÛÈüÈ~§ Ï̂ÓÓ̊

≤Ãò_ í z̨!=˛ Ï̂ï˛ ÓƒÓ•y Ï̂Ó˚Ó˚ í z̨̨ õÓ˚–

~áy Ï̂lñ xyÙÓ˚y Ü˛ál ~Ü˛!ê˛ í z̨!=˛ ̃ Óôñ ï˛yÓ˚ Ü˛ Ï̂Î˚Ü˛!ê˛ ̂ Ü˛Ô¢° !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛ Ï̂Ó˚y–

!lÎ˚Ù 1 Î!ò p ~ÓÇ q  ày!î!ï˛Ü˛ í z̨!=˛ •Î˚ñ ï˛ Ï̂Ó í z̨!=˛ ÚÚp ~ÓÇ q” §ï˛ƒ ̂ òáy Ï̂lyÓ˚ çlƒ l# Ï̂ã˛Ó˚ ôy˛õà%̂ Ï°y

xl%§Ó˚î Ü˛Ó˚̂ Ïï˛ • Ï̂Ó–

ôy˛õÈüÈ1 ˆòáyG ̂ Î p í z̨!=˛!ê˛ §ï˛ƒ–

ôy˛õÈüÈ 2 ˆòáyG ̂ Î q í z̨!=˛!ê˛ §ï˛ƒ–

!lÎ˚ÙÈüÈ 2  ÚÚxÌÓyÛÛ Î%=˛ í z̨!=˛

Î!ò p ~ÓÇ q ày!î!ï˛Ü˛ í z̨!=˛ •Î˚ñ ï˛ Ï̂Ó “p xÌÓy q” ~Ó˚ §ï˛ƒï˛yÓ˚ çlƒ l# Ï̂ã˛Ó˚ ̂ «˛eà%̂ Ï°y °«˛î#Î˚

ˆ«˛e È1 p ̂ Ü˛ !ÙÌƒy xl%Ùyl Ü˛ Ï̂Ó˚ñ ̂ òáyG ̂ Î q xÓ¢ƒ•z §ï˛ƒ–

ˆ«˛e È2 q ̂ Ü˛ !ÙÌƒy xl%Ùyl Ü˛ Ï̂Ó˚ñ ̂ òáyG ̂ Î p xÓ¢ƒ•z §ï˛ƒ–
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!lÎ˚ÙÈÈ 3  ÚÚÎ!òÈüÈï˛álÛÛ Î%=˛ í z̨!=˛
ÚÚÎ!ò p ~ÓÇ qÛÛ í z̨!=˛Ó˚ §ï˛ƒï˛y ≤ÃÙy Ï̂îÓ˚ çlƒ xyÙy Ï̂òÓ˚̂ ÏÜ˛ l# Ï̂ã˛Ó˚ ̂ Î ̂ Ü˛y Ï̂ly ~Ü˛!ê˛ §ï˛ƒ ̂ òáy Ï̂ï˛ • Ï̂Ó–

ˆ«˛eÈ 1  p ÈüÈˆÜ˛ §ï˛ƒ xl%Ùyl Ü˛ Ï̂Ó˚ñ ≤ÃÙyî Ü˛ Ï̂Ó˚y xÓ¢ƒ•z q §ï˛ƒ å≤Ãï˛ƒ«˛ ˛õÂô!ï˛ä
ˆ«˛e È2  qÈüÈˆÜ˛ !ÙÌƒy xl%Ùyl Ü˛ Ï̂Ó˚ñ ≤ÃÙyî Ü˛ Ï̂Ó˚y q xÓ¢ƒ•z !ÙÌƒy å!ÓÓ%̊Âô ôlydÜ˛ ˛õÂô!ï˛ä

!lÎ˚ÙÈ 4 ÚÚÎ!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!òÛÛ Î%=˛ í z̨!=˛
ÚÚp Î!ò ~ÓÇ ˆÜ˛Ó°Ùye qÛÛ í z̨!=˛Ó˚ §ï˛ƒï˛y ≤ÃÙy Ï̂î xyÙy Ï̂òÓ˚ ˆòáy Ï̂ï˛ • Ï̂ÓÈüüüÈ

(i) Î!ò p §ï˛ƒ •Î˚ñ ï˛ Ï̂Ó q §ï˛ƒ (ii) Î!ò q §ï˛ƒ •Î˚ñ ï˛ Ï̂Ó p §ï˛ƒ
~ál xyÙÓ˚y Ü˛ Ï̂Î˚Ü˛!ê˛ í z̨òy•Ó˚î xy Ï̂°yã˛ly Ü˛!Ó˚–

í z̨òy•Ó˚î 13 !l¡¨!°!áï˛ í z̨!=˛!ê˛ §ï˛ƒ ly !ÙÌƒy Îyã˛y•z Ü˛ Ï̂Ó˚y–
Î!ò x, y ∈ Z ~Ùl ˆÎ x G y  !Ó Ï̂çyí ¸̨ §Çáƒyñ ˛ï˛ Ï̂Ó xy  !Ó Ï̂çyí ¸̨ §Çáƒy–

§Ùyôyl  ô Ï̂Ó˚y p : x, y ∈ Z ~Ùl ˆÎ x G y !Ó Ï̂çyí ¸̨ §Çáƒy
q : xy !Ó Ï̂çyí ¸̨ §Çáƒy

≤Ãò_ í z̨!=˛Ó˚ ˜Óôï˛y Îyã˛y•z ÈüÈ~Ó˚ çlƒ xyÙÓ˚y !lÎ˚ÙÈ3 ~Ó˚ ˆ«˛eÈüÈ1 ≤Ã Ï̂Î˚yà Ü˛Ó˚Ó– xÌ≈yÍ p ˆÜ˛ §ï˛ƒ
xl%Ùyl Ü˛ Ï̂Ó˚ñ q §ï˛ƒ ̂ òáy Ï̂ï˛ • Ï̂Ó–
p §ï˛ƒñ Ùy Ï̂l x G y  !Ó Ï̂çyí ¸̨ §Çáƒy– ï˛y• Ï̂°

  x = 2m +1, m ü~Ü˛!ê˛ ˛õ)î≈§Çáƒyñ y = 2n + 1ñ n ÈüÈ~Ü˛!ê˛ ˛õ)î≈ §Çáƒy–
xï˛~Óñ xy = (2m + 1) (2n + 1)

= 2(2mn + m + n) + 1

Îy ˆòáyÎ˚ñ xy !Ó Ï̂çyí ¸̨ §Çáƒy– xï˛~Ó ≤Ãò_ í z̨!=˛!ê˛ §ï˛ƒ–
ô Ï̂Ó˚yñ xyÙÓ˚y !lÎ˚ÙÈüÈ3 ÈüÈ~Ó˚ ˆ«˛eÈüÈ2È üÈ~Ó˚ §y•y Ï̂Îƒ ~!ê˛ Ï̂Ü˛ Îyã˛y•z Ü˛Ó˚̂ Ïï˛ ã˛y•z– ï˛y• Ï̂° xyÙy Ï̂òÓ˚̂ ÏÜ˛

!l¡¨!°!áï˛Ó)̊̂ Į̈ õ ~ Ï̂ày Ï̂ï˛ • Ï̂ÓÈüÈ
xyÙÓ˚y ô Ï̂Ó˚ !l•z q §ï˛ƒ lÎ˚– ï˛yÓ˚ Ùy Ï̂l xyÙÓ˚y q ÈüÈí z̨!=˛Ó˚ lyÈüÈ!Ü ̨ Î˚y Ü˛ Ï̂Ó˚!SÈ– ~ ̂ Ì Ï̂Ü˛ ̂ Î í z̨!=˛ ̨õyGÎ˚y ÎyÎ˚ ï˛y
•°

∼q : xy ˆçyí ¸̨ §Çáƒy
~ê˛y §Ω˛Ó • Ï̂Ó Î!ò x xÌÓy y ̂ çyí ¸̨ §Çáƒy •Î˚– xÌ≈yÍ p §ï˛ƒ lÎ˚– ~Ó)̨̊ õ xyÙÓ˚y ˆòáy Ï̂ï˛ ˛õy!Ó˚

 ∼q ⇒  ∼p

AoT˛Óƒ  í z̨̨ õ Ï̂Ó˚Ó˚ í z̨òy•Ó˚î!ê˛ p ⇒ q ≤ÃÙy Ï̂îÓ˚ ò,T˛yhs˝ fiÌy˛õl Ü˛ Ï̂Ó˚ñ ~ê˛y ≤ÃÙyî Ü˛Ó˚̂ Ïï˛ ∼q ⇒ ∼p

≤ÃÙyî Ü˛Ó˚y Î Ï̂Ì¤˛ñ Îy p ⇒ q ÈüÈ~Ó˚ !ÓÓ%̊Âô ôlydÜ˛ í z̨!=˛–

í z̨òy•Ó˚î 14  !ÓÓ%̊Âô ôlydÜ˛ ≤ÃÙyî ˆÎy Ï̂à !l¡¨!°!áï˛ í z̨!=˛!ê˛ §ï˛ƒ ly !ÙÌƒy Îyã˛y•z Ü˛ Ï̂Ó˚y– Î!ò x, y  ∈ ΖΖΖΖΖ

~Ó)̨̊ õ ˆÎ xy !Ó Ï̂çyí ¸̨ §Çáƒy •Î˚ñ ï˛ Ï̂Ó x G y  í z̨Ë˛ Ï̂Î˚•z !Ó Ï̂çyí ¸̨ §Çáƒy–

§Ùyôyl  ôÓ˚y ÎyÜ˛ñ !l¡¨!°!áï˛ Ó)̊̂ Į̈ õ í z̨!=˛à%̂ Ï°yÓ˚ lyÙyÜ˛Ó˚î Ü˛Ó˚y •°
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p : xy !Ó Ï̂çyí ¸̨ §Çáƒy

q : x G y í z̨Ë˛ Ï̂Î˚•z ˆçyí ¸̨ §Çáƒy–

xyÙÓ˚y Îyã˛y•z Ü˛Ó˚̂ Ïï˛ ã˛y•z p ⇒  q í z̨!=˛!ê˛ §ï˛ƒ ly !ÙÌƒy

xÌ≈yÍ !ÓÓ%̊Âô ôlydÜ˛ í z̨!=˛ ∼q ⇒ ∼p Îyã˛y•z Ü˛Ó˚y

~ál ∼q : ~ê˛y !ÙÌƒy ˆÎ x G y í z̨Ë˛ Ï̂Î˚•z !Ó Ï̂çyí ¸̨ §Çáƒy–

~Ó˚ xÌ≈ x åÓy yä ˆçyí ¸̨ §Çáƒy–

ï˛y• Ï̂° x = 2n, n ˆÜ˛y Ï̂ly ˛õ)î≈ §Çáƒy–

xï˛~Óñ xy = 2ny, n ˛õ)î≈ §Çáƒy– ~ ˆÌ Ï̂Ü˛ ˛õyGÎ˚y ÎyÎ˚ xy ˆçyí ¸̨ §Çáƒy– xÌ≈yÍ ∼p §ï˛ƒ •Î˚–

~ál Ü˛# âê˛ Ï̂Ó Îál xyÙÓ˚y xl%§,!ï˛ ~ÓÇ ~!ê˛Ó˚ !Ó˛õÓ˚#ï˛ §ÇÎ%=˛ Ü˛!Ó˚⁄ ˛õÓ˚Óï≈̨ # Ï̂ï˛ ï˛y xy Ï̂°yã˛ly

Ü˛Ó˚Ó–

!l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°y Ï̂Ü˛ !Ó Ï̂Óã˛ly Ü˛Ó˚y ÎyÜ˛

p : ~Ü˛!ê˛ ˆà°y§ x Ï̂ô≈Ü˛ áy!°–

q : ~Ü˛!ê˛ ˆà°y§ x Ï̂ô≈Ü˛ ˛õ)î≈–

xyÙÓ˚y çy!l ̂ Îñ Î!ò ≤ÃÌÙ í z̨!=˛!ê˛ §ï˛ƒ •Î˚ñ ï˛ Ï̂Ó !mï˛#Î˚!ê˛ âê˛ Ï̂Ó ~ÓÇ Î!ò !mï˛#Î˚!ê˛ •Î˚ñ ï˛ Ï̂Ó ≤ÃÌÙ!ê˛ • Ï̂Ó–

~ !Ó£ÏÎ˚!ê˛ Ï̂Ü˛ xyÙÓ˚y !l¡¨!°!áï˛ Ó)̊̂ Į̈ õ ≤ÃÜ˛y¢ Ü˛Ó˚̂ Ïï˛ ̨ õy!Ó˚ÈüüüÈ

Î!ò ~Ü˛!ê˛ ̂ à°y§ x Ï̂ô≈Ü˛ áy!° •Î˚ñ ï˛ Ï̂Ó ~!ê˛ x Ï̂ô≈Ü˛˛õ)î≈–

Î!ò ~Ü˛!ê˛ ̂ à°y§ x Ï̂ô≈Ü˛˛õ)î≈ •Î˚ñ ï˛ Ï̂Ó ~!ê˛ x Ï̂ô≈Ü˛ áy!°–

~•z í z̨!=˛ ò%!ê˛ Ï̂Ü˛ §ÇÎ%=˛ Ü˛ Ï̂Ó˚ xyÙÓ˚y ̨ õy•zÈüüüÈ

~Ü˛!ê˛ ̂ à°y§ x Ï̂ô≈Ü˛ áy!° Î!ò ~ÓÇ ̂ Ü˛Ó°Ùye Î!ò ~!ê˛ x Ï̂ô≈Ü˛˛õ)î≈ •Î˚–

~ál xyÙÓ˚y xlƒ ~Ü˛!ê˛ ̨õÂô!ï˛Ó˚ xy Ï̂°yã˛ly Ü˛Ó˚Óı

14.6. ˛õÓ˚flõÓ˚ !Ó Ï̂Ó˚yô# í z̨!=˛ (By Contradiction) : ~ Ï̂«˛ Ï̂e ~Ü˛!ê˛ í z̨!=˛Ó˚ §ï˛ƒï˛y Îyã˛y•zÈüÈ~Ó˚ çlƒñ

˛xyÙÓ˚y ≤ÃÌ Ï̂Ù ò Ï̂Ó˚ ˆlÓ ˆÎ í z̨!=˛!ê˛ §ï˛ƒ lÎ˚ xÌ≈yÍ ∼p §ï˛ƒ– ï˛yÓ˚̨ õÓ˚ñ xyÙÓ˚y ~Ùl ~Ü˛!ê˛ Ê˛°yÊ˛ Ï̂° !à Ï̂Î˚

ˆ˛õÑÔS%ÈÓ Îy xyÙy Ï̂òÓ˚ ̨ õ)Ó≈yl%Ùyl Ï̂Ü˛ !Ó Ï̂Ó˚y!ôï˛y Ü˛ Ï̂Ó˚– xï˛~Óñ xyÙÓ˚y !§Âôyhs˝ Ü˛Ó˚̂ Ïï˛ ̨ õy!Ó˚ p §ï˛ƒ–

í z̨òy•Ó˚î 15  ̨õÓ˚flõÓ˚ !Ó Ï̂Ó˚yô# í z̨!=˛Ó˚ Ùyôƒ Ï̂Ù Îyã˛y•z Ü˛ Ï̂Ó˚y

p: 7 xÙ)°ò §Çáƒy–

§Ùyôyl  ~•z ˛õÂô!ï˛ Ï̂ï˛ñ xyÙÓ˚y ≤ÃÌ Ï̂Ù ô Ï̂Ó˚ ˆlÓ ≤Ãò_ í z̨!=˛!ê˛ !ÙÌƒy– xÌ≈yÍ ô Ï̂Ó˚ ˆlGÎ˚y ÎyÜ˛ 7 Ù)°ò

§Çáƒy– ÎyÓ˚ xÌ≈ ò%!ê˛ ôlydÜ˛ ̨õ)î≈ §Çáƒy a G b ÈüÈ~Ó˚ x!hflÏc xy Ï̂SÈ ~Ó)̨̊ õ ̂ Î 7 =
a

b
ñ ̂ Îáy Ï̂l a G b ÈüÈ~Ó˚

ˆÜ˛y Ï̂ly §yôyÓ˚î í z̨Í˛õyòÜ˛ ̂ l•z–
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§Ù#Ü˛Ó˚̂ ÏîÓ˚ í z̨Ë˛Î˚̨ !ò Ï̂Ü˛ Óà≈ Ü˛ Ï̂Ó˚ñ xyÙÓ˚y ̨õy•zñ

7

2

2
=

a

b
⇒ a2 = 7b2  ⇒ a, 7 !ò Ï̂Î˚ !ÓË˛yçƒ–

xï˛~Óñ ~áy Ï̂l ~Ü˛!ê˛ ˛õ)î≈§Çáƒy c ~Ó˚ x!hflÏc xy Ï̂SÈ ˆÎáy Ï̂l a = 7c •Î˚– ï˛y• Ï̂° a2 = 49c2 ~ÓÇ a2=

7b2

§%ï˛Ó˚yÇñ 7b2 = 49c2 ⇒ b2 = 7c2 ⇒ b, 7 !ò Ï̂Î˚ !ÓË˛yçƒ– !Ü˛v xyÙÓ˚y •ẑ Ïï˛y˛õ)̂ ÏÓ≈ ˆò Ï̂á!SÈ ˆÎñ a, 7 !ò Ï̂Î˚
!ÓË˛yçƒ– ~ ̂ Ì Ï̂Ü˛ ̂ ÓyV˛y ÎyÎ˚ 7 •° a G b ~Ó˚ §yôyÓ˚î í z̨Í˛õyòÜ˛ Îy xyÙy Ï̂òÓ˚ ̨õ)Ó≈yl%Ùyl a G b ÈüÈ~Ó˚ §yôyÓ˚î
í z̨Í˛õyòÜ˛ ̂ l•zÈüÈ ~ê˛y Ï̂Ü˛ !Ó Ï̂Ó˚y!ôï˛y Ü˛ Ï̂Ó˚– ~ ̂ Ì Ï̂Ü˛ ̂ òáy Îy Ï̂FSÈ xyÙy Ï̂òÓ˚ xl%Ùyl 7 Ù)°ò ~!ê˛ Ë%̨ °– §%ï˛Ó˚yÇñ

7 xÙ)°ò §ÇáƒyÈüü ~•z í z̨!=˛!ê˛ §ï˛ƒ–
~ál xyÙÓ̊y xy Ï̂Ó̊Ü˛!ê˛ ̨õÂô!ï˛ !l Ï̂Î̊ xy Ï̂°yã˛ly Ü˛Ó̊Ó Îy !ò Ï̂Î̊ ~Ü˛!ê˛ í z̨!=˛ !ÙÌƒy !Ü˛ly ̂ òáy Ï̂ly ÎyÎ̊– ~•z

˛õÂô!ï˛!ê˛ ̨õ!Ó̊!fiÌ!ï˛ !lË≈̨ Ó̊ ~Ü˛!ê˛ í z̨òy•Ó̊ Ï̂îÓ̊ §y Ï̂Ì §¡õ!Ü≈̨ ï˛ ̂ Îáy Ï̂l í z̨!=˛!ê˛ ̃ Óô •Î̊ ly– ~ ôÓ̊ Ï̂îÓ̊ í z̨òy•Ó̊î Ï̂Ü˛
Ó°y •Î˚ ̨õyŒê˛y í z̨òy•Ó˚î (Counter Example)– ~Ó˚ lyÙ•z Ó Ï̂° ̂ òÎ˚ ̂ Î ~!ê˛ ~Ü˛!ê˛ í z̨!=˛Ó˚ ̨õyŒê˛y å!Ó˛õÓ˚#ï˛ä
í z̨òy•Ó˚î–
í z̨òy•Ó˚î 16 ̨õyŒê˛y í z̨òy•Ó˚î ≤Ãòy Ï̂l ̂ òáyG ̂ Î !l¡¨!°!áï˛ í z̨!=˛!ê˛ !ÙÌƒyÈüÈ

Î!ò n ~Ü˛!ê˛ !Ó Ï̂çyí ¸̨ §Çáƒy •Î˚ñ ï˛ Ï̂Ó n ˆÙÔ!°Ü˛ §Çáƒy–
§yÙyôyl ≤Ãò_ í z̨!=˛!ê˛Ó˚ xyÜ˛yÓ˚ ÚÚÎ!ò p ï˛ál qÛÛ– xyÙy Ï̂òÓ˚ ˆòáy Ï̂ï˛ • Ï̂Ó ~!ê˛ !ÙÌƒy– ~Ó˚ çlƒ xyÙy Ï̂òÓ˚
ˆòáy Ï̂ly ≤Ã Ï̂Î˚yçl Î!ò p ï˛ Ï̂Ó q – ~ê˛y ̂ òáy Ï̂ï˛ !à Ï̂Î˚ ~Ùl ~Ü˛!ê˛ !Ó Ï̂çyí ¸̨ §Çáƒy òÓ˚Ü˛yÓ˚ Îy ̂ ÙÔ!°Ü˛ lÎ˚– 9
•° ~Ùl ~Ü˛!ê˛ §Çáƒy– §%ï˛Ó˚yÇ n = 9 •° ̨õy°ê˛y í z̨òy•Ó˚î– §%ï˛Ó˚yÇ xyÙÓ˚y ~ !§Âôy Ï̂hs˝ xy§ Ï̂ï˛ ̨õy!Ó˚ í z̨!=˛!ê˛
!ÙÌƒy–

~ï˛«˛î í z̨̨ õ Ï̂Ó˚ xyÙÓ˚y !Ü˛S%È ̂ Ü˛Ô¢° !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛ Ï̂Ó˚!SÈ Îy ≤Ã Ï̂Î˚y Ï̂à ~Ü˛!ê˛ í z̨!=˛ §ï˛ƒ !Ü˛ly !ÙÌƒy
Îyã˛y•z Ü˛Ó˚y ÎyÎ˚–

AoT˛Óƒ  à!îï˛¢y Ï̂flfñ ˛õyŒê˛y í z̨òy•Ó˚î ≤Ã Ï̂Î˚y Ï̂à ˆÜ˛y Ï̂ly í z̨!=˛ Ï̂Ü˛ á[˛l Ü˛Ó˚y (disprove) •Î˚– Îy•z
ˆ•yÜ˛ñ ̂ Ü˛y Ï̂ly í z̨!=˛Ó˚ ̨õ Ï̂«˛ í z̨òy•Ó˚î àë˛ Ï̂l í z̨!=˛Ó˚ ̃ Óôï˛y Ï̂Ü˛ xl%̂ ÏÙyòl Ü˛ Ï̂Ó˚ ly–

xl%¢#°l# 14.5

1. ˆòáyG ˆÎñ
p : ÚÚÎ!ò x ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy ~Ó)̨̊ õ ˆÎ x3 +4x = 0 •Î˚ñ ï˛ Ï̂Ó x = 0 •Î˚ÛÛ í z̨!=˛!ê˛
(i) ≤Ãï˛ƒ«˛ ̨õÂô!ï˛ (ii) ̨õÓ˚flõÓ˚ !Ó Ï̂Ó˚yô# í z̨!=˛ (iii) !ÓÓ%̊Âô ôlydÜ˛ ̨õÂô!ï˛ ≤Ã Ï̂Î˚y Ï̂à §ï˛ƒ •Î˚–

2. ˛õyŒê˛y í z̨òy•Ó˚î ≤Ãòy Ï̂l ˆòáyG ˆÎñ ÚÚˆÎ ˆÜ˛y Ï̂ly ÓyhflÏÓ §Çáƒy a G b ~Ó˚ çlƒñ a2 = b2 ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚
a = b” í z̨!=˛!ê˛ §ï˛ƒ lÎ˚–

3. !ÓÓ%̊Âô ôlydÜ˛ ̨õÂô!ï˛ Ï̂ï˛ ̂ òáyG ̂ Î !l¡¨!°!áï˛ í z̨!=˛!ê˛ §ï˛ƒ–
p: Î!ò x ~Ü˛!ê˛ ˛õ)î≈ §Çáƒy ~ÓÇ x2 ˆçyí ¸̨ •Î˚ñ
ï˛ Ï̂Ó˛ x G ˆçyí ¸̨ §Çáƒy •Î˚–

4. ˛õyŒê˛y í z̨òy•Ó˚î ≤Ã Ï̂Î˚y Ï̂à ̂ òáyG ̂ Î !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°y §ï˛ƒ lÎ˚–
(i) p: Î!ò ~Ü˛!ê˛ !eË%̨ Ï̂çÓ˚ §Óà%̂ Ï°y ̂ Ü˛yî §Ùyl •Î˚ñ ï˛ Ï̂Ó !eË%̨ ç!ê˛ fiÌ)° Ï̂Ü˛yî# !eË%̨ ç–
(ii) q: x2 - 1 = 0 §Ù#Ü˛Ó˚î!ê˛Ó˚ 0 ~ÓÇ 2 ÈüÈ~Ó˚ ÙôƒÓï≈̨ # ˆÜ˛y Ï̂ly Ó#ç Ìy Ï̂Ü˛ ly–
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5. !l¡¨!°!áï˛ í z̨!=˛à%̂ Ï°yÓ˚ ˆÜ˛yl‰à%̂ Ï°y §ï˛ƒ ~ÓÇ ˆÜ˛yl‰à%̂ Ï°y !ÙÌƒy⁄ ≤Ã!ï˛!ê˛ ˆ«˛ Ï̂e í z̨_ Ï̂Ó˚Ó˚ ˛õ Ï̂«˛ ˜Óô Î%!=˛
òyG–

(i) p: ˆÜ˛y Ï̂ly Ó,̂ Ï_Ó˚ ≤Ã!ï˛!ê˛ Óƒy§yô≈ Ó,_!ê˛Ó˚ ~Ü˛!ê˛ çƒy •Î˚–
(ii) q: ˆÜ˛y Ï̂ly Ó,̂ Ï_Ó˚ ˆÜ˛w Ó,̂ Ï_Ó˚ ≤Ã!ï˛!ê˛ çƒy Ï̂Ü˛ §Ù!má![˛ï˛ Ü˛ Ï̂Ó˚–
(iii) r:  ~Ü˛!ê˛ Ó,_ •° í z̨̨ õÓ,̂ Ï_Ó˚ ~Ü˛!ê˛ !Ó Ï̂¢£Ï ˆ«˛eñ
(iv) s: Î!ò x G y ˛õ)î≈§Çáƒy ~Ó)̨̊ õ ˆÎ x > y •Î˚ñ ï˛ Ï̂Ó È-x < -y

(v) t: 11 ~Ü˛!ê˛ Ù)°ò §Çáƒy–

!Ó!Óô í z̨òy•Ó˚îÙy°y

í z̨òy•Ó˚î 17 !l Ï̂ã ˚̨Ó˚ ˆÎÔ!àÜ˛ í z̨!=˛ Ï̂ï˛ ÓƒÓ•,ï˛ ÚÚxÌÓyÛÛ Ó!•Ë≈%̨ !=˛ Óy xhs˝Ë%≈̨ !=˛ !Ü˛ly Îyã˛y•z Ü˛ Ï̂Ó˚y– ˆÎÔ!àÜ˛
í z̨!=˛!ê˛Ó˚ í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y ˆ° Ï̂áy ~ÓÇ ~ Ï̂òÓ˚ ≤Ã Ï̂Î˚y Ï̂à ˆÎÔ!àÜ í z̨!=˛à%̂ Ï°yÓ˚ §ï˛ƒï˛y Îyã˛y•z Ü˛ Ï̂Ó˚y– í z̨_ Ï̂Ó˚Ó˚
§ÙÌ≈̂ Ïl Î%!=˛ òyG–

t:  ï%̨ !Ù !Ë˛ Ï̂ç ÎyG Îál Ó,,!T˛ •Î˚ xÌÓy ï%̨ !Ù lò# Ï̂ï˛ ÌyÜ˛–
§Ùyôyl  ≤Ãò_ í z̨!=˛ Ï̂ï˛ ÓƒÓ•,,ï˛ ÚÚxÌÓyÛÛ xhs˝Ë%≈̨ !=˛ Ü˛yÓ˚î ~ê˛y §Ω˛Ó Î!ò Ó,!T˛ •Î˚ ~ÓÇ ï%̨ !Ù Î!ò lò# Ï̂ï˛ ÌyÜ˛–
≤Ãò_ í z̨!=˛Ó˚ í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°

p: ï%̨ !Ù !Ë˛ Ï̂ç ÎyG Îál Ó,!T˛ •Î˚
q: ï%̨ !Ù !Ë˛ Ï̂ç ÎyG Îál ï%̨ !Ù lò# Ï̂ï˛ ÌyÜ˛–

~áy Ï̂l í z̨Ë˛Î˚ í z̨̨ õyÇ¢à%̂ Ï°y §ï˛ƒñ xï˛~Óñ ̂ ÎÔ!àÜ˛ í z̨!=˛!ê˛ §ï˛ƒ–
í z̨òy•Ó˚î 18  l# Ï̂ã˛Ó˚ í z̨!=˛à%̂ Ï°y lyÈüÈ!Ü ̨ Î˚y ˆ° Ï̂áy ı

(i) p: ≤Ã!ï˛!ê˛ ÓyhflÏÓ §Çáƒy x ÈüÈ~Ó˚ çlƒñ x2 > x.

(ii) q:  ~Ùl ~Ü˛!ê˛ Ù)°ò §Çáƒy x ~Ó˚ x!hflÏc xy Ï̂SÈ ~Ó)̨̊ õ ˆÎ x2 = 2.

(iii) r: §Ó ˛õy!áÓ˚ í˛yly xy Ï̂SÈ–
(iv) s: ≤ÃyÌ!ÙÜ˛ hflÏ̂ ÏÓ˚ §ÙhflÏ !¢«˛yÌ≈# à!îï˛ xôƒÎ˚l Ü˛ Ï̂Ó˚–

§Ùyôyl  p ÈüÈ~Ó˚ lyÈüÈ!Ü ̨ Î˚y ÚÚ~ê˛y !ÙÌƒy ̂ Î p §ï˛ƒÛÛ ÎyÓ˚ xÌ≈ñ x2 > x §Ó ÓyhflÏÓ §ÇáƒyÓ˚ çlƒ !§Âô lÎ˚– ~ê˛y Ï̂Ü˛
≤ÃÜ˛y¢ Ü˛Ó˚y ̂ Î Ï̂ï˛ ̨ õy Ï̂Ó˚

∼p: ~Ó)̨̊ õ ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy x ÈüÈ~Ó˚ x!hflÏc xy Ï̂SÈ ˆÎáy Ï̂l x2 < x •Î˚–
(ii) q ÈüÈ~Ó˚ lyÈüÈ!Ü ̨ Î˚y •° ÚÚ~ê˛y !ÙÌƒy ˆÎ q §ï˛ƒÛÛ–

xï˛~Óñ ∼q !ÓÓ,!ï˛!ê˛ •°

∼q: ~Ùl ˆÜ˛y Ï̂ly Ù)°ò §Çáƒy x ÈüÈ~Ó˚ x!hflÏc ˆl•z ~Ó)̨̊ õ ˆÎ x2 = 2 •Î˚–
í z̨!=˛!ê˛ Ï̂Ü˛ xlƒÓ)̊̂ Į̈ õ ̂ °áy ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚

∼q: §Ü˛° ÓyhflÏÓ §Çáƒy x ÈüÈ~Ó˚ çlƒñ x2 ≠ 2

(iii) í z̨!=˛!ê˛Ó˚ lyÈüÈ!Ü ̨ Î˚y •°
È ∼r: ~Ü˛!ê˛ ˛õy!áÓ˚ x!hflÏc xy Ï̂SÈ ÎyÓ˚ í˛yly ˆl•z–
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(iv) ≤Ãò_ í z̨!=˛Ó˚ lyÈüÈ!Ü ̨ Î˚y •° È∼s: ~Ü˛çl !¢«˛yÌ≈#Ó˚ x!hflÏc xy Ï̂SÈ ̂ Î ≤ÃyÌ!ÙÜ˛ hflÏ̂ ÏÓ˚ à!îï˛ xôƒÎ˚l Ü˛ Ï̂Ó˚ ly–
í z̨òy•Ó˚î 19  ÚÚ≤Ã Ï̂Î˚yçl#Î˚ ~ÓÇ Î Ï̂ÌT˛ÛÛ ÓyÜ˛ƒyÇ¢ ≤Ã Ï̂Î˚y Ï̂àñ ÚÚ˛õ)î≈§Çáƒy n !Ó Ï̂çyí ¸̨ • Ï̂Ó Î!ò ~ÓÇ ̂ Ü˛Ó°Ùye
Î!ò n2 !Ó Ï̂çyí ¸̨ •Î˚ÛÛÈüüüÈ í z̨!=˛!ê˛ xlƒË˛y Ï̂Ó ̂ ° Ï̂áy– í z̨̨ õÓ˚v í z̨!=˛!ê˛ §ï˛ƒ !Ü˛ly Îyã˛y•z Ü˛ Ï̂Ó˚y–
§Ùyôyl  ≤Ã Ï̂Î˚yçl#Î˚ ~ÓÇ Î Ï̂Ì¤˛ ¢ï≈̨  ˆÎ ˛õ)î≈ §Çáƒy n !Ó Ï̂çyí ¸̨ • Ï̂° n2 xÓ¢ƒ•z !Ó Ï̂çyí ¸̨ •Î˚–
ô Ï̂Ó˚yñ p G q ò%!ê˛ í z̨!=˛

p: ˛õ)î≈ §Çáƒy n !Ó Ï̂çyí ¸̨ §Çáƒy–
q: n2 !Ó Ï̂çyí ¸̨ §Çáƒy–

“p Î!ò ~ÓÇ ̂ Ü˛Ó°Ùye Î!ò q” ÈüÈ~Ó˚ ̃ Óôï˛y Îyã˛y•z ÈüÈ~Ó˚ çlƒ xyÙy Ï̂òÓ˚ Îyã˛y•z Ü˛Ó˚̂ Ïï˛ • Ï̂Ó ÚÚÎ!ò p ï˛ Ï̂Ó qÛÛ
~ÓÇ ÚÚÎ!ò q ï˛ Ï̂Ó pÛÛ §ï˛ƒ !Ü˛ly–
ˆ«˛e 1  Î!ò p ï˛ Ï̂Ó q
Î!ò p ï˛ Ï̂Ó q í z̨!=˛!ê˛ •° ı

Î!ò ̨õ)î≈ §Çáƒy n !Ó Ï̂çyí ¸̨ •Î˚ñ ï˛ Ï̂Ó n2  !Ó Ï̂çyí ¸̨– xyÙy Ï̂òÓ˚ ̂ òá Ï̂ï˛ • Ï̂Ó í z̨!=˛!ê˛ §ï˛ƒ !Ü˛ly– ôÓ˚y ÎyÜ˛
n !Ó Ï̂çyí ¸̨ §Çáƒy– ï˛y• Ï̂° n = 2k +1, ˆÎáy Ï̂l k ˛õ)î≈§Çáƒy– xï˛~Ó

n2 = (2k + 1)2

= 4K2 + 4k +1

§%ï˛Ó˚yÇ n2 ~Ü˛!ê˛ ˆçyí ¸̨ §Çáƒy ˆÌ Ï̂Ü˛ 1 ˆÓ!¢ñ ï˛y•z ~!ê˛ !Ó Ï̂çyí ¸̨–
ˆ«˛e 2   Î!ò q, ï˛ Ï̂Ó p
Î!ò q, ï˛ Ï̂Ó í z̨!=˛!ê˛ •° ı
Î!ò n ~Ü˛!ê˛ ˛õ)î≈§Çáƒy ~ÓÇ n2 !Ó Ï̂çyí ¸̨ •Î˚– ï˛ Ï̂Ó n !Ó Ï̂çyí ¸̨ §Çáƒy–
xyÙy Ï̂òÓ˚̂ ÏÜ˛ Îyã˛y•z Ü˛Ó˚̂ Ïï˛ • Ï̂Ó í z̨!=˛!ê˛ §ï˛ƒ !Ü˛ly– !ÓÓ%̊Âô ôlydÜ˛ ̨õÂô!ï˛ Ï̂ï˛ xyÙÓ˚y Îyã˛y•z Ü˛Ó˚Ó–
≤Ãò_ í z̨!=˛Ó˚ !ÓÓ%̊Âô ôlydÜ˛ •° ı
Î!ò n ˆçyí ¸̨ ˛õ)î≈§Çáƒy •Î˚ñ ï˛ Ï̂Ó n2 ˆçyí ¸̨̨ õ)î≈ §Çáƒy–
n Î%@¬ §Çáƒy • Ï̂° n = 2k, ˆÜ˛y Ï̂ly k ÈüÈ~Ó˚ çlƒ–
ï˛y• Ï̂° n2 = 4k2  xï˛~Óñ n2 ˆçyí ¸̨ §Çáƒy–
í z̨òy•Ó˚î 20  ≤Ãò_ í z̨!=˛ Ï̂ï˛ ≤Ã Ï̂Î˚yçl#Î˚ ~ÓÇ Î Ï̂ÌT˛˛ ¢ï≈̨  §ly=˛ Ü˛ Ï̂Ó˚y
t: Î!ò ï%̨ !Ù â^˝ê˛yÎ˚ 80 !Ü˛É!ÙÉ ~Ó˚ ˆÓ!¢ à!ï˛ Ï̂ï˛ ày!í ¸̨ ã˛y°yGñ ï˛ Ï̂Ó ˆï˛yÙyÓ˚ ç!Ó˚Ùyly • Ï̂Ó–
§Ùyôyl ı ô Ï̂Ó˚y p G q ò%!ê˛ í z̨!=˛

p: ï%̨ !Ù ârê˛yÎ˚ 80 !Ü˛É!Ù ~Ó˚ ˆÓ!¢ à!ï˛ Ï̂ï˛ ày!í ¸̨ ã˛y°yG–
q: ˆï˛yÙyÓ˚ ç!Ó˚Ùyly • Ï̂Ó–

Î!ò p, ï˛ Ï̂Ó q  xl%§,!ï˛ !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ p •° q ÈüÈ~Ó˚ Î Ï̂ÌT˛ ¢ï≈̨ – xÌ≈yÍ â^˝ê˛yÎ˚ 80 !Ü˛!ÙÈüÈ~Ó˚ ˆÓ!¢
à!ï˛ Ï̂ï˛ ã˛y°y Ï̂ly ç!Ó˚Ùyly •GÎ˚yÓ˚ çlƒ Î Ï̂ÌT˛–
~áy Ï̂l Î Ï̂ÌT˛˛ ¢ï≈̨  •° ÚÚâ^˝ê˛yÎ˚ 80 !Ü˛!Ù ÈüÈ~Ó˚ ̂ Ó!¢ à!ï˛ Ï̂ï˛ ày!í ¸̨ ã˛y°y Ï̂lyÛÛ
xl%Ó)̊̂ Į̈ õñ Î!ò p, ï˛ Ï̂Ó q ~ê˛yG !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚ ˆÎñ q •° p ÈüÈ~Ó˚ ≤Ã Ï̂Î˚yçl#Î˚ ¢ï≈̨ –
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xÌ≈yÍ Îál ï%̨ !Ù â^˝ê˛yÎ˚ 80 !Ü˛!ÙÈüÈ~Ó˚ ˆÓ!¢ à!ï˛ Ï̂ï˛ ày!í ¸̨ ã˛y°yGñ ˆï˛yÙy Ï̂Ü˛ x!lÓyÎ≈Ó)̊̂ Į̈ õ ç!Ó˚Ùyly !ò Ï̂ï˛
• Ï̂Ó– ~áy Ï̂l ≤Ã Ï̂Î˚yçl#Î˚ ¢ï≈̨  •°ñ ÚÚç!Ó˚Ùyly •GÎ˚yÛÛ

xôƒyÎ˚ 14 ~Ó˚ !Ó!Óô xl%¢#°l#

1. l# Ï̂ã˛Ó˚ í z̨!=˛à%̂ Ï°yÓ˚ lyÈüÈ!Ü ̨ Î˚y ̂ ° Ï̂áy ı
(i) p: ≤Ã!ï˛!ê˛ ôlydÜ˛ ÓyhflÏÓ §Çáƒy x ÈüÈ~Ó˚ çlƒñ x – 1 §Çáƒy!ê˛ §Ó≈òy ôlydÜ˛
(ii) q: §ÙhflÏ !Óí ¸̨y° xyÑã˛í ¸̨ ˆòÎ˚–
(iii)  r: ≤Ã!ï˛!ê˛ ÓyhflÏÓ §Çáƒy x ~Ó˚ çlƒñ •Î˚ x >1 xÌÓy x < 1

(iv)  s: ~Ü˛!ê˛ §Çáƒy x ÈüÈ~Ó˚ x!hflÏc xy Ï̂SÈ ~Ó)̨̊ õ ˆÎ 0 < x < 1.

2. ≤Ã!ï˛!ê˛ í z̨!=˛Ó˚ !Ó˛õÓ˚#ï˛ G !ÓÓ%̊ÂôôlydÜ˛ í z̨!=˛ !ÓÓ,ï˛ Ü˛ Ï̂Ó˚y ı
(i) p: ~Ü˛!ê˛ }îydÜ˛ ˛õ)î≈ §Çáƒy ¢%ô%Ùye ˆÙÔ!°Ü˛ • Ï̂Ó Î!ò 1 ~ÓÇ §Çáƒy!ê˛ !l Ï̂ç SÈyí ¸̨y xlƒ

ˆÜ˛y Ï̂ly í z̨Í˛õyòÜ˛ ly Ìy Ï̂Ü˛–
(ii) q: xy!Ù §Ù%oï˛ Ï̂ê˛ Îy•z Îál !òl!ê˛ ̂ Ó˚Ô Ï̂oyIµ° •Î˚–
(iii)  r: Î!ò Óy•ẑ ÏÓ˚ àÓ˚Ù ˛õ Ï̂í ¸̨ñ ï˛ Ï̂Ó ï%̨ !Ù ï,̨ £÷Ïyï≈̨  •G–

3. l# Ï̂ã˛Ó˚ ≤Ã!ï˛!ê˛ í z̨!=˛!ê˛ Ï̂Ü˛ ÚÚÎ!ò p, ï˛ Ï̂Ó qÛÛ Ó)̊̂ Į̈ õ ̂ ° Ï̂áy–
(i) p: §yË≈̨ yÓ˚ °à xl Ü˛Ó˚yÓ˚ çlƒ (to log on the server) ˛õy§GÎ˚yí≈̨  ÌyÜ˛y xyÓ¢ƒÜ˛–
(ii) q: Îál Ó,!T˛ •Î˚ Îyï˛yÎ˚y Ï̂ï˛ ê ∆̨y!Ê˛Ü˛ çƒyÙ •Î˚–
(iii)  r: ï%̨ !Ù G Ï̂Î˚Ó§y•ẑ Ïê˛ ≤Ã Ï̂Ó¢ Ü˛Ó˚̂ Ïï˛ ̨õy Ï̂Ó˚y ̂ Ü˛Ó°Ùye Î!ò ï%̨ !Ù !lô≈y!Ó˚ï˛ ¢%ÕÒ ≤Ãòyl Ü˛ Ï̂Ó˚ ÌyÜ˛–

4. l# Ï̂ã˛Ó˚ í z̨!=˛à%̂ Ï°y Ï̂Ü˛ ÚÚp Î!ò ~ÓÇ ̂ Ü˛Ó°Ùye Î!ò qÛÛÈüÈxyÜ˛y Ï̂Ó˚ ̂ ° Ï̂áy–
(i) p: Î!ò ï%̨ !Ù ò)Ó˚ò¢≈l ̂ òáñ ï˛ Ï̂Ó ̂ ï˛yÙyÓ˚ Ùl í z̨ß√%=˛ •Î˚ ~ÓÇ Î!ò ̂ ï˛yÙyÓ˚ Ùl í z̨ß√%=˛ •Î˚ñ ï˛ Ï̂Ó

ï%̨ !Ù ò)Ó˚ò¢≈l ̂ òá–
(ii) q: ˆï˛yÙyÓ˚ A  ˆ@˝Ãí˛ ˛õyGÎ˚yÓ˚ ≤Ã Ï̂Î˚yçl#Î˚ ~ÓÇ Î Ï̂Ì¤˛ ¢ï≈̨  Î!ò ï%̨ !Ù !lÎ˚!Ùï˛ à,•Ü˛yç Ü˛Ó˚–
(iii)  r: Î!ò ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ Ï̂çÓ˚ ̂ Ü˛yîà%̂ Ï°y §Ùyl •Î˚ñ ï˛ Ï̂Ó ~!ê˛ ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛e ~ÓÇ Î!ò ~Ü˛!ê˛

ã˛ï%̨ Ë%≈̨ ç xyÎ˚ï˛ Ï̂«˛e •Î˚ ï˛ Ï̂Ó ~!ê˛Ó˚ ̂ Ü˛yîà%̂ Ï°y §Ùyl •Î˚–
5. l# Ï̂ã˛ ò%!ê˛ í z̨!=˛ ̂ òGÎ˚y •°

p: 25 •° 5 ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛–
q: 25 •° 8 ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛–

ÚÚ~ÓÇÛÛ G ÚÚxÌÓyÛÛ Î%=˛ Ü˛ Ï̂Ó˚ í z̨!=˛ò%!ê˛ !ò Ï̂Î˚ ̂ ÎÔ!àÜ˛ ÓyÜ˛ƒ ̂ ° Ï̂áy– í z̨Ë˛Î˚ ̂ «˛ Ï̂e•z ̂ ÎÔ!àÜ˛ í z̨!=˛Ó˚ ̃ Óôï˛y Îyã˛y•z
Ü˛ Ï̂Ó˚y–
6. ≤Ãò_ ̨õÂô!ï˛Ó˚ §y Į̈̂ õ Ï̂«˛ !l Ï̂ã˛Ó˚ í z̨!=˛à%̂ Ï°yÓ˚ ̃ Óôï˛y Îyã˛y•z Ü˛ Ï̂Ó˚y–

(i) p: ~Ü˛!ê˛ xÙ)°ò §Çáƒy ~ÓÇ ~Ü˛!ê˛ Ù)°ò §ÇáƒyÓ˚ ̂ ÎyàÊ˛° xÙ)°ò §Çáƒy •Î˚ å˛õÓ˚flõÓ˚
!Ó Ï̂Ó˚yô# í z̨!=˛ ̨õÂô!ï˛ä

(ii) q: Î!ò n ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy n>3 •Î˚ñ ï˛ Ï̂Ó n2 > 9 å˛õÓ˚flõÓ˚ !Ó Ï̂Ó˚yô# í z̨!=˛ ˛õÂô!ï˛ä
7. l# Ï̂ã˛Ó˚ í z̨!=˛Ó˚ ~Ü˛•z xÌ≈ Ó•l Ü˛ Ï̂Ó˚ ~Ùl ̨õÑyã˛!ê˛ !Ó!Ë˛ß¨ í z̨̨ õy Ï̂Î˚ í z̨!=˛ ̂ ° Ï̂áy–

p: Î!ò ~Ü˛!ê˛ !eË%̨ Ï̂çÓ˚ ̂ Ü˛yîà%̂ Ï°y §Ùyl •Î˚ñ ï˛ Ï̂Ó ~!ê˛ ~Ü˛!ê˛ fiÌ)° Ï̂Ü˛yî# !eË%̨ ç–
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® ày!î!ï˛Ü˛ Ë˛y Ï̂Ó @˝Ã•î Ï̂Îyà ~Ü˛!ê˛ í z̨!=˛ •° ~Ü˛!ê˛ ÓyÜ˛ƒ Îy •Î˚ §ï˛ƒñ lï%̨ Óy !ÙÌƒy–
® !l¡¨!°!áï˛ !Ü˛S%È ̨ õ Ï̂òÓ˚ Óƒyáƒy ı
– ~Ü˛!ê˛ í z̨!=˛ p ÈüÈ~Ó˚ lyÈüÈ!Ü ̨ Î˚y ı Î!ò ~Ü˛!ê˛ í z̨!=˛ p !ò Ï̂Î˚ §)!ã˛ï˛ •Î˚ñ ï˛ Ï̂Ó p í z̨!=˛Ó˚ lyÈüÈ!Ü ̨ Î˚y ∼p !ò Ï̂Î˚
§)!ã˛ï˛ Ü˛Ó˚y •Î˚–
–  ˆÎÔ!àÜ˛ í z̨!=˛ §Ù)• ~ÓÇ ~ Ï̂òÓ˚ §¡õ!Ü≈̨ ï˛ í z̨̨ õyÇ¢ §Ù)• ı ~Ü˛!ê˛ í z̨!=˛ ˆÎÔ!àÜ˛ í z̨!=˛ •Î˚ Î!ò ~!ê˛
ò%!ê˛ Óy ï˛ Ï̂ï˛y!ôÜ˛ «%̨ oï˛Ó˚ í z̨!=˛ !ò Ï̂Î˚ à!ë˛ï˛ •Î˚– «%̨ oï˛Ó˚ í z̨!=˛à%̂ Ï°y Ï̂Ü˛ ̂ ÎÔ!àÜ˛ í z̨!=˛Ó˚ í z̨̨ õyÇ¢ í z̨!=˛
Ó°y •Î˚–
– ̂ ÎÔ!àÜ˛ Óy Ï̂Ü˛ƒ ÚÚ~ÓÇÛÛñ ÚÚxÌÓyÛÛñ ÚÚˆÎáy Ï̂l x!hflÏc xy Ï̂SÈÛÛ ~ÓÇ ÚÚ≤Ã!ï˛!ê˛Ó˚ çlƒÛÛ ÈüÈ~Ó˚ Ë)̨ !ÙÜ˛y–
– ÚÚÎ!òÛÛñ ÚÚˆÜ˛Ó°Ùye Î!òÛÛñ ÚÚÎ!ò ~ÓÇ ̂ Ü˛Ó°Ùye Î!òÛÛ xl%§,!ï˛à%̂ Ï°yÓ˚ xÌ≈–
Î!ò p, ï˛ Ï̂Ó q !ò Ï̂Î˚ ~Ü˛!ê˛ í z̨!=˛ Ï̂Ü˛ !l¡¨!°!áï˛ í z̨̨ õy Ï̂Î˚ ˆ°áy ÎyÎ˚–

– p ˆÓyV˛yÎ˚ åÓy ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚ä q (p ⇒ q !ò Ï̂Î˚ §)!ã˛ï˛ •Î˚ä–
– p •° q ~Ó˚ çlƒ Î Ï̂ÌT˛ ¢ï≈̨ –
– q •° p ÈüÈ~Ó˚ çlƒ ≤Ã Ï̂Î˚yçl#Î˚ ¢ï≈̨ –
– p ˆÜ˛Ó°Ùye Î!ò q
– ∼q ˆÓyV˛yÎ˚ ∼p

– p ⇒ q í z̨!=˛Ó˚ !ÓÓ%̊Âô ôlydÜ˛ í z̨!=˛ •° ∼q ⇒ ∼p.

  q ⇒ p. í z̨!=˛Ó˚ !Ó˛õÓ˚#ï˛ í z̨!=˛ •° q ⇒ p

   q ⇒ p ~Ó˚ !Ó˛õÓ˚#ï˛ §• ˛õyGÎ˚y ÎyÎ˚ p Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò q.

® !l¡¨!°!áï˛ ̨ õÂô!ï˛à%̂ Ï°y í z̨!=˛Ó˚ ̃ Óôï˛y Îyã˛y•z Ü˛ Ï̂Ó˚ ÓƒÓ•,ï˛ •Î˚–
(i) ≤Ãï˛ƒ«˛ ̨õÂô!ï˛
(ii) !Ó Ï̂Ó˚yÂô ôlydÜ˛ ̨õÂô!ï˛
(iii) ˛õÓ˚flõÓ˚ !Ó Ï̂Ó˚yô# í z̨!=˛ ̨õÂô!ï˛
(iv) ˛õyŒê˛y åÓy !Ó˛õÓ˚#ï˛ä í z̨òy•Ó˚̂ ÏîÓ˚ ≤Ã Ï̂Î˚yà–

˙!ï˛•y!§Ü˛ ̂ ≤Ã«˛y˛õê˛
Î%!=˛ ¢y Ï̂flfÓ˚ í z̨̨ õÓ˚ §Ó≈≤ÃÌÙ !Ó Ï̂Ÿ’£Ïî# ≤ÃÓrô Ó˚ã˛ly Ü˛ Ï̂Ó˚l xƒy!Ó˚T˛ê˛° (384 !á ı ˛õ)ı ÈüüüÈ 322 !á ı
˛˛õ)ıä– ~!ê˛ !SÈ° xÓ Ï̂Ó˚y•# Î%!=˛Ó˚ çlƒ !lÎ˚Ùl#!ï˛ §Ç@˝Ã• Îy K˛ylÈüÈ!ÓK˛y Ï̂lÓ˚ ≤Ã!ï˛!ê˛ ¢yáyÎ˚ xôƒÎ˚̂ ÏlÓ˚
!Ë˛!_ Ó)̊̂ Į̈ õ Ü˛yç Ü˛ Ï̂Ó˚– ˛õÓ˚Óï≈̨ #Ü˛y Ï̂° §Æò¢ ¢ï˛ Ï̂Ü˛ çyÙ≈yl à!îï˛K˛ G.W. Leibnitz (1646

üüü1716) xÓ Ï̂Ó˚y•# Î%!=˛ÈüÈ˛õÂô!ï˛ Ï̂Ü˛ Îy!sfÜ˛ Óyly Ï̂lyÓ˚ çlƒ Î%!=˛¢y Ï̂flf ≤Ãï˛#Ü˛# ≤Ã Ï̂Î˚y Ï̂àÓ˚ ôyÓ˚îy ̂ òÎ˚–
ï˛yÓ˚ ôyÓ˚îy í z̨̨ õ°!Âô Ü˛ Ï̂Ó˚ |l!ÓÇ¢ ¢ï˛ Ï̂Ü˛ •zÇ Ï̂Ó˚ç à!îï˛K˛ çç≈ Ó%° (1815 üüü 1864) ~ÓÇ
xàfiê˛y§ !í˛ ÙÓ˚àƒyl (1806 üüü 1871) ≤Ãï˛#Ü˛# Î%!=˛¢yflfñ ~•z xyô%!lÜ˛ !Ó£Ï̂ ÏÎ̊Ó̊ !Ë˛!_ fiÌy˛õl Ü˛ Ï̂Ó̊l–
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Ü˛y°≈ !˛õÎ˚yÓ˚§l
 (1857-1936)

v“Statistics may be rightly called the science of averages and their

estimates.” – A.L.BOWLEY & A.L. BODDINGTON v

15.1  Ë)̨ !ÙÜ˛y

xyÙÓ˚y çy!l Ó˚y!¢!ÓK˛yl ̂ Ü˛y Ï̂ly §%!l!ò≈T˛ ° Ï̂«˛ƒ §Çà,•#ï˛ Ó˚y!¢ï˛Ìƒ§Ù)•
!l Ï̂Î̊ Ü˛yç Ü˛ Ï̂Ó̊– ~ §Ü˛° Ó̊y!¢ï˛Ìƒ !Ó Ï̂Ÿ’£Ïî G Óƒyáƒy Ü˛ Ï̂Ó̊ xyÙÓ̊y ̂ Ü˛y Ï̂ly
!§Âôy Ï̂hs˝ xy§ Ï̂ï˛ ˛õy!Ó˚– ˆ°á!ã Į̈e G §yÓ˚!îÓ˚̊ Ùyôƒ Ï̂Ù Ó˚y!¢ï˛Ìƒà%̂ Ï°y Ï̂Ü˛
Ü˛#Ë˛y Ï̂Ó ≤ÃÜ˛y¢ Ü˛Ó̊y ÎyÎ̊ ï˛y xyÙÓ̊y ̨õ)Ó≈Óï≈̨ # ̂ ◊!î Ï̂ï˛ ̂ ç Ï̂l!SÈ– ~Ó̊ Ùyôƒ Ï̂Ù
Ó˚y!¢ï˛Ìƒ§Ù)ˆÏ•Ó˚ Ù%áƒ ˜Ó!¢T˛ƒà%ˆÏ°y ≤ÃÜ˛y¢ Ü˛Ó˚y §Ω˛Ó– ≤Ãò_
Ó˚y!¢ï˛Ìƒà%̂ Ï°y Ï̂Ü˛ Óî≈ly Ü˛Ó˚y ÎyÎ˚ ~Ùl ̂ Ü˛y Ï̂ly Ùyl ̂ ÓÓ˚ Ü˛Ó˚yÓ˚̨ ˛õÂô!ï˛G
xyÙÓ˚y ˆç Ï̂l!SÈ– ~•z Ùyl Ï̂Ü˛ Ó°y •Î˚ ˆÜ˛w#Î˚ ≤ÃÓîï˛y ˛õ!Ó˚Ùy˛õ– Ù Ï̂l
Ü˛ Ï̂Ó˚ ̂ ò Ï̂áyñ !ï˛l!ê˛ ̂ Ü˛w#Î˚ ≤ÃÓîï˛yÓ˚ ̨õ!Ó˚Ùy˛õ •°ÈüÈ ÙôƒÜ˛ åˆÎÔ!àÜ˛ àí ¸̨äñ
ÙôƒÙy ~ÓÇ §Çáƒyà%Ó%̊ Ùyl– Ó˚y!¢ï˛Ìƒà%̂ Ï°y ˆÜ˛yl !Ó®%̂ Ïï˛ ˆÜ˛w#Ë)̨ ï˛ ï˛y
§¡õ Ï̂Ü≈̨  ~Ü˛ê˛y ̂ Ùyê˛yÙ%!ê˛ ôyÓ̊ly ̂ Ü˛w#Î̊ ≤ÃÓîï˛y ̨õ!Ó̊Ùy Į̈̂ õÓ̊ Ùyôƒ Ï̂Ù xyÙÓ̊y
˛õy•z– !Ü˛v ~Ó̊ ̂ Ì Ï̂Ü˛ xyÓ̊G !Ó¢ò ôyÓ̊ly °y Ï̂Ë˛Ó̊ çlƒ xyÙy Ï̂òÓ̊ ≤Ã Ï̂Î̊yçl
Ó˚y!¢ï˛Ìƒ§Ù)̂ Ï•Ó˚ Ùylà%̂ Ï°y ̂ Ü˛w#Î˚ ≤ÃÓîï˛yÓ˚ ̨õ!Ó˚Ùy Į̈̂ õÓ˚ ã˛ï%̨ !ò≈̂ ÏÜ˛ Ü˛#Ë˛y Ï̂Ó SÈ!í ¸̨̂ ÏÎ˚ xy Ï̂SÈ xÌÓy à%FSÈyÜ˛y Ï̂Ó˚
Ó˚̂ ÏÎ˚̂ ÏSÈ ï˛y §¡õ Ï̂Ü≈̨  xÓ!•ï˛ •GÎ˚y–

ôÓ˚y ÎyÜ˛ñ ò%•zçl Óƒyê˛§Ùƒy Ï̂lÓ˚ àï˛ ò¢!ê˛ Ùƒy Ï̂ã˛Ó˚ Ó˚yl§Çáƒy !l¡¨Ó)̨̊ õ ı
Óƒyê˛§Ùƒyl A : 30, 91, 0, 64, 42, 80, 30, 5, 117, 71

Óƒyê˛§Ùƒyl B : 53, 46, 48, 50, 53, 53, 58, 60, 57, 52

flõT˛ï˛•zñ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ÙôƒÜ˛ G ÙôƒÙy •°
Óƒyê˛§Ùƒyl A Óƒyê˛§Ùƒyl B

ÙôƒÜ˛ 53 53

ÙôƒÙy 53 53

fløÓ˚î Ü˛ Ï̂Ó˚yñ ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ §Ù!T˛ Ï̂Ü˛ ̨õÎ≈̂ ÏÓ«˛î §Çáƒy myÓ˚y Ë˛yà Ü˛ Ï̂Ó˚ xyÙÓ˚y ~Ü˛!ê˛ Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ ÙôƒÜ˛
å x myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ä !lî≈Î˚ Ü˛!Ó˚–

Ó̊y!¢!ÓK˛yl
(STATISTICS)
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xÌ≈yÍ  x
n

x
i

i

n

=
=
∑

1

1

xyÓyÓ˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°y Ï̂Ü˛ í z̨ô≈Ü ̨ Ï̂Ù xÌÓy xôıÜ ̨ Ï̂Ù §y!ç Ï̂Î˚ !l Ï̂¡¨ í ẑ̨ ÏÕ‘!áï˛ §)̂ ÏeÓ˚ §y•y Ï̂Îƒ ÙôƒÙy !lî≈Î˚
Ü˛Ó˚y •Î˚–

Î!ò ̨ õÎ≈̂ ÏÓ«˛îà%̂ Ï°y !Ó Ï̂çyí ¸̨ •Î˚ñ ï˛y• Ï̂° ÙôƒÙy •° 
n +





1

2
 ï˛Ù ̨õÎ≈̂ ÏÓ«˛î–

Î!ò ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°y ̂ çyí ¸̨ •Î˚ñ ï˛y• Ï̂° ÙôƒÙy •° 
n

2





 ï˛Ù ~ÓÇ 

n +





1

2
 ï˛Ù ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ ÙôƒÜ˛–

xyÙÓ˚y ̂ ò Ï̂á!SÈ ̂ Î Óƒyê˛§Ùƒyl A ~ÓÇ Óƒyê˛§Ùƒyl B  í z̨Ë˛ Ï̂Î˚Ó˚•z Ó˚y Ï̂lÓ˚ ÙôƒÜ˛ G ÙôƒÙy §Ùyl xÌ≈yÍ 53–
ï˛y• Ï̂° !Ü˛ xyÙÓ˚y ò%çl Óƒyê˛§Ùƒy Ï̂lÓ˚ Ü˛Ù≈ò«˛ï˛y ~Ü˛•z Ó˚Ü˛Ù Ó° Ï̂ï˛ ̨õy!Ó˚⁄

˛õ!Ó̊flÒyÓ̊Ë˛y Ï̂Ó•z lyñ Ü˛yÓ̊î Óƒyê˛§Ùƒyl A ~Ó̊ Ó̊y Ï̂lÓ̊ !Ó!Ë˛ß̈ï˛y 0 å§Ó≈!l¡̈ä ̂ Ì Ï̂Ü˛ 117 å§ Ï̂Ó≈yFã˛ä– xlƒ!ò Ï̂Ü˛ñ
Óƒyê˛§Ùƒyl B ~Ó˚ Ó˚y Ï̂lÓ˚ !Óhfl,Ï!ï˛ 46 ̂ Ì Ï̂Ü˛ 60 ̨õÎ≈hs˝–

~ál xyÙÓ˚y §Çáƒy Ï̂Ó˚áyÎ˚È í˛ê˛ ~Ó˚ Ùyôƒ Ï̂Ù í z̨̨ õ Ï̂Ó˚Ó˚ ˆflÒyÓ˚à%̂ Ï°y ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚ xyÙÓ˚y l# Ï̂ã˛Ó˚ !ã˛eà%̂ Ï°y
˛õy!FSÈ–
Óƒyê˛§Ùƒyl A ÈüÈ~Ó˚ çlƒ

!ã˛e 15.1

Óƒyê˛§Ùƒyl B Èü~Ó˚ çlƒ

!ã˛e 15.2

xyÙÓ˚y ̂ òá Ï̂ï˛ ̨õy!FSÈ í˛ê˛à%̂ Ï°y Óƒyê˛§Ùƒyl B ~Ó˚ §y Į̈̂ õ Ï̂«˛ á%Ó•z Ü˛ySÈyÜ˛y!SÈ Ó˚̂ ÏÎ˚̂ ÏSÈ ~ÓÇ ̂ Ü˛w#Î˚ ≤ÃÓîï˛yÓ˚
˛õ!Ó˚Ùy Į̈̂ õÓ˚ åÙôƒÜ˛ G ÙôƒÙyä ã˛yÓ˚̨ õy Ï̂¢ à%FSÈyÜ˛y Ï̂Ó˚ Ó˚̂ ÏÎ˚̂ ÏSÈñ xlƒ!ò Ï̂Ü˛ Óƒyê˛§Ùƒyl A ~Ó˚ §y Į̈̂ õ Ï̂«˛ ˆÓ¢#
ÙyeyÎ˚ SÈ!í ¸̨̂ ÏÎ˚ !SÈ!ê˛ Ï̂Î˚ Ó˚̂ ÏÎ˚̂ ÏSÈ–
ï˛y•z Ó°y ÎyÎ˚ñ ≤Ãò_ Ó˚y!¢ï˛Ìƒ §¡õ Ï̂Ü≈̨  §¡õ)î≈ GÎ˚y!Ü˛Ó•y° • Ï̂ï˛ ˆÜ˛w#Î˚ ≤ÃÓîï˛yÓ˚ ˛õ!Ó˚Ùy˛õÜ˛à%̂ Ï°y•z
Î Ï̂ÌT˛ lÎ˚–

Ó̊y!¢!ÓK˛y Ï̂l ̨õ!Ó̊Óï≈̨ l¢#°ï˛y •° ~Ùl ~Ü˛!ê˛ í z̨̨ õyòyl Îy §¡õ Ï̂Ü≈̨  çyly á%Ó ≤Ã̂ ÏÎ̊yçl– ~•z ̨õ!Ó̊Óï≈̨ l¢#°ï˛y
Óî≈ly Ü˛Ó˚yÓ˚ çlƒ ÚˆÜ˛w#Î˚ ≤ÃÓîï˛yÓ˚ ̨õ!Ó˚Ùy˛õÛ §ÇáƒyÓ˚ Ùï˛ ~Ü˛!ê˛ §Çáƒy xyÙÓ˚y ã˛y•z– ~•z §Çáƒy!ê˛ Ï̂Ü˛ Ó°y
•Î˚ !Óhfl,Ï!ï˛Ó˚ ˛õ!Ó˚Ùy˛õ– ~ xôƒy Ï̂Î˚ xyÙÓ˚y Ü˛ Ï̂Î˚Ü˛!ê˛ à%Ó%̊c˛õ)î≈ !Óhfl,Ï!ï˛Ó˚ ˛õ!Ó˚Ùy˛õ ~ÓÇ ˆ◊!îÓÂô G §Ó˚°
Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ ̂ «˛ Ï̂e ï˛y Ï̂òÓ˚ àîlyÓ˚ ̨õÂô!ï˛ §¡õ Ï̂Ü≈̨  !¢áÓ–
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15.2  !Óhfl,Ï!ï˛Ó˚ ˛õ!Ó˚Ùy˛õ (Measures of Dispersion)

ã˛ï%̨ !ò≈̂ ÏÜ˛ !Óhfl,Ïï˛ Ó̊y!¢ï˛ Ï̂ÌƒÓ̊ !Óhfl,Ï!ï˛ !lË≈̨ Ó̊ Ü˛ Ï̂Ó̊ ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°y ~ÓÇ ̨õ)̂ ÏÓ≈ ÓƒÓ•,ï˛ ̂ Ü˛w#Î̊ ≤ÃÓîï˛yÓ̊ ̨õ!Ó̊Ùy Į̈̂ õÓ̊

ôÓ˚là%̂ Ï°yÓ˚ í z̨̨ õÓ˚– !Óhfl,Ï!ï˛Ó˚ ̨õ!Ó˚Ùy˛õ !lî≈̂ ÏÎ˚ ̨õÂô!ï˛à%̂ Ï°y !l Ï̂¡¨ í ẑ̨ ÏÕ‘á Ü˛Ó˚y •° ı

(i) ≤Ã§yÓ˚ (ii) ã˛ï%̨ Ì≈Ü˛ ̨õyÌ≈Ü˛ƒ (iii)  àí ¸̨ ̨õyÌ≈Ü˛ƒ (iv) §ÙÜ˛ ̨õyÌ≈Ü˛ƒ–

~ xôƒy Ï̂Î˚ xyÙÓ˚y ã˛ï%̨ Ì≈Ü˛ ̨õyÌ≈Ü˛ƒ SÈyí ¸̨y Óy!Ü˛ §Ó !Óhfl,Ï!ï˛Ó˚ ̨õ!Ó˚Ùy˛õ§Ù)• xy Ï̂°yã˛ly Ü˛Ó˚Ó–

15.3 ≤Ã§yÓ˚ (Range)

Ù Ï̂l Ü˛ Ï̂Ó˚ ˆò Ï̂áyñ ˛˛õ)̂ ÏÓ≈ xy Ï̂°y!ã˛ï˛ í z̨òy•Ó˚î!ê˛ Ï̂ï˛ ò%•zçl Óƒyê˛§Ùƒyl A G B ~Ó˚ Ó˚y Ï̂lÓ˚ ≤Ã!ï˛!ê˛ ˆ◊!î Ï̂ï˛
§Ó≈!l¡¨ G § Ï̂Ó≈yFã˛ Ó˚y Ï̂lÓ˚ Ùyôƒ Ï̂Ù xyÙÓ˚y ˆflÒy°à%̂ Ï°yÓ˚ ˛õ!Ó˚Óï≈̨ l¢#°ï˛y §¡õ Ï̂Ü≈̨  !Ü˛S%Èê˛y ôyÓ˚îy ˆ˛õ Ï̂Î˚!SÈ–
~ Ï̂«˛ Ï̂e ~Ü˛!ê˛ Ùyl ̨õyGÎ˚yÓ˚ çlƒ ≤Ã!ï˛!ê˛ ̂ ◊!îÓ˚ § Ï̂Ó≈yFã˛ G §Ó≈!l¡¨ Ùy Ï̂lÓ˚ xhs˝Ó˚Ê˛° ̂ ÓÓ˚ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚– ~•z
xhs˝Ó˚Ê˛° Ï̂Ü˛•z Ó˚y!¢ï˛Ìƒ§Ù)̂ Ï•Ó˚ Ú≤Ã§yÓ˚Û Ó°y •Î˚–

Óƒyê˛§Ùƒyl A ~Ó˚ ̂ «˛ Ï̂eñ ≤Ã§yÓ˚ È= 117 – 0 = 117 ~ÓÇ  Óƒyê˛§Ùƒyl B ~Ó˚ ̂ «˛ Ï̂eñ ≤Ã§yÓ˚ = 60 – 46

= 14 – flõT˛ï˛•zñ A ~Ó˚ ≤Ã§yÓ˚ >B ~Ó˚ ≤Ã§yÓ˚– ï˛y•z A ~Ó˚ ̂ «˛ Ï̂e ̂ flÒyÓ˚à%̂ Ï°y ã˛yÓ˚!ò Ï̂Ü˛ SÈí ¸̨y Ï̂ly !SÈê˛y Ï̂ly !SÈ°
ˆÎáy Ï̂l B ~Ó˚ ˆ«˛ Ï̂e ~à%̂ Ï°y !SÈ° ˛õÓ˚flõ Ï̂Ó˚Ó˚ Ü˛ySÈyÜ˛y!SÈ– xï˛~Óñ ˆÜ˛y Ï̂ly ˆ◊!îÓ˚ ≤Ã§yÓ˚ ÈÈ= Ó,•_Ù Ùyl –
«%̨oï˛Ù Ùyl– ≤Ã§yÓ̊ ~Ó̊ §y•y Ï̂Îƒ Ó̊y!¢ï˛Ìƒà%̂ Ï°yÓ̊ ̨õ!Ó̊Óï≈̨ l¢#°ï˛y Óy ã˛ï%≈̨ !ò Ï̂Ü˛ SÈ!í˛̧ Ï̂Î̊ ÌyÜ˛yÓ̊ ~Ü˛ê˛y xyl%Ùy!lÜ˛
ôyÓ˚ly ̨õyGÎ˚y ̂ à Ï̂°G ̂ Ü˛w#Î˚ ≤ÃÓîï˛y ̨õ!Ó˚Ùy˛õ ̂ Ì Ï̂Ü˛ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ !Óhfl,Ï!ï˛ §¡õ Ï̂Ü≈̨  !Ü˛S%È çyly ÎyÎ˚ ly–

~Ó̊çlƒ ̨õ!Ó̊Óï≈̨ l¢#°ï˛yÓ̊ x˛õÓ̊ ̨õ!Ó̊Ùy˛õà%̂ Ï°y xyÙy Ï̂òÓ̊ ≤Ã Ï̂Î̊yçl– flõT˛ï˛•z ~ §Ü˛° ̨õ!Ó̊Ùy˛õÜ˛à%̂ Ï°y
ˆÜ˛w#Î˚ ≤ÃÓîï˛y ̂ Ì Ï̂Ü˛ Ùylà%̂ Ï°yÓ˚ xhs˝Ó˚Ê˛° åÓy ̨õyÌ≈Ü˛ƒä ~Ó˚ í z̨̨ õÓ˚ !lË≈̨ Ó˚¢#°–

~Ó˚Ü˛Ù à%Ó%̊c˛õ)î≈ !Óhfl,Ï!ï˛Ó˚ ̨õ!Ó˚Ùy˛õ§Ù)•ñ ̂ Îà%̂ Ï°y ̂ Ü˛w#Î˚ ≤ÃÓîï˛y ̂ Ì Ï̂Ü˛ ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ ̨õyÌ≈̂ ÏÜ˛ƒÓ˚
í z̨̨ õÓ˚ !lË≈̨ Ó˚ Ü˛ Ï̂Ó˚ ̂ §à%̂ Ï°y •° àí ¸̨ ̨õyÌ≈Ü˛ƒ G §ÙÜ˛ ̨õyÌ≈Ü˛ƒ– ~ÓyÓ˚ ~à%̂ Ï°y §¡∫̂ Ïrô xyÙÓ˚y !Óhfl,Ïï˛ xy Ï̂°yã˛ly
Ü˛Ó˚Ó–

15.4  àí ¸̨ ˛õyÌ≈Ü˛ƒ (Mean Deviation)

Ù Ï̂l Ü˛ Ï̂Ó˚ ˆò Ï̂áyñ ˆÜ˛y Ï̂ly ~Ü˛!ê˛ !l!j≈T˛ Ùyl ‘a’  ̂ Ì Ï̂Ü˛ ~Ü˛!ê˛ ˛õÎ≈̂ ÏÓ«˛î x ~Ó˚ ˛õyÌ≈Ü˛ƒ •° x – a– ˆÜ˛y Ï̂ly

ˆÜ˛w#Î˚ Ùyl ‘a’ ̂ Ì Ï̂Ü˛ x ~Ó˚ !Óhfl,Ï!ï˛ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂° xyÙy Ï̂òÓ˚ ‘a’ ~Ó˚ §y Į̈̂ õ Ï̂«˛ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó–

~§Ü˛° ̨õyÌ≈̂ ÏÜ˛ƒÓ˚ àí ¸̨ •° !Óhfl,Ï!ï˛Ó˚ ̨ õÓ˚Ù ̨õ!Ó˚Ùy˛õ– àí ¸̨ ̂ ÓÓ˚ Ü˛Ó˚̂ Ïï˛ • Ï̂° xyÙy Ï̂òÓ˚ xÓ¢ƒ•z ̨ õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚

§Ù!T˛ çyl Ï̂ï˛ • Ï̂Ó– !Ü˛v xyÙÓ˚y çy!l ̂ Î ̂ Ü˛y Ï̂ly ̂ Ü˛w#Î˚ ≤ÃÓîï˛yÓ˚ ̨ õ!Ó˚Ùy˛õ ̨õÎ≈̂ ÏÓ«˛î§Ù)̂ Ï•Ó˚ Ó,•_Ù Ùyl

G «%̨ oï˛Ù Ùy Ï̂lÓ˚ Ùy Ï̂V˛ xÓfiÌyl Ü˛ Ï̂Ó˚– §%ï˛Ó˚yÇñ !Ü˛S%È !Ü˛S%È ˛õyÌ≈Ü˛ƒ • Ï̂Ó }îydÜ˛ xyÓyÓ˚ !Ü˛S%È !Ü˛S%È • Ï̂Ó

ôlydÜ˛– ~Ë˛y Ï̂Ó ̨õyÌ≈Ü˛ƒ§Ù)̂ Ï•Ó˚ §Ù!T˛ • Ï̂Ó ¢)lƒ– ï˛y• Ï̂° àí ¸̨ ( x ) ̂ Ì Ï̂Ü˛ ̨õyÌ≈Ü˛ƒ§Ù)̂ Ï•Ó˚ §Ù!T˛ ¢)lƒ • Ï̂Ó–

§%ï˛Ó˚yÇñ àí ¸̨ ˛õyÌ≈Ü˛ƒ  =                                 = =
0

n
0

ï˛y•z !Óhfl,Ï!ï˛Ó˚ ̨õ!Ó˚Ùy Į̈̂ õÓ˚ ̂ «˛ Ï̂e à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ xyÙy Ï̂òÓ˚ ̂ Ü˛y Ï̂ly Ü˛y Ï̂ç xy Ï̂§ ly–

˛˛õyÌ≈Ü˛ƒà%ˆÏ°yÓ˚ §Ù!T˛
˛õÎ≈ˆÏÓ«˛î §Çáƒy
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Ù Ï̂l Ó˚yáy òÓ˚Ü˛yÓ˚ñ ~Ü˛!ê˛ !Óhfl,Ï!ï˛Ó˚ í z̨̨ õÎ%=˛ ˛õ!Ó˚Ùy Į̈̂ õÓ˚ ˆ«˛ Ï̂e xyÙy Ï̂òÓ˚ ~Ü˛!ê˛ ˆÜ˛w#Î˚ ≤ÃÓîï˛yÓ˚ Ùyl Óy
ˆÜ˛y Ï̂ly !l!ò≈T˛ §Çáƒy ‘a’ ˆÌ Ï̂Ü˛ ≤Ã!ï˛!ê˛ Ùy Ï̂lÓ˚ ò)Ó˚c !lî≈Î˚ Ü˛Ó˚y òÓ˚Ü˛yÓ˚– ˆÜ˛y Ï̂ly ò%!ê˛ §ÇáƒyÓ˚ xhs˝Ó˚Ê˛ Ï̂°Ó˚
˛õÓ˚Ù Ùyl §Çáƒy Ï̂Ó˚áyÎ˚ ≤ÃÜ˛y!¢ï˛ §Çáƒyà%̂ Ï°yÓ˚ Ù Ï̂ôƒ ò)Ó˚c ̂ ÓyV˛yÎ˚– §%ï˛Ó˚yÇ ̂ Ü˛y Ï̂ly !l!j≈T˛ §Çáƒy ‘a’  ̂ Ì Ï̂Ü˛
!Óhfl,Ï!ï˛Ó˚ ˛õ!Ó˚Ùy Į̈̂ õÓ˚ §ÙÎ˚ xyÙÓ˚y ˆÜ˛y Ï̂ly ˆÜ˛w#Î˚ Ùyl ˆÌ Ï̂Ü˛ ˛õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ ˛õÓ˚Ù Ùy Ï̂lÓ˚ àí ¸̨ ˆÓÓ˚ Ü˛Ó˚̂ Ïï˛
˛õy!Ó˚– ~•z àí ¸̨̂ ÏÜ˛•z Ó°y •Î˚ Úàí ¸̨ ̨õyÌ≈Ü˛ƒÛ– ï˛y•z Ó°y ÎyÎ˚ñ ̂ Ü˛y Ï̂ly ̂ Ü˛w#Î˚ Ùyl ‘a’  ~Ó˚ §y Į̈̂ õ Ï̂«˛ ̨àí ¸̨ ̨õyÌ≈Ü˛ƒ
•° ‘a’ ̂ Ì Ï̂Ü˛ ̨õÎ≈̂ ÏÓ«˛î§Ù)̂ Ï•Ó˚ ̨õyÌ≈̂ ÏÜ˛ƒÓ˚ ̨õÓ˚Ù Ùy Ï̂lÓ˚ àí ¸̨– ‘a’ ̂ Ì Ï̂Ü˛ !l Ï̂î≈Î˚ àí ¸̨ ̨õyÌ≈Ü˛ƒÈüÈˆÜ˛  M.D.(a)

myÓ˚y ˛≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

                               xÌ≈yÍñ M.D.(a) =

 Ùhs˝Óƒ   ̂ Î Ï̂Ü˛y Ï̂ly ̂ Ü˛w#Î˚ ≤ÃÓîï˛y ̨õ!Ó˚Ùy Į̈̂ õÓ˚ ̂ Ì Ï̂Ü˛G àí ¸̨ ̨õyÌ≈Ü˛ƒ ̨õyGÎ˚y ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚– Î!òG Ó˚y!¢!ÓK˛y Ï̂l
àí ¸̨ G ÙôƒÙy ˆÌ Ï̂Ü˛•z §yôyÓ˚îï˛ àí ¸̨ ˛õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛Ó˚y • Ï̂Î˚ Ìy Ï̂Ü˛–
~ál xyÙÓ˚y !Ó!Ë˛ß¨ ôÓ˚̂ ÏîÓ˚ Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ çlƒ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ ~ÓÇ ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ
!lî≈Î˚ Ü˛Ó˚y !¢áÓ–
15.4.1  §Ó˚° Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ àí ¸̨ ˛õyÌ≈Ü˛ƒ (Mean deviation for ungrouped data)

ôÓ˚y ÎyÜ˛ n §ÇáƒÜ˛ ˛õÎ≈̂ ÏÓ«˛î •° x
1
, x

2
, x

3
, ...., x

n
–

àí ¸̨ xÌÓy ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈̂ ÏÎ˚Ó˚ ≤Ã Ï̂Î˚yçl#Î˚ ôy˛õà%̂ Ï°y •° ı
ôy˛õ 1 Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ˆÜ˛w#Î˚ ≤ÃÓîï˛y ˛õ!Ó˚Ùy˛õ !lî≈Î˚ Ü˛ Ï̂Ó˚yñ ÎyÓ˚ §y Į̈̂ õ Ï̂«˛ xyÙy Ï̂òÓ˚ àí ¸̨ ˛õyÌ≈Ü˛ƒ !lî≈Î˚
Ü˛Ó˚̂ Ïï˛ • Ï̂Ó–
ôÓ˚y ÎyÜ˛ •z•y ‘a’–
ôy˛õ 2 a ˆÌ Ï̂Ü˛ ≤Ã!ï˛!ê˛ x

i 
~Ó˚ ˛õyÌ≈Ü˛ƒ ˆÓÓ˚ Ü˛ Ï̂Ó˚yñ

ˆÎÙlÈüÈ x
1 
– a, x

2 
– a, x

3 
– a,. . . , x

n
– a

ôy˛õ 3 ˛õyÌ≈Ü˛ƒà%%̂ Ï°yÓ˚ ˛õÓ˚Ù Ùyl ˆÓÓ˚ Ü˛ Ï̂Ó˚y xÌ≈yÍ }îydÜ˛ (
 
–) !ã˛•´ ÌyÜ˛ Ï̂° ï˛y Óyò òyGñ Î!ò ~Ó˚Ü˛Ù

Ìy Ï̂Ü˛ñ ˆÎÙlÈüÈ x a x a x a x a
n1 2 3

− − − −, , ,....,

ôy˛õ 4 ˛˛õyÌ≈Ü˛ƒ §Ù)̂ Ï•Ó˚ ˛õÓ˚Ù Ùylà%̂ Ï°yÓ˚ àí ¸̨ !lî≈Î˚ Ü˛ Ï̂Ó˚y– ~•z àí ¸̨•z •° a ~Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ˛õyÌ≈Ü˛ƒñ

xÌ≈yÍñ M.D.(a))

x a

n

i

i

n

=

−
=
∑

1

~Ë˛y Ï̂Ó M.D. ( x ) = 
1

1
n

x x
i

i

n

−
=
∑ ñ ˆÎáy Ï̂l x È= àí ¸̨

~ÓÇ M.D. (M) = 
1

1
n

x
i

i

n

−
=
∑ M ñ ˆÎáy Ï̂l M È= ÙôƒÙy

‘a’ ˛˛ˆÌˆÏÜ˛ ˛õyÌ≈Ü˛ƒ§Ù)ˆÏ•Ó˚ ˛õÓ˚Ù ÙyˆÏlÓ˚ §Ù!T˛
˛õÎ≈ˆÏÓ«˛îà%ˆÏ°yÓ˚ §Çáƒy
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AoT˛Óƒ  ~ xôƒy Ï̂Î˚ ̂ Ü˛y Ï̂ly !Ü˛S%È Ó°y ly ÌyÜ˛ Ï̂° ÙôƒÙyÓ˚ çlƒ xyÙÓ˚y M !ã˛•´!ê˛ ÓƒÓ•yÓ˚ Ü˛Ó˚Ó– l# Ï̂ã˛Ó˚
í z̨òy•Ó˚îà%̂ Ï°y Ï̂ï˛ í z̨̨ õ Ï̂Ó˚ Ó!î≈ï˛ ôy˛õà%̂ Ï°y ~ Ï̂Ü˛ ~ Ï̂Ü˛ Óî≈ly Ü˛Ó˚y •°–

í z̨òy•Ó˚î 1  l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨̨  ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y ı
6, 7, 10, 12, 13, 4, 8, 12

§Ùyôyl  xyÙÓ˚y ôy Į̈̂ õ ôy Į̈̂ õ ~!à Ï̂Î˚ l# Ï̂ã˛Ó˚ Ùï˛ Ü˛ Ï̂Ó˚ ˛õy•z

ôy˛õ 1  ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ àí ¸̨

x =
+ + + + + + +

= =
6 7 10 12 13 4 8 12

8

72

8
9

ôy˛õ 2  àí ¸̨ x ˆÌ Ï̂Ü˛ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ˛õyÌ≈Ü˛ƒà%̂ Ï°y xÌ≈yÍ  x
i
– x •°

          6 – 9, 7 – 9, 10 – 9, 12 – 9, 13 – 9, 4 – 9, 8 – 9, 12 – 9,

xÌÓyñ    –3, –2, 1, 3, 4, –5, –1, 3

ôy˛õ 3 ˛õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ ˛õÓ˚Ù Ùylà%̂ Ï°y xÌ≈yÍ x x
i
−  •°

3, 2, 1, 3, 4, 5, 1, 3

ôy˛õ 4 ˛à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ !l Ï̂î≈Î˚ àí ¸̨ ̨ õyÌ≈Ü˛ƒ •°

                  M.D. x( ) = 

x x
i

i

−
=
∑

1

8

8

= 
3 2 1 3 4 5 1 3

8

22

8
2 75

+ + + + + + +
= = .

AoT˛Óƒ  ≤Ã Ï̂ï˛ƒÜ˛ ÓyÓ˚ ôy˛õà%̂ Ï°y Óî≈ly Ü˛Ó˚yÓ˚ ˛õ!Ó˚Ó Ï̂ï≈̨  xyÙÓ˚y ôy˛õà%̂ Ï°y í ẑ̨ ÏÕ‘á ly Ü˛ Ï̂Ó˚ ôy Į̈̂ õ ôy Į̈̂ õ
Ùyl !lî≈Î˚ Ü˛Ó˚Ó–

í z̨òy•Ó˚î 2 l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
12, 3, 18, 17, 4, 9, 17, 19, 20, 15, 8, 17, 2, 3, 16, 11, 3, 1, 0, 5

§Ùyôyl  xyÙÓ˚y ≤ÃÌ Ï̂Ù ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ àí ¸̨ ( )x !lî≈Î˚ Ü˛Ó˚̂ ÏÓy–

x x
i

i

= = =
=
∑

1

20

200

20
10

1

20

àí ¸̨ ˆÌ Ï̂Ü˛ ≤Ã!ï˛!ê˛ ˛õyÌ≈̂ ÏÜ˛ƒÓ˚ ˛õÓ˚Ù Ùylà%̂ Ï°y xÌ≈yÍ x x
i
−  •°

2, 7, 8, 7, 6, 1, 7, 9, 10, 5, 2, 7, 8, 7, 6, 1, 7, 9, 10, 5
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§%ï˛Ó˚yÇñ x x
i

i

− =
=
∑

1

20

124

~ÓÇ M.D. ( ) .x = =
124

20
6 2

í z̨òy•Ó˚î 3 l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y ı

3, 9, 5, 3, 12, 10, 18, 4, 7, 19, 21–

§Ùyôyl  ~áy Ï̂l Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ §Çáƒy 11 Îy ~Ü˛!ê˛ !Ó Ï̂çyí ¸̨ §Çáƒy– Ó˚y!¢ï˛Ìƒà%̂ Ï°y Ï̂Ü˛ í z̨ô≈/Ü ̨ Ï̂Ù §y!ç Ï̂Î˚

˛õy•zñ

3, 3, 4, 5, 7, 9, 10, 12, 18, 19, 21

~ál ÙôƒÙy = 
11 1

2

+



 ï˛Ù xÌ≈yÍ £Ï¤˛ ˛õò = 9

ÙôƒÙy ˆÌ Ï̂Ü˛ ≤ÃyÆ ˛õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ ˛õÓ˚Ù Ùylà%̂ Ï°y xÌ≈yÍ x
i

− M  •°
6, 6, 5, 4, 2, 0, 1, 3, 9, 10, 12

§%ï˛Ó̊yÇ x
i

i

− =
=
∑ M

1

11

58

~ÓÇ M.D. M M( ) = − = × =
=
∑

1

11

1

11
58 5 27

1

11

x
i

i

.

15.4.2 ˆ◊!îÓÂô Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ àí ¸̨ ˛õyÌ≈Ü˛ƒ (Mean deviation  for grouped data)

xyÙÓ˚y çy!l Ó˚y!¢ï˛Ìƒà%̂ Ï°y ò%!ê˛ í z̨̨ õy Ï̂Î˚ ̂ ◊!îÓÂô Ü˛Ó˚y ÎyÎ˚ı

(a)  !Ó!FSÈß¨ ̨õ!Ó˚§Çáƒy !ÓË˛yçlñ

(b) §hs˝ï˛ ̨õ!Ó˚§Çáƒy !ÓË˛yçl–

~•z í z̨Ë˛Î˚ ≤ÃÜ˛y Ï̂Ó˚Ó˚ Ó˚y!¢ï˛Ìƒ§Ù)̂ Ï•Ó˚ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈̂ ÏÎ˚Ó˚ ̨õÂô!ï˛ §¡õ Ï̂Ü ≈̨ xyÙÓ˚y xy Ï̂°yã˛ly Ü˛Ó˚Ó–

(a)  !Ó!FSÈß¨ ˛õ!Ó˚§Çáƒy !ÓË˛yçl (Discrete frequency distribbution) ôÓ˚y ÎyÜ˛ñ n §ÇáƒÜ˛
!l!ò≈T˛ Ùyl§Ù)• x

1
, x

2
, ..., x

n 
~Ó˚ ˛õ!Ó˚§Çáƒyà%̂ Ï°y ÎÌyÜ ̨ Ï̂Ù f

1
, f

2 
, ..., f

n
– ~•z Ó˚y!¢ï˛Ìƒà%̂ Ï°y Ï̂Ü˛ l# Ï̂ã˛

~Ü˛!ê˛ ̂ ê˛!Ó Ï̂°Ó˚ Ùyôƒ Ï̂Ù ̂ °áy •°ó ~!ê˛ Ï̂Ü˛•z !Ó!FSÈß¨ ̨ õ!Ó˚§Çáƒy !ÓË˛yçl Ó°y •Î˚–
x : x

1
  x

2
x

3
 ... x

n

f : f
1

  f
2

f
3
 ... f

n
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(i) à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ˛õyÌ≈Ü˛ƒ (Mean deviation about mean)ı
≤ÃÌ Ï̂Ù xyÙÓ˚y ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°y l# Ï̂ã˛Ó˚ àí ¸̨ x  §)̂ ÏeÓ˚ §y•y Ï̂Îƒ !lî≈Î˚ Ü˛Ó˚ÈÓ–

x

x f

f

x f

i i

i

n

i

i

n i i

i

n

= ==

=

=

∑

∑
∑1

1

1

1

N ñ

ˆÎáy Ï̂l x f
i i

i

n

=

∑
1

 •° x
i 
Ó˚y!¢§Ù)• ~ÓÇ ï˛y Ï̂òÓ˚ ÎÌyÎÌ ̨õ!Ó˚§Çáƒy§Ù)•  f

i
  ~Ó˚ à%îÊ˛° ~ÓÇ N =

=

∑ f
i

i

n

1

•° ̨õ!Ó˚§Çáƒyà%̂ Ï°yÓ˚ ̂ ÎyàÊ˛°–
ï˛yÓ˚̨ õÓ˚ xyÙÓ˚y àí ¸̨ x ˆÌ Ï̂Ü˛ ≤Ã!ï˛!ê˛ x

i 
~Ó˚ ̨õyÌ≈Ü˛ƒà%̂ Ï°y !lÓ)̨̊ õî Ü˛ Ï̂Ó˚ ≤Ã!ï˛!ê˛ i =1, 2,..., n ~Ó˚ çlƒ

˛õÓ˚Ù Ùylà%̂ Ï°y x x
i
− !lî≈Î˚ Ü˛Ó˚Ó–

ï˛yÓ˚̨ õÓ˚ ̨õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ ̨õÓ˚Ù Ùy Ï̂lÓ˚ àí ¸̨ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó ~ÓÇ ~!ê˛•z  • Ï̂Ó à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ !l Ï̂î≈Î˚ àí ¸̨
˛õyÌ≈Ü˛ƒ–

xï˛~Óñ M.D. ( )x

f x x

f

i i

i

n

i

i

n
=

−
=

=

∑

∑

1

1

È= 
1

1
N

f x x
i

i

n

i

=

∑ −

(ii)  ÙôƒÙyÈüÈ~Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ˛õyÌ≈Ü˛ƒ (Mean deviation about median) ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨
˛õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂° xyÙy Ï̂òÓ˚ ≤Ãò_ !Ó!FSÈß¨ ˛õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ ÙôƒÙy ˆÓÓ˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ~•z çlƒ
Ó˚y!¢ï˛Ìƒà%̂ Ï°y Ï̂Ü˛ Ùy Ï̂lÓ˚ í z̨ôÁ≈Ü ̨ Ï̂Ù §yçy Ï̂ï˛ • Ï̂Ó– ~Ó˚̨ õÓ˚ Ü ̨ Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy ̂ ÓÓ˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ï˛yÓ˚̨ õÓ˚

xyÙÓ˚y ̂ §•z Ó˚y!¢!ê˛ Ï̂Ü˛ ¢ly=˛ Ü˛Ó˚Ó ÎyÓ˚ Ü ̨ Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy  
N

2

~Ó˚ §Ùyl Óy §yÙylƒ Óí ¸̨ • Ï̂Óñ ̂ Îáy Ï̂l N

•° ̨õ!Ó˚§Çáƒyà%̂ Ï°yÓ˚ ̂ ÎyàÊ˛°– ~•z Ùyl!ê˛ ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ÙôƒË˛y Ï̂à xÓ!fiÌï  ï˛y•z ~!ê˛•z •° !l Ï̂î≈Î˚
ÙôƒÙy– ï˛yÓ˚̨ õÓ˚ ÙôƒÙy ̂ Ì Ï̂Ü˛ Ó˚y!¢à%̂ Ï°yÓ˚ ̨ õyÌ≈̂ ÏÜ˛ƒÓ˚ ̨ õÓ˚Ù Ùyl§Ù)̂ Ï•Ó˚ àí ¸̨ !lî≈Î˚ Ü˛Ó˚Ó–

§%ï˛Ó˚yÇ M.D.(M)
N

= −
=

∑
1

1

f x
i

i

n

i
M

í z̨òy•Ó˚î 4  l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y ı
x

i
2 5 6 8 10 12

f
i

2 8         10 7   8   5

§Ùyôyl ≤Ãò_ Ó̊y!¢ï˛Ìƒà%̂ Ï°yÓ̊ §y•y Ï̂Îƒ xyÙÓ̊y ~Ü˛!ê˛ §yÓ̊!î 15.1 ̃ ï˛!Ó̊ Ü˛!Ó̊ ~ÓÇ àîlyÓ̊ ̨õÓ̊ x˛õÓ̊ hflÏΩ˛à%̂ Ï°y
Î%=˛ Ü˛!Ó˚–
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§yÓ˚!î 15.1

x
i

f
i

f
i
x

i
x x

i
− f

i x x
i
−

2 2 4 5.5 11

5 8 40 2.5 20

6 10 60 1.5 15

8 7 56 0.5 3.5

10 8 80 2.5 20

12 5 60 4.5 22.5

40 300     92

N = =
=

∑ f
i

i 1

6

40,

 

f x
i i

i=

∑ =
1

6

300,

 

f x x
i

i

i

=

∑ − =
1

6

92

xï˛~Óñ x f x
i i

i

= = × =
=
∑

1 1

40
300 7 5

1

6

N
.

~ÓÇ M. D. ( ) .x f x x
i

i

i
= − = × =

=
∑

1 1

40
92 2 3

1

6

N

í z̨òy•Ó˚î 5 l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ çlƒ ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y ı

x
i

3 6 9 12 13 15 21 22

f
i

3 4 5 2 4 5 4 3

§Ùyôyl  ≤Ãò_ ˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°y Ùy Ï̂lÓ˚ í z̨ô≈Ü ̨ Ï̂Ù §yçy Ï̂ly Ó˚̂ ÏÎ˚̂ ÏSÈ– ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ Ü ̨ Ù Ï̂ÎÔ!àÜ˛
˛õ!Ó˚§ÇáƒyÓ˚ çlƒ ~Ü˛!ê˛ §y!Ó˚ §Ç Ï̂Îyçl Ü˛ Ï̂Ó˚ å§yÓ˚!î 15.2) xyÙÓ˚y ̨õy•zñ

§yÓ˚!î 15.2

x
i

3 6 9 12 13 15 21 22

f
i

3 4 5 2 4 5 4 3

c.f. 3 7 12 14 18 23 27 30

~ Ï̂«˛ Ï̂eñ N = 30 Îy ~Ü˛!ê˛ ˆçyí ¸̨ §Çáƒy–
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ÙôƒÙy •° 15 ï˛Ù G 16 ï˛Ù ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ àí ¸̨– í z̨Ë˛Î˚ ̨õÎ≈̂ ÏÓ«˛î•z Ü ̨ Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy 18 ̂ ï˛ Ó˚̂ ÏÎ˚̂ ÏSÈñ ÎyÓ˚
xl%Ó)̨̊ õ ̨õÎ≈̂ ÏÓ«˛î!ê˛ •° 13–

xï˛~Óñ ÙôƒÙy M = ˛   =
13 13

2
13

+
=

~álñ ÙôƒÙy ˆÌ Ï̂Ü˛ ˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ ˛õyÌ≈Ü˛ƒ§Ù)̂ Ï•Ó˚ ˛õÓ˚Ù Ùyl xÌ≈yÍ x
i

− M §yÓ˚!î 15.3ÈüÈˆï˛ ˆòáy Ï̂ly

•°–
§yÓ˚!î 15.3

x
i

− M 10 7 4 1 0 2 8 9

f
i

3 4 5 2 4 5 4 3

f
i

x
i

− M 30 28 20 2 0 10 32 27

~ Ï̂«˛ Ï̂eñ f
i

i=

∑ =
1

8

30 ~ÓÇ f x
i

i

i

=

∑ − =
1

149

8

M

xï˛~Óñ M. D. (M)
N

= −
=
∑

1

1

8

f x
i i

i

M

    = 
1

30
149 4 97× = . –    È

(b) §hs˝ï˛ ̨õ!Ó˚§Çáƒyl !ÓË˛yçl (Continuous frequency distribution)  ~Ü˛!ê˛ §hs˝ï˛ ̨õ!Ó˚§Çáƒy
!ÓË˛yçl •° ~Ùl ~Ü˛!ê˛ ̂ ◊!î ̂ Îáy Ï̂l Ó˚y!¢ï˛Ìƒ ÊÑ̨ yÜ˛ !Ó•#l (without gaps) !Ó!Ë˛ß¨ ̂ ◊!î xhs˝̂ ÏÓ˚ !lç
!lç ̨õ!Ó˚§Çáƒy §• !ÓlƒhflÏ–

í z̨òy•Ó˚îfl∫Ó)̨̊ õ 100  çl !¢«˛yÌ≈#Ó˚ ≤ÃyÆ l¡∫̂ ÏÓ˚Ó˚ §hs˝ï˛ ̨õ!Ó˚§Çáƒy !ÓË˛yçl !l Ï̂¡¨ ̂ òáy Ï̂ly •° ı

≤ÃyÆ l¡∫Ó˚ 0-10 10-20 20-30 30-40  40-50 50-60

SÈye §Çáƒy    12   18   27   20     17    6

(i)  à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ (Mean deviation about mean)   §hs˝ï˛ ̨õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚

àí ¸̨ !lî≈̂ ÏÎ˚Ó˚ §ÙÎ˚ xyÙy Ï̂òÓ˚ ô Ï̂Ó˚ !l Ï̂ï˛ • Ï̂Ó ˆÎ ≤Ã!ï˛!ê˛ ˆ◊!îÓ˚ ˛õ!Ó˚§Çáƒy ï˛yÓ˚ Ùôƒ!Ó®%̂ Ïï˛ ˆÜ˛w#Ë)̨ ï˛
Ó˚̂ ÏÎ˚̂ ÏSÈ– ~áy Ï̂l xyÙÓ˚y ≤Ã!ï˛!ê˛ ≤Ãò_ ̂ ◊!îÓ˚ Ùôƒ!Ó®% ̂ ÓÓ˚ Ü˛ Ï̂Ó˚ !Ó!FSÈß¨ ̨õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ ̂ «˛ Ï̂e àí ¸̨

˛õyÌ≈Ü˛ƒ !lî≈̂ ÏÎ˚Ó˚ xl%Ó)̨̊ õË˛y Ï̂Ó x@˝Ã§Ó˚ •Ó–

xyÙÓ˚y l# Ï̂ã˛Ó˚ í z̨òy•Ó˚î!ê˛ °«˛ Ü˛!Ó˚–
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í z̨òy•Ó˚î 6  l# Ï̂ã˛Ó˚ ≤Ãò_ Ó˚y!¢ï˛Ìƒ ̂ Ì Ï̂Ü˛ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

≤ÃyÆ l¡∫Ó˚ 10-20 20-30 30-40 40-50 50-60 60-70 70-80

!¢«˛yÌ≈#Ó̊ §Çáƒy     2     3    8    14     8     3     2

§Ùyôyl ≤Ãò_ Ó˚y!¢ï˛Ìƒ ̂ Ì Ï̂Ü˛ xyÙÓ˚y l# Ï̂ã˛Ó˚ 15.4 §yÓ˚!î!ê˛ ̃ ï˛!Ó˚ Ü˛!Ó˚–

§yÓ˚!î 15.4

≤ÃyÆ !¢«˛yÌ≈#Ó̊ Ùôƒ!Ó®% f
i
x

i
x x

i
−  f

i
x x

i
−

l¡∫Ó̊ §Çáƒy
        f

i
      x

i

10-20 2 15 30 30 60

20-30 3 25 75 20 60

30-40 8 35 280 10 80

40-50 14 45 630 0 0

50-60 8 55 440 10 80

60-70 3 65 195 20 60

70-80 2 75 150 30 60

40 1800 400

~ Ï̂«˛ Ï̂e N = = = − =
= = =
∑ ∑ ∑f f x f x x

i

i

i

i

i i i

i1

7

1

7

1

7

40 1800 400, ,

xï˛~Óñ x f x
i

i

i
= = =

=
∑

1 1800

40
45

1

7

N

~ÓÇ M.D
N

. x f x x
i

i

i( ) = − = × =
=
∑

1 1

40
400 10

1

7

à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈̂ ÏÎ˚Ó˚ §Ç!«˛Æ ̨õÂô!ï˛ åShortcut method for calculating mean

deviation about meanä x !lî≈̂ ÏÎ˚Ó˚ çlƒ l# Ï̂ã˛ Ó!î≈ï˛ ôy˛õà%̂ Ï°y ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ xyÙÓ˚y Üœ̨ y!hs˝Ü˛Ó˚ àîly
Ü˛yÎ≈ ̨õ!Ó˚•yÓ˚ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚– ~ Ï̂«˛ Ï̂e Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ÙôƒÓï≈̨ # xÌÓy ~Ó˚ á%Ó Ü˛ySÈyÜ˛y!SÈ ~Ü˛!ê˛ Ùyl Ï̂Ü˛ xyÙÓ˚y
Ü˛!“ï˛ àí ¸̨ ô Ï̂Ó˚ ̂ lÓ– ï˛yÓ˚̨ õÓ˚ ̨õÎ≈̂ ÏÓ«˛î§Ù)̂ Ï•Ó˚ ̨õyÌ≈Ü˛ƒà%̂ Ï°y åxÌÓy ̂ ◊!îà%̂ Ï°yÓ˚ Ùôƒ!Ó®%ä Ü˛!“ï˛ àí ¸̨
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ˆÌ Ï̂Ü˛ àîly Ü˛Ó˚̂ ÏÓy– •z•y §Çáƒy Ï̂Ó˚áyÎ˚ Ù)°!Ó®% ¢)lƒ ̂ Ì Ï̂Ü˛ Ü˛!“ï˛ à Ï̂í ¸̨ fiÌylyhs˝!Ó˚ï˛ Ü˛Ó˚y SÈyí ¸̨y xyÓ˚ !Ü˛S%È•z lÎ˚
Îy !ã˛e 15.3  ~ ˆòáy Ï̂ly •°–

!ã˛e ı 15.3

Î!ò ≤Ã!ï˛!ê˛ ˛õyÌ≈̂ ÏÜ˛ƒ ~Ü˛!ê˛ §yôyÓ˚î í z̨Í˛õyòÜ˛ Ìy Ï̂Ü˛ ï˛y• Ï̂° ˛õyÌ≈Ü˛ƒà%̂ Ï°y Ï̂Ü˛ §Ó˚° Ü˛Ó˚yÓ˚ çlƒ ~•z §yôyÓ˚î
í z̨Í˛õyòÜ˛ !ò Ï̂Î˚ ~ Ï̂òÓ˚ Ë˛yà Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ~à%̂ Ï°y Ï̂Ü˛ ôy˛õ ˛õyÌ≈Ü˛ƒ Ó°y •Î˚– ~•z ˛õÂô!ï˛ Ï̂ï˛ §Çáƒy ˆÓ˚áyÎ˚
ˆÎË˛y Ï̂Ó ̂ flÒ Ï̂°Ó˚ ̨ õ!Ó˚Óï≈̨ l •° ï˛y !ã˛e 15.4 ~ ̂ òáy Ï̂ly •°–

!ã˛e ı 15.4

~•z ̨õyÌ≈Ü˛ƒ G ôy˛õ ̨õyÌ≈Ü˛ƒà%̂ Ï°yñ ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ̊ xyÜ˛yÓ̊ Ï̂Ü˛ ̂ SÈyê˛ Ü˛ Ï̂Ó̊ ÎyÓ̊ Ê˛ Ï̂° à%îÊ˛° Óy xlƒylƒ àîlyÜ˛yÎ≈
§•çï˛Ó˚ •Î˚–

~•z lï%̨ l ã˛° Ï̂Ü˛ d
x a

h
i

i=
−

 myÓ˚y !l Ï̂ò≈¢ Ü˛Ó˚y •Î˚ñ ˆÎáy Ï̂l ‘a’ •° Ü˛!“ï˛ àí ¸̨ ~ÓÇ h •° §yôyÓ˚î

í z̨Í˛õyòÜ˛– ôy˛õÈüüÈ ˛õyÌ≈Ü˛ƒ ˛õÂô!ï˛ Ï̂ï˛ àí ¸̨ x  •°

x a

f
i

d
i

i
h

n

= + =
∑

×

  

N

1

~•z ôy˛õ ̨õyÌ≈Ü˛ƒ ̨ õÂô!ï˛ Ï̂ï˛ í z̨òy•Ó˚î 6 ~Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°y ̂ Ì Ï̂Ü˛ xyÙÓ˚y àí ¸̨ ̨ õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛Ó˚Ó–
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Ü˛!“ï˛ àí ¸̨ a = 45 ~ÓÇ h = 10 ô Ï̂Ó˚ xyÙÓ˚y l# Ï̂ã˛Ó˚ §yÓ˚!î 15.5 ˜ï˛!Ó˚ Ü˛!Ó˚–

§yÓ˚!î 15.5

   Ùôƒ!Ó®% d
x

i

i=
− 45

10
f d
i i

x x
i
−     f

i
x x

i
−

    f
i

           x
i

10-20 2 15 – 3 – 6 30 60

20-30 3 25 – 2 – 6 20 60

30-40 8 35 – 1 – 8 10 80

40-50 14 45 0 0 0 0

50-60 8 55 1 8 10 80

60-70 3 65 2 6 20 60

70-80 2 75 3 6 30 60

40 0 400

§%ï˛Ó˚yÇñ   

  

N

x a

f
i

d
i

i
h= + =

∑

×1

7

 ÈÈ=  45
0

40
10 45+ × =

~ÓÇ M D
N

. . ( )x f x x
i

i

i
= − = =

=
∑

1 400

40
10

1

7

AoT˛Óƒ   ôy˛õ ˛õyÌ≈Ü˛ƒ ˛õÂô!ï˛!ê˛ ( )x !lî≈̂ ÏÎ˚Ó˚ ˆ«˛ Ï̂e ÓƒÓ•,ï˛ •Î˚– Óy!Ü˛ ˛õÂô!ï˛ ~Ü˛•zÓ˚Ü˛Ù–

(ii) ÙôƒÙyÓ̊ §y Į̈̂ õ Ï̂«˛ àí˛̧ ̨õyÌ≈Ü˛ƒ (Mean deviation about median)  §hs˝ï˛ ̨õ!Ó̊§Çáƒy !ÓË˛yçlÈüÈ~
ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ˛õyÌ≈Ü˛ƒ !lî≈̂ ÏÎ˚Ó˚ ˛õÂô!ï˛Ó˚ xl%Ó)̨̊ õ– ¢%ô% ~Ü˛ê˛y•z ˛õyÌ≈Ü˛ƒñ ~áy Ï̂l ˛õyÌ≈Ü˛ƒ !lî≈̂ ÏÎ˚Ó˚
ˆ«˛ Ï̂e à Ï̂í ¸̨Ó˚ ̨õ!Ó˚Ó Ï̂ï≈̨  ÙôƒÙy ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚–

§hs˝ï˛ ̨õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ ̂ «˛ Ï̂e ÙôƒÙy !lî≈̂ ÏÎ˚Ó˚ ̨õÂô!ï˛!ê˛ Ù Ï̂l Ü˛Ó˚yÓ˚ ̂ ã˛T˛y Ü˛!Ó˚–

Ó˚y!¢ï˛Ìƒà%̂ Ï°y Ï̂Ü˛ Ùy Ï̂lÓ˚ í z̨ôÁ≈Ü ̨ Ï̂Ù ≤ÃÌ Ï̂Ù §yçy Ï̂ly •°– ï˛yÓ˚̨ õÓ˚ §hs˝ï˛ ˛õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ ÙôƒÙy
!lî≈̂ ÏÎ˚Ó˚ çlƒ ÙôƒÙy Ó˚̂ ÏÎ˚̂ ÏSÈ ~Ùl ̂ ◊!î åÙôƒÙy ̂ ◊!îäÈüÈ!ê˛ ̂ ÓÓ˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ~Ó˚̨ õÓ˚ l# Ï̂ã˛Ó˚ §)e!ê˛ ÓƒÓ•yÓ˚
Ü˛Ó˚̂ Ïï˛ • Ï̂Ó–

≤ÃyÆ
l¡∫Ó̊

!¢«y̨Ì≈#Ó̊
§Çáƒy
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˛õ!Ó̊§Çáƒy
x
i

− Med.ÙôƒÙy x
i

− Med.ÙôƒÙy

ÙôƒÙy = +
−

×l
f

h

N

2
C

ˆÎáy Ï̂l ÙôƒÙy ̂ ◊!î •° ~Ùl ̂ ◊!î xhs˝Ó˚y° ÎyÓ˚ Ü ̨ Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy 
N

2
~Ó˚ §Ùyl Óy !Ü˛S%Èê˛y Óí ¸̨ •Î˚ñ

N •° ̨õ!Ó˚§ÇáƒyÓ˚ §Ù!T˛ñ l, f, h ~ÓÇ c •° ÎÌyÜ ̨ Ï̂Ù !l¡¨ §#Ùyñ ̨õ!Ó˚§Çáƒyñ ÙôƒÙy ̂ ◊!îÓ˚ ̨õ!Ó˚§Ó˚ ~ÓÇ
ÙôƒÙy ̂ ◊!îÓ˚ ̨õ)Ó≈Óï≈̨ # ̂ ◊!îÓ˚ Ü ̨ Ù Ï̂ÎÔ!àÜ˛ ̨õ!Ó˚§Çáƒy– ÙôƒÙy ̂ ÓÓ˚ Ü˛Ó˚yÓ˚ ̨õÓ˚ ÙôƒÙy ̂ Ì Ï̂Ü˛ Ùôƒ!Ó®%à%̂ Ï°yÓ˚
˛õyÌ≈Ü˛ƒ§Ù)̂ Ï•Ó˚ ̨ õÓ˚Ù Ùyl x

i
− M  !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó–

ï˛y• Ï̂°ñ M.D. (M) M= −
=
∑

1

1N

f
i

x
i

i

n

~•z ̨õÂô!ï˛!ê˛ l# Ï̂ã˛Ó˚ í z̨òy•Ó˚î!ê˛ Ï̂ï˛ ≤Ã Ï̂Î˚yà Ü˛Ó˚y •° ı

í z̨òy•Ó˚î 7  l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ çlƒ ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y ı

ˆ◊!î 0-10 10-20 20-30 30-40 40-50 50-60

˛õ!Ó̊§Çáƒy 6 7 15 16 4 2

§Ùyôyl ≤Ãò_ Ó˚y!¢ï˛Ìƒ ~Ó˚ §y•y Ï̂Îƒ l# Ï̂ã˛Ó˚ §yÓ˚!î 15.6 ̃ ï˛!Ó˚ Ü˛!Ó˚–

§yÓ˚!î  15.6

ˆ◊!î ˛õ!Ó̊§Çáƒy   Ü ̨ Ù Ï̂ÎÔ!àÜ˛    Ùôƒ!Ó®% f
i

f
i

(c.f.) x
i

0-10 6 6 5 23 138

10-20 7 13 15 13 91

20-30 15 28 25 3 45

30-40 16 44 35 7 112

40-50 4 48 45 17 68

50-60 2 50 55 27 54

50 508
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ˆÎ ˆ◊!î xhs˝Ó˚y Ï̂° 
N

2
 ï˛Ù Óy 25 ï˛Ù ˛õò!ê˛ Ó˚̂ ÏÎ˚̂ ÏSÈ ï˛y •° 20-30– §%ï˛Ó˚yÇ 20-30 •° ÙôƒÙy ˆ◊!î–

xyÙÓ˚y çy!l ˆÎñ

ÙôƒÙy È = +
−

×l
f

h

N

2
C

~áy Ï̂l  l = 20, C = 13, f  = 15, h = 10 ~ÓÇ N = 50

§%ï˛Ó˚yÇñ ÙôƒÙy = +
−

× = + =20
25 13

15
10 20 8 28

ï˛y• Ï̂°ñ ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨ õyÌ≈Ü˛ƒ •°

M.D.(M) =
1 1

50
508 10 16

1

6

N
f x
i i

i

− = × =
=
∑ M .

xl%¢#°l# 15.1

1 lÇ ~ÓÇ 2 lÇ ≤Ã Ï̂Ÿ¿ ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
1. 4, 7, 8, 9, 10, 12, 13, 17

2. 38, 70, 48, 40, 42, 55, 63, 46, 54, 44

3 lÇ ~ÓÇ 4 lÇ ≤Ã Ï̂Ÿ¿ ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨ õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
3. 13, 17, 16, 14, 11, 13, 10, 16, 11, 18, 12, 17

4. 36, 72, 46, 42, 60, 45, 53, 46, 51, 49

5 lÇ ~ÓÇ 6 lÇ ≤Ã Ï̂Ÿ¿ ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
5. x

i
5 10 15 20 25

f
i

7 4 6 3 5

6. x
i

10 30 50 70 90

f
i

4 24 28 16 8

7 lÇ ~ÓÇ 8 lÇ ≤Ã Ï̂Ÿ¿ ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨ õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–
7. x

i
5 7 9 10 12 15

f
i

8 6 2 2 2 6

8. x
i

15 21 27 30 35

f
i

3 5 6 7 8
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9 lÇ ~ÓÇ 10 lÇ ≤Ã Ï̂Ÿ¿ ≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ à Ï̂í ¸̨Ó˚ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y
9. ≤Ã!ï˛!ò Ï̂lÓ̊ 0-100 100-200 200-300 300-400 400-500 500-600 600-700 700-800

     xyÎ˚

 ̂ °yÜ˛§Çáƒy 4 8 9 10 7 5 4 3

10.    í z̨Fã˛ï˛y 95-105 105-115 115-125 125-135 135-145 145-155

   åˆ§!Ù Ï̂ï˛ä

ˆSÈ̂ Ï° Ï̂òÓ̊ §Çáƒy 9 13 26 30 12 10

11. l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚yı

     l¡∫Ó˚ 0-10 10-20 20-30 30-40 40-50 50-60

  ˆÙ Ï̂Î˚̂ ÏòÓ˚ 6 8 14 16 4 2

     §Çáƒy

12. !l Ï̂¡¨ ≤Ãò_ 100 çl ̂ °y Ï̂Ü˛Ó˚ ÓÎ˚̂ Ï§Ó˚ !ÓË˛yçl ̂ Ì Ï̂Ü˛ ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y ı

   ÓÎ˚§    16-20 21-25 26-30 31-35 36-40 41-45 46-50 51-55

 ̂ °yÜ˛§Çáƒy   5 6 12 14 26 12 16 9

[ •z!Aàï˛ ≤Ã!ï˛!ê˛ ˆ◊!î xhs˝Ó˚y Ï̂°Ó˚ !l¡¨§#Ùy ˆÌ Ï̂Ü˛ 0.5 !Ó Ï̂Î˚yà ~ÓÇ í z̨ôÁ≈§#ÙyÓ˚ § Ï̂Aà 0.5  ˆÎyà Ü˛ Ï̂Ó˚
≤Ãò_ Ó˚y!¢ï˛Ìƒà%̂ Ï°y Ï̂Ü˛ §hs˝ï˛ ̨õ!Ó˚§Çáƒy !ÓË˛yç Ï̂l ̨õ!Ó˚Ó!ï≈̨ ï˛ Ü˛ Ï̂Ó˚y]

15.4.3 àí ¸̨ ̨õyÌ≈̂ ÏÜ˛ƒÓ˚ §#ÙyÓÂôï˛y (Limitations of mean deviation) ̂ Ü˛y Ï̂ly ̂ ◊!î Ï̂ï˛ ̂ Îáy Ï̂l
˛õ!Ó˚Óï≈̨ l¢#°ï˛yÓ˚ âyï˛ á%Ó ̂ Ó¢# ̂ §áy Ï̂l ̂ Ü˛w#Î˚ ≤ÃÓlï˛yÓ˚ ̨õ!Ó˚Ùy Į̈̂ õÓ˚ çlƒ ÙôƒÙy x˛õ!Ó˚•yÎ≈ lÎ˚– ï˛y•z
~•z §ÙhflÏ ̂ ◊!îÓ˚ ̂ «˛ Ï̂e ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒÈüÈˆÜ˛ §¡õ)î≈Ë˛y Ï̂Ó !ÓŸªy§ Ü˛Ó˚y ÎyÎ˚ ly–
àí ¸̨ ̂ Ì Ï̂Ü˛ ̨õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ §Ù!T˛ å}îydÜ˛ !ã˛•´ í ẑ̨ Į̈ õ«˛y Ü˛ Ï̂Ó˚äñ ÙôƒÙy ̂ Ì Ï̂Ü˛ ̨õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ §Ù!T˛Ó˚ ̂ ã˛ Ï̂Î˚
ˆÓ¢# •Î˚– ï˛y•z à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ̨õyÌ≈Ü˛ƒ á%Ó ~Ü˛ê˛y !ÓK˛yl §¡øï˛ lÎ˚– x Ï̂lÜ˛ ̂ «˛ Ï̂e•z ̂ òáy ÎyÎ˚ àí ¸̨
˛õyÌ≈̂ ÏÜ˛ƒÓ˚ Ê˛°yÊ˛° x§ Ï̂hs˝y£ÏçlÜ˛– Î!òG àí ¸̨ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛Ó˚y •Î˚ ̨õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ ̨õÓ˚Ù Ùy Ï̂lÓ˚ §y•y Ï̂Îƒ
ï˛y•z xyÓ˚ ̂ Ü˛y Ï̂ly Ó#çày!î!ï˛Ü˛ Ü˛yç Ü˛Ó˚yG §Ω˛Ó lÎ˚– ï˛y•z xyÙy Ï̂òÓ˚ xlƒ ̂ Ü˛y Ï̂ly !Óhfl,Ï!ï˛Ó˚ ̨ õ!Ó˚Ùy Į̈̂ õÓ˚
!ò Ï̂Ü˛ Ù Ï̂ly Ï̂Îyà ̂ òGÎ˚y ≤Ã Ï̂Î˚yçl– !ë˛Ü˛ ~Ó˚Ü˛Ù•z ~Ü˛!ê˛ !Óhfl,Ï!ï˛Ó˚ ̨ õ!Ó˚Ùy˛õ •° §ÙÜ˛ ̨õyÌ≈Ü˛ƒ–

15.5 ˆË˛òÙyl G §ÙÜ˛ ˛õyÌ≈Ü˛ƒ (Variance and Standard Deviation)

Ù Ï̂l Ü˛ Ï̂Ó˚ ˆò Ï̂áy xyÙÓ˚y Îál àí ¸̨ xÌÓy ÙôƒÙyÓ˚ §y Į̈̂ õ Ï̂«˛ àí ¸̨ ˛õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛!Ó˚ ï˛ál ˛õyÌ≈Ü˛ƒ§Ù)̂ Ï•Ó˚
˛õÓ̊Ù Ùy Ï̂lÓ̊ §y•yÎƒ !l Ï̂Î̊ Ìy!Ü˛– àí˛̧ ̨õyÌ≈Ü˛ƒ xÌ≈Ó• Ü˛Ó̊yÓ̊ çlƒ•z ̨õÓ̊Ù Ùyl ̂ lGÎ̊y •Î̊ xlƒÌyÎ̊ ̨õyÌ≈Ü˛ƒà%̂ Ï°y
˛õÓ˚flõÓ˚ !l Ï̂ç Ï̂òÓ˚ Ù Ï̂ôƒ•z Óy!ï˛° • Ï̂Î˚ ÎyÎ˚–

x˛õÓ˚!ò Ï̂Ü˛ ̨õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ !ã˛ Ï̂•´Ó˚ çlƒ ̂ Î §Ù§ƒy ̂ òáy ̂ òÎ˚ ï˛y ò)Ó˚ Ü˛Ó˚yÓ˚ çlƒ ̨õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ Óà≈ ̂ lGÎ˚y
ˆÎ Ï̂ï˛ ˛õy Ï̂Ó˚–
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xÓ¢ƒ•z ~•z §ÙhflÏ ˛õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ Óà≈§Ù)• §Ó•z xÈü}îydÜ˛– ôÓ˚y ÎyÜ˛ñ x
1
, x

2
, x

3
, ..., x

n 
•° n §ÇáƒÜ˛

˛õÎ≈̂ ÏÓ«˛î ~ÓÇ x ï˛y Ï̂òÓ˚ àí ¸̨– ï˛y• Ï̂°

( ) ( ) ....... ( ) ( )x x x x x x x x
n i

i

n

1

2 2 2 2

1

2− + − + + − = −
=

∑

Î!ò ~ˆÏòÓ˚ §Ù!T˛  ¢)îƒ •Î˚ ï˛y•ˆÏ° ≤Ã!ï˛!ê˛ ( )x x
i
− ¢)lƒ •ˆÏÓ– ï˛y•ˆÏ° ˆòáy ÎyˆÏFSÈñ ˆÎ §Ü˛°

˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ Ùyl àí ¸̨ x ~Ó˚ §Ùyl •Î˚ ~ Ï̂òÓ˚ ̂ Ü˛y Ï̂ly !Óhfl,Ï!ï˛•z ÌyÜ˛ Ï̂Ó ly–

Î!ò  ( )x x
i

i

n

−
=

∑ 2

1

ˆSÈyê˛ •Î˚ ï˛y• Ï̂° x
1
, x

2
, x

3
,...,x

n 
˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ àí ¸̨ x ~Ó˚ Ü˛ySÈyÜ˛y!SÈ ÌyÜ˛ Ï̂Ó

~ÓÇ !Óhfl,Ï!ï˛Ó˚ âyï˛ Ü˛Ù • Ï̂Ó– x˛õÓ˚̨ õ Ï̂«˛ñ Î!ò §Ù!T˛ ÓÏí ¸̨ •Î˚ ï˛y• Ï̂° àí ¸̨ x ˆÌ Ï̂Ü˛ ˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚

!Óhfl,Ï!ï˛Ó˚ âyï˛ ÓÏí ¸̨ • Ï̂Ó– ï˛y• Ï̂° !Ü˛ xyÙÓ˚y Ó° Ï̂ï˛ ̨ õy!Ó˚ ̂ Î ( )x x
i

i

n

−
=

∑ 2

1

•° !Óhfl,Ï!ï˛Ó˚ ây Ï̂ï˛Ó˚ ~Ü˛!ê˛

§!ë˛Ü˛ !l Ï̂ò≈¢Ü˛⁄

ôÓ̊y ÎyÜ˛ñ SÈÎ̊!ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ̊ ~Ü˛!ê˛ ̂ §ê˛ A  •° 5, 15, 25, 35, 45, 55– ̨õÎ≈̂ ÏÓ« Ę̀îà%̂ Ï°yÓ̊ àí˛̧ •° x =30–
x ˆÌ Ï̂Ü˛ ̨õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ Ó Ï̂à≈Ó˚ ̂ ÎyàÊ˛°

( )x x
i

i

−
=

∑ 2

1

6

= (5–30)2 + (15–30)2 + (25–30)2  + (35–30)2 + (45–30)2 +(55–30)2

                         = 625 + 225 + 25 + 25 + 225 + 625 = 1750

ã˛° xyÙÓ˚y 31!ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ x˛õÓ˚ ~Ü˛!ê˛ ̂ §ê˛ B !l°yÙ 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,

25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45– ~•z
˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ àí ¸̨ y = 30

°«˛ Ü˛ Ï̂Ó˚y ̂ Î A G B í z̨Ë˛Î˚ ̂ § Ï̂ê˛Ó˚•z ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ àí ¸̨ 30– ~ál B ̂ § Ï̂ê˛Ó˚ ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ àí ¸̨ y
ˆÌ Ï̂Ü˛ ̨õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ Ó Ï̂à≈Ó˚ §Ù!T˛ •°

( )y y
i

i

−
=

∑ 2

1

31

= (15–30)2 +(16–30)2 + (17–30)2  + ...+ (44–30)2 +(45–30)2

=  (–15)2 +(–14)2 + ...+ (–1)2 + 02 + 12 + 22 + 32 + ...+ 142 + 152

=  2 [152 + 142 + ... + 12]

= 2
15 15 1 30 1

6
×

× + +( ) ( )
= 5 × 16 × 31 = 2480

åÜ˛yÓ˚î ≤ÃÌÙ n §ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ Ó Ï̂à≈Ó˚ §Ù!T˛ 
n n n( ) ( )+ +1 2 1

6
ñ ~áy Ï̂l n = 15)
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Î!ò à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ !Óhfl,Ï!ï˛Ó˚ ˛õ!Ó˚Ùy˛õ ( )x x
i

i

n

−
=

∑
2

1

•Î˚ñ xyÙÓ˚y Ó° Ï̂ï˛ ˛õy!Ó˚ ˆÎñ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛

SÈÎ̊!ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ̊ ̂ §ê˛ A  ~Ó̊ !Óhfl,Ï!ï˛ 31!ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ̊ ̂ §ê˛ B ~Ó̊ !Óhfl,Ï!ï˛Ó̊ ̂ ã˛ Ï̂Î̊ Ü˛Ù– Î!òG A ̂ § Ï̂ê˛Ó̊

˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°y å˛õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ ≤Ã§yÓ˚ –25 ̂ Ì Ï̂Ü˛ 25), B ̂ § Ï̂ê˛Ó˚ ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ ̂ ã˛ Ï̂Î˚ å˛õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚

≤Ã§yÓ˚ –15 ̂ Ì Ï̂Ü˛ 15) x Ï̂lÜ˛ ̂ Ó¢# à Ï̂í ¸̨Ó˚ ã˛y!Ó˚!ò Ï̂Ü˛ SÈ!í ¸̨̂ ÏÎ˚ Ó˚̂ ÏÎ˚̂ ÏSÈ–

l# Ï̂ã˛Ó˚ !ã˛eà%̂ Ï°yÓ˚ §y•y Ï̂Îƒ ~!ê˛ xyÓ˚G ̨õ!Ó˚flÒyÓ˚ ̂ ÓyV˛y ÎyÎ˚–

A ̂ § Ï̂ê˛Ó˚ çlƒñ

B ˆ§ Ï̂ê˛Ó˚ çlƒñ

ï˛y•z Ó°y ÎyÎ˚ñ àí ¸̨ ˆÌ Ï̂Ü˛ ˛õyÌ≈Ü˛ƒà%̂ Ï°yÓ˚ Ó Ï̂à≈Ó˚ §Ù!T˛ !Óhfl,Ï!ï˛Ó˚ §!ë˛Ü˛ ˛õ!Ó˚Ùy˛õ lÎ˚– ~•z §Ù§ƒy!ê˛ ò)Ó˚

Ü˛Ó˚yÓ˚ çlƒ xyÙÓ˚y ˛õyÌ≈Ü˛ƒà Ï̂°yÓ˚ Ó Ï̂à≈Ó˚ àí ¸̨ !lî≈Î˚ Ü˛!Ó˚ xÌ≈yÍñ 
1 2

1n
x x

i

i

n

( )−
=

∑ – A ˆ§ê˛ ÈüÈ~Ó˚ çlƒ

àí ¸̨ = × =
1

6
1750 291 67. ~ÓÇ B ˆ§ê˛ÈüÈ~Ó˚ çlƒ àí ¸̨ •° 

1

31
2480 80× = –

~ ̂ Ì Ï̂Ü˛ ôyÓ˚îy Ü˛Ó˚y ÎyÎ˚ ̂ Î A ̂ § Ï̂ê˛Ó˚ !Óhfl,Ï!ï˛ B ̂ § Ï̂ê˛Ó˚ ï%̨ °lyÎ˚ ̂ Ó!¢ ~ÓÇ ï˛y çƒy!Ù!ï˛Ü˛ í z̨̨ õfiÌy˛õ Ï̂lÓ˚

§y•y Ï̂ÎƒG flõT˛ ̂ ÓyV˛y ÎyÎ˚– ï˛y• Ï̂° xyÙÓ˚y 
1 2

n
x x

i
( )−∑ ˆÜ˛ !Óhfl,Ï!ï˛Ó˚ §!ë˛Ü˛ ̨õ!Ó˚Ùy˛õ !• Ï̂§ Ï̂Ó !l Ï̂ï˛

˛õy!Ó˚– ~•z §Çáƒy!ê˛ xÌ≈yÍñ ˛àí ¸̨ ˆÌ Ï̂Ü˛ ˛õyÌ≈Ü˛ƒ§Ù)̂ Ï•Ó˚ Ó Ï̂à≈Ó˚ àí ¸̨̂ ÏÜ˛ Ó°y •Î˚ ˆË˛òÙyl ~ÓÇ σ 2 myÓ˚y

≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ å˛õí ¸̨y •Î˚ !§àÙy flÒÎ˚yÓ˚ä– §%ï˛Ó˚yÇ n  §ÇáƒÜ˛ ̨ õÎ≈̂ ÏÓ«˛î  x
1
, x

2
,..., x

n
  ~Ó˚ ̂ Ë˛òÙyl •°

!ã˛e ı15.5

!ã˛e ı 15.6
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àí ¸̨ ̂ Ì Ï̂Ü˛ ̨õyÌ≈Ü˛ƒ
(x

i
– x )

σ
2 2

1

1
= −

=

∑
n

x x
i

i

n

( )

15.5.1 §ÙÜ˛ ˛õyÌ≈Ü˛ƒ (Standard Deviation)

ˆË˛òÙyl !lî≈̂ ÏÎ˚Ó˚ ̂ «˛ Ï̂eñ xyÙÓ˚y ̂ òá Ï̂ï˛ ̨õy•z ̂ Î ≤Ã!ï˛!ê  ̨õÎ≈̂ ÏÓ«˛î x
i 
~Ó˚ ~Ü˛Ü˛ ~ÓÇ ï˛y Ï̂òÓ˚ àí ¸̨ x ~Ó˚

~Ü˛Ü˛ ˛õ,ÌÜ˛ñ ˆÜ˛lly ˆË˛òÙyl (x
i 
– x ) ~Ó˚ ÓˆÏà≈Ó˚ ˆÎyàÊ˛ˆÏ°Ó˚ §ˆÏAà §¡õÜ≈˛Î%=˛– ~•z Ü˛yÓ˚ˆÏî

˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ à Ï̂í ¸̨Ó˚ §y Į̈̂ õ Ï̂«˛ !Óhfl,Ï!ï˛Ó˚ §!ë˛Ü˛ ̨õ!Ó˚Ùy˛õ Ï̂Ü˛ ̂ Ë˛òÙy Ï̂lÓ˚ ôlydÜ˛ Óà≈Ù)̂ Ï°Ó˚ myÓ˚y˛≤ÃÜ˛y¢
Ü˛Ó˚y •Î˚ ~ÓÇ •z•y Ï̂Ü˛ Ó°y •Î˚ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ–

§%ï˛Ó˚yÇ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ Îy §yôyÓ˚îï˛ σ 2
 myÓ˚y ≤ÃÜ˛y!¢ï˛ •Î˚ñ ï˛y •°

σ = −
=
∑

1 2

1n
x x

i

i

n

( )

... (1)

§Ó˚° Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ ̂ «˛ Ï̂e l# Ï̂ã˛Ó˚ í z̨òy•Ó˚î!ê˛Ó˚ ̂ Ë˛òÙyl G xï˛/˛õÓ˚ §ÙÜ˛ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛Ó˚y •°–

í z̨òy•Ó˚î 8  l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ̂ Ë˛òÙyl !lî≈Î˚ Ü˛ Ï̂Ó˚y ı
6, 8, 10, 12, 14, 16, 18, 20, 22, 24

§Ùyôyl ≤Ãò_ Ó˚y!¢ï˛Ìƒ ˆÌ Ï̂Ü˛ l# Ï̂ã˛Ó˚ §yÓ˚!î 15.7 ˜ï˛!Ó˚ Ü˛Ó˚y •°– Ü˛!“ï˛ àí ¸̨ 14 !l Ï̂Î˚ ôy˛õÈüÈ˛õyÌ≈Ü˛ƒ
˛õÂô!ï˛ Ï̂ï˛ àí ¸̨ !lî≈Î˚ Ü˛Ó˚y •°– ˆÙyê˛ ˛õÎ≈̂ ÏÓ«˛î §Çáƒy •° 10–

§yÓ˚!î 15.7

x
i

d
x

i

i=
− 14

2
(x

i
– x )

6 –4 –9 81

8 –3 –7 49

10 –2 –5 25

12 –1 –3 9

14 0 –1 1

16 1 1 1

18 2 3 9

20 3 5 25

22 4 7 49

24 5 9 81

5 330
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xï˛~Óñ àí ¸̨ x = Ü˛!“ï˛ àí ¸̨ + 
d

n
h

i

i

n

=

∑
×1 =14

5

10
2 15+ × =

~ÓÇ ˆË˛òÙyl (σ
2 ) = 

1 2

1

10

n
x x

i

i

( −
=
∑ ) = 

1

10
330×  = 33

§%ï˛Ó˚yÇñ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ (σ ) = 33 5 74= .

15.5.2 !Ó!FSÈß¨ ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏlÓ˚ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ (Standard deviation of a discrete

frequency distribution)

ôÓ˚y ÎyÜ˛ ≤Ãò_ !Ó!FSÈß¨ ̨õ!Ó˚§Çáƒy !ÓË˛yçl!ê˛ •°
x : x

1
,   x

2
,     x

3
 ,. . . , x

n

f : f
1
,    f

2
,     f

3
 ,. . . ,  f

n

~ Ï̂«˛ Ï̂e §ÙÜ˛ ̨ õyÌ≈Ü˛ƒ σ( ) = −
=
∑

1

1

2

N
f x x
i

i

n

i
( ) ... (2)

ˆÎáy Ï̂l N =
=
∑ f

i

i

n

1

–

!l Ï̂ã˛Ó˚ í z̨òy•Ó˚î!ê˛ !l Ï̂Î˚ ̂ òáy ÎyÜ˛–
í z̨òy•Ó˚î 9  l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ ̂ Ë˛òÙyl G §ÙÜ˛ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

x
i

4 8 11       17      20      24      32

f
i

3 5  9  5  4  3  1

§Ùyôyl  §yÓ˚!î 15.8 ÈüÈ~ Ó˚y!¢ ï˛Ìƒà%̂ Ï°y í z̨̨ õfiÌy˛õl Ü˛Ó˚y •°–
§yÓ˚!î 15.8

x
i

f
i

f
i 
x

i
x

i 
– x ( )x x

i
− 2

f
i ( )x x

i
− 2

4 3 12 –10 100 300

8 5 40 –6 36 180

11 9 99 –3 9 81

17 5 85 3 9 45

20 4 80 6 36 144

24 3 72 10 100 300

32 1 32 18 324 324

30 420 1374
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     N = 30, f x f x x
i i

i

i i

i= =
∑ ∑= −( ) =

1

7
2

1

7

420 1374,

§%ï˛Ó˚yÇñ
x

f x
i i

i= = × ==
∑

1

7

1

30
420 14

N

xï˛~Óñ      ˆË˛òÙyl ( )σ
2 = 

1

1

7

N
f x x
i i

i

( )
2−

=
∑

= 
1

30
× 1374 = 45.8

~ÓÇ       §ÙÜ˛ ˛õyÌ≈Ü˛ƒ ( ) .σ = 45 8  = 6.77

15.5.3 §hs˝ï˛ ˛õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ (Standard deviation of a continuous

frequency distribution) ≤Ã!ï˛!ê˛ ˆ◊!î Ï̂Ü˛ ï˛yÓ˚ Ùôƒ!Ó®% !ò Ï̂Î˚ ≤Ã!ï˛fiÌy˛õl Ü˛ Ï̂Ó˚ §hs˝ï˛ ˛õ!Ó˚§Çáƒy
!ÓË˛yçl Ï̂Ü˛ !Ó!FSÈß¨ ˛õ!Ó˚§Çáƒy !ÓË˛yç Ï̂l í z̨̨ õfiÌy˛õl Ü˛Ó˚y ÎyÎ˚– !Ó!FSÈß¨ ˛õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ xl%Ó)̨̊ õ
˛õÂô!ï˛Ó˚ §y•y Ï̂Îƒ §ÙÜ˛ ̨õyÌ≈Ü˛ƒG !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚–

Î!ò ˛õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ n §ÇáƒÜ˛ ˆ◊!îÓ˚ Ùôƒ!Ó®% x
i
 ~ÓÇ ˛õ!Ó˚§Çáƒy  f

i
 •Î˚ ï˛y• Ï̂° §ÙÜ˛ ˛õyÌ≈Ü˛ƒ

!lî≈̂ ÏÎ˚Ó˚ §)e!ê˛ •°

σ = −
=
∑

1
2

1
N

f x x
i i

i

n

( )

ˆÎáy Ï̂l x •° !ÓË˛yç Ï̂lÓ˚ àí ¸̨ ~ÓÇ N =
=
∑ f

i

i

n

1

–

§ÙÜ˛ ˛õyÌ≈Ü˛ƒ !lî≈̂ ÏÎ˚Ó˚ x˛õÓ˚ §)e  xyÙÓ˚y çy!l ˆÎ

ˆË˛òÙyl ( )σ
2 =

1
2

1
N

f x x
i i

i

n

( )−
=
∑ = + −

=
∑

1
2

2 2

1
N

f x x x x
i i i

i

n

( )

=

1
2

2 2

1 11
N

f x x f x f x
i i

i

n

i i i

i

n

i

n

+ −










= ==
∑ ∑∑

 =

1
2

2 2

1 11
N

f x x f x x f
i i i

i

n

i i

i

n

i

n

+ −










= ==
∑ ∑∑
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   = 
1

2
2

1

2

N
N Nf x x x x

i i

i

n

=
∑ + −









. Here--

1

N
mmm Nx f x x f x

i i

i

n

i i

i

n

= =
∑ ∑= =











1 1

   =  
1 2

1

2
2

2

N
f x
i i

i

n

x x

=
∑ + − = −

=
∑

1 2

1

2

N

f x
i i

i

n

x

xÌÓy σ
2 = −



















= −


−
∑

∑
∑

1

N N N
N

=1

2

=1

f x

f x

f x f x
i i

i

n i i

i

n

i i i i

i

n

2

1

2

21


















=

∑
2

1i

n

xï˛~Óñ §ÙÜ˛ ˛õyÌ≈Ü˛ σ( ) 





= − ∑∑
=

1
2

2

1
N

N

=1

f x f x
i i i i

i

n

i

n

                   ... (3)

í z̨òy•Ó˚î 10  l# Ï̂ã˛Ó˚ !ÓË˛yçl!ê˛Ó˚ àí ¸̨ñ ̂ Ë˛òÙyl G §ÙÜ˛ ̨ õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

ˆ◊!î 30-40 40-50 50-60 60-70 70-80 80-90 90-100

˛ õ!Ó̊§Çáƒyl 3 7 12 15 8 3 2

§Ùyôyl ≤Ãò_ Ó˚y!¢ï˛Ìƒ ̂ Ì Ï̂Ü˛ §yÓ˚!î 15.9 ̃ ï˛!Ó˚ Ü˛!Ó˚–

§yÓ˚!î 15.9

ˆ◊!î ˛õ!Ó̊§Çáƒy Ùôƒ!Ó®% f
i
x

i
(x

i
– x )2 f

i
(x

i
– x )2

(f
i
) (x

i
)

30-40 3 35 105 729 2187

40-50 7 45 315 289 2023

50-60 12 55 660 49 588

60-70 15 65 975 9 135

70-80 8 75 600 169 1352

80-90 3 85 255 529 1587

90-100 2 95 190 1089 2178

50 3100 10050

xÌÓy~áy Ï̂l
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§%ï˛Ó˚yÇñ      àí ¸̨ x f x
i i

i

= = =
=
∑

1 3100

50
62

1

7

N

      ˆË˛òÙyl σ
2( )  = 

1 2

1

7

N
f x x
i i

i

( )−
=
∑

   = 
1

50
10050 201× =

~ÓÇ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ σ( ) = =201 14 18.

í z̨òy•Ó˚î 11 l# Ï̂ã˛Ó˚ Ó˚y!¢ï˛Ìƒà%̂ Ï°yÓ˚ §ÙÜ˛ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y /

x
i

3 8 13 18 23

f
i

7 10 15 10 6

§Ùyôyl xyÙÓ˚y §yÓ˚!î 15.10 ̃ ï˛!Ó˚ Ü˛!Ó˚

§yÓ˚!î 15.10

x
i

f
i

f
i
x

i
x

i

2 f
i
x

i

2

3 7 21 9 63

8 10 80 64 640

13 15 195 169 2535

18 10 180 324 3240

23 6 138 529 3174

48 614 9652

§)e (3)ÈüÈ~Ó˚ §y•y Ï̂Îƒ ̨õy•zñ

σ = 
1 2

2

N
N f x f x

i i i i
− ( )∑∑

    = 
1

48
48 9652 614

2× − ( )

    = 
1

48
463296 376996−
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    = 
1

48
293 77 6 12× =. .

xï˛~Óñ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ  ( )σ = 6.12

15.5.4. ˆË˛òÙyl G §ÙÜ˛ ˛õyÌ≈Ü˛ƒ !lî≈̂ ÏÎ˚Ó˚ §Ç!«˛Æ ˛õÂô!ï˛ (Shortcut method to find

variance and standard deviation)  Ü˛á Ï̂ly Ü˛á Ï̂ly !Ó!FSÈß¨ !ÓË˛yç Ï̂lÓ˚ Ùyl x
i
 xÌÓy §hs˝ï˛

!ÓË˛yç Ï̂lÓ˚ !Ó!Ë˛ß¨ ˆ◊!îÓ˚ Ùôƒ!Ó®% x
i
 à%̂ Ï°y ~ï˛ Óí ¸̨ •Î˚ ˆÎ àí ¸̨ G ˆË˛òÙyl !lî≈Î˚ Ü˛Ó˚y ˆÎÙl Ü˛T˛§yôƒ

ˆï˛Ù!l §ÙÎ˚ §y Į̈̂ õ«˛– ôy˛õ ̨ õÂô!ï˛ ÓƒÓ•y Ï̂Ó˚Ó˚ Ùyôƒ Ï̂Ù ~•z àîlyÜ˛yÎ≈̂ ÏÜ˛ §•ç Ü˛Ó˚y ÎyÎ˚–

ôÓ˚y ÎyÜ˛ Ü˛!“ï˛ àí ¸̨ ‘A’ ~ÓÇ ̂ flÒ° 
1

h
à%î Ü˛Ùy Ï̂ly •° åh •° ̂ ◊!î xhs˝Ó˚y Ï̂°Ó˚ !ÓhflÏyÓ˚ä– ôÓ˚y ÎyÜ˛ ôy˛õ

˛õyÌ≈Ü˛ƒ Óy lï%̨ l Ùyl  •° y
i
–

xÌ≈yÍ y

x

h
i

i=
− A

Óy  x
i
 = A + hy

i
... (1)

xyÙÓ˚y çy!lñ
x

f x
i i

i

n

= =

∑
1

N

... (2)

(1) ˆÌ Ï̂Ü˛ x
i 
~Ó˚ Ùyl (2) ÈüÈ~ Ó!§ Ï̂Î˚ ˛õy•zñ

x = 

f hy
i i

i

n

( A )

N

+
=

∑
1

=  
1

11
N

Af h f y
i i i

i

n

i

n

+
==

∑∑




 =

1

1 1
N

A f h f y
i

i

n

i i

i

n

= =
∑ ∑+








= A
N

N N
. + =

∑
h

f y
i i

i

n

1 because Nf
i

i

n

=





=
∑

1

xÌ≈yÍñ x = A + h y ... (3)

~álñ  x  ~Ó˚ ˆË˛òÙylñ σ x i i

i

n

f x x
2 2

1

1
= −

=
∑

N
)(

= 
1

1

2

N
(A A )f hy h y

i

i

n

i

=
∑ + − − ((1) ~ÓÇ (3) ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚)

Ü˛yÓ̊î



370 à!îï˛

= 
1 2 2

1
N

( )f h y y
i i

i

n

−
=
∑

= 
h

f y y
i i

i

n2

2

1
N

( )−
=
∑ = h2 × y

i
 ÈüÈ~Ó˚ ˆË˛òÙyl

xÌ≈yÍñ σ
x

2 È= h
y

2 2
σ    Óyñ  σ

x
È= h

y
σ ... (4)

(3) ~ÓÇ (4) • Ï̂ï˛ñ

σ
x

È= 
h

f y f y
i i

i

n

i i

i

n

N
N

2

1 1

2

= =
∑ ∑−







... (5)

~Óy Ï̂Ó˚ xyÙÓ˚y (5) ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ §Ç!«˛Æ ̨õÂô!ï˛ Ï̂ï˛ í z̨òy•Ó˚î 11 §Ùyôyl Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚–

í z̨òy•Ó˚î 12  l# Ï̂ã˛Ó˚ !ÓË˛yç Ï̂lÓ˚ àí ¸̨ñ ˆË˛òÙyl G §ÙÜ˛˛ ˛õyÌ≈Ü˛ƒ ˆÓÓ˚ Ü˛ Ï̂Ó˚y–

ˆ◊!î 30-40 40-50 50-60 60-70 70-80 80-90 90-100

˛õ!Ó̊§Çáƒy 3 7 12 15 8 3 2

§Ùyôyl  ô!Ó˚ Ü˛!“ï˛ àí ¸̨ A = 65– ~áy Ï̂l h = 10

≤Ãò_ Ó˚y!¢ï˛Ìƒ ̂ Ì Ï̂Ü˛ l# Ï̂ã˛Ó˚ 15.11 §yÓ˚!î!ê˛ ̨õyGÎ˚y ÎyÎ˚–

§yÓ˚!î 15.11

ˆ◊!î ˛õ!Ó̊§Çáƒy Ùôƒ!Ó®% y
i
= 

x
i

− 65

10
y

i

2 f
i  

y
i

f
i 
y

i

2

f
i

x
i

30-40 3 35 – 3 9 – 9 27

40-50 7 45 – 2 4 – 14 28

50-60 12 55 – 1 1 – 12 12

60-70 15 65 0 0 0 0

70-80 8 75 1 1 8 8

80-90 3 85 2 4 6 12

9 0-100 2 95 3 9 6 18

N=50 – 15 105
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§%ï˛Ó˚yÇñ x = A + × = − × =
∑ f y

h
i i

50
65

15

50
10 62

ˆË˛òÙyl
σ

2 = 
h

f y f
i
y
ii i

2

2

2
2

N

N∑ − ∑( )









      = 
10

2

50
2

50 105 15
2( )

× −





( )

(� )

      = 
1

25
5250 225 201[ ]− =

~ÓÇ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ σ( ) = 201 = 14.18

xl%¢#°l# 15.2

1 lÇ ≤ÃŸ¿ ̂ Ì Ï̂Ü˛ 5 lÇ ≤ÃŸ¿ ̨ õÎ≈hs˝ ≤Ã!ï˛!ê˛ Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ àí ¸̨ G ̂ Ë˛òÙyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–
  1. 6, 7, 10, 12, 13, 4, 8, 12

  2. ≤ÃÌÙ nÈüÈ§ÇáƒÜ˛ fl∫yË˛y!ÓÜ˛ §Çáƒy

  3. 3 ~Ó˚ ≤ÃÌÙ 10!ê˛ à%!îï˛Ü˛

  4. x
i

6 10 14 18 24 28 30

f
i

2 4 7 12 8 4 3

  5. x
i

92 93 97 98 102 104 109

f
i

3 2 3 2 6 3 3

  6. §Ç!«˛Æ ̨õÂô!ï˛ Ï̂ï˛ àí ¸̨ G §ÙÜ˛ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

x
i

60 61 62 63 64 65 66 67 68

f
i

2 1 12 29 25 12 10 4 5

7 G  8lÇ ≤Ã Ï̂Ÿ¿Ó˚ ̂ «˛ Ï̂e !l¡¨!°!áï˛ !ÓË˛yç Ï̂lÓ˚ àí ¸̨ G ̂ Ë˛òÙyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

  7. ˆ◊!î 0-30 30-60 60-90 90-120 120-150 150-180 180-210

˛õ!Ó̊§Çáƒy 2 3 5 10 3 5 2
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  8. ˆ◊!î 0-10 10-20 20-30 30-40 40-50

˛õ!Ó̊§Çáƒy 5 8 15 16 6

  9. §Ç!«˛Æ ̨õÂô!ï˛ xl%§Ó˚î Ü˛ Ï̂Ó˚ àí ¸̨ñ ̂ Ë˛òÙyl G §ÙÜ˛˛õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

í z̨Fã˛ï˛y 70-75 75-80 80-85 85-90 90-95 95-100 100-105105-110 110-115

åˆ§!Ù Ï̂ï˛ä

!¢¢%Ó̊ 3 4 7 7 15 9 6 6 3

§Çáƒy

10. ˆÜ˛y Ï̂ly ~Ü˛!ê˛ l:yÎ˚ x!AÜ˛ï˛ Ó,̂ Ï_Ó˚ Óƒy§ å!Ù!ÙÈüÈˆï˛ä ̂ òGÎ˚y •° ı

 Óƒy§ 33-36 37-40 41-44  45-48 49-52

Ó,̂ Ï_Ó˚ §Çáƒy   15    17    21     22   25

Ó,_à%̂ Ï°yÓ˚ Óƒy Ï̂§Ó˚ §ÙÜ˛ ̨õyÌ≈Ü˛ƒ G àí ¸̨ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

[ •z!Aàï˛ ̂ ◊!îà%̂ Ï°y Ï̂Ü˛ 32.5-36.5, 36.5-40.5, 40.5-44.5, 44.5 - 48.5, 48.5 - 52.5  ~ ̨õ!Ó˚Ó!ï≈̨ ï˛
Ü˛ Ï̂Ó˚ §hs˝ï˛ Ü˛ Ï̂Ó˚y ~ÓÇ x@˝Ã§Ó˚ •G–]

15.6   ̨õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ !Ó Ï̂Ÿ’£Ïî (Analysis of Frequency Distributions)

˛õ)̂ ÏÓ≈Ó˚ xl%̂ ÏFSÈòà%̂ Ï°y Ï̂ï˛ xyÙÓ˚y !Ó!Ë˛ß¨ ôÓ˚̂ ÏlÓ˚ !Óhfl,Ï!ï˛Ó˚ ̨õ!Ó˚Ùy˛õ §¡õ Ï̂Ü≈̨  ̨õ Ï̂í ¸̨!SÈ– ≤Ãò_ Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ àí ¸̨
˛õyÌ≈Ü˛ƒ ~ÓÇ §ÙÜ˛ ̨õyÌ≈Ü˛ƒ ~Ó˚ ~Ü˛Ü˛ x!Ë˛ß¨– Îál ~Ü˛•z àí ¸̨ !Ó!¢T˛ ò%!ê˛ ̂ ◊!îÓ˚ ̨õ!Ó˚Óï≈̨ l¢#°ï˛yÓ˚ ï%̨ °ly
Ü˛Ó˚y •Î˚ ~ÓÇ !Ó!Ë˛ß¨ ~Ü˛ Ï̂Ü˛ ˛õ!Ó˚Ùy˛õ Ü˛Ó˚y •Î˚ ï˛ál xyÙÓ˚y ˆÜ˛Ó°Ùye !Óhfl,Ï!ï˛Ó˚ ˛õ!Ó˚Ùy˛õ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛
˛õy!Ó̊ ly– xyÙy Ï̂òÓ̊ ï˛ál ~Ü˛ Ï̂Ü˛Ó̊ í z̨̨ õÓ̊ !lË≈̨ Ó̊¢#° lÎ̊ ~Ùl ̨õ!Ó̊Ùy˛õ §Ù)̂ Ï•Ó̊ ≤Ã Ï̂Î̊yçl– ̨õ!Ó̊Óï≈̨ l¢#°ï˛yÓ̊
˛õ!Ó˚Ùy˛õ Îy ~Ü˛ Ï̂Ü˛Ó˚ í z̨̨ õÓ˚ !lË≈̨ Ó˚ Ü˛ Ï̂Ó˚ lyñ ~Ùl ˛õ!Ó˚Ùy˛õ Ï̂Ü˛ ˆË˛òyAÜ˛ (Coefficient of Variation)

Ó Ï̂° åC.V myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ä–

ˆË˛òyAÜ˛ •°ñ

 C.V. = ×
σ

x
100 , x ≠0 ,

ˆÎáy Ï̂l  σ G x ÎÌyÜ ̨ Ï̂Ù Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ G àí ¸̨–

ò%!ê˛ ˆ◊!îÓ˚ !Óhfl,Ï!ï˛Ó˚ xÌÓy ˛õ!Ó˚Óï≈̨ l¢#°ï˛yÓ˚ ï%̨ °ly Ü˛Ó˚̂ Ïï˛ • Ï̂° xyÙÓ˚y ˆ◊!î ò%!ê˛Ó˚ ˆË˛òyAÜ˛
!lî≈Î˚ Ü˛!Ó˚– ̂ Î ̂ ◊!î!ê˛Ó˚ C.V ˆÓ¢# ï˛y Ï̂Ü˛ xlƒ!ê˛Ó˚ ̂ ã˛ Ï̂Î˚ ̂ Ó¢# ̨ õ!Ó˚Óï≈̨ l¢#° Ó!°– ̂ Î ̂ ◊!î!ê˛Ó˚ C.V

Ü˛Ù ̂ §!ê˛ xlƒ!ê˛Ó˚ ̂ ã˛ Ï̂Î˚ ̂ Ó¢# §Aàï˛–
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15.6.1 §Ùàí˛¸Î%=˛ ò%!ê˛ ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏlÓ˚ ï%˛°ly (Comparison of two frequency

distributions with same mean) ôÓ˚y ÎyÜ˛ ≤ÃÌÙ !ÓË˛yç Ï̂lÓ˚ àí ¸̨ G §ÙÜ˛ ˛õyÌ≈Ü˛ƒ x
1
G σ

1
~ÓÇ

!mï˛#Î˚ !ÓË˛yç Ï̂lÓ˚ àí ¸̨ G §ÙÜ˛ ˛õyÌ≈Ü˛ƒ x
2
G σ

2
–

  ï˛y• Ï̂° C.V å≤ÃÌÙ !ÓË˛yçlä = 
σ

1

1

100
x

×

~ÓÇ C.V å!mï˛#Î˚ !ÓË˛yçlä = 
σ

2

2

100
x

×

ˆòGÎ˚y xy Ï̂SÈ x
1

= x
2
= x åô!Ó̊ä

§%ï˛Ó̊yÇ C.V å≤ÃÌÙ !ÓË˛yçlä  = 
σ

1
100

x
× ... (1)

~ÓÇ C.V å!mï˛#Î˚ !ÓË˛yçlä  =  
σ

2
100

x
× ... (2)

(1) ~ÓÇ (2) ˆÌ Ï̂Ü˛ ~ê˛y ˛õ!Ó˚flÒyÓ˚ ˆÎñ ˆÜ˛Ó° σ
1
G σ

2
~Ó˚ Ùy Ï̂lÓ˚ !Ë˛!_ Ï̂ï˛ ò%!ê˛ C.V ï%̨ °ly Ü˛Ó˚y ÎyÎ˚–

ï˛y•z §Ùyl àí ¸̨ Î%=˛ ò%!ê˛ ̂ ◊!îÓ˚ §¡õ Ï̂Ü≈̨  xyÙÓ˚y Ó° Ï̂ï˛ ̨õy!Ó˚ñ ̂ Î ̂ ◊!îÓ˚ §ÙÜ˛ ̨õyÌ≈Ü˛ƒ åÓy ̂ Ë˛òÙylä ̂ Ó¢# ̂ §
ˆ◊!î!ê˛ xlƒ!ê˛Ó˚ ̂ ã˛ Ï̂Î˚ x!ôÜ˛ !Óhfl,Ïï˛ xÌÓy ̨õ!Ó˚Óï≈̨ l¢#°– xlƒ!ò Ï̂Ü˛ ̂ Î ̂ ◊!îÓ˚ §ÙÜ˛ ̨õyÌ≈Ü˛ƒ åÓy ̂ Ë˛òÙylä
Ü˛Ù ̂ §!ê˛ xlƒ!ê˛Ó˚ ̂ ã˛ Ï̂Î˚ x!ôÜ˛ §Aàï˛–

l# Ï̂ã˛Ó˚ í z̨òy•Ó˚îà%̂ Ï°y xy Ï̂°yã˛ly Ü˛Ó˚y ÎyÜ˛–

í z̨òy•Ó˚î 13 ~Ü˛!ê˛ Ü˛yÓ˚áylyÓ˚ ò%!ê˛ ÎsfyÇ¢ ˆÌ Ï̂Ü˛ ◊!Ù Ï̂Ü˛Ó˚ §Çáƒy ~ÓÇ ï˛y Ï̂òÓ˚ ˛õy!Ó˚◊!ÙÜ˛ §¡õ Ï̂Ü≈̨  l# Ï̂ã˛Ó˚
ï˛Ìƒà%̂ Ï°y çyly ÎyÎ˚–

A B

◊!Ù Ï̂Ü˛Ó˚ §Çáƒy 5000 6000

Ùy!§Ü˛ àí ¸̨ xyÎ˚ 2500 ê˛yÜ˛y 2500 ê˛yÜ˛y

xy Ï̂Î˚Ó˚ !ÓË˛yç Ï̂lÓ˚ ̂ Ë˛òÙyl 81 100

Óƒ!=˛àï˛ xy Ï̂Î˚Ó˚ ̂ ≤Ã!«˛ Ï̂ï˛ A xÌÓy B, ̂ Ü˛yl ÎsfyÇ Ï̂¢Ó˚ ̨õ!Ó˚Óï≈̨ l¢#°ï˛y x!ôÜ˛⁄

§Ùyôyl A ÎsfyÇ Ï̂¢Ó˚ !ÓË˛yç Ï̂lÓ˚ ̂ Ë˛òÙyl A  (σ
1

2 ) = 81

xï˛~Óñ !ÓË˛yçl!ê˛Ó˚ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ A  (σ1

2
) = 9
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xyÓyÓ˚ B ÎsfyÇ Ï̂¢Ó˚ !ÓË˛yç Ï̂lÓ˚ ̂ Ë˛òÙyl  B ( )σ
2

2  = 100

xï˛~Óñ !ÓË˛yçl!ê˛Ó˚ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ B ( )σ
2

 È= 10

ˆÎ Ï̂•ï%̨  ò%!ê˛ ÎsfyÇ Ï̂¢Ó˚ Ùy!§Ü˛ àí ¸̨ xyÎ˚ §Ùyl xÌ≈yÍñ 2500 ê˛yÜ˛y ï˛y•z x!ôÜ˛ §ÙÜ˛ ̨õyÌ≈Ü˛ƒ Î%=˛ ÎsfyÇ Ï̂¢Ó˚
˛õ!Ó˚Óï≈̨ l¢#°ï˛y ̂ Ó¢# • Ï̂Ó–

ï˛y•z Óƒ!=˛àï˛ xy Ï̂Î˚Ó˚ ̂ «˛ Ï̂e  B ÎsfyÇ Ï̂¢Ó˚ ̨õ!Ó˚Óï≈̨ l¢#°ï˛y x!ôÜ˛–

í z̨òy•Ó˚î 14 ò%!ê˛ !ÓË˛yç Ï̂lÓ˚ ̂ Ë˛òyAÜ˛ 60 G 70 ~ÓÇ ï˛y Ï̂òÓ˚ §ÙÜ˛ ̨ õyÌ≈Ü˛ƒ ÎÌyÜ ̨ Ï̂Ù 21 G 16– ï˛y Ï̂òÓ˚
ày!î!ï˛Ü˛ àí ¸̨ Ü˛ï˛⁄

§Ùyôyl    ˆòGÎ˚y xy Ï̂SÈñ C.V. å≤ÃÌÙ !ÓË˛yçlä È= 60, σ
1
= 21

C.V. å!mï˛#Î˚ !ÓË˛yçlä È= 70, σ
2
= 16

ôÓ˚y ÎyÜ˛ñ ≤ÃÌÙ G !mï˛#Î˚ !ÓË˛yç Ï̂lÓ˚ àí ¸̨ ÎÌyÜ ̨ Ï̂Ù x
1
G x

2
–

ï˛y• Ï̂° C.V. å≤ÃÌÙ !ÓË˛yçlä È= 
σ

1

1

100
x

×

§%ï˛Ó̊yÇ 60 = 
21

100

1
x

×  Óy x
1

21

60
100 35= × =

~ÓÇ C.V. å!mï˛#Î˚ !ÓË˛yçlä È= 
σ

2

2

100
x

×

xÌ≈yÍñ 70 = 
16

100

2
x

×  Óy x
2

16

70
100 22 85= × = .

í z̨òy•Ó˚î 15 l# Ï̂ã˛Ó˚ Ùylà%̂ Ï°y ~Ü˛yò¢ ˆ◊!îÓ˚ ~Ü˛!ê˛ ¢yáyÓ˚ !¢«˛yÌ≈# Ï̂òÓ˚ í z̨Fã˛ï˛y G Gç Ï̂lÓ˚ !Ë˛!_ Ï̂ï˛
ˆlGÎ˚y • Ï̂Î˚̂ ÏSÈ–

í z̨Fã˛ï˛y Gçl

àí ¸̨ 162.6 ̨ˆ§!Ù 52.36 ˆÜ˛!ç

ˆË˛òÙyl 127.69 ˆ§!Ù2 23.1361 ˆÜ˛!ç2

xyÙÓ˚y !Ü˛ Ó° Ï̂ï˛ ̨õy!Ó˚ ̂ Î í z̨Fã˛ï˛yÓ˚ ̂ ã˛ Ï̂Î˚ Gç Ï̂lÓ˚ ̂ Ë˛òÙyl ̂ Ó!¢⁄

§Ùyôyl  ̨õ!Ó˚Óï≈̨ l¢#°ï˛yÓ˚ ï%̨ °ly Ü˛Ó˚̂ Ïï˛ñ ≤ÃÌ Ï̂Ù xyÙy Ï̂òÓ˚ ̂ Ë˛òyAÜ˛ !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó–

ˆòGÎ˚y xy Ï̂SÈñ í z̨Fã˛ï˛yÓ˚ ̂ Ë˛òÙyl = 127.69 ̂ §!Ù2

§%ï˛Ó˚yÇ í z̨Fã˛ï˛yÓ˚ §ÙÜ˛ ̨ õyÌ≈Ü˛ƒ = 127 69. ˆ§!Ù = 11.3 ̂ §!Ù

~ÓÇ Gç Ï̂lÓ˚ ̂ Ë˛òÙyl = 23.1361 ̂ Ü˛!ç2
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§%ï˛Ó˚yÇ Gç Ï̂lÓ˚ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ = 23 1361.  ˆÜ˛!ç = 4.81 ˆÜ˛!ç

~ál í z̨Fã˛ï˛yÓ˚ ˆË˛òyAÜ˛ (C.V) =   × 100

  = 
11 3

162 6
100

.

.

×  = 6.95

~ÓÇ Gç Ï̂lÓ˚ ˆË˛òyAÜ˛ (C.V) = 
4 81

52 36
100

.

.

×  = 9.18

xÌ≈yÍ í z̨Fã˛ï˛yÓ˚ ̂ Ë˛òy Ï̂AÜ˛Ó˚ ̂ ã˛ Ï̂Î˚ Gç Ï̂lÓ˚ ̂ Ë˛òyAÜ˛ ̂ Ó¢#–

§%ï˛Ó˚yÇñ xyÙÓ˚y Ó° Ï̂ï˛ ̨õy!Ó˚ í z̨Fã˛ï˛yÓ˚ ̂ ã˛ Ï̂Î˚ Gç Ï̂lÓ˚ ̨õ!Ó˚Óï≈̨ l¢#°ï˛y ̂ Ó¢#–

xl%¢#°l# 15.3

1. !l Ï̂¡¨ ≤Ãò_ Ó˚y!¢ï˛Ìƒ ̂ Ì Ï̂Ü˛ñ A G B ~Ó˚ Ù Ï̂ôƒ ̂ Ü˛yl!ê˛ ̂ Ó¢# ̨õ!Ó˚Óï≈̨ l¢#° !ÓÓ,ï˛ Ü˛ Ï̂Ó˚y⁄

 l¡∫Ó˚ 10-20 20-30 30-40 40-50 50-60 60-70 70-80

 @˝Ã%̨ õ A 9 17 32 33 40 10 9

 @˝Ã%̨ õ B 10 20 30 25 43 15 7

2. l# Ï̂ã˛Ó˚ X G Y ~Ó˚ ̂ ¢Î˚yÓ˚ òÓ˚ ̂ Ì Ï̂Ü˛ ̂ Ü˛yl!ê˛ Ùy Ï̂lÓ˚ §y Į̈̂ õ Ï̂«˛ ̂ Ó!¢ fiÌyÎ˚# ̂ ÓÓ˚ Ü˛ Ï̂Ó˚y ı

X 35 54 52 53 56 58 52 50 51 49

Y 108 107 105 105 106 107 104 103 104 101

3. ˆÜ˛y Ï̂ly ~Ü˛!ê˛ !¢“ ≤Ã!ï˛¤˛y Ï̂lÓ˚ ò%!ê˛ Ê˛yÙ≈ A G B ~Ó˚ ◊!ÙÜ˛ Ï̂òÓ˚ Ùy!§Ü˛ xy Ï̂Î˚Ó˚ ~Ü˛!ê˛ !Ó Ï̂Ÿ’£î l# Ï̂ã˛
ˆòGÎ˚y •° ı

Ê˛yÙ≈ A Ê˛yÙ≈ B

◊!ÙÜ˛ §Çáƒy 586 648

Ùy!§Ü˛ xy Ï̂Î˚Ó˚ àí ¸̨ 5253 ê˛yÜ˛y 5253 ê˛yÜ˛y

xy Ï̂Î˚Ó˚ !ÓË˛yç Ï̂lÓ˚ ̂ Ë˛òÙyl 100 121

(i) A xÌÓy B ~Ó˚ Ù Ï̂ôƒ ˆÜ˛yl Ê˛yÙ≈!ê˛ ˛õy!Ó˚◊!ÙÜ˛ ÓyÓò ˆÓ¢# áÓ˚ã˛ Ü˛ Ï̂Ó˚⁄

(ii) A xÌÓy B ~Ó˚ Ù Ï̂ôƒ ̂ Ü˛yl Ê˛yÙ≈!ê˛Ó˚ Óƒ!=˛àï˛ ̨õy!Ó˚◊!Ù Ï̂Ü˛Ó˚ ̂ «˛ Ï̂e ̨õ!Ó˚Óï≈̨ l¢#°ï˛y ̂ Ó¢#⁄
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4. Ê%̨ ê˛Ó° ̂ á°yÓ˚ ~Ü˛!ê˛ ÙÓ˚¢%̂ ÏÙ A ò Ï̂°Ó˚ ̂ ày Ï̂°Ó˚ ̂ Ó˚Ü˛í≈̨  !l Ï̂¡¨ ̂ òGÎ˚y •° ı

ˆày° §Çáƒy 0 1 2 3 4

Ùƒyã˛ §Çáƒy 1 9 7 5 3

B ò Ï̂°Ó˚ ≤Ã!ï˛ Ùƒyã˛ !˛õS%È ̂ ày° Ü˛Ó˚yÓ˚ àí ¸̨ 2 ~ÓÇ §ÙÜ˛ ̨õyÌ≈Ü˛ƒ 1.25– ̂ Ü˛yl ò° ̂ Ó¢# §Aàï˛ñ ï˛y ̂ ÓÓ˚
Ü˛ Ï̂Ó˚y⁄

5. 50!ê˛ í z̨!qç o Ï̂ÓƒÓ˚ ˜òâ≈ƒ x åˆ§!Ù Ï̂ï˛ä G Gçl y å@˝ÃyÙÈüÈ~ä ~Ó˚ §Ù!T˛ ~ÓÇ ï˛y Ï̂òÓ˚ Ó Ï̂à≈Ó˚ §Ù!T˛
!l Ï̂ã˛ ̂ òGÎ˚y •° ı

x
i

i=
∑ =

1

50

212 , x
i

i

2

1

50

902 8

=
∑ = . , y

i

i=
∑ =

1

50

261 , y
i

i

2

1

50

1457 6

=
∑ = .

˜òâ≈ƒ Óy Gç Ï̂lÓ˚ Ù Ï̂ôƒ ̂ Ü˛yl!ê˛ ̂ Ó¢# ̨õ!Ó˚Óï≈̨ l¢#°⁄

!Ó!Óô í z̨òy•Ó˚îÙy°y

í z̨òy•Ó˚î 16    20!ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ ̂ Ë˛òÙyl •° 5– Î!ò ≤Ã!ï˛!ê˛ ̨õÎ≈̂ ÏÓ«˛î Ï̂Ü˛ 2 myÓ˚y à%î Ü˛Ó˚y •Î˚ ï˛y• Ï̂°
lï%̨ l ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ ̂ Ë˛òÙyl !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  ôÓ˚y ÎyÜ˛ ˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°y •° x
1
, x

2
, ..., x

20 
~ÓÇ x •° ï˛y Ï̂òÓ˚ àí ¸̨–

ˆòGÎ˚y xy Ï̂SÈñ ˆË˛òÙyl = 5 ~ÓÇ n = 20 –

xyÙÓ˚y çy!lñ        ˆË˛òÙyl  σ
2

1 2

1

20

( ) = −
=
∑

n
x x

i

i

( )

 xÌ≈yÍñ     5
1

20

2

1

20

= −
=
∑ ( )x x

i

i

Óy    ( )x x
i

i

− =
=
∑ 2

1

20

100

Î!ò ≤Ã!ï˛!ê˛ ̨ õÎ≈̂ ÏÓ«˛î Ï̂Ü˛ 2 myÓ˚y à%î Ü˛Ó˚y •Î˚ ~ÓÇ lï%̨ l ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°y y
i
 •Î˚ñ ï˛y• Ï̂°

y
i
 = 2x

i
 xÌ≈yÍñ  x

i
 = 

1

2
y

i

§%ï˛Ó̊yÇ y
n

y x
i

i

i

i

= =
= =
∑ ∑

1 1

20
2

1

20

1

20

= 2
1

20
1

20

. x
i

i=
∑

xÌ≈yÍñ y  = 2 x   Óy  x = 
1

2
y

(1) ~ x
i
 ~ÓÇ x ~Ó˚ Ùylà%̂ Ï°y Ó!§ Ï̂Î˚ ˛õy•zñ
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1

2

1

2
100

2

1

20

y y
i

i

−






=
=
∑ ñ xÌ≈yÍñ ( )y y

i

i

− =
=

∑ 2

1

20

400

xÌ≈yÍ lï%̨ l ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ ̂ Ë˛òÙyl =
1

20
400 20 2 5

2× = = ×

AoT˛Óƒ   Î!ò ≤Ã!ï˛!ê˛ ˛õÎ≈̂ ÏÓ«˛î Ï̂Ü˛ ~Ü˛!ê˛ ô %ÓÜ˛ k myÓ˚y à%î Ü˛Ó˚y •Î˚ ï˛y• Ï̂° lï%̨ l ˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚
ˆË˛òÙyl • Ï̂Ó Ù)° ˆË˛òÙy Ï̂lÓ˚ k2 à%î–

í z̨òy•Ó˚î 17  5!ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ àí ¸̨ 4.4 ~ÓÇ ï˛y Ï̂òÓ˚ ̂ Ë˛òÙyl 8.24 – Î!ò ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ Ù Ï̂ôƒ !ï˛l!ê˛
1, 2 ~ÓÇ 6 •Î˚ ï˛y• Ï̂° x˛õÓ˚ ò%!ê˛ ̨ õÎ≈̂ ÏÓ«˛î ̂ ÓÓ˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  ôÓ˚y ÎyÜ˛ñ x˛õÓ˚ ˛õÎ≈̂ ÏÓ«˛î ò%!ê˛ •° x ~ÓÇ y–

ï˛y• Ï̂° ˆ◊!î!ê˛ • Ï̂Ó 1, 2, 6, x,  y –

~ál             àí ¸̨ x = 4.4 = 
1 2 6

5

+ + + +x y

Óy                  22 = 9 + x + y

§%ï˛Ó̊yÇ               x + y = 13 ... (1)

xyÓyÓ̊         ˆË˛òÙyl 8.24 = 
1

1

5

2

n
x x

i

i

( )−
=
∑

xÌ≈yÍñ 8.24 = 
1

5
3 4 2 4 1 6 2 4 4 2 4 4

2 2 2 2 2 2

. . . . .( ) + ( ) + ( ) + + − × + + × ( )





x y x y( )

Óy 41.20 = 11.56 + 5.76 + 2.56 + x2 + y2 –8.8 × 13 + 38.72

xÌ≈yÍ x2 + y2  = 97 ... (2)

!Ü˛v (1) ˆÌ Ï̂Ü˛ ˛õy•zñ x2 + y2  + 2xy = 169 ... (3)

(2) G (3) ˆÌ Ï̂Ü˛ ˛õy•zñ

2xy = 72 ... (4)

(2) ˆÌ Ï̂Ü˛ (4) !Ó Ï̂Î˚yà Ü˛ Ï̂Ó˚ ˛õy•zñ x2 + y2  –  2xy = 97 – 72  xÌ≈yÍñ (x – y)2 = 25

Óy x – y = ± 5 . . .

(5)

§%ï˛Ó˚yÇñ (1) G (5) ˆÌ Ï̂Ü˛ ˛õy•zñ x = 9, y = 4 Îál x – y = 5

xyÓyÓ̊ x = 4, y = 9 Îál x – y = – 5

§%ï˛Ó˚yÇ xÓ!¢T˛ ò%!ê˛ ̨ õÎ≈̂ ÏÓ«˛î •° 4 ~ÓÇ 9–

í z̨òy•Ó˚î 18  Î!ò x
1
, x

2
, ...,x

n 
˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ ≤Ã!ï˛!ê˛ a myÓ˚y Ó,!Âô ˛õyÎ˚ ˆÎáy Ï̂l a ~Ü˛!ê˛ }îydÜ˛ Óy

ôîydÜ˛ §Çáƒy ï˛y• Ï̂° ̂ òáyG ̂ Î ̂ Ë˛òÙyl x˛õ!Ó˚Óï≈̨ l¢#°–
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§Ùyôyl  ôÓ˚y ÎyÜ˛ñ x
1
, x

2
, ...,x

n 
 ~Ó˚ àí ¸̨ x –

ï˛y• Ï̂°       ˆË˛òÙyl Èσ
1

2 = 
1

1

2

n
x x

i

i

n

( )−
=
∑

Î!ò ≤Ã!ï˛!ê˛ ̨ õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ § Ï̂Aà ‘a’ ̂ Îyà Ü˛Ó˚y •Î˚ñ ï˛y• Ï̂° lï%̨ l ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°y • Ï̂Ó
y

i
 = x

i
 + a ... (1)

ôÓ˚y ÎyÜ˛ñ lï%̨ l ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ àí ¸̨ y –

ï˛y• Ï̂° y = 
1 1

1 1
n

y
n

x a
i

i

n

i

i

n

= =
∑ ∑= +( )

    = 
1

11
n

x a
i

i

n

i

n

+










==
∑∑  =  

1

1n
x

na

n
x a

i

i

n

=
∑ + = +

xÌ≈yÍ y = x + a ... (2)

ï˛y• Ï̂° lï%̨ l ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ ̂ Ë˛òÙyl

σ
2

2 = 
1

1

2

n
y y

i

i

n

( )−
=
∑ = 

1

1

2

n
x a x a

i

i

n

( )+ − −
=

∑    [(1) G (2) ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚]

      =  
1

1

2

n
x x

i

i

n

( )

=
∑ − = σ

1

2

xÌ≈yÍ lï%̨ l ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ ̂ Ë˛òÙylñ xy Ï̂àÓ˚ ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ ̂ Ë˛òÙy Ï̂lÓ˚ §Ùyl–

AoT˛Óƒ    xyÙÓ˚y ̂ òá Ï̂ï˛ ̨õy•z ̂ Î ̂ Ü˛y Ï̂ly ~Ü˛!ê˛ ò Ï̂°Ó˚ ≤Ã!ï˛!ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ § Ï̂Aà åÓy ̂ Ì Ï̂Ü˛äÈ ̂ Ü˛y Ï̂ly
ôîydÜ˛ §Çáƒy ̂ Îyà åÓy !Ó Ï̂Î˚yàä Ü˛Ó˚̂ Ï° ̂ Ë˛òÙy Ï̂lÓ˚ ̂ Ü˛y Ï̂ly ̨õ!Ó˚Óï≈̨ l •Î˚ ly–

í z̨òy•Ó˚î 19  ~Ü˛çl !¢«˛yÌ≈# 100!ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ àí ¸̨ G ̂ Ë˛òÙyl àîly Ü˛Ó˚° ÎÌyÜ ̨ Ï̂Ù 40 G 5.1– !Ü˛v
Ë%̨ °Ó¢ï˛ !¢«˛yÌ≈#!ê˛ ~Ü˛!ê˛ ̨ õÎ≈̂ ÏÓ«˛î Ï̂Ü˛ 40 ~Ó˚ fiÌ Ï̂° 50 !l°– ï˛y• Ï̂° §!ë˛Ü˛ àí ¸̨ G ̂ Ë˛òÙyl Ü˛ï˛⁄

§Ùyôyl  ˆòGÎ˚y xy Ï̂SÈñ ˛õÎ≈̂ ÏÓ«˛î §Çáƒy (n) = 100

x¢%Âô àí ¸̨ ( )x = 40

 x¢%Âô §ÙÜ˛ ˛õyÌ≈Ü˛ƒ ( )σ  = 5.1

xyÙÓ˚y çy!l x
n

x
i

i

n

=
=

∑
1

1

xÌ≈yÍ ñ  40
1

100
1

100

=
=
∑ x

i

i

   Óy     x
i

i=
∑

1

100

= 4000
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xÌ≈yÍ ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ x¢%Âô §Ù!T˛ = 4000

§%ï˛Ó˚yÇñ ˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ §!ë˛Ü˛ §Ù!T˛ = x¢%Âô §Ù!T˛ – 50 + 40

= 4000 – 50 + 40 = 3990

ï˛y• Ï̂°      §!ë˛Ü˛ àí ¸̨ =  =
3990

100
 = 39.9

xyÓyÓ̊     §ÙÜ˛ ˛õyÌ≈Ü˛ƒ  σ È= 
1 12

1

2

1

2

n
x

n

x
i

i

n

i

i

n

= =
∑ ∑−








= 
1 2

1

2

n
x x

i

i

n

=

∑ − ( )

xÌ≈yÍñ   5.1 = 
1

100

40
2

1

2× −
=

∑Incorrect x
i

i

n

( )

Óy ñ   26.01 = 
1

100

2

1

×
=

∑Incorrect x
i

i

n

– 1600

§%ï˛Ó˚yÇñ   x¢%Âô x
i

i

n

2

1=
∑ = 100 (26.01 + 1600) = 162601

~álñ   §!ë˛Ü˛ x
i

i

n

2

1=
∑ = x¢%Âô x

i

i

n

2

1=

∑ – (50)2 + (40)2

             = 16260ÈÈ üü 2500 + 1600 = 161701

xï˛~Óñ §!ë˛Ü˛ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ

= 
Correct

(Correct mean)
x

n

i

2

2∑
−

= 
161701

100

39 9
2

− ( ).

=  1617 01 1592 01. .− = 25  = 5

x¢%Âô

x¢%Âô

§!ë˛Ü˛ å§!ë˛Ü˛ àí˛¸ä2
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xôƒyÎ˚ 15 ~Ó˚ !Ó!Óô xl%¢#°l#

1. xyê˛!ê˛ ̨ õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ àí ¸̨ G ̂ Ë˛òÙyl ÎÌyÜ ̨ Ï̂Ù 9 ~ÓÇ 9.25– Î!ò SÈÎ˚!ê˛ ̨ õÎ≈̂ ÏÓ«˛î 6, 7, 10, 12, 12

~ÓÇ 13 •Î˚ ï˛y• Ï̂° Óy!Ü˛ ò%!ê˛ ̨ õÎ≈̂ ÏÓ«˛î ̂ ÓÓ˚ Ü˛ Ï̂Ó˚y–

2. 7 !ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ àí ¸̨ G ̂ Ë˛òÙyl ÎÌyÜ ̨ Ï̂Ù 8 ~ÓÇ 16– Î!ò ̨õÑyã˛!ê˛ ̨õÎ≈̂ ÏÓ«˛î 2, 4, 10, 12, 14 •Î˚
ï˛y• Ï̂° Óy!Ü˛ ò%!ê˛ ̨õÎ≈̂ ÏÓ«˛î ̂ ÓÓ˚ Ü˛ Ï̂Ó˚y–

3. SÈÎ˚!ê˛ ̨ õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ àí ¸̨ G ̂ Ë˛òÙyl ÎÌyÜ ̨ Ï̂Ù 8 ~ÓÇ 4– Î!ò ≤Ã!ï˛!ê˛ ̨ õÎ≈̂ ÏÓ«˛î Ï̂Ü˛ 3 myÓ˚y à%î Ü˛Ó˚y •Î˚
ï˛y• Ï̂° °kô ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ lï%̨ l àí ¸̨ G lï%̨ l §ÙÜ˛ ̨õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

4. n §ÇáƒÜ˛ ˛õÎ≈̂ ÏÓ«˛î x
1
, x

2
, ...,x

n 
~Ó˚ àí ¸̨ x  ~ÓÇ ˆË˛òÙyl σ2– ≤ÃÙyî Ü˛Ó˚ ˆÎ ax

1
, ax

2
, ax

3
, ....,

ax
n 
˛õÎ≈̂ ÏÓ«˛îà%̂ Ï°yÓ˚ àí ¸̨ G ˆË˛òÙyl ÎÌyÜ ̨ Ï̂Ù ax G a2 σ2 (a ≠ 0)–

5. 20!ê˛ ̨ õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ àí ¸̨ G §ÙÜ˛ ̨õyÌ≈Ü˛ƒ ÎÌyÜ ̨ Ï̂Ù 10 ~ÓÇ 2– !Ü˛v ̂ òáy ̂ à° ̂ Î ~Ü˛!ê˛ ̨ õÎ≈̂ ÏÓ«˛î 8
x¢%Âô– l# Ï̂ã˛Ó˚ ≤Ã!ï˛!ê˛ ̂ «˛ Ï̂e àí ¸̨ G §ÙÜ˛ ̨ õyÌ≈Ü˛ƒ !lî≈Î˚ Ü˛ Ï̂Ó˚y ı

(i) Î!ò Ë%̨ ° ̨õÎ≈̂ ÏÓ«˛î!ê˛ Óyò ̂ òGÎ˚y •Î˚ (ii) Î!ò ~!ê˛ Ï̂Ü˛ 12 myÓ˚y ≤Ã!ï˛fiÌy!˛õï˛ •Î˚–

6. ˆÜ˛y Ï̂ly ~Ü˛!ê˛ Üœ̨ y Ï̂¢Ó˚ 50 çl !¢«˛yÌ≈#Ó˚ à!îï˛ñ ˛õòyÌ≈!Óòƒy G Ó˚§yÎ˚̂ Ïl ≤ÃyÆ l¡∫̂ ÏÓ˚Ó˚ àí ¸̨ G §ÙÜ˛
˛õyÌ≈Ü˛ƒ !l Ï̂¡¨ ̂ òGÎ˚y •°ı

!Ó£ÏÎ̊ à!îï˛ ˛õòyÌ≈!Óòƒy Ó̊§yÎ̊l

àí˛̧ 42 32 40.9

§ÙÜ˛ ̨õyÌ≈Ü˛ƒ 12 15 20

!ï˛l!ê˛ !Ó£Ï̂ ÏÎ˚Ó˚ Ù Ï̂ôƒ ̂ Ü˛yl!ê˛ Ï̂ï˛ ̨õ!Ó˚Óï≈̨ l¢#°ï˛y § Ï̂Ó≈yFã˛ ~ÓÇ ̂ Ü˛yl!ê˛ Ï̂ï˛ §Ó≈!l¡¨⁄

7. 100 !ê˛ ̨õÎ≈̂ ÏÓ«˛ Ï̂îÓ˚ àí ¸̨ G §ÙÜ˛ ̨õyÌ≈Ü˛ƒ ÎÌyÜ ̨ Ï̂Ù 20 ~ÓÇ 3– ̨õ Ï̂Ó˚ ̂ òáy ̂ à° ̂ Î ~ Ï̂òÓ˚ Ù Ï̂ôƒ !ï˛l!ê˛
˛õÎ≈̂ ÏÓ«˛î 21, 21 G  18 Ë%̨ ° !SÈ°– Ë%̨ ° ̨õÎ≈̂ ÏÓ«˛îà%̂ Ï°y Óyò !ò Ï̂° ï˛y Ï̂òÓ˚ àí ¸̨ G §ÙÜ˛ ̨õyÌ≈Ü˛ƒ !lî≈Î˚
Ü˛ Ï̂Ó˚y–

§yÓ̊§Ç Ï̂«˛˛õ

® !Óhfl,Ï!ï˛Ó̊˛˛ õ!Ó̊Ùy˛õ ≤Ã§yÓ̊ñ ã˛ï%̨ Ì≈Ü˛ ̨õyÌ≈Ü˛ƒñ àí˛̧ ̨õyÌ≈Ü˛ƒñ ̂ Ë˛òÙylñ §ÙÜ˛ ̨õyÌ≈Ü˛ƒ •° !Óhfl,Ï!ï˛Ó̊ ̨õ!Ó̊Ùy˛õ–
≤Ã§yÓ˚ = Ó,•_Ù Ùyl – «%̨ oï˛Ù Ùyl

®§Ó˚° Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ àí ¸̨ ̨õyÌ≈Ü˛ƒ

M D x
x x

n
M D M

x M

n

i i
. .( ) , . . ( )=

−
=

−∑ ∑
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®ˆ◊!îÓÂô Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ àí ¸̨ ̨õyÌ≈Ü˛ƒ

    M.D. (x) =
f x - x

N
, M.D. (M) =

f x - M

N
,                N = f

i i i i

i

∑ ∑
∑

®§Ó˚° Ó˚y!¢ï˛ Ï̂ÌƒÓ˚ ˆË˛òÙyl G §ÙÜ˛˛ õyÌ≈Ü˛ƒ

σ
2 1

= −∑
n

x x
i

( )
2

, σ = −∑
1 2

n
x x

i
( )

® !Ó!FSÈß¨ ̨õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ ̂ «˛ Ï̂e ̂ Ë˛òÙyl G §ÙÜ˛˛õyÌ≈Ü˛ƒ

σ σ
2 2 21 1

= −( ) = −( )∑∑
N N

f x x f x x
i i i i

,

®§hs˝ï˛ ̨õ!Ó˚§Çáƒy !ÓË˛yç Ï̂lÓ˚ ̂ Ë˛òÙyl G §ÙÜ˛ ̨õyÌÜ≈̨ ƒ

σ σ
2 2 2

21 1
= −( ) = − ( )∑∑∑

N N
Nf x x f x f x

i i i i i i
,

®ˆË˛òÙyl G §ÙÜ˛˛ õyÌ≈Ü˛ƒ !lî≈̂ ÏÎ˚Ó˚ §Ç!«˛Æ ̨õÂô!ï˛–

σ
2

2

2
2

= − ( )



∑∑

h
f y f y
i i i i

N
N

2
, σ = − ( )∑∑

h
f y f y
i i i i

N
N

2
2

,

ˆÎáy Ï̂l y
x

h
i

i=
− A

®ˆË˛òyAÜ˛ (C.V.) = × ≠
σ

x
x100 0, –

§Ùyl àí ¸̨ Î%=˛ ˆ◊!îà%̂ Ï°yÓ˚ Ù Ï̂ôƒ ˆÎ!ê˛Ó˚ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ Ü˛Ù ˆ§!ê˛ ˆÓ!¢ §Aàï˛ Óy Ü˛Ù SÈí ¸̨y Ï̂ly–

˙!ï˛•y!§Ü˛ ̂ ≤Ã«˛y˛õê˛

ÚÓ̊y!¢!ÓK˛ylÛ ¢∑!ê˛ °ƒy!ê˛l ¢∑ Úˆfiê˛ê˛y§Û ̂ Ì Ï̂Ü˛ ~ Ï̂§ Ï̂SÈ ÎyÓ̊ xÌ≈ Ó̊yç Ï̃l!ï˛Ü˛ Ó̊yT …̨– ~ ̂ Ì Ï̂Ü˛ ̂ ÓyV˛y Ï̂ly ÎyÎ̊

ˆÎ Ó˚y!¢ !ÓK˛yl ~Ó˚ ÓÎ˚§ ÙylÓ §Ë˛ƒï˛yÓ˚ ÓÎ˚̂ Ï§Ó˚ §Ùyl– á #T˛˛õ)Ó≈ 3050ÈüÈ~ •z!ç≤WzÈüÈ~ §Ω˛Óï˛ ≤ÃÌÙ

çlàîly •Î˚– Ë˛yÓ˚ï˛Ó Ï̂£Ï≈G ≤ÃyÎ˚ 2000 ÓSÈÓ˚ xy Ï̂àñ ã˛wà%Æ ˆÙÔ Ï̂Î≈Ó˚ xyÙ Ï̂° (324 - 300 á #É ˛õ)),

≤Ã¢y§!lÜ˛ ÎyÓï˛#Î˚ Ó˚y!¢!ÓK˛yl §Ç@˝Ã Ï̂•Ó˚ çlƒ §ÓôÓ˚̂ ÏlÓ˚ §%!Óôy Ùç%ï˛ !SÈ°– ̂ Ü˛Ô!ê˛ Ï̂°ƒÓ˚ xÌ≈¢y Ï̂flf å≤ÃyÎ˚

300 á #É ˛õ)ä  çß√ G Ù,ï%̨ ƒ §¡õ!Ü≈̨ ï˛ Ó˚y!¢ï˛Ìƒ §Ç@˝Ã Ï̂•Ó˚ ˛õÂô!ï˛Ó˚ í ẑ̨ ÏÕ‘á xy Ï̂SÈ– xyÜ˛Ó Ï̂Ó˚Ó˚ ¢y§lÜ˛y Ï̂°

≤Ã¢y§!lÜ˛ !lÓ˚#«˛yÓ˚ §!ÓhflÏyÓ˚ í ẑ̨ ÏÕ‘á xyÓ%° Ê˛ç Ï̂°Ó˚ Úxy•zlÈü•z xyÜ˛ÓÓ˚#Û ̂ ï˛ ̨õyGÎ˚y ÎyÎ˚–

ˆÎáyˆÏl
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çß√ Ù,ï%̨ ƒ §ÇÜ ̨ yhs˝ Ó˚y!¢!ÓK˛y Ï̂lÓ˚ xôƒÎ˚̂ ÏlÓ˚ § Ï̂Aà Î%=˛ ÌyÜ˛yÓ˚ çlƒ °u˛ Ï̂lÓ˚ Ü˛ƒy Ï̂≤Wzl çl @˝Ãyrê˛ÈüÈˆÜ˛

(1620 - 1674) ç#Ól §¡∫rô#Î˚ Ó˚y!¢!ÓK˛y Ï̂lÓ˚ çlÜ˛ Ó°y •Î˚– ˆçÜ˛Ó Ó Ï̂l≈Ô°# 1654 - 1705) ïÑ̨ yÓ˚

1713 §y Ï̂° ≤ÃÜ˛y!¢ï˛ •GÎ˚y Ó•z “Ars Conjectandi’ ̂ ï˛ Ó,•_Ù §Çáƒy !lÎ˚Ùà%̂ Ï°y í ẑ̨ ÏÕ‘á Ü˛ Ï̂Ó˚̂ ÏSÈl–

Ó˚y!¢!ÓK˛y Ï̂lÓ˚ ï˛y!_¥Ü˛ !òÜ˛!ê˛Ó˚ í z̨ß¨!ï˛ •Î˚ §Æò¢ ¢ï˛y∑#Ó˚ ÙôƒË˛y Ï̂à ~ÓÇ ï˛y ã˛ Ï̂° Ü ̨ #í ¸̨yï˛_¥ Óy

§Ω˛yÓlyÓ̊  í z̨Í˛õ!_ ̨õÎ≈hs˝– •zÇ°ƒy Ï̂u˛Ó̊ Ê ̨ y!™§ àƒy°ê˛l (1822 - 1921) • Ï̂°l ç#Ó!Ù!ï˛ ̂ «˛ Ï̂e Ó̊y!¢!ÓK˛yl

§¡øï˛ ˛õÂô!ï˛ ÓƒÓ•y Ï̂Ó˚Ó˚ ≤ÃÓï≈̨ Ü˛– Ü˛y•zflÒÎ˚yÓ˚ ˆê˛fiê˛ G •zÇ°ƒy Ï̂u˛Ó˚ (1911) T˛ƒy!ê˛§!ê˛Ü˛ƒy° °ƒyÓ Ï̂Ó˚ê˛Ó˚#

Ê˛yí ẑ̨ Ïu˛¢yl ~Ó˚ xy!Ó‹Òï≈̨ y Ü˛y°≈ !˛õÎ˚yÓ˚§l (1857 - 1936) Ó˚y!¢ !ÓK˛yl ã˛ã≈̨ yÓ˚ ≤ÃË)̨ ï˛ í z̨ß¨!ï˛ §yôl Ü˛ Ï̂Ó˚l–

§ƒyÓ˚ ̂ Ó˚yly”˛ ~É !Ê˛¢yÓ˚ (1890 - 1962) ̂ Ü˛ xyô%!lÜ˛ Ó˚y!¢!ÓK˛y Ï̂lÓ˚ çlÜ˛ Ó°y •Î˚ !Î!l  ≤Ãçll ¢yflfñ

ç#Ó!Ù!ï˛ñ !¢«˛y!ÓK˛ylñ Ü,̨ !£Ï ≤ÃË,̨ !ï˛ !Ó!Ë˛ß¨ !Ó£Ï̂ ÏÎ˚ ~Ó˚ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ ̂ òáyl–



vWhere a mathematical reasoning can be had, it is as great a folly to

make use of any other, as to grope for a thing in the dark, when

you have a candle in your hand. – JOHN ARBUTHNOT v

16.1  Ë)˛!ÙÜ˛y

˛õ)ˆÏÓ≈Ó˚ ˆ◊!îˆÏï˛ xyÙÓ˚y §Ω˛yÓlyÓ˚ ôyÓ˚îy Ó°ˆÏï˛ !Ó!Ë˛ß¨ âê˛ly âê˛yÓ˚
x!lŸã˛Î˚ï˛yÓ˚ ̨õ!Ó˚Ùy˛õ Ï̂Ü˛ ̨õ Ï̂í ¸̨!SÈ–

xyÙÓ˚y ̂ ˛õ Ï̂Î˚!SÈ ̂ Î ~Ü˛!ê˛ °%̂ Ïí˛yÓ˚ SÈE˛y Ï̂Ü˛ !l Ï̂«˛˛õ Ü˛ Ï̂Ó˚ Î%@¬ §Çáƒy ̨õyGÎ˚yÓ˚

§Ω˛yÓly 
3

6
 xÌ≈yÍñ 

1

2
– ~áy Ï̂l ̂ Ùyê˛ §Ω˛yÓƒ Ê˛°yÊ˛°à%̂ Ï°y •° 1,2,3,4,5

~ÓÇ 6 å§ÇáƒyÎ˚ SÈÎ˚!ê˛ä– ÎyÓ˚ ÙˆÏôƒ Î$@¬ §Çáƒy ˛õyGÎ˚yÓ˚ ˛õˆÏ«˛ Ê˛°à%ˆÏ°y
•°  2,4,6 åxÌ≈yÍ §ÇáƒyÎ̊ !ï˛l!ê˛ä– §yôyÓ̊îï˛ ̂ Ü˛y Ï̂ly âê˛ly âê˛yÓ̊ §Ω˛yÓly
ˆ˛õ Ï̂ï˛ • Ï̂° xyÙÓ̊y âê˛lyÓ̊ ̨õ Ï̂«˛ Ê˛°yÊ˛°à%̂ Ï°yÓ̊ §Çáƒy ~ÓÇ ̂ Ùyê˛ §ÙË˛y Ï̂Ó
§Ω˛yÓƒ Ê˛°yÊ˛°à%̂ Ï°yÓ˚ §ÇáƒyÓ˚ xl%̨ õyï˛ ̂ ÓÓ˚ Ü˛!Ó˚–

§Ω˛yÓlyÓ˚ ~•z ï˛_¥!ê˛ Ú§Ω˛yÓlyÓ˚ ≤Ãyã˛#l ï˛_¥Û åclassical theory of

probabilityä !•ˆÏ§ˆÏÓ ˛õ!Ó˚!ã˛ï˛–

lÓÙ ̂ ◊!î Ï̂ï˛ xyÙÓ̊y ̨õÎ≈̂ ÏÓ«˛î ~ÓÇ §Çà,•#ï˛ Ó̊y!¢ï˛̂ ÏÌƒÓ̊ !Ë˛!_ Ï̂ï˛ §Ω˛yÓly
ˆÓÓ˚ Ü˛Ó˚̂ Ïï˛ !¢ Ï̂á!SÈ– ~!ê˛ Ï̂Ü˛ ̨õ!Ó˚§Çáƒylàï˛ ̨õÂô!ï˛ Ï̂ï˛ §Ω˛yÓly åstatistical approach of probabilityä
Ó°y •Î˚–

í z̨Ë˛Î˚ ï˛ Ï̂_¥Ó˚•z !Ü˛S%È §Ù§ƒy xy Ï̂SÈ– í z̨òy•Ó˚îfl∫Ó)̨̊ õ ~•z ï˛_¥à%̂ Ï°y ~Ùl §Ó !Ü ̨ Î˚yÜ˛°y˛õ‡˛õÓ˚#«˛yÎ˚ ≤Ã Ï̂Î˚yà Ü˛Ó˚y
ÎyˆÏÓ ly ˆÎà%ˆÏ°yÓ˚ x§#Ù §ÇáƒÜ˛ Ê˛°yÊ˛° Ó˚ˆÏÎ˚ˆÏSÈ– ≤Ãyã˛#l ï˛ˆÏ_¥Ó˚ ˆ«˛ˆÏe xyÙÓ˚y Ê˛°yÊ˛°à%ˆÏ°y §ÙË˛yˆÏÓ
§Ω˛yÓƒ ôˆÏÓ˚ !lˆÏÎ˚!SÈ– ÙˆÏl Ó˚yáˆÏï˛ •ˆÏÓ ̂ Î Ê˛°yÊ˛°à%ˆÏ°yˆÏÜ˛ §ÙË˛yˆÏÓ §Ω˛yÓƒ Ó°y •ˆÏÓ Îál ̂ Ü˛yˆÏly ~Ü˛!ê˛
˚Ê˛°yÊ˛° xlƒ xyˆÏÓ˚Ü˛!ê˛ Ê˛°yÊ˛ˆÏ°Ó˚ ̂ ã˛ˆÏÎ˚ ̂ Ó!¢ •GÎ˚yÓ˚ §Ω˛yÓly ̂ Ó!¢ ÌyˆÏÜ˛ ̂ §ê˛y xyÙyˆÏòÓ˚ !ÓŸªy§ Ü˛Ó˚yÓ˚
ˆÜ˛y Ï̂ly Ü˛yÓ˚î Ìy Ï̂Ü˛ly– xlƒ Ë˛y Ï̂Óñ xyÙÓ˚y Ù Ï̂l Ü˛!Ó˚ ̂ Îñ §ÙhflÏ Ê˛°yÊ˛ Ï̂°Ó˚ âê˛yÓ˚ §Ùyl §%̂ ÏÎyà å§Ω˛yÓƒï˛yä
xy Ï̂SÈ– §%ï˛Ó˚yÇñ §Ω˛yÓƒï˛y §ÇK˛y!Î˚ï˛ Ü˛Ó˚̂ Ïï˛ xyÙÓ˚y §ÙylË˛y Ï̂Ó §Ω˛yÓƒ Óy §Ù§Ω˛Ó Ê˛°yÊ˛° ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚!SÈ–
Î%!=˛Ó˚ !òÜ˛ !òˆÏÎ˚ ~!ê˛ §!ë˛Ü˛ §ÇK˛y lÎ˚– ï˛y•z 1933 §yˆÏ° Ó˚y!¢Î˚yl à!îï˛!Óò‰ ~É ~lÉ ˆÜ˛y°ˆÏÙyˆÏàyÓ˚Ë˛

16xôƒyÎ˚

ˆÜ˛y°ˆÏÙyˆÏàyÓ˚Ë˛
Kolmogorov

(1903-1987)

§Ω˛yÓly
PROBABILITY
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§Ω˛yÓlyÓ˚ xyˆÏÓ˚Ü˛!ê˛ ï˛_¥ í˛zqyÓl Ü˛ˆÏÓ˚l– !ï˛!l 1933 §y Ï̂° ï˛yÓ˚ ≤ÃÜ˛y!¢ï˛ Foundation of Probability

Ó•zÈüÈ~ §Ω˛yÓƒï˛y Óƒyáƒy Ü˛Ó˚yÓ˚ çlƒ !Ü˛S%È fl∫ï˛/!§Âô ≤ÃˆÏÎ˚yà  Ü˛ˆÏÓ˚!SÈˆÏ°l ~•z xôƒyˆÏÎ˚ xyÙÓ˚y §Ω˛yÓlyÓ˚ fl∫ï˛/
!§ˆÏÂôÓ˚ x!Ë˛ày!Ùï˛y åaxiomatic approach of probabilityä !Ó£ÏˆÏÎ˚ ˛õí˛¸Ó– ~•z x!Ë˛ày!Ùï˛y ˆÓyV˛yÓ˚
çlƒ xyÙyˆÏòÓ˚ xÓ¢ƒ•z !Ü˛S%È ≤ÃyÌ!ÙÜ˛ ̨õòñ ̂ ÎÙlñ §Ù§Ω˛Ó ̨õÓ˚#«˛yñ lÙ%lyˆÏò¢ñ âê˛ly •zï˛ƒy!ò çylˆÏï˛ •ˆÏÓ–
ã˛ˆÏ°y ~§Ó §¡õˆÏÜ≈˛ ̨ õÓ˚Óï≈˛# xÇˆÏ¢ xyˆÏ°yã˛ly Ü˛!Ó˚–
16.2  §Ù§Ω˛Ó ̨õÓ˚#«˛y (Random Experiments)

xyÙÓ˚y ≤Ã!ï˛!òl ç#Ó Ï̂l ~Ùl x Ï̂lÜ˛ Ü˛yç Ü˛!Ó˚ñ ÎyÓ˚ ~Ü˛!ê˛ !l!ò≈T˛ Ê˛° xy Ï̂SÈñ Ü˛yç!ê˛ xyÙÓ˚y Îï˛•z ̨õ%lÓ˚yÓ,!_
Ü˛!Ó̊ ly ̂ Ü˛l– í z̨òy•Ó̊îfl∫Ó̊)̨ õñ ̂ Ü˛y Ï̂ly !eË%̨ ç ̂ òGÎ̊y ÌyÜ˛ Ï̂°ñ ï˛yÓ̊ !ï˛l!ê˛ ̂ Ü˛yî ly ̂ ç Ï̂lG xyÙÓ̊y !l!Ÿã˛ï˛Ë˛y Ï̂Ó
ÓˆÏ° !òˆÏï˛ ̨ õy!Ó˚ ̂ Îñ !eË%˛ˆÏçÓ˚ !ï˛l!ê˛ ̂ Ü˛yˆÏîÓ˚ §Ù!T˛ 180°–

xyÙÓ˚y ~Ùl xˆÏlÜ˛ ̨ õÓ˚#«˛yÙ)°Ü˛ Ü˛yçG §¡õyòl Ü˛!Ó˚ ÎyˆÏòÓ˚ Ê˛°yÊ˛° §Ùyl lyG •ˆÏï˛ ̨ õyˆÏÓ˚ Îál
~Ü˛•z ̨õÓ˚#«˛yÙ)°Ü˛ xÓfiÌyÓ˚ xô#ˆÏl Ü˛yçà%ˆÏ°y ̨õ%lÓ˚yÓ,!_ Ü˛Ó˚y •Î˚–

í z̨òy•Ó˚îfl∫Ó)̨̊ õñ Îál ~Ü˛!ê˛ Ù%oy ê˛§‰ Ü˛Ó˚y •Î˚ñ ~Ü˛!ê˛ Úˆ•í˛Û Óy Úˆê˛°Û ̨õyGÎ˚y ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚ñ !Ü˛v xyÙÓ˚y
!l!Ÿã˛ï˛ l•z ˆÎ ~•z Ê˛°yÊ˛ˆÏ°Ó˚ ˆÜ˛yl‰!ê˛ xy§ˆÏ° ˛õyGÎ˚y ÎyˆÏÓ– ~•z ôÓ˚ˆÏlÓ˚ ˛õÓ˚#«˛yˆÏÜ˛ §Ù§Ω˛Ó ˛õÓ˚#«˛y
årandom experimentsä Ó°y •Î˚–

~Ü˛!ê˛ ̨ õÓ˚#«˛yˆÏÜ˛ Ú§Ù§Ω˛Ó ̨õÓ˚#«˛y Ó°y •ˆÏÓ Îál ̂ §!ê˛ l#ˆÏã˛Ó˚ ò%!ê˛ ¢ï≈˛ !§Âô Ü˛Ó˚ˆÏÓÈüüüÈ
  (i) ï˛yÓ˚ ~Ü˛y!ôÜ˛ §Ω˛yÓƒ Ê˛°yÊ˛° ÌyÜ˛ Ï̂Ó–
(ii) Ê˛°yÊ˛° §¡õˆÏÜ≈˛ xyàyÙ ̂ Ü˛yˆÏly Ë˛!Ó£Ïƒmyî# §Ω˛Ó lÎ˚–

~Ü˛!ê˛ °%ˆÏí˛yÓ˚ SÈE˛yˆÏÜ˛ à!í˛¸ˆÏÎ˚ !òˆÏ° ̂ §!ê˛ ~Ü˛!ê˛ §Ù§Ω˛Ó ̨õÓ˚#«˛y !Ü˛ly Îyã˛y•z Ü˛ˆÏÓ˚ ̂ òáy ÎyÜ˛–
~•z xôƒyˆÏÎ˚ xyÙÓ˚y ̨ õÓ˚#«˛y Ó°ˆÏï˛ §Ù§Ω˛Ó ̨õÓ˚#«˛y Ó%V˛Ó Î!ò !Ü˛S%È Ó°y ly •Î˚˝–

16.2.1  Ê˛°yÊ˛° ~ÓÇ lÙ%ly ˆò¢ åOutcomes and sample spaceä ~Ü˛!ê˛ §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚
§Ω˛yÓƒ ˛õ!Ó˚îyÙˆÏÜ˛ ï˛yÓ˚ Ê˛°yÊ˛° åoutcomeä Ó°y •Î˚–

°%̂ Ïí˛yÓ˚ SÈE˛y Ï̂Ü˛ àí ¸̨y Ï̂lyÓ˚ ̨õÓ˚#«˛y !Ó Ï̂Óã˛ly Ü˛!Ó˚– ~•z ̨õÓ˚#«˛yÓ˚ Ê˛°yÊ˛°à%̂ Ï°y • Ï̂Ó 1, 2, 3, 4, 5, Óy 6,

Î!ò lÙ%ly SÈE˛yÓ˚ í˛z˛õˆÏÓ˚Ó˚ xÇˆÏ¢Ó˚ ̂ ÊÑ˛yê˛y ådotä à%ˆÏ°y §¡õˆÏÜ≈˛ xy@˝Ã•# ••z–
Ê˛°yÊ˛°à%ˆÏ°yÓ˚ ˆ§ê˛ {1, 2, 3, 4, 5, 6} ˆÜ˛ ˛õÓ˚#«˛yÓ˚ lÙ%lyˆÏò¢ åsample space of the

experimentä Ó°y •Î˚–
§%ï˛Ó˚yÇ ~Ü˛!ê˛ §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §ÙhflÏ §Ω˛yÓƒ Ê˛°yÊ˛°à%ˆÏ°yÓ˚ ˆ§ê˛ˆÏÜ˛ ˛õÓ˚#«˛y!ê˛Ó˚ §ˆÏAà Î%=˛ lÙ%ly

ˆò¢ Ó°y •Î˚– lÙ%ly ˆò¢ ÚSÛ ˛≤Ãï˛#Ü˛ !ã˛•´ !òˆÏÎ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–
lÙ%ly  ˆòˆÏ¢Ó˚ ≤Ã!ï˛!ê˛ §Ù§ƒyˆÏÜ˛ ~Ü˛!ê˛ lÙ%ly !Ó®% åsample pointä Ó°y •Î˚– xlƒË˛yˆÏÓ Ó°ˆÏ°

~Ü˛!ê˛ §Ù§Ω˛Ó ̨õÓ˚#«˛yÓ˚ ≤Ã!ï˛!ê˛ Ê˛°yÊ˛°ˆÏÜ˛ lÙ%ly !Ó®% Ó°y •Î˚–
~ál xyÙÓ˚y !Ü˛S%È í˛zòy•Ó˚î !ÓˆÏÓã˛ly Ü˛Ó˚Ó–

í z̨òy•Ó˚î 1 ò%!ê˛ Ù%oy å~Ü˛!ê˛ ~Ü˛ ê˛yÜ˛yÓ˚ Ù%oy ~ÓÇ ~Ü˛!ê˛ ò%Ûê˛yÜ˛yÓ˚ Ù%oyä ~Ü˛ÓyÓ˚ ê˛§‰ Ü˛Ó˚y •°– lÙ%ly ̂ ò¢ ̂ ÓÓ˚
Ü˛ Ï̂Ó˚y–
§Ùyôyl ı flõT˛ï˛•z Ù%oy ò%!ê˛ G•z xˆÏÌ≈ ̨ õyÌ≈Ü˛ƒˆÏÎyàƒ ̂ Î xyÙÓ˚y ≤ÃÌÙ ~ÓÇ !mï˛#Î˚ Ù%oyÓ˚ Ü˛Ìy Ó°ˆÏï˛ ̨ õy!Ó˚–
ˆÎˆÏ•ï%˛ ≤Ã!ï˛!ê˛ Ù%oyÎ˚ ˆ•í‰˛ (H) Óy ˆê˛°‰ (T) xy§ˆÏï˛ ˛õyˆÏÓ˚ñ ï˛y•ˆÏ° §Ω˛yÓƒ Ê˛°yÊ˛°à%ˆÏ°y •ˆÏï˛ ˛õyˆÏÓ˚Èüüü
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í˛zË˛Î˚ Ù%oyÎ˚ ˆ•í‰˛ = (H,H) = HH

≤ÃÌÙ Ù%oyÎ˚ ˆ•í‰˛ ~ÓÇ xlƒÙ%oyÎ˚ ˆê˛°‰ = (H,T) = HT

≤ÃÌÙ Ù%oyÎ˚ ˆê˛°‰ ~ÓÇ xlƒÙ%oy!ê˛ˆÏï˛ ˆê˛°‰ = (T,H) = TH

í˛zË˛Î˚ Ù%oyÎ˚ ˆê˛°‰ = (T,T) = TT

§%ï˛Ó˚yÇñ lÙ%ly ˆò¢ S = {HH, HT, TH, TT}

AoT˛Óƒ   ~•z ̨õÓ˚#«˛yÓ˚ Ê˛°yÊ˛°à%̂ Ï°y •° H G T ~Ó˚ Ü ̨ ÙÎ%à° §•ç Ï̂Óyôƒ •GÎ˚yÓ˚ ç Ï̂lƒ Ü ̨ Ù Î%à°
ˆÌˆÏÜ˛ Ü˛Ùyà%ˆÏ°y Óyò ̂ òÎ˚y •Î˚–

í˛zòy•Ó˚î 2 ~Ü˛ ̂ çyí˛¸y °%ˆÏí˛yÓ˚ SÈE˛y å~Ü˛!ê˛ l#° ~ÓÇ xlƒ!ê˛ °y°ä ~Ü˛ÓyÓ˚ à!í˛¸ˆÏÎ˚ !òˆÏ° §Ù§Ω˛Ó ̨õÓ˚#«˛y
§¡õ!Ü≈˛ï˛ lÙ%ly ̂ ò¢ !lî≈Î˚ Ü˛ˆÏÓ˚y– lÙ%ly ̂ òˆÏ¢Ó˚ ̨õò §ÇáƒyG !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl  ôÓ˚y ÎyÜ˛ l#° Ó˚ˆÏ.Ó˚ SÈE˛yˆÏï˛ ‘1’ ~ÓÇ °y° SÈE˛y!ê˛ˆÏï˛ ‘2’ xy§°– xyÙÓ˚y ~•z Ê˛°yÊ˛° (1,2)

Ü ˛ÙˆÏçyí˛¸ !òˆÏÎ˚ §)!ã˛ï˛ Ü˛!Ó˚– ~Ü˛•zË˛yˆÏÓ Î!ò ‘3’ xyˆÏ§ l#° SÈE˛y!ê˛ˆÏï˛ ~ÓÇ ‘5’ xyˆÏ§ °y° SÈE˛y!ê˛ˆÏï˛ñ ï˛ˆÏÓ
~•z Ê˛°yÊ˛° (3,5) Ü ˛ÙˆÏçyí˛¸ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚–

§yôyÓ˚îË˛y Ï̂Óñ ≤Ã!ï˛!ê˛ Ê˛°yÊ˛° (x, y) Ü ̨ Ù Ï̂çyí ¸̨ myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚ñ ̂ Îáy Ï̂l ‘x’ l#° SÈE˛y Ï̂ï˛ xy§y
§Çáƒy ~ÓÇ ‘y’ °y° SÈE˛yˆÏï˛ xy§y §Çáƒy!ê˛ §)!ã˛ï˛ Ü˛ˆÏÓ˚–

§%ï˛Ó˚yÇñ  lÙ%ly Ï̂ò¢!ê˛ • Ï̂ÓÈüüüÈ

S = {(x, y): x •ˆÏFSÈ l#° SÈE˛yˆÏï˛ xy§y §Çáƒyñ ~ÓÇ y •ˆÏFSÈ °y° SÈE˛yˆÏï˛ xy§y §Çáƒy}–
~•z lÙ%ly ˆòˆÏ¢Ó˚ lÙ%ly !Ó®%à%ˆÏ°yÓ˚ §Çáƒy 6 × 6 = 36 ~ÓÇ lÙ%ly ̂ ò¢!ê˛ •°ÈüüüÈ

{(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (2,4), (2,5), (2,6)

(3,1), (3,2), (3,3), (3,4), (3,5), (3,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6)

(5,1), (5,2), (5,3), (5,4), (5,5), (5,6), (6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}

í˛zòy•Ó˚î 3 !lˆÏÙy=˛ ≤Ã!ï˛!ê˛ ̨õÓ˚#«˛yÓ˚ í˛z˛õÎ%=˛ lÙ%ly ̂ ò¢!ê˛ !ÓÓ,ï˛ Ü˛ˆÏÓ˚y–

(i)    ~Ü˛!ê˛ Óy° Ï̂Ü˛Ó˚ ˛õ Ï̂Ü˛ Ï̂ê˛ ~Ü˛!ê˛ 1 ê˛yÜ˛yÓ˚ Ù%oyñ ~Ü˛!ê˛ 2 ê˛yÜ˛yÓ˚ Ù%oy ~ÓÇ ~Ü˛!ê˛ ˛5˛ê˛yÜ˛yÓ˚ Ù%oy
xyˆÏSÈ– ˆ§ ò%!ê˛ Ù%oy ˛õˆÏÜ˛ê˛ ˆÌˆÏÜ˛ ˆÓÓ˚ Ü˛Ó˚°ñ ~Ü˛ê˛yÓ˚ ˛õÓ˚ ~Ü˛ê˛y–

(ii)  ~Ü˛ Óƒ!=˛ ~Ü˛!ê˛ ÓƒhflÏ Ù•y§í˛¸ˆÏÜ˛ ~Ü˛ ÓSÈÓ˚ ôˆÏÓ˚ ò%â≈ê˛lyÓ˚ §Çáƒy !°!˛õÓÂô Ü˛ˆÏÓ˚l–
§Ùyôyl   ô!Ó˚ Q !ò Ï̂Î˚ 1 ê˛yÜ˛yÓ˚ Ù%oy H !ò Ï̂Î˚ 2 ê˛yÜ˛yÓ˚ Ù%oy ~ÓÇ R !ò Ï̂Î˚ 5 ê˛yÜ˛yÓ˚ Ù%oy §)!ã˛ï˛ Ü˛ Ï̂Ó˚– ̂ § ̨õ Ï̂Ü˛ê˛
ˆÌˆÏÜ˛ ≤ÃÌÙ ̂ Î Ù%oy!ê˛ ̂ ÓÓ˚ Ü˛ˆÏÓ˚ ̂ §!ê˛ !ï˛l!ê˛ Ù%oy Q, H Óy R ~Ó˚ ÙˆÏôƒ ̂ Î ̂ Ü˛yˆÏly ~Ü˛!ê˛ •ˆÏï˛ ̨ õyˆÏÓ˚– Î!ò
ˆ§!ê˛ Q •Î˚ ï˛ Ï̂Ó ̂ §•z §y Į̈̂ õ Ï̂«˛ !mï˛#Î˚ÓyÓ˚ ̂ Î Ù%oy!ê˛ ̂ ÓÓ˚ • Ï̂Ó ̂ §!ê˛ H Óy R • Ï̂ï˛ ̨õy Ï̂Ó˚– ï˛ál ò%!ê˛ Ù%oy ̂ ÓÓ˚
Ü˛Ó˚yÓ˚ Ê˛°yÊ˛° QH Óy QR •ˆÏï˛ ˛õyˆÏÓ˚– ~Ü˛•zË˛yˆÏÓ H ~Ó˚ §yˆÏ˛õˆÏ«˛ !mï˛#Î˚ Ù%oy!ê˛ Q Óy R •ˆÏï˛ ˛õyˆÏÓ˚–

§%ï˛Ó˚yÇ Ê˛°yÊ˛° •ˆÏï˛ ˛õyˆÏÓ˚ HQ Óy HR– §Ó≈ˆÏ¢ˆÏ£Ï R ~Ó˚ §yˆÏ˛õˆÏ«˛ !mï˛#Î˚ Ù%oy!ê˛ H Óy Q •ˆÏï˛ ˛õyˆÏÓ˚–
§%ï˛Ó˚yÇ Ê˛°yÊ˛° RH Óy RQ •ˆÏï˛ ˛õyˆÏÓ˚–
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∴ lÙ%ly ˆò¢ñ S={QH, QR, HQ, HR, RH, RQ}

(ii) ˛õÎ≈̂ ÏÓ«˛î ÓSÈ Ï̂Ó˚ ÓƒhflÏ Ù•y§í ¸̨̂ ÏÜ˛ ò%â≈ê˛lyÓ˚ §Çáƒy •Î ̊0 (ˆÜ˛y Ï̂ly ò%â≈ê˛ly ly •GÎ˚yÓ˚ çlƒ) Óy 1 Óy 2, Óy
xlƒ ̂ Ü˛yˆÏly ôlydÜ˛ xá[˛ §Çáƒy–
ï˛y•z ~•z ̨ õÓ˚#«˛yÓ˚ §ˆÏAà Î%=˛ lÙ%ly ̂ ò¢ S= {0,1,2,...}

í˛zòy•Ó˚î 4  ~Ü˛!ê˛ Ù%oy ê˛§‰ Ü˛Ó˚y •°ñ Î!ò ̂ •í‰˛ ̨õˆÏí˛¸ñ ï˛ˆÏÓ xyÙÓ˚y ~Ü˛!ê˛ Ó° ~Ùl ~Ü˛!ê˛ Óƒyà ̂ ÌˆÏÜ˛ ï%˛°Ó
Îy Ï̂ï˛ 3!ê˛ l#° Ó° G 4!ê˛ §yòy Ó° xy Ï̂SÈ– Î!ò ̂ ê˛°‰ xy Ï̂§ xyÙÓ˚y ~Ü˛!ê˛ °%̂ Ïí˛yÓ˚ SÈE˛y S%ÈÑ̂ Ïí ¸̨ !ò•z– ~•z ̨õÓ˚#«˛yÓ˚
lÙ%ly ̂ ò¢!ê˛ !ÓÓ,ï˛ Ü˛ Ï̂Ó˚y–
§Ùyôyl  ô Ï̂Ó˚ !l•z l#° Ó°à%̂ Ï°y B

1
, B

2
, B

3 
!ò Ï̂Î˚ ~ÓÇ §yòy Ó°à%̂ Ï°y W

1
, W

2
, W

3
, W

4
 !ò Ï̂Î˚ §)!ã˛ï˛ Ü˛Ó˚y

•°– ï˛ál ~•z ̨ õÓ˚#«˛yÓ˚ ̂ «˛ˆÏe lÙ%ly ̂ ò¢!ê˛ •ˆÏÓÈüüüÈ
S = { HB

1
, HB

2
, HB

3
, HW

1
, HW

2
, HW

3
, HW

4
, T1, T2, T3, T4, T5, T6}–

~áyˆÏl HB
i
 ~Ó˚ xÌ≈ •ˆÏFSÈ Ù%oyˆÏï˛ Úˆ•í‰˛Û ˛õí˛¸ˆÏ°y ~ÓÇ B

i 
Ó° ˆï˛y°y •°ñ HW

i
 ~Ó˚ xÌ≈ Ù%oyˆÏï˛ Úˆ•í‰˛Û

˛õí˛¸ˆÏ°y ~ÓÇ W
i
 Ó° ˆï˛y°y •°ñ ~Ü˛•zË˛yˆÏÓñ Ti ~Ó˚ xÌ≈ Ù%oyˆÏï˛ Úˆê˛°Û xy§° ~ÓÇ SÈE˛yˆÏï˛ i §Çáƒy!ê˛

xy§°–
í z̨òy•Ó˚î 5 ~Ü˛!ê˛ Ù%oy ÓyÓ˚ÓyÓ˚ ê˛§‰ Ü˛Ó˚y •° Îï˛«˛î ly Úˆ•í˛Û xy Ï̂§– ~•z ̨õÓ˚#«˛y!ê˛Ó˚ lÙ%ly ̂ ò¢ ̂ ÓÓ˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl  ~•z ˛õÓ˚#«˛y!ê˛ˆÏï˛ Úˆ•í‰˛Û ˛õí˛¸ˆÏï˛ ˛õyˆÏÓ˚ ≤ÃÌÙ ê˛ˆÏ§ñ Óy !mï˛#Î˚ ê˛ˆÏ§ñ Óy ï,˛ï˛#Î˚ ê˛ˆÏ§ ~ÓÇ ~•zË˛yˆÏÓ
ã˛°ˆÏï˛ ÌyÜ˛ˆÏÓ Îï˛«˛î xÓ!ô ly ˆ•í‰˛ xyˆÏ§– xï˛~Óñ Ü˛yÙƒ lÙ%ly ˆò¢!ê˛ •ˆÏÓÈüüüÈ

S= {H, TH, TTH, TTTH, TTTTH,...}

xl%¢#°l# 16.1

!l¡¨!°!áï˛ 1 ̂ Ì Ï̂Ü˛ 7 lÇ ̨õÎ≈hs˝ ̨ õÓ˚#«˛yà%ˆÏ°yÓ˚ lÙ%ly ̂ ò¢ ̂ °ˆÏáy ı
1. ~Ü˛!ê˛ Ù%oy !ï˛lÓyÓ˚ ê˛§‰ Ü˛Ó˚y •°–
2. ~Ü˛!ê˛ SÈE˛y ò%ÓyÓ˚ àí˛¸yˆÏly •°–
3. ~Ü˛!ê˛ Ù%oy ã˛yÓ˚ÓyÓ˚ ê˛§‰ Ü˛Ó˚y •°–
4. ~Ü˛!ê˛ Ù%oy ê˛§‰ Ü˛Ó˚y •ˆÏ°y ~ÓÇ ~Ü˛!ê˛ SÈE˛y àí˛¸yˆÏly •°–
5. ~Ü˛!ê˛ Ù%oy ê˛§‰ Ü˛Ó˚y •° ~ÓÇ ï˛yÓ˚˛õÓ˚ ~Ü˛!ê˛ SÈE˛y àí˛¸yˆÏly •° Îál ¢%ô%Ùye Ù%oyˆÏï˛ Úˆ•í‰˛Û xy§°–
6. ‘X’ Ü˛ Ï̂«˛ 2 çl Óy°Ü˛ G 2 çl Óy!°Ü˛y ~ÓÇ ‘Y’ Ü˛ Ï̂«˛ 1 çl Óy°Ü˛ G 3 çl Óy!°Ü˛y xy Ï̂SÈ–

~Ü˛!ê˛ Ü˛«˛ !lÓ≈yã˛l Ü˛ Ï̂Ó˚ ~ÓÇ ̨õ Ï̂Ó˚ ~ ̂ Ì Ï̂Ü˛ ~Ü˛çl Ï̂Ü˛ !lÓ≈y!ã˛ï˛ Ü˛Ó˚y • Ï̂° ̂ § Ï̂«˛ Ï̂e ~•z ̨õÓ˚#«˛y!ê˛Ó˚
lÙ%ly ̂ ò¢ í˛zˆÏÕ‘á Ü˛ˆÏÓ˚y–

7. ~Ü˛!ê˛ ÓƒyˆÏà ~Ü˛!ê˛ °y° Ó˚ˆÏ.Ó˚ ~ÓÇ ~Ü˛!ê˛ l#° Ó˚ˆÏ.Ó˚ SÈE˛y Ó˚yáy •°– í˛zˆÏj¢ƒ•#lË˛yˆÏÓ ~Ü˛!ê˛ SÈE˛y
!l Ï̂Î˚ à!í ¸̨̂ ÏÎ˚ ̂ òGÎ˚y •°– SÈE˛y!ê˛Ó˚ Ó˚. ~ÓÇ ï˛yÓ˚ í z̨̨ õ!Ó˚ï˛ Ï̂° ̂ Î §Çáƒy!ê˛ xy§° ̂ §!ê˛ !°!˛õÓÂô Ü˛Ó˚y
•°– lÙ%ly ̂ ò¢!ê˛ í˛zˆÏÕ‘á Ü˛ˆÏÓ˚y–

8. Óy°Ü˛ÈüÈÓy!°Ü˛y !Ó!¢T˛ ò%ÈüÈ§hs˝yl Î%=˛ ̨õ!Ó˚ÓyÓ˚à%ˆÏ°yÓ˚ ̨õÓ˚#«˛yÙ)°Ü˛ ï˛Ìƒ !°!˛õÓÂô Ü˛Ó˚y •°–
(i)   Î!ò xyÙÓ˚y Óy°Ü˛ Óy Óy!°Ü˛yÓ˚ çˆÏß√Ó˚ Ü ˛Ù çylˆÏï˛ xy@˝Ã•# ••z ï˛ˆÏÓ ~Ó˚ lÙ%ly ˆò¢ Ü˛# •ˆÏÓ⁄
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(ii)  Î!ò xyÙÓ˚y ̨ õ!Ó˚ÓyˆÏÓ˚ ̂ ÙˆÏÎ˚ˆÏòÓ˚ §ÇáƒyÎ˚ xy@˝Ã•# ••z ï˛ˆÏÓ lÙ%ly ̂ ò¢!ê˛ Ü˛# •ˆÏÓ⁄

9. ~Ü˛!ê˛ Óy Ï̂: 1!ê˛ °y° ~ÓÇ 3!ê˛ x!Ë˛ß¨ §yòy Ó° Ó˚ˆÏÎ˚ˆÏS– ò%!ê˛ Ó° Î!ò í˛zˆÏj¢ƒ•#lË˛yˆÏÓ ≤Ã!ï˛fiÌy˛õl
SÈyí˛¸y ̨ õÓ˚˛õÓ˚ ̂ ï˛y°y •Î˚ ï˛ˆÏÓ ~•z ̨ õÓ˚#«˛yÎ˚ lÙ%ly ̂ ò¢!ê˛ ̂ °ˆÏáy–

10. ~Ü˛!ê˛ Ù%oy ê˛§‰ Ü˛Ó˚y •° ~ÓÇ Î!ò ̂ •í‰˛ GˆÏë˛ ï˛ˆÏÓ ̨ õ%lÓ˚yÎ˚ Ù%oy!ê˛ ê˛§‰ Ü˛Ó˚y •Î˚– Î!ò ≤ÃÌÙ ê˛ˆÏ§ ̂ ê˛°
GˆÏë˛ ï˛ˆÏÓ ~Ü˛!ê˛ SÈE˛y ~Ü˛ÓyÓ˚ àí˛¸yˆÏly •Î˚– lÙ%ly ̂ ò¢ !lî≈Î˚ Ü˛ˆÏÓ˚y–

11. x Ï̂lÜ˛à%̂ Ï°y Óy°‰Ó ̂ Ì Ï̂Ü˛ 3!ê˛ Óy°‰Ó Î Ï̂ÌFSÈË˛y Ï̂Ó !lÓ≈y!ã˛ï˛ Ü˛Ó˚y •°– ≤Ã!ï˛!ê˛ Óy°‰Ó ̨õÓ˚#«˛y Ü˛Ó˚yÓ˚ ̨õÓ˚
e%!ê˛˛õ)î≈ Óy°‰Óà%ˆÏ°y (D) xyÓ˚ e%!ê˛•#l Óy°‰Óà%ˆÏ°y (N) !•ˆÏ§ˆÏÓ ˆ◊!îÓÂô Ü˛Ó˚y •Î˚– ~•z ˛õÓ˚#«˛yÓ˚
ˆ«˛ Ï̂e lÙ%ly ̂ ò¢!ê˛ !°á–

12. ~Ü˛!ê˛ Ù%oy ê˛§‰ Ü˛Ó˚y •Î˚– Î!ò ̂ •í‰̨  ̨õ Ï̂í ¸̨ ï˛ Ï̂Ó ~Ü˛!ê˛ SÈE˛y !l Ï̂«˛˛õ Ü˛Ó˚y •Î˚– Î!ò SÈE˛y!ê˛ Ï̂ï˛ Î%@¬ §Çáƒy
xyˆÏ§ñ SÈE˛y!ê˛ ̨ õ%lÓ˚yÎ˚ !lˆÏ«˛˛õ Ü˛Ó˚y •Î˚– ~•z ̨ õÓ˚#«˛yÓ˚ çlƒ lÙ%ly ̂ ò¢!ê˛ Ü˛# •ˆÏÓ⁄

13. ã˛yÓ˚!ê˛ Ü˛yà Ï̂çÓ˚ !fl‘̂ Į̈ õ 1,2,3 ~ÓÇ 4 §Çáƒyà%̂ Ï°y ̨õ,ÌÜ˛Ë˛y Ï̂Ó ̂ °áy •Î˚– !fl‘̨ õà%̂ Ï°y ~Ü˛!ê˛ Óy Ï̂: Ó˚yáy
•Î˚ ~ÓÇ ̨õ%Cyl%̨ õ%CË˛y Ï̂Ó !Ù!◊ï˛ Ü˛Ó˚y •Î˚– ~Ü˛ Óƒ!=˛ Óy: ̂ Ì Ï̂Ü˛ 2!ê˛ !fl‘̨ õ ̨õÓ˚̨ õÓ˚ ≤Ã!ï˛fiÌy˛õl SÈyí ¸̨y
ˆï˛yˆÏ°l– ~•z ̨õÓ˚#«˛yÓ˚ çlƒ lÙ%ly ̂ ò¢!ê˛ !ÓÓ,ï˛ Ü˛ˆÏÓ˚y–

14. ~Ü˛!ê˛ ˛õÓ˚#«˛yˆÏï˛ ~Ü˛!ê˛ SÈE˛y àí˛¸yˆÏly •Î˚ ~ÓÇ SÈE˛y!ê˛ˆÏï˛ Î!ò Î%@¬ §Çáƒy GˆÏë˛ ï˛ˆÏÓ ~Ü˛!ê˛ Ù%oy
~Ü˛ÓyÓ˚ ê˛§‰ Ü˛Ó˚y •Î˚– Î!ò SÈE˛y!ê˛ˆÏï˛ xy§y §Çáƒy xÎ%@¬ •Î˚ñ ï˛ˆÏÓ Ù%oy!ê˛ ò%ÓyÓ˚ ê˛§ Ü˛Ó˚y •Î˚– ~•z
˛õÓ˚#«˛yÓ˚ lÙ%ly ̂ ò¢!ê˛  ̂ °ˆÏáy–

15. ~Ü˛!ê˛ Ù%oy ê˛§‰‰ Ü˛Ó˚y •Î˚– Î!ò ˆê˛° ˛õˆÏí˛¸ ï˛ˆÏÓ xyÙÓ˚y ~Ü˛!ê˛ Óy: ˆÌˆÏÜ˛ ~Ü˛!ê˛ Ó° ï%˛!°ñ ÎyÓ˚ ÙˆÏôƒ
2!ê˛ °y° G 3!ê˛ Ü˛yˆÏ°y Ó° xyˆÏSÈ– Î!ò ˆ•í‰˛ ˛õˆÏí˛¸ñ ï˛ˆÏÓ ~Ü˛!ê˛ SÈE˛y !lˆÏ«˛˛õ Ü˛Ó˚y •Î˚– ˆ§ˆÏ«˛ˆÏe
lÙ%ly ̂ ò¢!ê˛ ̂ ÓÓ˚ Ü˛ Ï̂Ó˚y–

16. ~Ü˛!ê˛ °%ˆÏí˛yÓ˚ SÈE˛y ÓyÓ˚ÓyÓ˚ !lˆÏ«˛˛õ Ü˛Ó˚y •Î˚ Îï˛«˛î ˛õÎ≈hs˝ ly SÈÎ˚ xyˆÏ§– ~•z ˛õÓ˚#«˛yÓ˚ çlƒ lÙ%ly
ˆò¢!ê˛ Ü˛# •ˆÏÓ⁄

16.3  âê˛ly (Event)

xyÙÓ˚y ~Ü˛!ê˛ ˛õÓ˚#«˛yÓ˚ §ˆÏAà Î%=˛ §Ù§Ω˛Ó ˛õÓ˚#«˛y ~ÓÇ lÙ%ly ˆò¢ §¡õˆÏÜ≈˛ ˛õˆÏí˛¸!SÈ– ˛õÓ˚#«˛y §Ç!Ÿ’T˛ §Ó
≤ÃˆÏŸ¿Ó˚ lÙ%ly ˆò¢ ~Ü˛!ê˛ §yÓ≈çl#l ˆ§ê˛ åuniversal setä !•§yˆÏÓ Ü˛yç Ü˛ˆÏÓ˚–

ò%!ê˛ Ù%oy ò%ÓyÓ˚ ê˛§‰ Ü˛Ó˚yÓ˚ ˛õÓ˚#«˛y!ê˛ !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y– ~áyˆÏl §Ç!Ÿ’T˛ lÙ%ly ˆò¢!ê˛ S = {HH, HT,

TH, TT}.

~ál ô Ï̂Ó˚ lyG xyÙÓ˚y ̂ § §ÙhflÏ Ê˛°yÊ˛°à%̂ Ï°yÓ˚ Óƒy˛õy Ï̂Ó˚ xy@˝Ã•# ̂ Îà%̂ Ï°y Ï̂ï˛ ̂ Ü˛Ó° ~Ü˛!ê˛ Ùye ̂ •í˛
í ẑ̨ Ïë˛– xyÙÓ˚y ̂ ò!á ̂ Î HT ~ÓÇ TH • Ï̂FSÈ ¢%ô%Ùye S ~Ó˚ í z̨̨ õyòyl Óy lÙ%ly !Ó®% Îy ~ôÓ˚̂ ÏîÓ˚ xl%Ó)̨̊ õ âê˛ly
(event) •GÎ˚yÓ˚ ˆ«˛e– ~•z ò%!ê˛ í˛z˛õyòyl ˆÎ ˆ§ê˛!ê˛ àë˛l Ü˛ˆÏÓ˚ ˆ§!ê˛ •° E = { HT, TH}

xyÙÓ˚y çy!l E ˆ§ê˛!ê˛ • Ï̂FSÈ lÙ%ly ˆò¢ S ~Ó˚ í˛z˛õˆÏ§ê˛ ~Ü˛•zË˛yˆÏÓ xyÙÓ˚y âê˛lyà%ˆÏ°y ~ÓÇ S ~Ó˚
í z̨̨ õ Ï̂§ê˛à%̂ Ï°yÓ˚ Ù Ï̂ôƒ !l¡¨!°!áï˛ §yò,¢ƒ á%Ñ̂ Ïç ̨õy•z–
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âê˛lyÓ˚ !ÓÓÓ˚î SÈüÈ~Ó˚ í˛z˛õˆÏ§ê˛
ˆê˛° ~Ó˚ §Çáƒyy !ë˛Ü˛ 2 !ê˛ A = {TT}

ˆê˛° ~Ó˚ §Çáƒy Ü˛Ù˛õ Ï̂«˛ 1!ê˛ B = {HT, TH, TT}

ˆ•í˛ ~Ó˚ §Çáƒy §ˆÏÓ≈yFã˛ 1!ê˛ C = {HT, TH, TT}

!mï˛#Î˚ ê˛ˆÏ§ ̂ •í˛ ÌyÜ˛ˆÏÓ ly D = { HT, TT}

§ Ï̂Ó≈yFã˛ ò%!ê˛ ̂ ê˛° S  = {HH, HT, TH, TT}

ò%!ê˛Ó˚ ̂ Ó!¢ ̂ ê˛° φ

í z̨̨ õ Ï̂Ó˚Ó˚ xy Ï̂°yã˛ly!ê˛ ≤ÃhflÏyÓ Ü˛ Ï̂Ó˚ ̂ Î lÙ%ly Ï̂ò Ï̂¢Ó˚ í z̨̨ õ Ï̂§ê˛ ~Ü˛!ê˛ âê˛lyÓ˚ §y Ï̂Ì Î%=˛ ~ÓÇ ~Ü˛!ê˛ âê˛ly
lÙ%ly ̂ ò Ï̂¢Ó̊ í z̨̨õ Ï̂§ Ï̂ê˛Ó̊ §y Ï̂Ì Î%=˛– ~•z !• Ï̂§ Ï̂Ó xyÙÓ̊y ~Ü˛!ê˛ âê˛ly Ï̂Ü˛ !l¡̈!°!áï˛Ë˛y Ï̂Ó §ÇK˛y!Î̊ï˛ Ü˛Ó̊ Ï̂ï˛ ̨õy!Ó̊ÈüüüÈ
 §ÇK˛y  ~Ü˛!ê˛ lÙ%ly ˆò¢ SÈüÈ~Ó˚ ˆÎ ˆÜ˛yˆÏly í˛z˛õˆÏ§ê˛ E ˆÜ˛ Ó°y •Î˚ ~Ü˛!ê˛ âê˛ly–

16.3.1  ~Ü˛!ê˛ âê˛ly •GÎ˚yÓ˚ âê˛ly (Occurrence of an event)  ~Ü˛!ê˛ °%ˆÏí˛yÓ˚ SÈE˛yÓ˚ !lˆÏ«˛ˆÏ˛õÓ˚
âê˛ly !Ó Ï̂Óã˛ly Ü˛!Ó˚– ôÓ˚y ÎyÜ˛ E !ò Ï̂Î˚ ÚÚ4 ̂ Ì Ï̂Ü˛ ̂ SÈyê˛ §Çáƒy xy§yÓ˚ÛÛ âê˛ly §)!ã˛ï˛ •Î˚– Î!ò §ï˛ƒ•z SÈE˛y!ê˛ Ï̂ï˛
‘1’ í ẑ̨ Ïë˛ ï˛ Ï̂Ó xyÙÓ˚y Ó!° ̂ Î E âê˛ly!ê˛ âˆÏê˛ˆÏSÈ– ≤ÃÜ,̨ ï˛˛õˆÏ«˛ Î!ò Ê˛°yÊ˛° 2 Óy 3 •Î˚ ï˛ˆÏÓ xyÙÓ˚y Ó!° ̂ Î
E âê˛ly â Ï̂ê˛ Ï̂SÈ–

§%ï˛Ó˚yÇ ~Ü˛!ê˛ lÙ%ly ̂ ò¢ S ~Ó˚ ~Ü˛!ê˛ âê˛ly E â Ï̂ê˛ Ï̂SÈ Ó°y • Ï̂Ó Î!ò ̨õÓ˚#«˛yÓ˚ Ê˛°yÊ˛° ω ~Ùl •Î˚
ˆÎ ω∈ E– Î!ò Ê˛°yÊ˛° ω ~Ùl •Î˚ ˆÎ ω ∉ E, ï˛ Ï̂Ó xyÙÓ˚y Ó°Ó ˆÎ E âê˛ly!ê˛ â Ï̂ê˛!l–

16.3.2  âê˛lyÓ˚ ≤ÃÜ˛yÓ˚ˆÏË˛ò (Types of events)  ˆÜ˛yˆÏly âê˛lyÓ˚ !Ó!Ë˛ß¨ ˛õòà%ˆÏ°yÓ˚ í˛z˛õÓ˚ !Ë˛!_ Ü˛ˆÏÓ˚
!Ó!Ë˛ß¨ ≤ÃÜ˛y Ï̂Ó˚Ó˚ âê˛ly ̂ ◊!îË%̨ =˛ Ü˛Ó˚y ÎyÎ˚–

1. x§Ω˛Ó ~ÓÇ !l!Ÿã˛ï˛ âê˛ly (Impossible and Sure Events)  ¢)lƒ ˆ§ê˛ φ ~ÓÇ lÙ%ly ˆò¢ S

!òˆÏÎ˚ âê˛lyˆÏÜ˛ Óî≈ly Ü˛Ó˚y •Î˚– ≤ÃÜ,˛ï˛˛õˆÏ«˛ φ ̂ Ü˛ ~Ü˛!ê˛ x§Ω˛Ó âê˛ly ~ÓÇ S xÌ≈yÍ §Ù@˝Ã lÙ%ly ̂ ò¢!ê˛ˆÏÜ˛•z
Ó°y •Î˚ !l!Ÿã˛ï˛ âê˛ly–

~à%̂ Ï°y ̂ ÓyV˛yÓ˚ çlƒ xyÙÓ˚y ~Ü˛!ê˛ SÈE˛yÓ˚ àí ¸̨y Ï̂lyÓ˚ âê˛ly !Ó Ï̂Óã˛ly Ü˛!Ó˚– §Ç!Ÿ’T˛ lÙ%ly ̂ ò¢!ê˛ • Ï̂ÓÈüüüÈ
S = {1, 2, 3, 4, 5, 6}

ôÓ˚y ÎyÜ˛ ÚÚSÈE˛y Ï̂ï˛ ≤Ãò!¢≈ï˛ §Çáƒy!ê˛ 7 ~Ó˚ à%!îï˛Ü˛ÛÛ âê˛ly!ê˛ • Ï̂FSÈ E– ï˛ál ~•z âê˛lyÓ˚ §y Ï̂Ì §Ç!Ÿ’T˛
lÙ%ly ̂ ò¢!ê˛ !Ü˛ !°áˆÏï˛ ̨õyÓ˚ˆÏÓ⁄

flõÏT˛ï˛•z ̂ Ü˛y Ï̂ly Ê˛°yÊ˛°•z âê˛ly!ê˛Ó˚ ≤Ãò_ ¢ï≈̨ Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚ ly xÌ≈yÍ lÙ%ly Ï̂ò Ï̂¢Ó˚ ̂ Ü˛y Ï̂ly í z̨̨ õyòyl•z
E âê˛ly!ê˛ âê˛y Ï̂Ü˛ !l!Ÿã˛ï˛ Ü˛ Ï̂Ó˚ ly– xï˛~Ó xyÙÓ˚y Ó!° ̂ Î ¢%ô%Ùye ¢)lƒ ̂ §ê˛!ê˛•z E âê˛lyÓ˚ §y Ï̂Ì §¡õ!Ü≈̨ ï˛–
xlƒË˛y Ï̂Óñ xyÙÓ˚y Ó° Ï̂ï˛ ̨õy!Ó˚ ̂ Ü˛y Ï̂ly SÈE˛yÓ˚ í z̨̨ õ!Ó˚ï˛ Ï̂° ̂ Ü˛y Ï̂ly 7 ~Ó˚ à%!îï˛Ü˛ •GÎ˚y x§Ω˛Ó ï˛y•zñ âê˛ly E
= φñ ~Ü˛!ê˛ x§Ω˛Ó âê˛ly–

~ál xy Ï̂Ó˚Ü˛!ê˛ âê˛ly F @˝Ã•î Ü˛Ó˚y ÎyÜ˛ñ Îy •ˆÏFSÈ ÚÚxÎ%@¬ Óy Î%@¬ §Çáƒy xy§yÛÛ–
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flõT˛ï˛•z F = {1, 2, 3, 4, 5, 6} = S xÌ≈yÍ ̨õÓ˚#«˛yÓ˚ §ÙhflÏ Ê˛°yÊ˛°à%̂ Ï°y F âê˛ly!ê˛ âê˛y Ï̂ly !l!Ÿã˛ï˛
Ü˛ˆÏÓ˚– §%ï˛Ó˚yÇ âê˛ly F = Sñ ~Ü˛!ê˛ !l!Ÿã˛ï˛ âê˛ly–

2. §Ó˚° âê˛ly (Simple Event)  Î!ò ˆÜ˛yˆÏly âê˛ly E ~Ó˚ lÙ%ly ˆòˆÏ¢ ~Ü˛!ê˛ Ùye lÙ%ly !Ó®% ÌyˆÏÜ˛ñ
ï˛ˆÏÓ ~!ê˛ˆÏÜ˛ ~Ü˛!ê˛ §Ó˚° åÓy ≤ÃyÌ!ÙÜ˛ä âê˛ly Ó Ï̂°–

n fl∫ï˛sf í z̨̨ õyòyl Î%=˛ ̂ Ü˛y Ï̂ly lÙ%ly ̂ ò Ï̂¢ !ë˛Ü˛ n §ÇáƒÜ˛ §Ó˚° âê˛ly Ìy Ï̂Ü˛– í z̨òy•Ó˚îfl∫Ó)̨̊ õ ò%!ê˛ Ù%oyÓ˚
í˛zÍˆÏ«˛˛õˆÏîÓ˚ ˛õÓ˚#«˛yÎ˚ñ lÙ%ly ˆò¢!ê˛ •°ÈüüüÈ S={HH, HT, TH, TT}

~•z lÙ%ly ̂ òˆÏ¢Ó˚ xhs˝à≈ï˛ 4!ê˛ §Ó˚° âê˛ly xyˆÏSÈ– ~•zà%ˆÏ°y •°ÈüüüÈ
E

1
= {HH}, E

2
={HT}, E

3
= { TH} ~ÓÇ E

4
={TT}–

3. ˆÎÔ!àÜ˛ âê˛ly (Compound Event)  Î!ò ˆÜ˛yˆÏly âê˛lyÓ˚ ~Ü˛y!ôÜ˛ lÙ%ly !Ó®% ÌyˆÏÜ˛ñ ï˛ˆÏÓ ~!ê˛ˆÏÜ˛
Ó°y •Î˚ ˆÎÔ!àÜ˛ âê˛ly–

í z̨òy•Ó˚îfl∫Ó)̨̊ õñ ÚÚ~Ü˛!ê˛ Ù%oy !ï˛lÓyÓ˚ í z̨Í Ï̂«˛˛õ Ï̂îÓ˚ÛÛ ̨õÓ˚#«˛yÎ˚
E: Ú!ë˛Ü˛ ~Ü˛!ê˛ ̂ •í‰˛ xy§yÓ˚Û
F: ÚÜ˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ ̂ •í‰˛ xy§yÓ˚Û
G: Ú§ Ï̂Ó≈yFã˛ ~Ü˛!ê˛ ̂ •í‰̨  xy§yÓ˚Û •zï˛ƒy!ò

§Óà%ˆÏ°y ̂ ÎÔ!àÜ˛ âê˛ly ~•z âê˛lyà%ˆÏ°yÓ˚ §yˆÏÌ Î%=˛ S ~Ó˚ í˛z˛õˆÏ§ê˛à%ˆÏ°y •ˆÏFSÈÈüüüÈ
E={HTT,THT,TTH}

F={HTT,THT, TTH, HHT, HTH, THH, HHH}

G= {TTT, THT, HTT, TTH}

í˛z˛õˆÏÓ˚Ó˚ ≤Ã!ï˛!ê˛ í˛z˛õˆÏ§ˆÏê˛ ~Ü˛y!ôÜ˛ lÙ%ly !Ó®% xyˆÏSÈñ ï˛y•z ~•zà%ˆÏ°y §Óà%ˆÏ°y ̂ ÎÔ!àÜ˛ âê˛ly–

16.3.3  âê˛lyÓ˚ Ó#çà!îï˛ (Algebra of events)  ˆ§ˆÏê˛Ó˚ xôƒyÎ˚à%ˆÏ°yˆÏï˛ xyÙÓ˚y ò%•z Óy ï˛ˆÏï˛y!ôÜ˛
ˆ§ˆÏê˛Ó˚ §ÇÎ%!=˛Ó˚ !Ó!Ë˛ß¨ ̨ õÂô!ï˛ ̂ ÎÙlñ §ÇˆÏÎyàñ ̂ SÈòñ xhs˝Ó˚ñ ̨̊ õ)Ó˚Ü˛ §¡õˆÏÜ≈˛ xôƒÎ˚l Ü˛ˆÏÓ˚!SÈ– xl%Ó˚)˛õË˛yˆÏÓ
xyÙÓ˚y ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ âê˛lyˆÏÜ˛ ~Ü˛!eï˛ Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚ §ò,¢ ̂ §ê˛ ̂ lyˆÏê˛¢yl ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚–

ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ ˛õÓ˚#«˛y lÙ%ly ˆò¢ S ÈüÈ~Ó˚ §yˆÏÌ Î%=˛ âê˛lyà%ˆÏ°y •° A, B, C

1. ˛õ)Ó˚Ü˛ âê˛ly (Complementary Event) ≤Ã!ï˛!ê˛ âê˛ly A ~Ó˚ çlƒñ §Aà!ï˛˛õ)î≈Ë˛yˆÏÓ xyˆÏÓ˚Ü˛!ê˛
âê˛ly A′ Î%=˛ Ìy Ï̂Ü˛ Îy Ï̂Ü˛ A ~Ó˚ ̨õ)Ó˚Ü˛ âê˛ly Ó Ï̂°– ~!ê˛ Ï̂Ü˛ xyÓyÓ˚ âê˛ly ÚA lÎ˚Û Óy ÚA ly âê˛yÛG Ó°y ÎyÎ˚–

í z̨òy•Ó˚îfl∫Ó)̨̊ õñ Ú!ï˛l!ê˛ Ù%oyÓ˚ í z̨Í Ï̂«˛˛õîÛ ̨õÓ˚#«˛y!ê˛ !l Ï̂° §Ç!Ÿ’T˛ lÙ%ly Ï̂ò¢!ê˛ • Ï̂ÓÈüüüÈ
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

ôÓ˚y ÎyÜ˛ñ  A={HTH, HHT, THH} • Ï̂FSÈ ÚˆÜ˛Ó° ~Ü˛!ê˛ ˆê˛°‰ xy§yÓ˚Û âê˛ly–

flõT˛ï˛ HTT Ê˛°yÊ˛ Ï̂°Ó˚ çlƒ A âê˛ly!ê˛ âˆÏê˛!l– !Ü˛v xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚ ˆÎñ ÚA lÎ˚Û âê˛ly!ê˛
âˆÏê˛ˆÏSÈ– ï˛y•z A ˆï˛ ˆl•z ~Ùl ≤Ã!ï˛!ê˛ Ê˛°yÊ˛ Ï̂°Ó˚ ˆ«˛ Ï̂e xyÙÓ˚y Ó!° ˆÎ ÚA lÎ˚Û âˆÏê˛ˆÏSÈ–
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§%ï˛Ó˚yÇ A âê˛lyÓ˚ ̨õ)Ó˚Ü˛ âê˛ly ÚA lÎ˚Û •ˆÏFSÈÈüüüÈ

A′ = {HHH, HTT, THT, TTH, TTT}

Óyñ A′ = {ω : ω ∈ S ~ÓÇ ω∉A} = S – A–
2. âê˛ly ÚA xÌÓy BÛ (The Event ‘A or B’) fløÓ˚î Ü˛Ó˚y ̂ ÎˆÏï˛ ̨ õyˆÏÓ˚ ̂ Î ò%!ê˛ ̂ §ê˛ A G B ~Ó˚ §ÇÎ%!=˛
A ∪ B !òˆÏÎ˚ §)!ã˛ï˛ •Î˚ ÎyÓ˚ í˛z˛õyòylà%ˆÏ°y A xÌÓy B Óy í˛zË˛Î˚ ˆ§ˆÏê˛•z Ó˚ˆÏÎ˚ˆÏSÈ– Îál ˆ§ê˛ A G B ò%!ê˛
âê˛lyñ ~Ü˛!ê˛ lÙ%ly ˆòˆÏ¢Ó˚ §yˆÏÌ Î%=˛ ÌyˆÏÜ˛ ï˛ál ‘A ∪ B’ •ˆÏFSÈ Ú•Î˚ A Óy B Óy í˛zË˛Î˚Û âê˛ly– ~•z âê˛ly
‘A ∪ B’ ˆÜ˛ ‘A Óy B’G Ó°y ÎyÎ˚–
§%ï˛Ó˚yÇñ âê˛ly ‘A Óy B’ = A ∪ B = {ω : ω ∈ A xÌÓy ω∈ B}

3. âê˛ly ‘A ~ÓÇ B’ (The Event ‘A and B’) xyÙÓ˚y çy!l ˆÎ ò%!ê˛ ˆ§ê˛ A G B ~Ó˚ ˆSÈò A ∩ B

•ˆÏFSÈ ̂ § §ÙhflÏ í˛z˛õyòyˆÏlÓ˚ ̂ §ê˛ ÎyÓ˚y A G B í˛zË˛ˆÏÎ˚Ó˚•z §yôyÓ˚î í˛z˛õyòyl xÌ≈yÍñ ̂ Îà%ˆÏ°y  ‘A G B’ í˛zË˛Î˚
ˆ§ Ï̂ê˛•z Ó˚̂ ÏÎ˚̂ ÏSÈ–
Î!ò A ~ÓÇ B ò%!ê˛ âê˛ly •Î˚ñ ï˛ˆÏÓ ˆ§ê˛ A ∩ Bñ ‘A ~ÓÇ B’ âê˛lyˆÏÜ˛ §)!ã˛ï˛ Ü˛ˆÏÓ˚–
ï˛y•zñ       A ∩ B = {ω : ω ∈ A ~ÓÇ ω ∈ B}

í z̨òy•Ó˚îfl∫Ó)̨̊ õñ Ú~Ü˛!ê˛ SÈE˛y Ï̂Ü˛ ò%ÓyÓ˚ !l Ï̂«˛˛õÛ ̨õÓ˚#«˛yÓ˚ ̂ «˛ Ï̂eñ ôÓ˚y ÎyÜ˛ A • Ï̂FSÈ Ú≤ÃÌÙ !l Ï̂«˛ Į̈̂ õ ̂ flÒyÓ˚
SÈÎ˚ ̂ flÒyÓ˚Û xy§yÓ˚ âê˛ly ~ÓÇ B •ˆÏFSÈ Úò%!ê˛ ̂ flÒyˆÏÓ˚Ó˚ ̂ ÎyàÊ˛° Ü˛Ù˛õˆÏ«˛ 11 •GÎ˚yÓ˚ âê˛lyÛñ ï˛ál

   A = {(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}, ~ÓÇ  B = {(5,6), (6,5), (6,6)}

§%ï˛Ó˚yÇ A ∩ B = {(6,5), (6,6)}

°«˛î#Î˚ ˆÎñ ˆ§ê˛ A ∩ B = {(6,5), (6,6)} ˆÎ âê˛ly!ê˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚ ˆ§!ê˛ •° ÚÚ≤ÃÌÙ !lˆÏ«˛ˆÏ˛õ ˆflÒyÓ˚ SÈÎ˚
~ÓÇ ̂ flÒyÓ˚à%̂ Ï°yÓ˚ ̂ ÎyàÊ˛° Ü˛Ù˛õ Ï̂«˛ 11ÛÛ–
4. âê˛ly ‘A !Ü˛v B lÎ˚’ (The Event ‘A but not B’) xyÙÓ˚y çy!l ˆÎ A–B •° ˆ§ §ÙhflÏ
í˛z˛õyòylà%ˆÏ°yÓ˚ ˆ§ê˛ ÎyÓ˚y A ˆï˛ xyˆÏSÈ !Ü˛v B ˆï˛ ˆl•z– xï˛~Óñ ˆ§ê˛ A–B !òˆÏÎ˚ ‘A !Ü˛v B lÎ˚’
âê˛ly!ê˛ˆÏÜ˛ §)!ã˛ï˛ Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚– xyÙÓ˚y çy!l ˆÎñ  A – B = A ∩ B´

í z̨òy•Ó˚î 6 ~Ü˛!ê˛ SÈE˛y àí ¸̨y Ï̂lyÓ˚ ̨õÓ˚#«˛y !Ó Ï̂Óã˛ly Ü˛ Ï̂Ó˚y– ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ ̂ ÙÔ!°Ü˛ §Çáƒy ̨õyGÎ˚yÓ˚ âê˛ly  Añ
ÚxÎ%@¬ §Çáƒy ˛õyGÎ˚yÓ˚Û âê˛ly B ï˛ˆÏÓ (i) A Óy B (ii) A ~ÓÇ B (iii)  A !Ü˛v B lÎ˚ (iv) ‘A lÎ˚’
âê˛lyà%̂ Ï°yÓ˚ í z̨̨ õfiÌy˛õl Ü˛ Ï̂Ó˚ ~Ùl ̂ §ê˛à%̂ Ï°y ̂ ° Ï̂áy–
§Ùyôyl  ~áyˆÏlñ S = {1, 2, 3, 4, 5, 6}, A = {2, 3, 5} ~ÓÇ B = {1, 3, 5}

flõT˛ï˛•z
(i) ‘A Óy B’ = A ∪ B = {1, 2, 3, 5}

(ii) ‘A ~ÓÇ B’ = A ∩ B = {3,5}

(iii) ‘A !Ü˛v B lÎ˚’ =  A – B = {2}

(iv) ‘A lÎ˚’ = A′ = {1,4,6}
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16.3.4 ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly (Mutually exclusive events) ~Ü˛!ê˛ SÈE˛y Ï̂Ü˛ àí˛̧y Ï̂lyÓ̊ ˛õÓ̊#«˛yÎ̊ñ lÙ%ly
ˆò¢!ê˛ •°ÈüüüÈ S = {1, 2, 3, 4, 5, 6}– ~ál Ú~Ü˛!ê˛ xÎ%@¬ §Çáƒy xy§yÓ̊Û âê˛ly A ~ÓÇ Ú~Ü˛!ê˛ Î%@¬ §Çáƒy ̨xy§yÓ̊Û
âê˛ly !Ó Ï̂Óã˛ly Ü˛Ó̊y •°– flõT˛ï˛•z A âê˛ly!ê˛ B âê˛ly Ï̂Ü˛ Óç≈l  Ü˛̂ ÏÓ̊ ~ÓÇ !Ó˛õÓ̊#ï˛Ü ̨ Ï̂ÙG ~!ê˛ §ï˛ƒ– xlƒ Ü˛ÌyÎ̊
Ó° Ï̂°ñ ~Ùl ̂ Ü˛y Ï̂ly Ê˛°yÊ˛° ̂ l•z Îy ~Ü˛•z §y Ï̂Ì A ~ÓÇ B âê˛ly âê˛y Ï̂Ü˛ !l!Ÿã˛ï˛ Ü˛̂ ÏÓ̊– ~áy Ï̂l

A = {1, 3, 5} ~ÓÇ B = {2, 4, 6}

flõT˛ï˛•z A ∩ B = φ, xÌ≈yÍñ A G B !Ó Ï̂FSÈò ˆ§ê–
§yôyÓ˚îË˛yˆÏÓñ ò%!ê˛ âê˛ly A ~ÓÇ B ˆÜ˛ ˛õÓ˚flõˆÏÓ˚ ˛õ,ÌÜ˛ âê˛ly Ó°y •Î˚ Î!ò ï˛yˆÏòÓ˚ ÙˆÏôƒ ˆÎˆÏÜ˛yˆÏly

~Ü˛!ê˛ âê˛ly xlƒ xyˆÏÓ˚Ü˛!ê˛ âê˛lyˆÏÜ˛ Óç≈l Ü˛ˆÏÓ˚ xÌ≈yÍ Î!ò ï˛yÓ˚y ~Ü˛§yˆÏÌ âê˛ˆÏï˛ ly ̨õyˆÏÓ˚ñ ~•z ̂ «˛ˆÏe A G
B ̂ §ê˛ !ÓˆÏFSÈò ̂ §ê˛–

xyÓyÓ˚ ~Ü˛!ê˛ SÈE˛yÓ˚ àí ¸̨y Ï̂lyÓ˚ ̨õÓ˚#«˛y Ï̂ï˛ ôÓ˚y ÎyÜ˛ A !ò Ï̂Î˚ Ú~Ü˛!ê˛ xÎ%@¬ §Çáƒy ̨xy§yÓ˚Û ~ÓÇ B !ò Ï̂Î˚
Ú4 §Çáƒy!ê˛Ó˚ ̂ ã˛ˆÏÎ˚ Ü˛Ù §Çáƒy xy§yÓ˚Û âê˛ly !ÓˆÏÓã˛ly Ü˛Ó˚y •Î˚–

flõT˛ï˛•z A = {1, 3, 5} ~ÓÇ B = {1, 2, 3}

~ál 3 ∈ A  xyÓyÓ˚ 3 ∈ B

§%ï˛Ó˚yÇñ  A G B ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly lÎ˚–

Ùhs˝Óƒ ı ~Ü˛!ê˛ lÙ%lyˆÏòˆÏ¢Ó˚ §Ó˚° âê˛lyà%ˆÏ°y §Ó§ÙÎ˚ ̨õÓ˚flõÓ˚ ̨õ,ÌÜ˛ âê˛ly •Î˚–

16.3.5 §¡õ)î≈ âê˛ly§Ù)• (Exhaustive events) ~Ü˛!ê˛ SÈE˛y !lˆÏ«˛ˆÏ˛õÓ˚ ˛õÓ˚#«˛y !ÓˆÏÓã˛ly Ü˛!Ó˚– lÙ%ly
ˆò¢!ê˛ •ˆÏÓÈüüüÈ S = {1, 2, 3, 4, 5, 6}– xyÙÓ˚y !l¡¨!°!áï˛ âê˛lyà%ˆÏ°yˆÏÜ˛ §ÇK˛y!Î˚ï˛ Ü˛!Ó˚ÈüüüÈ

A : ‘4 ~Ó˚ Ü˛Ù §Çáƒy xyˆÏ§Ûñ

B : ‘2 ~Ó˚ ˆã˛ˆÏÎ˚ Óí˛¸ !Ü˛v 5 ~Ó˚ ˆã˛ˆÏÎ˚ Ü˛Ù §Çáƒy xyˆÏ§Ûñ

~ÓÇ C : ‘4 ~Ó˚ ˆã˛ˆÏÎ˚ Óí˛¸ §Çáƒy xyˆÏ§Û –

ï˛ál A = {1, 2, 3}, B = {3,4} ~ÓÇ C = {5, 6}– xyÙÓ˚y ˛õÎ≈ˆÏÓ«˛î Ü˛!Ó˚ñ

A ∪ B ∪ C = {1, 2, 3} ∪ {3, 4} ∪ {5, 6} = S –

~Ó˚Ü˛Ù âê˛lyà%ˆÏ°y A, B, C ˆÏÜ˛ §¡õ)î≈ âê˛ly Ó°y •ˆÏÓ– §yôyÓ˚îï˛ Î!ò E
1
, E

2
, ..., E

n 
~Ü˛!ê˛ lÙ%ly ˆòˆÏ¢

SÈüÈ~Ó˚ n §ÇáƒÜ˛ âê˛ly •Î˚ ~ÓÇ E E E E E S
1 2 3

1

∪ ∪ ∪ ∪ = ∪ =

=

...
n

i

n

i •Î˚ñ ï˛ˆÏÓ E
1
, E

2
, ...., E

n
 ̂ Ü˛

§¡õ)î≈ âê˛ly Ó°y •ˆÏÓ– xlƒË˛yˆÏÓñ E
1
, E

2
, ..., E

n 
ˆÜ˛ §¡õ))î≈ âê˛ly Ó°y • Ï̂Ó Î!ò xhs˝ï˛ ~Ü˛!ê˛ âê˛ly

xÓ¢ƒ•z âˆÏê˛ Îál ̨õÓ˚#«˛y!ê˛ §¡õß¨ •Î˚–

xyÓ˚Gñ Î!ò E
i
 ∩ E

j
 = φ Îál i ≠ j xÌ≈≈yÍ E

i
 ~ÓÇ E

j 
âê˛lyà%ˆÏ°y ˆçyí˛¸yÎ˚ ˆçyí˛¸yÎ˚ !Ó!FSÈß¨ ~ÓÇ

∪ =

=i

n

i
1

E S , ï˛ál E
1
, E

2
, ..., E

n 
âê˛lyà%ˆÏ°yˆÏÜ˛ ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ ~ÓÇ §¡õ)î≈ âê˛ly Ó°y •Î˚–
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xyÙÓ˚y ~ál !Ü˛S%È í˛zòy•Ó˚î !ÓˆÏÓã˛ly Ü˛Ó˚ÓÈüüüÈ

í z̨òy•Ó˚î 7  ò%!ê˛ SÈE˛y àí ¸̨y Ï̂ly •° ~ÓÇ SÈE˛y ò%!ê˛ Ï̂ï˛ ̂ Î §Çáƒy xy Ï̂§ ï˛y Ï̂òÓ˚ ̂ ÎyàÊ˛° !°!˛õÓÂô Ü˛Ó˚y •Î˚– ~•z
˛õÓ˚#«˛yÓ˚ §y Ï̂Ì §Ç!Ÿ’T˛ !l¡¨!°!áï˛ âê˛lyà%̂ Ï°y !Ó Ï̂Óã˛ly Ü˛Ó˚y •°–

A : ‘ˆÎyyàÊ˛° ~Ü˛!ê˛ Î%@¬ §Çáƒy’–
B : ‘ˆÎyàÊ˛° 3 ~Ó˚ à%!îï˛Ü˛’–
C : ‘ˆÎyàÊ˛° 4 ~Ó˚ Ü˛Ù’–
D : ‘ˆÎyàÊ˛° 11 ˆÌ Ï̂Ü˛ ˆÓ!¢’–

~•z âê˛lyà%ˆÏ°yÓ˚ ÙˆÏôƒ ̂ Ü˛yl ̂ çyí˛¸y ̨ õÓ˚flõÓ˚ ̨ õ,ÌÜ˛ âê˛ly⁄

§Ùyôyl  ~áyˆÏl lÙ%ly ̂ ò¢ SÈüÈ~ ̂ Ùyê˛ 36!ê˛ lÙ%ly !Ó®% xyˆÏSÈ–

lÙ%lyˆÏò¢ñ  S = {(x, y):  x, y = 1, 2, 3, 4, 5, 6}–

ï˛ál A = {(1, 1), (1, 3), (1, 5), (2, 2), (2, 4), (2, 6), (3, 1), (3, 3), (3, 5), (4, 2), (4, 4),

       (4, 6), (5, 1), (5, 3), (5, 5), (6, 2), (6, 4), (6, 6)}

B = {(1, 2), (2, 1), (1, 5), (5, 1), (3, 3), (2, 4), (4, 2), (3, 6), (6, 3), (4, 5), (5, 4),

       (6, 6)}

C = {(1, 1), (2, 1), (1, 2)} ~ÓÇ D = {(6, 6)}

xyÙÓ˚y ̨ õy•zñ A ∩ B = {(1, 5), (2, 4), (3, 3), (4, 2), (5, 1), (6, 6)} ≠ φ

§%ï˛Ó˚yÇñ  A G B ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly lÎ˚–

~Ü˛•zÓ˚Ü˛ÙË˛y Ï̂Ó A ∩ C ≠ φ, A ∩ D ≠ φ, B ∩ C ≠ φ ~ÓÇ B ∩ D ≠ φ –

xï˛~Óñ âê˛ly ˆçyí ¸̨ (A, C), (A, D), (B, C), (B, D) à%ˆÏ°y ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly lÎ˚–

xyÓyÓ˚ñ C ∩ D = φ ~ÓÇ ï˛y•z C ~ÓÇ D •ˆÏFSÈ ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly–

í˛zòy•Ó˚î 8 ~Ü˛!ê˛ Ù%oy !ï˛lÓyÓ˚ ê˛§‰ Ü˛Ó˚y •ˆÏ° !l¡¨!°!áï˛ âê˛lyà%ˆÏ°y !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y–
A: ÚˆÜ˛yˆÏly ˆ•í‰˛ ˛õˆÏí˛¸ lyÛ, B: Ú!ë˛Ü˛ ~Ü˛!ê˛ ˆ•í‰˛ ˛õˆÏí˛¸Ûñ C: ÚÜ˛Ù˛õˆÏ«˛ ò%!ê˛ ˆ•í‰˛ ˛õˆÏí˛¸Û–
~à%ˆÏ°y !Ü˛ ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ ~ÓÇ §¡õ)î≈ âê˛ly ˆ§ê˛ àë˛l Ü˛ˆÏÓ˚⁄

§Ùyôyl  ~ ̨õÓ˚#«˛yÓ˚ lÙ%ly ̂ ò¢!ê˛ •°ñ
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

~ÓÇ A = {TTT}, B = {HTT, THT, TTH}, C = {HHT, HTH, THH, HHH}

~ál  A ∪ B ∪ C = {TTT, HTT, THT, TTH, HHT, HTH, THH, HHH} = S

§%ï˛Ó˚yÇñ   A, B, C •ˆÏFSÈ §¡õ)î≈ âê˛ly§Ù)•–

xyÓyÓ̊ñ A ∩ B = φ, A ∩ C = φ ~ÓÇ B ∩ C = φ

xï˛~Óñ âê˛lyà%̂ Ï°y !Ó!FSÈß¨ ̂ çyí ¸̨ñ xÌ≈yÍ ï˛yÓ˚y ̨õÓ˚flõÓ˚ ̨õ,ÌÜ˛ âê˛ly– §%ï˛Ó˚yÇ A, B, C ̨õÓ˚flõÓ˚ ̨õ,ÌÜ˛ ~ÓÇ
§¡õ)î≈ âê˛ly§Ù)ˆÏ•Ó˚ ̂ §ê˛ àë˛l Ü˛ˆÏÓ˚–
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xl%¢#°l# 16.2

1. ~Ü˛!ê˛ SÈE˛y àí˛¸yˆÏly •°– ôÓ˚y ÎyÜ˛ E âê˛ly •ˆÏFSÈ ÚSÈE˛y!ê˛ˆÏï˛ 4 ˛õí ¸̨°Û ~ÓÇ F âê˛ly •ˆÏFSÈ ÚSÈE˛y!ê˛ˆÏï˛
Î%@¬ §Çáƒy ˛õí˛¸°Û– E ~ÓÇ F âê˛ly !Ü˛ ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly⁄

2. ~Ü˛!ê˛ SÈE˛y !lˆÏ«˛˛õ Ü˛Ó˚y •°– !l¡¨!°!áï˛ âê˛lyà%ˆÏ°yÓ˚ !ÓÓÓ˚î òyGı
(i) A: 7 ~Ó˚ ̂ SÈyˆÏê˛y ~Ü˛!ê˛ §Çáƒy (ii) B: 7 ~Ó˚ Ó Ï̂í ¸̨y ~Ü˛!ê˛ §Çáƒy

(iii) C: 3 ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛ (iv) D: 4 ~Ó˚ ̂ SÈyˆÏê˛y ~Ü˛!ê˛ §Çáƒy
(v) E: 4 ~Ó˚ ̂ ã˛ˆÏÎ˚ ÓˆÏí˛¸y ~Ü˛!ê˛ Î%@¬ §Çáƒy (vi) F: ~Ü˛!ê˛ §Çáƒy Îy 3 ~Ó˚ ̂ ã˛ Ï̂Î˚ ̂ SÈy Ï̂ê˛y lÎ˚

~SÈyí ¸̨yG A ∪ B, A ∩ B, B ∪ C, E ∩ F, D ∩ E, A – C, D – E, E ∩ F′, F′ !lî≈Î˚ Ü˛ˆÏÓ˚y–
3. ~Ü˛!ê˛ ˛õÓ˚#«˛yˆÏï˛ ~Ü˛ ˆçyí˛¸y SÈE˛y àí˛¸yˆÏly •° ~ÓÇ ˆÎ §Çáƒyà%ˆÏ°y ˛õí˛¸° ˆ§à%ˆÏ°y !°!˛õÓÂô Ü˛Ó˚y

•°– !l¡¨!°!áï˛ âê˛ly§Ù)̂ Ï•Ó˚ !ÓÓÓ˚î òyGÈüüüÈ
A: §Ù!T˛ 8 ~Ó˚ ˆã˛ˆÏÎ˚ ÓˆÏí˛¸y ñ B: 2 í˛zˆÏë˛ ̂ ÎÈüÈˆÜ˛yˆÏly ~Ü˛!ê˛ SÈE˛yˆÏï˛
C: §Ù!T˛ Ü˛Ù˛õˆÏ«˛ 7 ~ÓÇ 3 ~Ó˚ ~Ü˛!ê˛ à%!îï˛Ü˛–
ï˛y Ï̂òÓ˚ Ù Ï̂ôƒ ̂ Ü˛yl‰ âê˛lyà%̂ Ï°y ̨õÓ˚flõÓ˚ ̨õ,ÌÜ˛⁄

4. !ï˛l!ê˛ Ù%oy ~Ü˛ÓyÓ˚ ê˛§‰ Ü˛Ó˚y •°– ôÓ˚y ÎyÜ˛ A âê˛ly • Ï̂FSÈ ÚÚ!ï˛l!ê˛ ̂ •í‰̨  ̨õí ¸̨°ÛÛñ B • Ï̂FSÈ ÚÚò%!ê˛ ̂ •í‰̨  G
~Ü˛!ê˛ ˆê˛° ˛õí˛¸°ÛÛñ C âê˛ly •ˆÏFSÈ ÚÚ!ï˛l!ê˛ ˆê˛° ˛õí˛¸°ÛÛ ~ÓÇ D âê˛ly ÚÚ~Ü˛!ê˛ ˆ•í‰˛ ≤ÃÌÙ Ù%oyˆÏï˛
í˛zë˛°ÛÛ ̂ Ü˛ §)!ã˛ï˛ Ü˛ˆÏÓ˚ ï˛ˆÏÓ ̂ Ü˛yl‰ âê˛lyà%ˆÏ°y
(i)  ̨õÓ˚flõÓ˚ ̨ õ,ÌÜ˛ (ii)  §Ó˚°ñ (iii)  ̂ ÎÔ!àÜ˛ âê˛ly⁄

5. !ï˛l!ê˛ Ù%oy ê˛§‰ Ü˛Ó˚y •°–  l#ˆÏã˛Ó˚ âê˛lyà%ˆÏ°y Óî≈ly Ü˛ˆÏÓ˚yÈüüüÈ
(i) ò%!ê˛ ̨õÓ˚flõÓ˚ ̨õ,ÌÜ˛ âê˛ly–
(ii) !ï˛l!ê˛ ̨õÓ˚flõÓ˚ ̨õ,ÌÜ˛ ~ÓÇ §¡õ)î≈ âê˛ly–
(iii) ò%!ê˛ âê˛ly ̂ Îà%ˆÏ°y˛ õÓ˚flõÓ˚ ̨õ,ÌÜ˛ âê˛ly lÎ˚–
(iv) ò%!ê˛ âê˛ly ̂ Îà%ˆÏ°y ̨õÓ˚flõÓ˚ ̨õ,ÌÜ˛ !Ü˛v §¡õ)î≈ lÎ˚–
(v) !ï˛l!ê˛ âê˛ly ̂ Îà%ˆÏ°y ̨õÓ˚flõÓ˚ ̨õ,ÌÜ˛ âê˛ly !Ü˛v §¡õ)î≈ lÎ˚–

6. ò%!ê˛ SÈE˛y !lˆÏ«˛˛õ Ü˛Ó˚y •°– !ï˛l!ê˛ âê˛ly A, B G C !l¡¨Ó˚)˛õ ı
A: ≤ÃÌÙ SÈE˛y!ê˛ˆÏï˛ ~Ü˛!ê˛ Î%@¬ §Çáƒy ̨ õyGÎ˚y–
B: ≤ÃÌÙ SÈE˛y!ê˛ˆÏï˛ ~Ü˛!ê˛ xÎ%@¬ §Çáƒy ̨õyGÎ˚y–
C: SÈE˛y ò%!ê˛ˆÏï˛ ò%!ê˛ §ÇáƒyÓ˚ §Ù!T˛ ≤ 5 ̨õyGÎ˚y–
!l¡¨!°!áï˛à%̂ Ï°y !lî≈Î˚ Ü˛ Ï̂Ó˚yÈüüüÈ

(i) A′ (ii) B lÎ˚ (iii) A Óy B
(iv) A ~ÓÇ B (v) A !Ü˛v C lÎ˚ (vi) B Óy C
(vii) B ~ÓÇ C (viii) A ∩ B′ ∩ C′

7. í˛z˛õˆÏÓ˚Ó˚ 6lÇ ≤ÃŸ¿!ê˛ xl%§y Ï̂Ó˚ §ï˛ƒ Óy !ÙÌƒy !ÓÓ,ï˛ Ü˛ Ï̂Ó˚yı åˆï˛yÙyÓ˚ í z̨_ Ï̂Ó˚Ó˚ fl∫̨ õ Ï̂«˛ Ü˛yÓ˚î ò¢≈yGäÈÈ
(i) A ~ÓÇ B ̨õÓ˚flõÓ˚ !Ó!FSÈß¨
(ii) A ~ÓÇ B ̨õÓ˚flõÓ˚ !Ó!FSÈß¨ G §¡õ)î≈ âê˛ly
(iii) A = B′
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(iv) A ~ÓÇ C ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛
(v) A ~ÓÇ B′ ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛
(vi) A′, B′, C ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ ~ÓÇ §¡õ)î≈ âê˛ly–

16.4 §Ω˛yÓlyÓ̊ fl∫ï˛/!§ Ï̂ÂôÓ̊ x!Ë˛ày!Ùï˛y (Axiomatic Approach to Probability)

˛õ)Ó≈Óï≈˛# !ÓË˛yˆÏàñ xyÙÓ˚y §Ù§Ω˛Ó ˛õÓ˚#«˛yñ lÙ%ly ˆò¢ ~ÓÇ ~•z ˛õÓ˚#«˛yÓ˚ §yˆÏÌ §Ç!Ÿ’T˛ âê˛ly§Ù)•
!ÓˆÏÓã˛ly Ü˛ˆÏÓ˚!SÈ– xyÙyˆÏòÓ˚ ˜òl!®l ç#ÓˆÏl âê˛ly âê˛yÓ˚ §Ω˛yÓly §¡õˆÏÜ≈˛ xˆÏlÜ˛ ¢∑ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚!SÈ–
§Ω˛yÓly ï˛_¥ •ˆÏFSÈ ̂ Ü˛yˆÏly âê˛ly âê˛y Óy ly âê˛yÓ˚ §%ˆÏÎyˆÏàÓ˚ ̨ õ!Ó˚Ùy˛õ Ü˛Ó˚yÓ˚ ≤ÃˆÏã˛T˛y–

˛õ)Ó≈Óï≈˛# ˆ◊!îˆÏï˛ xyÙÓ˚y ~Ü˛!ê˛ ˛õÓ˚#«˛yÓ˚ §yˆÏÌ §¡õ!Ü≈˛ï˛ ~Ü˛!ê˛ âê˛lyÓ˚ §Ω˛yÓly !lô≈yÓ˚ˆÏlÓ˚ !Ü˛S%È
˛õÂô!ï˛ !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛ Ï̂Ó˚!SÈ ̂ Îáy Ï̂l ̨õÓ˚#«˛y!ê˛Ó˚ ̂ Ùyê˛ Ê˛°yÊ˛ Ï̂°Ó˚ §Çáƒy çyly xy Ï̂SÈ–

fl∫ï˛/!§ˆÏÂôÓ˚ x!Ë˛àyÙ#ï˛y ~Ü˛!ê˛ âê˛lyÓ˚ §Ω˛yÓly Óî≈ly Ü˛Ó˚yÓ˚ xlƒ í˛z˛õyÎ˚– ~•z x!Ë˛ày!Ùï˛yÎ˚ !Ü˛S%È
fl∫ï˛/!§Âô Óy !lÎ˚Ù §Ω˛yÓly !lô≈yÓ˚î Ü˛Ó˚yÓ˚ çlƒ Óî≈ly Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ–

ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ §Ù§Ω˛Ó ̨õÓ˚#«˛yÓ˚ lÙ%ly ̂ ò¢ S– §Ω˛yÓly P •° ~Ü˛!ê˛ ÓyhflÏÓ Ùyl Î%=˛ x Į̈̂ õ«˛Ü˛ ÎyÓ˚
ˆ«˛e ådomainä • Ï̂FSÈ SÈüÈ~Ó˚  âyï˛ ˆ§ê˛ åpower setä ~ÓÇ ≤Ã§yÓ˚ årangeä • Ï̂FSÈ [0,1] !ÓhflÏyÓ˚ Îy
!l¡¨!°!áï˛ fl∫ï˛/!§Âôà%̂ Ï°y Ï̂Ü˛ !§Âô Ü˛ Ï̂Ó˚

(i) ˆÎ ˆÜ˛y Ï̂ly âê˛ly E ~Ó˚ çlƒñ  P (E) ≥ 0

(ii) P (S) = 1

(iii) Î!ò E ~ÓÇ F ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly •Î˚ ï˛ˆÏÓ P(E ∪ F) = P(E) + P(F) –
(iii) lÇ ̂ Ì Ï̂Ü˛ ~!ê˛ Ó°y ÎyÎ˚ñ P(φ) = 0– ~!ê˛ ≤ÃÙyî Ü˛Ó˚yÓ˚ çlƒ xyÙÓ˚y ôˆÏÓ˚ ̂ l•zñ F = φ ~ÓÇ Ù Ï̂l Ó˚yá Ï̂ï˛
• Ï̂Ó E G φ !Ó!FSÈß¨ âê˛ly– xï˛~Ó fl∫ï˛/!§Âô (iii) ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zñ

P (E ∪ φ) = P (E) + P (φ)  Óyñ  P(E) = P(E) + P (φ)  xÌ≈yÍ  P (φ) = 0 –
ôÓ˚y ÎyÜ˛ S •ˆÏFSÈ lÙ%lyˆÏò¢ ÎyÓ˚ Ê˛°yÊ˛° §Ù)• ω ω ω

1 2
, ,...,

n
, xÌ≈yÍ S = {ω

1
, ω

2
, ..., ω

n
}

§Ω˛yÓlyÓ˚ fl∫ï˛/!§ Ï̂ÂôÓ˚ ̨õÂô!ï˛àï˛˛§ÇK˛y ••ẑ Ïï˛ ≤Ãï˛#Î˚Ùyl •Î˚ ̂ Îñ
(i) 0 ≤ P (ω

i
) ≤ 1 ≤Ã!ï˛!ê˛ ω

i 
∈ S ~Ó˚ çlƒ

(ii) P (ω
1
) + P (ω

2
) + ... + P (ω

n
) = 1

(iii) ˆÎ Ï̂Ü˛y Ï̂ly ~Ü˛!ê˛ âê˛ly A ~Ó˚ çlƒñ P(A) = ∑ P(ω
i 
), ω

i 
∈ A–

AoT˛Óƒ    ~!ê˛ í˛zˆÏÕ‘á Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚ ˆÎñ ~Ü˛Ü˛ ˆ§ê˛ {ω
i
}ˆÜ˛ ≤ÃyÌ!ÙÜ˛˛ âê˛ly Ó°y •Î˚ ~ÓÇ

!ã˛!•´ï˛Ü˛Ó˚ˆÏîÓ˚ §%!ÓôyÓ˚ çlƒ xyÙÓ˚y P(ω
i 
) ~Ó˚ çlƒ P({ω

i 
}) ˆ°!á–

í z̨òy•Ó˚îfl∫Ó)̨̊ õñ Ú~Ü˛!ê˛ Ù%oyÓ˚ í z̨Í Ï̂«˛˛õîÛ ̨õÓ˚#«˛y Ï̂ï˛ xyÙÓ˚y ≤Ã!ï˛!ê˛ Ê˛°yÊ˛° H G T ~Ó˚ ≤Ã!ï˛!ê˛Ó˚ çlƒ
1

2
 §Çáƒy!ê˛ !lô≈yÓ˚î Ü˛Ó˚ˆÏï˛ ̨õy!Ó˚–

xÌ≈≈yÍ P(H) = 
1

2
 ~ÓÇ P(T) = 

1

2
... (1)

flõT˛ï˛•z ~•z !lô≈yÓ˚l í˛zË˛Î˚ ¢ï≈˛ˆÏÜ˛•z !§Âô Ü˛ˆÏÓ˚ xÌ≈yÍ ≤Ã!ï˛!ê˛ §Çáƒy ¢)lƒ ̂ ÌˆÏÜ˛ ̂ SyÈˆÏê˛y lÎ˚ lï%˛Óy 1
ˆÌ Ï̂Ü˛ Ó Ï̂í ¸̨y lÎ˚ ~ÓÇ
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P(H) + P(T) = 
1

2
 + 

1

2
 = 1

xï˛~Óñ ~•z ˆÏ«˛ˆÏe xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚ñ H ~Ó˚ §Ω˛yÓly = 
1

2
, ~ÓÇ T ~Ó˚ §Ω˛yÓly = 

1

2

Î!ò xyÙÓ˚y ̂ l•z P(H) = 
1

4
 ~ÓÇ P(T) = 

3

4
... (2)

~ˆÏ«˛ˆÏe ~•z !ÓË˛yçl !Ü˛ fl∫ï˛/!§Âô x!Ë˛ày!Ùï˛yˆÏÜ˛ !§Âô Ü˛ˆÏÓ˚⁄

•Ñƒyñ ~ ˆ«˛ˆÏe H ~Ó˚ §Ω˛yÓly = 
1

4
 ~ÓÇ T ~Ó˚ §Ω˛yÓly = 

3

4
.

xyÙÓ˚y ˆò!á ˆÎñ (1) ~ÓÇ (2) lÇ í˛zË˛Î˚ !lô≈yÓ˚ˆÏî H G T ~Ó˚ §Ω˛yÓlyÓ˚ çlƒ ˜Óô–
≤ÃÜ,̨ ï˛˛õ Ï̂«˛ xyÙÓ˚y p ~ÓÇ (1 – p) §Çáƒy ò%!ê˛ Ï̂Ü˛ í z̨Ë˛Î˚ Ê˛°yÊ˛ Ï̂°Ó˚ çlƒ !lô≈yÓ˚î Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚– Îy Ï̂ï˛

0 ≤ p ≤ 1 ~ÓÇ P(H) + P(T) = p + (1 –  p) = 1

~SÈyí˛¸yG ~•z !lô≈yÓ˚î §Ω˛yÓlyÓ˚ fl∫ï˛/!§Âô x!Ë˛ày!Ùï˛y ¢ï≈˛ ò%!ê˛ˆÏÜ˛ !§Âô Ü˛ˆÏÓ˚– ï˛y•z xyÙÓ˚y Ó°ˆÏï˛
˛õy!Ó˚ ~Ü˛!ê˛ ̨õÓ˚#«˛yÓ˚ Ê˛°yÊ˛ Ï̂°Ó˚ åx§#Ù Óƒï˛#ï˛ä §y Ï̂Ì §Ω˛yÓlyÓ˚ ̂ Îyà§)e Ü˛Ó˚yÓ˚ x Ï̂lÜ˛à%̂ Ï°y í z̨̨ õyÎ˚ xy Ï̂SÈ–
xyÙÓ˚y !Ü˛S%È í z̨òy•Ó˚î !Ó Ï̂Óã˛ly Ü˛!Ó˚–

í˛zòy•Ó˚î 9 ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ lÙ%ly ̂ ò¢ S = {ω
1
, ω

2
,..., ω

6
}– ï˛ál l# Ï̂ã˛Ó˚ ≤Ã!ï˛!ê˛ Ê˛°yÊ˛ Ï̂°Ó˚ §Ω˛yÓlyÓ˚

ˆÜ˛yl ̂ Ü˛yl !ÓË˛yçlà%̂ Ï°y ̃ Óô⁄
Ê˛°yÊ˛° ω

1
ω

2
ω

3
ω

4
ω

5
ω

6

(a)
1

6

1

6

1

6

1

6

1

6

1

6

(b)  1 0 0 0 0 0

(c)
1

8

2

3

1

3

1

3
−

1

4
−

1

3

(d)
1

12

1

12

1

6

1

6

1

6

3

2

(e) 0.1 0.2 0.3 0.4 0.5 0.6

§Ùyôyl    (a) ¢ï≈˛ (i): ≤Ã!ï˛!ê˛ §Çáƒy p(ω
i
) ôlydÜ˛ ~ÓÇ 1~Ó˚ Ü˛Ù–

¢ï≈̨  (ii): §Ω˛yÓlyÓ˚ §Ù!T˛

= 
1

6

1

6

1

6

1

6

1

6

1

6
1+ + + + + =
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xï˛~Ó !lô≈yÓ˚î!ê˛ §Çàï˛–
(b) ¢ï≈˛ (i): ≤Ã!ï˛!ê˛ §Çáƒy p(ω

i
) •Î˚ ‘0’ Óy ‘1’–

¢ï≈̨  (ii) §Ω˛yÓlyÓ˚ §Ù!T˛ = 1 + 0 + 0 + 0 + 0 + 0 = 1

xï˛~Óñ !lô≈yÓ˚î!ê˛ §Çàï˛
(c) ¢ï≈˛ (i) ò%!ê˛ §Ω˛yÓly p(ω

5
) G  p(ω

6
) }îydÜ˛ñ ï˛y•z !ÓË˛yçl!ê˛ ˜Óô lÎ˚–

(d) ˆÎˆÏ•ï%˛ p(ω
6
) = 

3

2
> 1, ï˛y•z !lô≈yÓ˚î!ê˛ ˜Óô lÎ˚–

(e) ˆÎˆÏ•ï%˛ñ §Ω˛yÓlyÓ˚ §Ù!T˛ = 0.1 + 0.2 + 0.3 + 0.4 + 0.5 + 0.6 = 2.1, xï˛~Ó !lô≈yÓ˚î!ê˛ ̃ Óô
lÎ̊–

16.4.1  ̂ Ü˛y Ï̂ly âê˛lyÓ˚ §Ω˛yÓly (Probability of an event) ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ ̂ Ù!¢ Ï̂lÓ˚ myÓ˚y í z̨Í˛õy!òï˛
˛õÓ˚˛õÓ˚ !ï˛l!ê˛ Ü˛°ˆÏÙÓ˚ ˛õÓ˚#«˛y Ü˛ˆÏÓ˚ Ë˛yˆÏ°y åe%!ê˛˛õ)î≈ lÎ˚ä ~ÓÇ áyÓ˚y˛õ åe%!ê˛˛õ)î≈ä !•§yˆÏÓ ˆ◊!îË%˛=˛ Ü˛Ó˚y
˛õÓ˚#«˛y!ê˛Ó˚ §!•ï˛ §Ç!Ÿ’T˛ lÙ%ly ̂ ò¢ S– xyÙÓ˚y ~•z ̨õÓ˚#«˛yÓ˚ Ê˛°yÊ˛° !• Ï̂§ Ï̂Ó 0, 1, 2 Óy 3!ê˛ e%!ê˛˛õ)î≈ Ü˛°Ù
ˆ˛õˆÏï˛ ̨ õy!Ó˚–
~•z ̨ õÓ˚#«˛yÓ˚ §yˆÏÌ Î%=˛ lÙ%ly ̂ ò¢!ê˛ •°ÈüüüÈ

S = {BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG},

ˆÎáy Ï̂l B ~Ü˛!ê˛ e%!ê˛Î%=˛ Óy áyÓ˚y˛õ Ü˛°Ù ~ÓÇ G ~Ü˛!ê˛ e%!ê˛•#l Óy Ë˛y Ï̂°y Ü˛°Ù–
~•z ̨õÓ˚#«˛yÓ˚ Ê˛°yÊ˛ Ï̂°Ó˚ çlƒ §Ω˛yÓlyà%̂ Ï°y !l¡¨Ó)̨̊ õ
lÙ%ly !Ó®% : BBB BBG BGB GBB BGG GBG GGB GGG

§Ω˛yÓly :
1

8

1

8

1

8

1

8

1

8

1

8

1

8

1

8

ôÓ˚y ÎyÜ˛ âê˛ly A: Ú!ë˛Ü˛ ~Ü˛!ê˛ e%!ê˛Î%=˛ Ü˛°ÙÛ ~ÓÇ âê˛ly B: xhs˝ï˛˛õˆÏ«˛ ò%!ê˛ e%!ê˛Î%=˛ Ü˛°Ù–

xï˛~Óñ A = {BGG, GBG, GGB} ~ÓÇ B = {BBG, BGB, GBB, BBB}

~álñ P(A) = P
i i

ω ω( ) ∀ ∈∑ , A

= P(BGG) + P(GBG) + P(GGB) = 
1

8

1

8

1

8

3

8
+ + =

~ÓÇ P(B) = P
i i

ω ω( ) ∀ ∈∑ , B

= P(BBG) + P(BGB) + P(GBB) + P(BBB) = 
1

8

1

8

1

8

1

8

4

8

1

2
+ + + = =

xyÙÓ˚y Ú~Ü˛!ê˛ Ù%oy ò%ÓyÓ˚ ê˛§‰ Ü˛Ó˚yÓ˚Û xyˆÏÓ˚Ü˛!ê˛ ̨õÓ˚#«˛y !ÓˆÏÓã˛ly Ü˛!Ó˚– ~•z ̨õÓ˚#«˛yÓ˚ lÙ%ly ̂ ò¢ñ
S = {HH, HT, TH, TT}

ôÓ˚y ÎyÜ˛ !l Ï̂¡¨Ó˚ §Ω˛yÓlyà%̂ Ï°y ~•z Ê˛°yÊ˛ Ï̂°Ó˚ çlƒ !lô≈y!Ó˚ï˛ •Î˚
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P(HH) = 
1

4
, P(HT) = 

1

7
, P(TH) = 

2

7
, P(TT) = 

9

28

flõT˛ï˛•z ~•z !lô≈yÓ˚î fl∫ï˛/!§Âôï˛yÓ˚ ¢ï≈˛ˆÏÜ˛ !§Âô Ü˛ˆÏÓ˚– ~álñ ôÓ˚y ÎyÜ˛ E âê˛lyÓ˚ §Ω˛yÓly ˆÓÓ˚
Ü˛Ó˚ˆÏï˛ •ˆÏÓ ̂ ÎáyˆÏl E •ˆÏFSÈ Úí˛zË˛Î˚ ê˛§‰•z ~Ü˛•z Ê˛°yÊ˛° ̂ òÎ˚Û–

~áy Ï̂lñ E = {HH, TT}

~álñ P(E) = Σ P(ω
i
), §ÙhflÏ ω

i
 ∈ E ~Ó˚ çlƒ

        = P(HH) + P(TT) = 
1

4

9

28

4

7
+ =

xyÓyÓ˚ âê˛ly F  : Ú!ë˛Ü˛ ò%!ê˛ ˆ•í‰˛Û ~Ó˚ ˆ«˛ˆÏe xyÙÓ˚y ˛õy•zñ F = {HH}

~ÓÇ P(F) = P(HH) = 
1

4

16.4.2  §Ù§Ω˛Ó Ê˛°yÊ˛°à%ˆÏ°yÓ˚ §Ω˛yÓly (Probabilities of equally likely outcomes)

~Ü˛!ê˛ ̨õÓ˚#«˛yÓ˚ lÙ%ly ̂ ò¢ ôÓ˚y ÎyÜ˛ S = {ω
1
, ω

2
,..., ω

n
}. ôÓ˚y ÎyÜ˛ §ÙhflÏ Ê˛°yÊ˛°à%̂ Ï°y §ÙylË˛y Ï̂Ó âê˛ Ï̂ï˛

˛õyˆÏÓ˚ xÌ≈yÍ ≤Ã!ï˛!ê˛ §Ó˚° âê˛ly âê˛yÓ˚ §%ˆÏÎyà ~Ü˛•z •ˆÏï˛ •ˆÏÓ–

xÌ≈yÍ P( ω
i 
) = p, Îál §ÙhflÏ ω

i
 ∈ S ˆÎáy Ï̂l 0 ≤  p ≤ 1

ˆÎ Ï̂•ï%̨ P

i

n

=

∑
1

 P( ω
i 
) = 1 xÌ≈yÍñ p + p + ... + p (n §ÇáƒÜ˛ ÓyÓ˚) = 1

xÌÓyñ np = 1 xÌ≈yÍ,  p = 
1

n

ôÓ˚y ÎyÜ˛ñ S • Ï̂FSÈ ~Ü˛!ê˛ lÙ%ly ˆò¢ ~ÓÇ E • Ï̂FSÈ ~Ü˛!ê˛ âê˛ly ˆÎÙl n(S) = n ~ÓÇ n(E) = m –
Î!ò ≤Ã!ï˛!ê˛ Ê˛°yÊ˛° §ÙylË˛yˆÏÓ âê˛yÓ˚ §Ω˛yÓly ÌyˆÏÜ˛ ï˛ˆÏÓ ̂ °áy ÎyÎ˚ñ

P E( ) =

m

n
 = 

E ~Ó˚ xl%Ü)˛ˆÏ° Ê˛°yÊ˛ˆÏ°Ó˚ §Çáƒy
ˆÙyê˛ §Ω˛yÓƒ Ê˛°yÊ˛°

16.4.3  ‘A’  xÌÓy ‘B’ âê˛lyÓ˚ §Ω˛yÓly (Probability of the event ‘A or B’) ~ál ‘A xÌÓy
B’ âê˛lyÓ˚ §Ω˛yÓly ˆÓÓ˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– xÌ≈yÍ P (A ∪ B)–

ôÓ˚y ÎyÜ˛ñ A = {HHT, HTH, THH} ~ÓÇ B = {HTH, THH, HHH} Î!ò ò%!ê˛ âê˛ly Ú~Ü˛!ê˛ Ù%oyÓ˚
!ï˛lÓyÓ˚ ê˛§‰ Ü˛Ó˚yÓ˚Û §yˆÏÌ §Ç!Ÿ’T˛ •Î˚ ï˛ˆÏÓ flõT˛ï˛•z  A ∪ B = {HHT, HTH, THH, HHH}

~ál P (A ∪ B) = P(HHT) + P(HTH) + P(THH) + P(HHH)



398   à!îï˛

Î!ò §ÙhflÏ Ê˛°yÊ˛°à%̂ Ï°y §ÙylË˛y Ï̂Ó §Ω˛yÓƒ •Î˚ ï˛ál

P A B∪( ) = + + + = =

1

8

1

8

1

8

1

8

4

8

1

2

xyÓyÓ̊ñ P(A) = P(HHT) + P(HTH) + P(THH) = 
3

8

~ÓÇ P(B) = P(HTH) + P(THH) + P(HHH) = 
3

8

§%ï˛Ó˚yÇñ P(A) + P(B) = 
3

8

3

8

6

8
+ =

~!ê˛ flõT˛ ˆÎñ P(A∪B) ≠ P(A) + P(B)

HTH G THH !Ó®%à%ˆÏ°y A ~ÓÇ B í˛zË˛ˆÏÎ˚Ó˚ ˆ«˛ˆÏe•z §yôyÓ˚î–  P(A) + P(B) àîly Ï̂ï˛ HTH

G THH, xÌ≈yÍ A ∩B ~Ó˚ í z̨̨ õyòylà%̂ Ï°yÓ˚ §Ω˛yÓly ò%ÓyÓ˚ xhs˝Ë)≈̨ =˛ Ü˛Ó˚y •Î˚– xï˛~Óñ §Ω˛yÓly P(A∪B)

§Ω˛yÓly ˛õyGÎ˚yÓ˚ çlƒ P(A) + P(B) ˆÌ Ï̂Ü˛ A ∩B  ~Ó˚ lÙ%ly !Ó®%à%ˆÏ°yÓ˚ §Ω˛yÓly Óyò !òˆÏï˛ •ˆÏÓ–

xÌ≈yÍñ P(A∪B) = P A P B P A B
i i

( ) ( ) ( ),+ − ∑ ∀ ∈ ∩ω ω

= P A P B P A B( ) ( ) ( )+ − ∩

ï˛y•zñ xyÙÓ˚y ˛õÎ≈ˆÏÓ«˛î Ü˛!Ó˚ñ P A B P A P B P A B( ) ( ) ( ) ( )∪ = + − ∩

§yôyÓ˚îï˛ñ Î!ò ~Ü˛!ê˛ §Ù§Ω˛Ó ̨õÓ˚#«˛yÓ˚ §yˆÏÌ Î%=˛ ̂ ÎˆÏÜ˛yˆÏly ò%!ê˛ âê˛ly A ~ÓÇ B •Î˚ñ ï˛ˆÏÓ ̂ Ü˛yˆÏly
âê˛lyÓ˚ §Ω˛yÓlyÓ˚ §ÇK˛y •ˆÏï˛ ̨õy•zñ

P A B p A B
i i

∪( )= ∑ ( ) ∀ ∈ ∪ω ω, –

ˆÎ Ï̂•ï%̨ ñ A B A B A B B A∪ = − ∪ ∩ ∪ −( ) ( ) ( ) ,

xyÙÓ˚y ̨ õy•zñ

P(A ∪ B) = ∑ ∀ ∈ −[ ] + ∑ ∀ ∈ ∩[ ]+P A B P A B
i i i i

( ) ( ) ( )ω ω ω ω ∑ ∀ ∈ −[ ]P B A
i i

( )ω ω

(Ü˛yÓ˚î A–B, A ∩ B ~ÓÇ B – A ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛)                      ... (1)

xyÓyÓ̊ñ P A P B p A p B
i i i i

( ) ( ) ( ) ( )+ = ∑ ∀ ∈[ ]+ ∑ ∀ ∈[ ]ω ω ω ω

= ∑ ∀ ∈ − ∪ ∩[ ] +P A B A B
i i

( ) ( ) ( )ω ω ∑ ∀ ∈ − ∪ ∩[ ]P B A A B
i i

( ) ( ) ( )ω ω

= ∑ ∀ ∈ −[ ]+ ∑ ∀ ∈ ∩[ ]P A B P A B
i i i i

( ) ( ) ( ) ( )ω ω ω ω  + ∑ ∀ ∈ −[ ]P B A
i i

( ) ( )ω ω +

   ∑ ∀ ∈ ∩[ ]P A B
i i

( ) ( )ω ω

= P A B P A B
i i

( ) ( )∪ + ∑ ∀ ∈ ∩[ ]ω ω    [(1) ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚]

= P A B P A B( ) ( )∪ + ∩ –
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xï˛~Óñ  P(A B) P (A)+P(B) P(A B)∪ = − ∩ .

!ÓÜ˛“Ë˛yˆÏÓñ ~!ê˛ !l¡¨Ó)̊̂ Ï˛õ ≤ÃÙyî Ü˛Ó˚y ÎyÎ˚ ı

A ∪ B = A ∪ (B – A), ˆÎáy Ï̂l A ~ÓÇ B – A ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ñ
~ÓÇ   B = (A ∩ B) ∪ (B – A), ˆÎáy Ï̂l A ∩ B ~ÓÇ B – A ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛–

§Ω˛yÓlyÓ˚ (iii) lÇ fl∫ï˛ı!§Âô ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ ̨õy•zñ
P (A ∪B) = P (A) + P (B – A) ... (2)

~ÓÇ P(B) = P ( A ∩ B) + P (B – A) ... (3)

(2) ˆÌ Ï̂Ü˛ (3) !ÓˆÏÎ˚yà Ü˛ˆÏÓ˚ ˛õy•zñ
P (A ∪ B) – P(B) = P(A) – P (A ∩ B)

Óyñ P(A ∪ B) = P(A) + P (B) – P (A ∩ B)

í˛z˛õˆÏÓ˚Ó˚ Ê˛°!ê˛ !lˆÏ¡¨Ó˚ ˆË˛l!ã˛e åVenn Diagramä å!ã˛e 16.1ä ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ xyÓ˚G Îyã˛y•z Ü˛Ó˚y ˆÎˆÏï˛

!ã˛e 16.1

˛õy Ï̂Ó˚–

Î!ò A G B ò%!ê˛ !Ó!FSÈß¨ ˆ§ê˛ •Î˚ xÌ≈yÍ ï˛yÓ˚y ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly •Î˚ñ ï˛ˆÏÓ A ∩ B = φ

xï˛~Óñ P(A B) = P ( ) = 0∩ φ

§%ï˛Ó˚yÇñ ò%!ê˛ ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly A G B ~Ó˚ çlƒ xyÙÓ˚y ˛õy•zñ

P A B P A P B( ) ( ) ( )∪ = + , Îy §Ω˛yÓlyÓ˚ (iii) lÇ fl∫ï˛ı!§Âô–

16.4.4  ‘A lÎ˚’ âê˛lyÓ˚ §Ω˛yÓly (Probability of event ‘not A’)  1 ˆÌ Ï̂Ü˛ 10 ˛õÎ≈hs˝ l¡∫Ó˚ §¡∫!°ï˛
ò¢!ê˛ ï˛y Ï̂§Ó˚ ~Ü˛!ê˛ §y!Ó˚ ̂ Ì Ï̂Ü˛ ~Ü˛!ê˛ ï˛y§ ̂ ï˛y°yÓ˚ ̨õÓ˚#«˛yÓ˚ §y Ï̂Ì˛ §Ç!Ÿ’T˛ âê˛ly!ê˛ ôÓ˚y ÎyÜ˛ A = {2, 4, 6,

8} flõT˛ï˛•z lÙ%lyˆÏò¢!ê˛ •ˆÏFSÈ S = {1, 2, 3, ...,10}

Î!ò §Óà%̂ Ï°y Ê˛°yÊ˛° 1, 2, ...,10 §ÙylË˛y Ï̂Ó §Ω˛yÓƒ !• Ï̂§ Ï̂Ó ôÓ̊y •Î̊ ï˛ Ï̂Ó ≤Ã!ï˛!ê˛Ó̊ §Ω˛yÓly • Ï̂Ó 
1

10
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~ál P(A) = P(2) + P(4) + P(6) + P(8)

=
1

10

1

10

1

10

1

10

4

10

2

5
+ + + = =

xyÓ˚G ‘A lÎ˚’ âê˛ly  = A′  = {1, 3, 5, 7, 9, 10}

~álñ P(A′) = P(1) + P(3) + P(5) + P(7) + P(9) + P(10)

=
6

10

3

5
=

xï˛~Óñ P(A′) =
3

5
= 1

2

5
1− = − P A( )

xyÓ˚Gñ xyÙÓ˚y çy!l ˆÎñ A′ ~ÓÇ A •ˆÏFSÈ ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ ~ÓÇ §¡õ)î≈ âê˛ly xÌ≈yÍñ
A ∩ A′ = φ ~ÓÇ A ∪ A′ = S

Óy P(A ∪ A′) = P(S)

~ál P(A) + P(A′) = 1, [(ii) G (iii) lÇ fl∫ï˛ı!§Âô xl%ÎyÎ˚#]
Óy P(A′) = P(A lÎ˚) = 1 – P(A)

xlƒÌyÎ˚ !ÓÓ,ï˛ ly •GÎ˚y ˛õÎ≈hs˝ xyÙÓ˚y §ÙylË˛yˆÏÓ §Ω˛yÓƒ !Ü˛S%È í˛zòy•Ó˚î ~ÓÇ xl%¢#°l# !ÓˆÏÓã˛ly
Ü˛Ó˚Ó–
í˛zòy•Ó˚î 10 Ë˛yˆÏ°yË˛yˆÏÓ ˆÙ¢yˆÏly 52!ê˛ ï˛yˆÏ§Ó˚ ~Ü˛!ê˛ ˛õƒyˆÏÜ˛ê˛ ˆÌˆÏÜ˛ ~Ü˛!ê˛ ï˛y§ ê˛yly •Î˚– Î!ò ≤Ã!ï˛!ê˛
Ê˛°yÊ˛° §ÙylË˛y Ï̂Ó §Ω˛yÓƒ •Î˚ ï˛ Ï̂Ó §Ω˛yÓly !lî≈Î˚ Ü˛Ó˚ ̂ Îáy Ï̂l ï˛y§!ê˛ñ

(i) ~Ü˛!ê˛ Ó%̊•zï˛l ådiamondä (ii) ˆê˛E˛y åaceä lÎ˚
(iii) ~Ü˛!ê˛ Ü˛y Ï̂°y Ó˚Ç Ï̂Î˚Ó˚ åblack cardä xÌ≈≈yÍñ ~Ü˛!ê˛ !ã˛í ¸̨ï˛l åclubä Óy ~Ü˛!ê˛ •zflÒyÓl åspade)

(iv) Ó%̊•zï˛l lÎ˚ (v) Ü˛yˆÏ°y Ó˚Ç ~Ó˚ ï˛y§ lÎ˚–
§Ùyôyl ı Ë˛yˆÏ°yË˛yˆÏÓ ˆÙ¢yˆÏly 52!ê˛ ï˛yˆÏ§Ó˚ ~Ü˛!ê˛ ˛õƒyˆÏÜ˛ê˛ ˆÌˆÏÜ˛ ~Ü˛!ê˛ ï˛y§ ê˛yly •Î˚ñ ï˛ál §Ω˛yÓƒ
Ê˛°yÊ˛ˆÏ°Ó˚ §Çáƒy 52  –
(i) ôÓ˚y ÎyÜ˛ A •° Ú~Ü˛!ê˛ Ó˚%•zï˛l ï˛y§ ê˛ylyÓ˚Û âê˛ly– flõT˛ï˛•z A ˆ§ˆÏê˛Ó˚ ˛õò §Çáƒy •° 13 –

§%ï˛Ó˚yÇñ P(A) = 
13

52

1

4
=

xÌ≈yÍñ Ó˚%•zï˛l ï˛y§ •GÎ˚yÓ˚ §Ω˛yÓly  = 
1

4

(ii) ôÓ˚y ÎyÜ˛ B •° Úê˛yly ï˛y§!ê˛ ~Ü˛!ê˛ ̂ ê˛E˛yÛ
xï˛~Óñ Úê˛yly ï˛y§!ê˛ ~Ü˛!ê˛ ̂ ê˛E˛y lÎ˚Û âê˛ly!ê˛ •GÎ˚y í˛z!ã˛ï˛ B′–

xyÙÓ˚y çy!l ˆÎ  P(B′) = 1 –  P(B) = 1
4

52
1

1

13

12

13
− = − =
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(iii) ôÓ˚y ÎyÜ˛ C âê˛ly!ê˛ •° Úê˛yly ï˛y§!ê˛ ~Ü˛!ê˛ Ü˛yˆÏ°y Ó˚ÇˆÏÎ˚Ó˚ ï˛y§Û–

§%ï˛Ó˚yÇñ C ˆï˛ ˆÙyê˛ §ò§ƒ §Çáƒy = 26

xÌ≈≈yÍñ P(C) = 
26

52

1

2
=

ï˛y•zñ Ü˛yˆÏ°y ï˛y§ •GÎ˚yÓ˚ §Ω˛yÓly = 
1

2
–

(iv) xyÙÓ˚y ôˆÏÓ˚ !l•zñ í˛z˛õˆÏÓ˚Ó˚ (i) lÇÈüÈ~ A •° Úê˛yly ï˛y§!ê˛ ~Ü˛!ê˛ Ó˚%•zï˛lÛ •GÎ˚yÓ˚ âê˛ly– xï˛~Ó Úê˛yly
ï˛y§!ê˛ ~Ü˛!ê˛ Ó˚%•zï˛l ly •GÎ˚yÓ˚Û âê˛lyˆÏÜ˛ A' Óy ÚA lÎ˚Û myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚–

~ál P(A lÎ˚) = 1 –  P(A) = 1
1

4

3

4
− =

(v) Úê˛yly ï˛y§!ê˛ Ü˛yyˆÏ°y Ó˚ÇˆÏÎ˚Ó˚ lÎ˚Û âê˛ly!ê˛ C′ Óy ‘C lÎ˚’ myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚–

xyÙÓ˚y çy!l ˆÎñ P(C lÎ˚) = 1 –  P(C) = 1
1

2

1

2
− =

xï˛~Ó ï˛y§!ê˛ Ü˛yˆÏ°y ly •GÎ˚yÓ˚ §Ω˛yÓly = 
1

2

í z̨òy•Ó˚î 11 ~Ü˛!ê˛ Óƒy Ï̂à 9!ê˛ ̂ ày°yÜ˛yÓ˚ ã˛yÜ˛!ï˛ ådiscä xy Ï̂SÈñ ÎyÓ˚ Ù Ï̂ôƒ 4!ê˛ °y°ñ 3!ê˛ l#° ~ÓÇ 2!ê˛ •°%ò
Ó˚Ç Ï̂Î˚Ó˚– ã˛yÜ˛!ï˛à%̂ Ï°y §Óà%̂ Ï°y §Ùyl xyÜ˛yÓ˚ G xyÜ,̨ !ï˛Ó˚– ~Ü˛!ê˛ ã˛yÜ˛!ï˛ Óƒyà ̂ Ì Ï̂Ü˛ Î Ï̂ÌFSÈË˛y Ï̂Ó ̂ ï˛y°y •Î˚–
ã˛yÜ˛!ï˛!ê˛ÈüüüÈ (i) °y°, (ii) •°%ò, (iii) l#°, (iv) l#° lÎ˚, (v) •Î˚ °y° Óy l#° •GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ Ï̂Ó˚y–
§Ùyôyl  ˆÙyê˛ ã˛yÜ˛!ï˛Ó˚ §Çáƒy 9!ê˛ñ xï˛~Ó ̂ Ùyê˛ Ê˛°yÊ˛ˆÏ°Ó˚ §Çáƒy = 9 –
ôÓ˚y ÎyÜ˛ A, B, C âê˛lyà%ˆÏ°y !l¡¨Ó˚)ˆÏ˛õ §)!ã˛ï˛ Ü˛Ó˚y •Î˚ñ

A: ‘ã˛yÜ˛!ï˛!ê˛ °y° Ó˚Ç Ï̂Î˚Ó˚’

B: ‘ã˛yÜ˛!ï˛!ê˛ •°%ò Ó˚Ç Ï̂Î˚Ó˚’

C: ‘ã˛yÜ˛!ï˛!ê˛ l#° Ó˚Ç Ï̂Î˚Ó˚’.
(i) °y° Ó˚ÇˆÏÎ˚Ó˚ ã˛yÜ˛!ï˛Ó˚ §Çáƒy = 4 xÌ≈yÍ n (A) = 4

ï˛y•zñ P(A) = 
4

9

(ii) •°%ò Ó˚ÇˆÏÎ˚Ó˚ ã˛yÜ˛!ï˛Ó˚ §Çáƒy = 2 xÌ≈yÍ n (B) = 2

xï˛~Óñ P(B) = 
2

9

(iii)   l#° Ó˚ÇˆÏÎ˚Ó˚ ã˛yÜ˛!ï˛Ó˚ §Çáƒy = 3 xÌ≈yÍ n(C) = 3
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xï˛~Óñ P(C) = 
3

9

1

3
=

(iv) flõT˛ï˛•z Úl#° Ó˚ÇˆÏÎ˚Ó˚ lÎ˚Û âê˛ly!ê˛ •ˆÏFSÈ ‘C lÎ˚’. xyÙÓ˚y çy!l ˆÎñ P(C lÎ˚) = 1 –  P(C)

xï˛~Óñ P(C lÎ˚) = 1
1

3

2

3
− =

(v) Ú•Î˚ °y° Óy l#°Û âê˛ly!ê˛ Ï̂Ü˛ ‘A Óy C’ myÓ˚y Óî≈ly Ü˛Ó˚y ÎyÎ˚ññ ̂ ÎˆÏ•ï%˛ñ A ~ÓÇ C âê˛ly ò%!ê˛ ̨õÓ˚flõÓ˚
˛õ,ÌÜ˛ñ ï˛y•z xyÙÓ˚y ˛õy•zñ

P(A Óy C) =  P (A ∪ C) = P(A) + P(C) = 
4

9

1

3

7

9
+ =

í˛zòy•Ó˚î 12 ò%ÈüÈçl SÈyeSÈye# x!l° ~ÓÇ x§#Ùy ~Ü˛!ê˛ ˛õÓ˚#«˛yˆÏï˛ ÓˆÏ§– x!lˆÏ°Ó˚ ˛õÓ˚#«˛y!ê˛ˆÏï˛ ˆÎyàƒï˛y
xç≈l Ü˛Ó˚yÓ˚ §Ω˛yÓly 0.05 ~ÓÇ x§#ÙyÓ˚ ˆÎyàƒï˛y xç≈l Ü˛Ó˚yÓ˚ §Ω˛yÓly 0.10– í˛zË˛ˆÏÎ˚Ó˚ ˛˛õÓ˚#«˛y!ê˛ˆÏï˛
ˆÎyàƒï˛y xç≈l Ü˛Ó˚yÓ˚ §Ω˛yÓly 0.02– ï˛ Ï̂Ó !l¡¨!°!áï˛à%̂ Ï°yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ Ï̂Ó˚y–

(a) x!l° ~ÓÇ x§#Ùy í˛zË˛ˆÏÎ˚•z ̨ õÓ˚#«˛yÎ˚ ̂ Îyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓ ly –

(b) xhs˝ï˛/˛õˆÏ«˛ ï˛yˆÏòÓ˚ ÙˆÏôƒ ~Ü˛çl ̨õÓ˚#«˛yˆÏï˛ ̂ Îyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓ ly ~ÓÇñ

(c) ˆÜ˛Ó°Ùye ~Ü˛çl ï˛yˆÏòÓ˚ ÙˆÏôƒ ̂ Îyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓ–

§Ùyôyl  ôÓ˚y ÎyÜ˛ E ~ÓÇ F myÓ˚y ò%!ê˛ âê˛ly ÎÌyÜ ˛ˆÏÙ Úx!l° ~Ó˚ ˛õÓ˚#«˛yˆÏï˛ ˆÎyàƒï˛y xç≈l Ü˛Ó˚yÛ ~ÓÇ
Úx§#Ùy ~Ó˚ ̨õÓ˚#«˛y!ê˛ˆÏï˛ ̂ Îyàƒï˛y xç≈l Ü˛Ó˚yˆÏÜ˛ §)!ã˛ï˛ Ü˛ˆÏÓ˚– ̂ òGÎ˚y xyˆÏSÈñ

P(E) = 0.05, P(F) = 0.10 ~ÓÇ P(E ∩ F) = 0.02–
ï˛álñ
(a) Úx!l° ~ÓÇ x§#Ùy í˛zË˛ˆÏÎ˚•z ˛õÓ˚#«˛yˆÏï˛ ˆÎyàƒï˛y xç≈l Ü˛ˆÏÓ˚ lyÛ  âê˛ly!ê˛ˆÏÜ˛ E´ ∩ F´ myÓ˚y Óî≈ly

Ü˛Ó˚y ÎyÎ˚–

ˆÎˆÏ•ï%˛ñ E´ •ˆÏFSÈ ‘E lÎ˚’ xÌ≈≈yÍ x!l° ˛õÓ˚#«˛yÎ˚ ˆÎyàƒï˛y xç≈l Ü˛ˆÏÓ˚ ly ~ÓÇ F´ •ˆÏFSÈ ‘F lÎ˚’
xÌ≈yÍ x§#Ùy ̨õÓ˚#«˛yÎ˚ ̂ Îyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓ ly–

xyÓyÓ̊ñ E´ ∩ F´ = (E ∪ F)´ (De MorganÈüÈ~Ó˚ §)e myÓ˚y)

~álñ P(E ∪ F) = P(E) + P(F) –  P(E ∩ F)

Óyñ P(E ∪ F) = 0.05 + 0.10 –  0.02 = 0.13

§%ï˛Ó˚yÇñ P(E´ ∩ F´) = P(E ∪ F)´ = 1 –  P(E ∪ F) = 1 –  0.13 = 0.87

(b) P (Ü˛Ù˛õˆÏ«˛ ï˛yˆÏòÓ˚ ÙˆÏôƒ ~Ü˛çl ̨õÓ˚#«˛yÎ˚ ̂ Îyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓ ly)

= 1 –  P (í˛zË˛ˆÏÎ˚•z ˆÎyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓ ly)
= 1 –  0.02 = 0.98
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(c) ÚˆÜ˛Ó° ï˛yˆÏòÓ˚ ÙˆÏôƒ ~Ü˛çl ˛õÓ˚#«˛yÎ˚ ˆÎyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓÛ âê˛ly!ê˛ •Î˚ åx!l° ˆÎyàƒï˛y xç≈l
Ü˛Ó˚ˆÏÓ ~ÓÇ x§#Ùy ˆÎyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓ lyä Óy åx!l° ˆÎyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓ ly ~ÓÇ x§#Ùy ˆÎyàƒï˛y
xç≈l Ü˛Ó˚̂ ÏÓä âê˛yÓ˚ Ù Ï̂ï˛y ~Ü˛!ê˛ âê˛ly xÌ≈yÍñ E ∩ F´ Óy E´ ∩ F, ̂ Îáy Ï̂l E ∩ F´ ~ÓÇ E´ ∩ F ̨õÓ˚flõÓ˚
˛õ,ÌÜ˛ âê˛ly–

§%ï˛Ó˚yÇñ  P(ˆÜ˛Ó°Ùye ~Ü˛çl ï˛yˆÏòÓ˚ ÙˆÏôƒ ˆÎyàƒï˛y xç≈l Ü˛Ó˚ˆÏÓ)

= P(E ∩ F´ xÌÓy E´ ∩ F)

= P(E ∩ F´) + P(E´ ∩ F) = P (E) – P(E ∩ F) + P(F) – P (E ∩ F)

= 0.05 – 0.02 + 0.10 – 0.02 = 0.11

í˛zòy•Ó˚î 13 ò%ÈüÈçl ̨õ%Ó˚%£Ï G ò%ÈüÈçl Ù!•°y ̂ ÌˆÏÜ˛ ò%ÈüÈçˆÏlÓ˚ ~Ü˛!ê˛ Ü˛!Ù!ê˛ !lÓ≈y!ã˛ï˛ •Î˚– ~ál Ü˛!Ù!ê˛ˆÏï˛ (i)
˛õ%Ó˚%£Ï ly ÌyÜ˛yÓ˚ñ (ii) ~Ü˛çl ̨õ%Ó˚%£Ï ÌyÜ˛yÓ˚ñ (iii) ò%ÈüÈçl ̨õ%Ó˚%£Ï ÌyÜ˛yÓ˚ §Ω˛yÓly Ü˛# •ˆÏÓ⁄

§Ùyôyl  ̨õ%Ó˚%£Ï G Ù!•°yÓ˚ ̂ Ùyê˛ §Çáƒy = 2 + 2 = 4ñ ~ˆÏòÓ˚ Ùôƒ •ˆÏï˛ ò%ÈüÈçlˆÏÜ˛ 4C
2
 í˛z˛õyˆÏÎ˚ !lÓ≈y!ã˛ï˛ Ü˛Ó˚y

ÎyÎ̊–

(i) ò%ÈüÈçˆÏlÓ˚ Ü˛!Ù!ê˛ˆÏï˛ ̂ Ü˛yˆÏly ̨ õ%Ó˚%£Ï ÌyÜ˛ˆÏÓ ly xÌ≈yÍ Ü˛!Ù!ê˛ˆÏï˛ ò%ÈüÈçl Ù!•°y ÌyÜ˛ˆÏÓ–

ò%ÈüÈçl Ù!•°y ̂ Ì Ï̂Ü˛ ò%çl Ï̂Ü˛ 2

2
1C =  í˛z˛õyˆÏÎ˚ !lÓ≈y!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚–

§%ï˛Ó˚yÇñ P
C

C
˛õ%Ó˚%£Ï lÎ˚( ) = =

× ×

×

=

2

2

4

2

1 2 1

4 3

1

6

(ii) Ü˛!Ù!ê˛ Ï̂ï˛ 1 çl ̨õ%Ó˚%£Ï xÌ≈yÍ xlƒ 1 çl Ù!•°y– ~Ü˛çl ̨õ%Ó%̊£Ï̂ ÏÜ˛ 2 ç Ï̂lÓ˚  ̂ Ì Ï̂Ü˛  2C
1 
í z̨̨ õy Ï̂Î˚ ~ÓÇ

~Ü˛çl Ù!•°y Ï̂Ü˛ 2 ç Ï̂lÓ˚  ˆÌ Ï̂Ü˛  2C
1 
 í˛z˛õyˆÏÎ˚  !lÓ≈y!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚– ~Ü˛!eï˛Ë˛yˆÏÓ í˛zË˛Î˚ˆÏÜ˛ 2C

1 
× 2C

1

í z̨̨ õy Ï̂Î˚ !lÓ≈y!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚–

§%ï˛Ó˚yÇñ P
C C

C
~Ü˛çl ˛õ%Ó%̊£Ï( ) =

×

=

×

×

=

2

1

2

1

4

2

2 2

2 3

2

3

(iii) ò%ÈüÈçl ̨õ%Ó˚%£Ï 2C
2 
í˛z˛õyˆÏÎ˚ !lÓ≈y!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚–

xÌ≈yÍñ P åò%ÈüÈçl ̨õ%Ó˚%£ä 
C

C C
Ï ) = = =

2

2

4

2

4

2

1 1

6

xl%¢#°l# 16.3

1. !l¡̈!°!áï˛ lÙ%ly ̂ ò¢ S  = ω ω ω ω ω ω ω
1 2 3 4 5 6 7
, , , , , ,{ }~Ó̊ Ê˛°yÊ˛°à%̂ Ï°yÓ̊ ̂ Ü˛yl!ê˛Ó̊ çlƒ !lô≈y!Ó̊ï˛

§Ω˛yÓlyà%̂ Ï°y Î%!=˛Î%=˛ lÎ˚–
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    !ÓË˛yçl ω
1

ω
2

ω
3

ω
4

ω
5

ω
6

ω
7

(a) 0.1 0.01 0.05 0.03 0.01 0.2 0.6

(b)
1

7

1

7

1

7

1

7

1

7

1

7

1

7

(c) 0.1 0.2 0.3 0.4 0.5 0.6 0.7

(d)  – 0.1 0.2 0.3 0.4  – 0.2 0.1 0.3

(e)
1

14

2

14

3

14

4

14

5

14

6

14

15

14

2. ~Ü˛!ê˛ Ù%oy ò%ÓyÓ˚ ê˛§‰ Ü˛Ó˚y •°– Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ ˆê˛°‰ ˛õí˛¸yÓ˚ §Ω˛yÓly Ü˛# •ˆÏÓ⁄
3. ~Ü˛!ê˛ SÈE˛y !lˆÏ«˛˛õ Ü˛Ó˚y •°– !l¡¨!°!áï˛ âê˛lyà%ˆÏ°yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y ı

(i) ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy ˛õí˛¸yÓ˚ñ
(ii) 3 Óy 3 ~Ó˚ ˆÓ!¢ ~Ü˛!ê˛ §Çáƒy ˛õí˛¸yÓ˚ñ
(iii) ~Ü˛ Óy ~ˆÏÜ˛Ó˚ Ü˛Ù ~Ü˛!ê˛ §Çáƒy ˛õí˛¸yÓ˚ñ
(iv) 6 ~Ó˚ ˆÓ!¢ ˆÜ˛yˆÏly §Çáƒy ˛õí˛¸yÓ˚ñ
(v) 6 ~Ó˚ Ü˛Ù ˆÜ˛yˆÏly §Çáƒy ˛õí˛¸yÓ˚–

4. 52!ê˛ ï˛yˆÏ§Ó˚ ~Ü˛!ê˛ ̨õƒyˆÏÜ˛ê˛ •ˆÏï˛ ~Ü˛!ê˛ ï˛y§ !lÓ≈y!ã˛ï˛ Ü˛Ó˚y •°ÈüüüÈ
(a) lÙ%ly ̂ ò Ï̂¢ Ü˛Î˚!ê˛ !Ó®% xy Ï̂SÈ⁄
(b) ï˛y§!ê˛ ~Ü˛!ê˛ •zflÒyÓ Ï̂lÓ˚ ̂ ê˛E˛y •GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ Ï̂Ó˚y–
(c) ï˛y§!ê˛ (i) ~Ü˛!ê˛ ̂ ê˛E˛yñ (ii) Ü˛yˆÏ°y Ó˚ˆÏ.Ó˚ ï˛y§ •GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

5. ~Ü˛!ê˛ Ù%oy ï˛yÓ˚ ~Ü˛ ̨ õ,̂ Ï¤˛ 1 !ã˛!•´ï˛ xyˆÏSÈ G x˛õÓ˚ ̨ õ,ˆÏ¤˛ 6 !ã˛!•´ï˛ Ü˛Ó˚y ~ÓÇ ~Ü˛!ê˛ ̂ VÑ˛yÜ˛ ¢)lƒ SÈE˛y
í˛zË˛Î˚ˆÏÜ˛•z ê˛§‰ Ü˛Ó˚y •°– ≤ÃyÆ §Çáƒy ò%!ê˛Ó˚ §Ù!T˛ (i) 3;  (ii) 12 ̨ õí˛¸yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

6. ¢• Ï̂Ó˚Ó˚ Ü˛yí z̨!™ Ï̂° ã˛yÓ˚çl ̨õ%Ó%̊£Ï ~ÓÇ SÈÎ˚ çl Ù!•°y xy Ï̂SÈ– Î!ò ~Ü˛çl Ü˛yí z̨!™° §ò§ƒ Î Ï̂ÌFSÈË˛y Ï̂Ó
!lÓ≈y!ã˛ï˛ Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ !ï˛!l ~Ü˛çl Ù!•°y •ˆÏÓl ï˛yÓ˚ §Ω˛yÓly Ü˛ï˛⁄

7. ~Ü˛!ê˛ ˆVÑ˛yÜ˛¢)lƒ Ù%oy ã˛yÓ˚ÓyÓ˚ ê˛§‰ Ü˛Ó˚y •°– ~Ü˛ Óƒ!=˛ ˆ•í‰˛ ˛õí˛¸ˆÏ° 1 ê˛yÜ˛y xç≈l Ü˛ˆÏÓ˚ ~ÓÇ ˆê˛°‰
˛õí˛¸ˆÏ° 1.50 ê˛yÜ˛y ̂ °yÜ˛§yl Ü˛ Ï̂Ó˚–
ã˛yÓ˚ÓyÓ˚ ê˛ˆÏ§Ó˚ ̨õÓ˚ ~ lÙ%ly ̂ ò¢ •ˆÏï˛ ï%˛!Ù Ü˛ï˛ Ó˚Ü˛Ù !Ó!Ë˛ß¨ ̨õ!Ó˚Ùyî xÌ≈ í˛z˛õyç≈l Ü˛Ó˚ˆÏï˛ ̨õyÓ˚ ~ÓÇ
≤Ã!ï˛!ê˛ ̂ «˛ Ï̂e ≤ÃyÆ x Ï̂Ì≈Ó˚ §Ω˛yÓly !lî≈Î˚ Ü˛ Ï̂Ó˚y–

8. !ï˛l!ê˛ Ù%oy ~Ü˛ÓyÓ˚ ê˛§‰ Ü˛Ó˚y •°– ~álñ
(i) 3!ê˛ ̂ •í‰̨ (ii) 2!ê˛ ̂ •í‰̨ (iii) Ü˛Ù˛õ Ï̂«˛ 2!ê˛ ̂ •í‰̨

(iv) § Ï̂Ó≈yFã˛ 2!ê˛ ̂ •í‰̨ (v) ˆÜ˛yl ̂ •í‰˛ lÎ˚ (vi) 3!ê˛ ̂ ê˛°‰
(vii) !ë˛Ü˛ ò%!ê˛ ̂ ê˛°‰ (viii) ˆÜ˛y Ï̂ly ̂ ê˛°‰ lÎ˚ñ (ix) § Ï̂Ó≈yFã˛ ò%!ê˛ ̂ ê˛°‰

˛õí ¸̨yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ Ï̂Ó˚y–

9. Î!ò ˆÜ˛y Ï̂ly âê˛ly ÚAÛ âê˛yÓ˚Û §Ω˛yÓly  
2

11
 •Î˚ñ ï˛ˆÏÓ ÚA lÎ˚Û âê˛yÓ˚ §Ω˛yÓly Ü˛ï˛⁄

10. ‘ASSASSINATION’ ¢∑!ê˛ •ˆÏï˛ ~Ü˛!ê˛ x«˛Ó˚ ÎˆÏÌFSÈË˛yˆÏÓ ˛õSÈ® Ü˛Ó˚y •°ñ ï˛ˆÏÓ ˙ x«˛Ó˚!ê˛
(i) ~Ü˛!ê˛ fl∫Ó˚Óî≈ñ  (ii) ~Ü˛!ê˛ ÓƒyOlÓî≈ •GÎ˚yÓ˚ §Ω˛yÓly ̂ ÓÓ˚ Ü˛ Ï̂Ó˚y–



  §Ω˛yÓly    405

11. ~Ü˛!ê˛ °ê˛y!Ó˚ˆÏï˛ ~Ü˛ Óƒ!=˛ 1 ˆÌˆÏÜ˛ 20 ˛õÎ≈hs˝ fl∫yË˛y!ÓÜ˛ §Çáƒy •ˆÏï˛ 6!ê˛ !Ó!Ë˛ß¨ §Çáƒy ÎˆÏÌÏFSÈË˛yˆÏÓ
˛õSÈ® Ü˛Ó˚ˆÏ° ~ÓÇ Î!ò ~•z SÈÎ˚!ê˛ §Çáƒy °ê˛y!Ó˚ Ü˛!Ù!ê˛ Ü˛ï,≈˛Ü˛ !fiÌÓ˚#Ü,˛ï˛ 6!ê˛ §ÇáƒyÓ˚ §ˆÏAà •z!ï˛˛õ)ˆÏÓ≈•z
ˆÙ°y Ï̂ly Ìy Ï̂Ü˛ñ ï˛ Ï̂Ó ̂ § ̨õ%Ó˚flÒyÓ˚!ê˛ !ç Ï̂ï˛ ̂ lÎ˚– ̂ á°y!ê˛ Ï̂ï˛ ̨õ%Ó˚flÒyÓ˚!ê˛ ̂ çï˛yÓ˚ §Ω˛yÓly Ü˛ï˛˛⁄ [§ Ï̂AÜ˛ï˛
ı §ÇáƒyÓ˚ Ü ˛Ù à%Ó˚%c˛õ)î≈ lÎ˚]

12. !l¡¨!°!áï˛ §Ω˛yÓly P(A) ~ÓÇ P(B) ôyÓ˚yÓy!•Ü˛Ë˛yˆÏÓ §ÇK˛y!Î˚ï˛ !Ü˛ly ï˛y ̨ õÓ˚#«˛y Ü˛ˆÏÓ˚y–
(i) P(A) = 0.5,  P(B) = 0.7,  P(A ∩ B) = 0.6

(ii) P(A) = 0.5, P(B) = 0.4, P(A ∪ B) = 0.8

13. !l¡¨!°!áï˛ ̂ ê˛!Ó Ï̂°Ó˚ ¢)lƒfiÌylà%̂ Ï°y ̨õ)Ó˚î Ü˛ Ï̂Ó˚y ı
P(A) P(B) P(A ∩∩∩∩∩ B) P(A ∩∩∩∩∩ B)

(i)
1

3

1

5

1

15
. . .

(ii) 0.35 . . . 0.25 0.6

(iii) 0.5 0.35 . . . 0.7

14. ≤Ãò_ ˆÎñ P(A) = 
3

5
 ~ÓÇ P(B) = 

1

5
– Î!ò A G B ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly •Î˚ ï˛ˆÏÓñ P(A Óy B)

!lî≈Î˚ Ü˛ Ï̂Ó˚y–

15. Î!ò E G F ò%!ê˛ âê˛ly ~Ùl •Î˚ ˆÎñ  P(E) = 
1

4
, P(F) = 

1

2
 ~ÓÇ P(E ~ÓÇ F) = 

1

8
, ï˛ˆÏÓñ (i)

P(E Óy F),  (ii) P(E lÎ˚ ~ÓÇ F lÎ˚) !lî≈Î˚ Ü˛ˆÏÓ˚y–
16. E G F âê˛ly ò%!ê˛ ~Ó)̨̊ õ •Î˚ ˆÎ P(E lÎ˚ Óy F lÎ˚) = 0.25, ï˛ Ï̂Ó E G F ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ •ˆÏÓ !Ü˛ly

!ÓÓ,ï˛ Ü˛ Ï̂Ó˚y–
17. A G B âê˛ly ò%!ê˛ ~Ó)̨̊ õ ̂ ÎáyˆÏl P(A) = 0.42, P(B) = 0.48 ~ÓÇ P(A ~ÓÇ B) = 0.16– ï˛ˆÏÓñ

(i) P(A lÎ˚),    (ii) P(B lÎ˚)  ~ÓÇ  (iii) P(A Óy B) !lô≈yÓ˚î Ü˛ˆÏÓ˚y–
18. ˆÜ˛yˆÏly fl%ÒˆÏ°Ó˚ ~Ü˛yò¢ ˆ◊!îˆÏï˛ SÈyeSÈye#ˆÏòÓ˚ 40% à!î Ï̂ï˛ ~ÓÇ 30% ç#Ó!Óòƒy !lˆÏÎ˚ ˛õí˛¸yˆÏ¢yly

Ü˛ˆÏÓ˚– ï˛yˆÏòÓ˚ ÙˆÏôƒ 10% à!îï˛ G ç#Ó!Óòƒy í˛zË˛Î˚ !Ó£ÏˆÏÎ˚•z ̨õí˛¸yˆÏ¢yly Ü˛ˆÏÓ˚– Üœ˛y§ ̂ ÌˆÏÜ˛ ~Ü˛çlˆÏÜ˛
Î Ï̂ÌFSÈË˛y Ï̂Ó !lÓ≈y!ã˛ï˛ Ü˛Ó˚̂ Ï°ñ ̂ § à!îï˛ Óy ç#Ó!Óòƒy !l Ï̂Î˚ ̨õí ¸̨y Ï̂¢yly Ü˛Ó˚̂ Ï° ï˛yÓ˚ §Ω˛yÓly ̂ ÓÓ˚ Ü˛ Ï̂Ó˚y–

19. ò%!ê˛ ˛õÓ˚#«˛yÓ˚ !Ë˛!_ˆÏï˛ ˆ@˝Ãí˛ Ü˛Ó˚y ~Ü˛!ê˛ ≤ÃˆÏÓ!¢Ü˛y ˛õÓ˚#«˛yÎ˚ñ ÎˆÏÌFSÈË˛yˆÏÓ ˛õSÈ® Ü˛Ó˚y ~Ü˛çl SÈyˆÏeÓ˚
≤ÃÌÙ ̨õÓ˚#«˛y!ê˛ Ï̂ï˛ í z̨_#î≈ •GÎ˚yÓ˚ §Ω˛yÓly 0.8 ~ÓÇ !mï˛#Î˚ ̨õÓ˚#«˛y!ê˛ Ï̂ï˛ í z̨_#î≈ •GÎ˚yÓ˚ §Ω˛yÓly 0.7–
ï˛yˆÏòÓ˚ ÙˆÏôƒ Ü˛Ù˛õˆÏ«˛ ˆÎˆÏÜ˛yˆÏly ~Ü˛!ê˛ˆÏï˛ í˛z_#î≈ •GÎ˚yÓ˚ §Ω˛yÓly 0.95– í˛zË˛Î˚ ˛õÓ˚#«˛yˆÏï˛ í˛z_#î≈
•GÎ˚yÓ˚ §Ω˛yÓly Ü˛# • Ï̂Ó⁄

20. !•!® G •zÇˆÏÓ˚!ç !Ó£ÏˆÏÎ˚Ó˚ ã)˛í˛¸yhs˝ ̨ õÓ˚#«˛yˆÏï˛ ~Ü˛çl SÈyˆÏeÓ˚ í˛z_#î≈ •GÎ˚yÓ˚ §Ω˛yÓly 0.5 ~ÓÇ ̂ Ü˛y Ï̂ly
!Ó£Ï̂ ÏÎ˚•z í z̨_#î≈ ly •GÎ˚yÓ˚ §Ω˛yÓly 0.1– Î!ò •zÇ Ï̂Ó˚!ç ̨õÓ˚#«˛yÎ˚ í z̨_#î≈ •GÎ˚yÓ˚ §Ω˛yÓly 0.75 •Î˚ñ ï˛ Ï̂Ó
!•!® ̨õÓ˚#«˛yˆÏï˛ í˛z_#î≈ •GÎ˚yÓ˚ §Ω˛yÓly Ü˛# •ˆÏÓ⁄
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21. 60 çl !¢«˛yÌ≈#Ó˚ ~Ü˛!ê˛ Üœ˛yˆÏ§ NCC ~Ó˚ çlƒ 30 çl NSS ~Ó˚ çlƒ 32 çl ~ÓÇ 24 çl NCC

~ÓÇ NSS í˛zË˛ˆÏÎ˚Ó˚ çlƒ ÓySÈy•z Ü˛ˆÏÓ˚– Î!ò ~Ü˛çl !¢«˛yÌ≈# ÎˆÏÌFSÈË˛yˆÏÓ !lÓ≈y!ã˛ï˛ Ü˛Ó˚y ÎyÎ˚ ï˛ˆÏÓ
§Ω˛yÓly !lî≈Î˚ Ü˛ Ï̂Ó˚y ÎálÈüüüÈ
(i) !¢«˛yÌ#≈!ê˛˛ NCC Óy NSS ˆÜ˛ ÓySÈy•z Ü˛ˆÏÓ˚–
(ii) !¢«˛yÌ#≈!ê˛ NCC Óy NSS ̂ Ü˛yl!ê˛ˆÏÜ˛•z ÓySÈy•z Ü˛ˆÏÓ˚ ly–
(iii) !¢«˛yÌ#≈!ê˛ NSS ˆÜ˛ ÓySÈy•z Ü˛ˆÏÓ˚ !Ü˛v NCC ˆÜ˛ lÎ˚–

!Ó!Óô í z̨òy•Ó˚îÙy°y

í˛zòy•Ó˚î 14 Ó#îy ï˛yÓ˚ S%È!ê˛Ó˚ §ÙÎ˚ ã˛yÓ˚!ê˛ ¢•ˆÏÓ˚ (A, B, C ~ÓÇ D) ÎˆÏÌFSÈË˛yˆÏÓ ˛õ!Ó˚ò¢≈l Ü˛Ó˚ˆÏï˛ ÎyÎ˚–
§Ω˛yÓly Ü˛# • Ï̂Ó Îál ˆ§

(i) B ~Ó˚ ˛õ)̂ ÏÓ≈ A ? (ii) B ~Ó˚ ˛õ)ˆÏÓ≈ A ~ÓÇ C ~Ó˚ ˛õ)ˆÏÓ≈ B ?

(iii) A ≤ÃÌ Ï̂Ù ~ÓÇ B ˆ¢ˆÏ£Ï ? (iv) A •Î˚ ≤ÃÌÙ Óy !mï˛#Î˚ ?
(v) B ~Ó˚ !ë˛Ü˛ ˛õ)ˆÏÓ≈ A ¢•Ó˚ ˛õ!Ó˚ò¢≈l Ü˛ˆÏÓ˚⁄

§Ùyôyl  Ó#îy ˆÎ Ü ˛ˆÏÙ ã˛yÓ˚!ê˛ ¢•Ó˚ A, B, C, Óy D ˛õ!Ó˚ò¢≈l Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ ˆ§•z !Ólƒy§ åÜ ˛Ùä §Çáƒy 4!

xÌ≈yÍñ n (S) = 24–
ˆÎˆÏ•ï%˛ ~•z ̨ õÓ˚#«˛yÓ˚ lÙ%ly ̂ òˆÏ¢Ó˚ ̂ Ùyê˛ ̨ õò §Çáƒy 24 G ~•z Ê˛°yÊ˛°à%ˆÏ°y §Óà%ˆÏ°y•z §ÙylË˛yˆÏÓ §Ω˛yÓƒ
ôÓ˚y •Î˚– ~•z ̨ õÓ˚#«˛yÓ˚ çlƒ lÙ%ly ̂ ò¢!ê˛ •Î˚

S  = {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB

BACD, BADC, BDAC, BDCA, BCAD, BCDA

CABD, CADB, CBDA, CBAD, CDAB, CDBA

DABC, DACB, DBCA, DBAC, DCAB, DCBA}

(i) ôÓ˚y ÎyÜ˛ñ Úˆ§ B ~Ó˚ ̨ õ)ˆÏÓ≈ A ̨õ!Ó˚ò¢≈l Ü˛ˆÏÓ˚Û âê˛ly!ê˛ E !òˆÏÎ˚ §)!ã˛ï˛ •Î˚ñ
§%ï˛Ó˚yÇñ E = {ABCD, CABD, DABC, ABDC, CADB, DACB

 ACBD, ACDB, ADBC, CDAB, DCAB, ADCB}

xï˛~Óñ P E
E

S
( ) =

( )

( )

= =

n

n

12

24

1

2

(ii) ôÓ˚y ÎyÜ˛ ÚÓ#îy B ~Ó˚ ˛õ)̂ ÏÓ≈ A ~ÓÇ C ~Ó˚ ˛õ)̂ ÏÓ≈ B ˛õ!Ó˚ò¢≈l Ü˛ˆÏÓ˚Û âê˛ly!ê˛ˆÏÜ˛ F !òˆÏÎ˚ §)!ã˛ï˛ •Î˚–
~áyˆÏlñ F = {ABCD, DABC, ABDC, ADBC}

§%ï˛Ó˚yÇñ P F
F

S
( ) =

( )

( )

= =

n

n

4

24

1

6

!¢«˛yÌ≈# Ï̂òÓ˚ (iii), (iv) ~ÓÇ (v)lÇ ~Ó˚ ̂ «˛ Ï̂e §Ω˛yÓly !lî≈Î˚ Ü˛Ó˚yÓ˚ ̨õÓ˚yÙ¢≈ ̂ òÎ˚y • Ï̂FSÈ–
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í z̨òy•Ó˚î 15 §Ω˛yÓly ̂ ÓÓ˚ Ü˛ Ï̂Ó˚y Îál 52!ê˛ ï˛y Ï̂§Ó˚ ~Ü˛!ê˛ ̨õƒy Ï̂Ü˛ê˛ ̂ Ì Ï̂Ü˛ 7!ê˛ ï˛y§ ~Ü˛ Ï̂Îy Ï̂à ̂ lÎ˚y •Î˚ ï˛yÓ˚

ÙˆÏôƒ (i) §Óà%ˆÏ°y §yˆÏ•Ó åKingäñ  (ii) 3!ê˛ §yˆÏ•Óñ  (iii) Ü˛Ù˛õˆÏ«˛ 3!ê˛ §yˆÏ•Ó •ˆÏÓ–

§Ùyôyl  ˆÙyê˛ §Ω˛yÓƒ í˛z˛õyÎ˚ §Çáƒy = 52C
7

  (i) 4!ê˛ §yˆÏ•ˆÏÓÓ˚ ~Ü˛ˆÏÎyˆÏà í˛zë˛yÓ˚ §Çáƒy = 4C
4 
× 48C

3 
åxlƒ 3!ê˛ ï˛y§ xÓ¢ƒ•z xÓ!¢T˛ 48!ê˛ ï˛y§

ˆÌˆÏÜ˛ ̨õSÈ® Ü˛Ó˚ˆÏï˛ •ˆÏÓä

xï˛~Óñ P (~Ü˛ ˆÎyˆÏà 4!ê˛ §yˆÏ•Ó ÌyÜ˛ˆÏÓ) = 

4

4

48

3

52

7

1

7735

C C

C

×

=

 (ii) 3!ê˛ §y Ï̂•Ó G 4!ê˛ §yˆÏ•Ó lÎ˚ ~ ôÓ˚ˆÏlÓ˚ ï˛y§ •yˆÏï˛ ÌyÜ˛yÓ˚ §Çáƒy = 4C
3 
× 48C

4

§%ï˛Ó˚yÇñ P (3!ê˛ §yˆÏ•Ó) =  

4

3

48

4

52

7

9

1547

C C

C

×

=

(iii) P(Ü˛Ù˛õ Ï̂«˛ 3!ê˛ §yˆÏ•Ó) = P(3!ê˛ §yˆÏ•Ó Óy 4!ê˛ §yˆÏ•Ó)

= P(3!ê˛ §yˆÏ•Ó) + P(4!ê˛ §yˆÏ•Ó)

=
9

1547

1

7735

46

7735
+ =

í˛zòy•Ó˚î 16 Î!ò A, B, C !ï˛l!ê˛ âê˛ly ~Ü˛!ê˛ §Ù§Ω˛Ó ̨ õÓ˚#«˛yÓ˚ §yˆÏÌ Î%=˛ ÌyˆÏÜ˛ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ̂ ÎÈüüüÈ

P A B C∪ ∪( ) = P A P B +P C P A B P A C( ) + ( ) ( ) − ∩( ) − ∩( )

– P (B ∩ C) + P ( A ∩ B ∩ C)

§Ùyôyl  !ÓˆÏÓã˛ly Ü˛Ó˚y ÎyÜ˛ñ E = B ∪ C

xï˛~Óñ
P (A ∪ B ∪ C ) = P (A ∪ E )

   = P A P E P A E( ) + ( ) − ∩( ) ... (1)

~álñ

P E P B C( ) = ∪( )

 = ( ) + ( ) − ∩( )P B P C P B C ... (2)

xyÓ̊Gñ A E A B C∩ = ∩ ∪( )  = A B A C∩( ) ∪ ∩( )

[ˆ§ê˛ ~Ó˚ ̂ «˛ˆÏe §ÇˆÏÎyˆÏàÓ˚ í˛z˛õÓ˚ ̂ SÈò ~Ó˚ Ó^˝ê˛l §)e ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚]

xï˛~Óñ P A E P A B P A C∩( ) = ∩( ) + ∩( ) – P A B A C∩( ) ∩ ∩( )




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   = P A B P A C∩( ) + ∩( )  – P A B C∩ ∩[ ] ... (3)

(1) lÇ ~ (2) G (3) ÓƒÓ•yÓ˚ Ü˛!Ó˚Î˚yñ xyÙÓ˚y ˛õy•zñ

P A B C P A P B P C P B C∪ ∪[ ] = ( ) + ( ) + ( ) − ∩( )

            – P A B P A C P A B C∩( ) − ∩( ) + ∩ ∩( )

í˛zòy•Ó˚î 17 ~Ü˛!ê˛ !Ó˚ˆÏ° ˆòÔí˛¸ ≤Ã!ï˛ˆÏÎy!àï˛yÎ˚ ˆÙyê˛ 5!ê˛ ò° A, B, C, D G E Ó˚ˆÏÎ˚ˆÏSÈ–

(a) A, B ~ÓÇ C Î!ò ÎÌyÜ ̨ Ï̂Ù ≤ÃÌÙñ !mï˛#Î˚ G ï,̨ ï˛#Î˚ fiÌy Ï̂l ̂ ¢£Ï Ü˛ Ï̂Ó˚ñ ̂ §!ê˛Ó˚ §Ω˛yÓly Ü˛# • Ï̂Ó⁄
(b) A, B G C Î!ò ≤ÃÌÙ !ï˛lçl !•ˆÏ§ˆÏÓ ˆ¢£Ï Ü˛ˆÏÓ˚ åˆÎ ˆÜ˛yˆÏly Ü ˛ˆÏÙä ï˛ˆÏÓ §Ω˛yÓly Ü˛# •Î˚⁄

åôˆÏÓ˚ !lˆÏï˛ •ˆÏÓ ̂ ¢£Ï Ü˛Ó˚yÓ˚ §Óà%ˆÏ°y Ü ˛Ù §ÙylË˛yˆÏÓ §Ω˛yÓƒä

§Ùyôyl  Î!ò xyÙÓ˚y Ü ̨ Ù xl%ÎyÎ˚# ̂ ¢£Ï ≤ÃÌÙ !ò Ï̂Ü˛Ó˚ !ï˛l!ê˛ fiÌy Ï̂lÓ˚ §Óà%̂ Ï°y ̂ «˛e Ï̂Ü˛ !l Ï̂Î˚ à!ë˛ï˛ lÙ%ly ̂ ò¢

!ÓˆÏÓã˛ly Ü˛!Ó˚ ï˛yˆÏÓ xyÙÓ˚y ˛õy•zñ 5P
3
, xÌ≈yÍ, 

5

5 3

!

!−( )
 = 5 × 4 × 3 = 60!ê˛ lÙ%ly !Ó®%ñ

≤Ã!ï˛!ê˛Ó˚ §Ω˛yÓly 
1

60
–

(a) A, B ~ÓÇ C ÎÌyÜ ˛ˆÏÙ ≤ÃÌÙñ !mï˛#Î˚ G ï,̨ ï˛#Î˚ fiÌyˆÏl ˆ¢£Ï Ü˛ˆÏÓ˚– ~Ó˚ çlƒ ˆÜ˛Ó°Ùye ~Ü˛!ê˛ ˆ¢£Ï
Ü˛Ó˚yÓ˚ Ü ̨ Ù xy Ï̂SÈ ˆÎ!ê˛ •° ABC –

xï˛~Óñ P(A, B G C ÎÌyÜ ˛ˆÏÙ ≤ÃÌÙñ !mï˛#Î˚ñ G ï,˛ï˛#Î˚ fiÌyˆÏl ˆ¢£Ï Ü˛Ó˚ˆÏÓ) = 
1

60
–

(b) A, B ~ÓÇ C ≤ÃÌÙ !ï˛lçl ˆ¢£Ï Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ A, Bñ C ~Ó˚ çlƒ ˆÙyê˛ !Ólƒy§ • Ï̂Ó 3! xï˛~Ó ~•z
âê˛lyÓ˚ §yˆÏÌ Î%=˛ ̂ Ùyê˛ lÙ%ly !Ó®%Ó˚ §Çáƒy •ˆÏÓ 3! !ê˛

ï˛y•zñ P (A, B G C ≤ÃÌÙ !ï˛lç Ï̂l ˆ¢£Ï Ü˛Ó˚̂ ÏÓ) = = =

3

60

6

60

1

10

!

xôƒyÎ˚ 16 ~Ó˚ !Ó!Óô xl%¢#°l#

1. ~Ü˛!ê˛ Óy Ï̂: 10!ê˛ °y° Ó˚̂ Ï.Ó˚ñ 20!ê˛ l#° Ó˚̂ Ï.Ó˚ ~ÓÇ  30!ê˛ §Ó%ç Ó˚̂ Ï.Ó˚ Ùy Ï̂Ó≈° xy Ï̂SÈ– Óy: • Ï̂ï˛ 5!ê˛
Ùy Ï̂Ó≈° ˆï˛y°y • Ï̂° §Ω˛yÓly Ü˛# • Ï̂Ó ÎálÈüüüÈ

(i) §Óà%ˆÏ°y l#° Ó˚ˆÏ.Ó˚ •ˆÏÓ–   (ii) Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ §Ó%ç Ó˚ˆÏ.Ó˚ •ˆÏÓ–

2. 4!ê˛ ï˛y§ Ë˛y Ï̂°yË˛y Ï̂Ó ̂ Ù¢y Ï̂ly 52!ê˛ ï˛y Ï̂§Ó˚ ~Ü˛!ê˛ ̨õƒy Ï̂Ü˛ê˛ ̂ Ì Ï̂Ü˛ ̂ ï˛y°y •Î˚– 3!ê˛ Ó%̊•zï˛l ådiamondä
G ~Ü˛!ê˛ •zflÒyÓl åspadeä •GÎ˚yÓ˚ §Ω˛yÓly Ü˛# •ˆÏÓ⁄
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3. ~Ü˛!ê˛ SÈE˛yÓ˚ ò%!ê˛ ï˛ˆÏ°Ó˚ ≤Ã!ï˛!ê˛ˆÏï˛ ‘1’ñ !ï˛l!ê˛ ï˛ˆÏ°Ó˚ ≤Ã!ï˛!ê˛ˆÏï˛ ‘2’ §Çáƒy!ê˛ ~ÓÇ ~Ü˛!ê˛ ï˛ˆÏ° ‘3’

§Çáƒy!ê˛ xyˆÏSÈ– Î!ò SÈE˛y!ê˛ ~Ü˛ÓyÓ˚ àí˛¸yˆÏly •Î˚ñ ï˛ˆÏÓ

(i) P(2) (ii) P(1 Óy 3) (iii) P(3 lÎ˚) !lî≈Î˚ Ü˛ Ï̂Ó˚y–

4. ˆÜ˛y Ï̂ly ~Ü˛!ê˛ °ê˛y!Ó˚̂ Ïï˛ 10,000 !ê˛ Ï̂Ü˛ê˛ !ÓÜ ̨ Î˚ •° ~ÓÇ 10!ê˛ §Ùyl §ÇáƒÜ˛ ˛õ%Ó˚flÒyÓ˚ ˆòÎ˚y •°–
ˆÜ˛yˆÏly ̨ õ%Ó˚flÒyÓ˚ ly ̨ õyGÎ˚yÓ˚ §Ω˛yÓly Ü˛# •ˆÏÓ Î!ò ï%˛!Ù (a) ~Ü˛!ê˛ !ê˛ˆÏÜ˛ê˛ñ (b) ò%!ê˛ !ê˛ˆÏÜ˛ê˛ñ (c) 10!ê˛
!ê˛ Ï̂Ü˛ê˛ !Ü˛ Ï̂l ÌyÜ˛⁄

5. 100 çl SÈyeSÈye#Ó˚ ÙˆÏôƒ 40 G 60 çˆÏlÓ˚ ò%!ê˛ !ÓË˛yà àë˛l Ü˛Ó˚y •°– Î!ò ï%˛!Ù G ̂ ï˛yÙyÓ˚ Órô% ~•z
100 çl SÈyeSÈye#Ó˚ Ù Ï̂ôƒ •G ï˛ Ï̂Ó §Ω˛yÓly Ü˛# • Ï̂Ó Î!ò

(a) ˆï˛yÙÓ˚y í˛zË˛ˆÏÎ˚•z ~Ü˛•z !ÓË˛yˆÏà ÌyÜ˛⁄

(b) ̂ ï˛yÙÓ˚y ò%ÈüÈçˆÏl ò%!ê˛ !Ë˛ß¨ !ÓË˛yˆÏà ÌyÜ˛⁄
6. !ï˛lçl Óƒ!=˛Ó˚ í˛zˆÏjˆÏ¢ƒ !ï˛l!ê˛ !ã˛!ë˛ ̂ °áy •° ~ÓÇ ï˛yˆÏòÓ˚ ≤ÃˆÏï˛ƒˆÏÜ˛Ó˚ í˛zˆÏjˆÏ¢ƒ ~Ü˛!ê˛ áyˆÏÙ !ë˛Ü˛yly

!°ˆÏá !ã˛!ë˛à%ˆÏ°y áyˆÏÙÓ˚ ÙˆÏôƒ ÎˆÏÌFSÈË˛yˆÏÓ Ó˚yáy •° ÎyˆÏï˛ ≤Ã!ï˛!ê˛ áyˆÏÙ !ë˛Ü˛ ~Ü˛!ê˛ !ã˛!ë˛ ÌyˆÏÜ˛–
Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ !ã˛!ë˛ ~Ü˛!ê˛ §!ë˛Ü˛ áyˆÏÙ Ó˚yáyÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛Ó˚–

7. A ~ÓÇ B ò%!ê˛ âê˛ly •ˆÏ°ñ ˆÎáyˆÏl P(A) = 0.54, P(B) = 0.69 ~ÓÇ P(A ∩ B) = 0.35.

ï˛ˆÏÓ (i) P(A ∪ B)  (ii) P(A´ ∩ B´)   (iii) P(A ∩ B´)   (iv) P(B ∩ A´) !lî≈Î˚ Ü˛ˆÏÓ˚y–
8. ~Ü˛!ê˛ ̂ Ü˛y¡õy!lÓ˚ Ü˛Ù≈ã˛yÓ˚#ˆÏòÓ˚ ÙˆÏôƒ ̂ ÌˆÏÜ˛ ÙƒyˆÏl!çÇ Ü˛!Ù!ê˛Ó˚ çlƒ 5 ÈçlˆÏÜ˛ !lÓ≈y!ã˛ï˛ Ü˛Ó˚y •Î˚–

5 çl Óƒ!=˛Ó˚ !Ó¢ò !ÓÓÓ˚î l# Ï̂¡¨ ̂ òÎ˚y •° ı

Ü ̨ Ù §Çáƒy lyÙ !°Aà ÓÎ˚§ åÓÍ§Ó˚ä
1. •!Ó̊¢ ˛õ%Ç 30

2. ˆÓ̊y•î ˛õ%Ç 33

3. ¢#ï˛° flf# 46

4. ~!°§ flf# 28

5. ˆ§!°Ù ˛õ%Ç 41

~•z @˝Ã%˛õ ˆÌˆÏÜ˛ ~Ü˛çl Óƒ!=˛ Ù%á˛õye !•§yˆÏÓ Ü˛yç Ü˛Ó˚yÓ˚ çlƒ ÎˆÏÌFSÈË˛yˆÏÓ !lÓ≈y!ã˛ï˛ •l– Ù%á˛õye
•Î˚ˆÏï˛y ̨ õ%Ó˚%£Ï Óy 35 ÓSÈˆÏÓ˚Ó˚ ̂ Ó!¢ ÓÎ˚‹Ò •ÓyÓ˚ §Ω˛yÓly Ü˛ï˛⁄

9. 0, 1, 3, 5 ~ÓÇ 7 xAÜ˛à%ˆÏ°y •ˆÏï˛ ã˛yÓ˚ xAÜ˛!Ó!¢T˛ 5000 ̂ Ì Ï̂Ü˛ ̂ Ó!¢ ~Ü˛!ê˛ §Çáƒy àë˛l Ü˛Ó˚y • Ï̂°ñ
à!ë˛ï˛ §Çáƒy!ê˛ 5 myÓ˚y !ÓË˛yçƒ •GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ Ï̂Ó˚y ̂ Îáy Ï̂l (i) xAÜ˛à%̂ Ï°y ̨õ%îÓ˚yÓ,!_ Ü˛Ó˚y •Î˚ñ
(ii) xAÜ˛à%̂ Ï°yÓ˚ ̨õ%lÓ˚yÓ,!_ §Ω˛Ó lÎ˚–

10. ~Ü˛!ê˛ §%ƒê˛ Ï̂Ü˛ Ï̂§Ó˚ l¡∫Ó˚ ° Ï̂Ü˛Ó˚ 4!ê˛ ã˛yÜ˛y xy Ï̂SÈ– ≤Ã!ï˛!ê˛ ò¢!ê˛ x Ï̂AÜ˛Ó˚ §!•ï˛ xÌ≈yÍ 0 ••ẑ Ïï˛ 9 ̨õÎ≈hs˝
ˆ°ˆÏÓ°Î%=˛– °Ü‰˛!ê˛ ˆÜ˛yˆÏly ˛õ%lÓ˚yÓ,!_ SÈyí˛¸y ã˛yÓ˚!ê˛ xˆÏAÜ˛Ó˚ ~Ü˛!ê˛ Ü ˛Ù !òˆÏÎ˚ ˆáyˆÏ°– ~Ü˛çl Óƒ!=˛Ó˚
§!ë˛Ü˛ Ü ˛Ù !òˆÏÎ˚ §%ƒê˛Ü˛§‰!ê˛ ̂ áy°yÓ˚ §Ω˛yÓly Ü˛# •ˆÏÓ⁄
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§yÓ˚§ÇˆÏ«˛˛õ

~•z xôƒyˆÏÎ˚ xyÙÓ˚y §Ω˛yÓlyÓ˚ fl∫ï˛/!§Âô ï˛ˆÏ_¥Ó˚ Óƒy˛õyˆÏÓ˚ ̨ õí˛¸yˆÏ¢yly Ü˛Ó˚°yÙ– ~•z xôƒyˆÏÎ˚Ó˚ !ÓˆÏ¢£Ï
˜Ó!¢T˛ƒà%!° •° !l¡¨Ó)̨̊ õ ı

®lÙ%ly ˆò¢ åSample spaceä ı §ÙhflÏ §Ω˛yÓƒ Ê˛°yÊ˛°à%!°Ó˚ ˆ§ê˛

®lÙ%ly !Ó®% åSample pointsä ı lÙ%ly ˆòˆÏ¢Ó˚ §ò§ƒ §Ù)•

®âê˛ly åEventä ı lÙ%ly ̂ òˆÏ¢Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛

®x§Ω˛Ó âê˛ly åImpossible eventä ı ¢)lƒ ˆ§ê˛

® !l!Ÿã˛ï˛ âê˛ly åSure eventä ı §Ù@˝Ã lÙ%ly ˆò¢

® ˛õ)Ó̊Ü˛ âê˛ly Óy âê˛ly!ê˛ ly âêy̨ åComplementary event or ‘not event’ä ı ˆ§ê˛ A′ Óy S – A

®âê˛ly A Óy B åEvent A or Bä ı ˆ§ê˛ A ∪ B

®âê˛ly A ~ÓÇ B åEvent A and Bä ı ˆ§ê˛ A ∩ B

®âê˛ly ÚA ~ÓÇ B lÎ˚Û åEvent A and not Bä ı ˆ§ê˛ A – B

® ˛õÓ˚flõÓ˚ ̨õ,ÌÜ˛ âê˛ly åMutually exclusive eventä ı A G B ̨ õÓ˚flõÓ˚ ̨ õ,ÌÜ˛ âê˛ly •Î˚ Î!ò
A ∩ B = φ

®§¡õ)î≈ ~ÓÇ ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly åExhaustive and mutually exclusive eventsä ı
E

1
, E

2
,..., E

n
 ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ ~ÓÇ §¡õ)î≈ âê˛ly •ˆÏÓ Î!ò E

1
 ∪ E

2
 ∪ ...∪ E

n
  = S ~ÓÇ E

i

∩ E
j
 = φ  V i ≠ j

®§Ω˛yÓly åProbabilityä ı ω
i 
lÙ%ly !Ó®%Ó˚ §!•ï˛ §ÇÎ%=˛ P (ω

i
) ~Ùl ~Ü˛!ê˛ §Çáƒy ÎyˆÏï˛

(i) 0 ≤ P (ω
i
)  ≤ 1 (ii) P

i∑ ( )ω  Îál §Óà%ˆÏ°y ω
i 
∈ S = 1

(iii) P(A) = P
i∑ ( )ω §ÙhflÏ ω

i ∈A ~Ó˚ çlƒ– P (ω
i
) §Çáƒy!ê˛ Ï̂Ü˛ ω

i
 Ê˛°yÊ˛ Ï̂°Ó˚ §Ω˛yÓly

Ó°y •Î˚

®§ÙË˛yˆÏÓ §Ω˛yÓƒ Ê˛°yÊ˛°à%ˆÏ°y åEqually likely outcomesä ı §Ó Ê˛°yÊ˛°à%ˆÏ°y §Ùyl

§Ω˛yÓly Î%=˛–

®~Ü˛!ê˛ âê˛lyÓ˚ §Ω˛yÓly åProbability of an eventä ı §ÙË˛yˆÏÓ §Ω˛yÓƒ Ê˛°yÊ˛° Î%=˛ ~Ü˛!ê˛

§Ù#Ù lÙ%ly ˆòˆÏ¢Ó˚ xhs˝à≈ï˛ ˆÜ˛yˆÏly âê˛lyÓ˚ §Ω˛yÓlyñ  P(A)
A

S
=

n

n

( )

( )
, ˆÎáy Ï̂l n(A) = A

ˆ§ˆÏê˛Ó˚ §ò§ƒ §Çáƒy, n(S) = S ̂ §ˆÏê˛Ó˚ §ò§ƒ §Çáƒy–
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®Î!ò A G B ò%!ê˛ âê˛ly •Î˚ñ ï˛ˆÏÓ

P(A Óy B) = P(A) + P(B) – P(A ~ÓÇ B)

xl%Ó˚)ˆÏ˛õ, P(A ∪ B) = P(A) + P(B) – P(A ∩ B)

®Î!ò A G B ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛ âê˛ly •Î˚ñ ï˛ˆÏÓ P(A Óy B) = P(A) + P(B)

®Î!ò A ˆÜ˛yˆÏly ~Ü˛!ê˛ âê˛ly •Î˚ñ ï˛ˆÏÓ P(A lÎ˚) = 1 – P(A)

˙!ï˛•y!§Ü˛ ˆ≤Ã«˛y˛õê˛

à!î Ï̂ï˛Ó̊ xlƒylƒ x Ï̂lÜ˛ ¢yáyÓ̊ Ù Ï̂ï˛y•z §Ω˛yÓly ï˛_¥!ê˛ ÓƒÓ•y!Ó̊Ü˛ !Ó Ï̂Óã˛ƒ !Ó£ÏÎ̊ !• Ï̂§ Ï̂Ó !ÓÓ!ï≈̨ ï˛
•ˆÏÎ˚ ~ˆÏ§ˆÏSÈ– ~•z §Ω˛yÓly ï˛_¥!ê˛Ó˚ í˛zÍ˛õ!_ ˆ£Ïyí˛¸¢ ¢ï˛y!∑ˆÏï˛ •ˆÏÎ˚!SÈ° Îál ~Ü˛çl •zï˛y!°yÎ˚l
!ã˛!Ü˛Í§Ü˛ ï˛Ìy à!îï˛K˛ Jerome Cardan (1501–1576) ~•z !Ó£ÏˆÏÎ˚ ïÑ˛yÓ˚ ≤ÃÌÙ ˛õ%hflÏÜ˛ “Book

on Games of Chance” (Biber de Ludo Aleae) ˆ° Ï̂ál– ~!ê˛ 1663 §yˆÏ° ïÑ˛yÓ˚ Ù,ï%˛ƒÓ˚ ˛õÓ˚
≤ÃÜ˛y!¢ï˛ • Ï̂Î˚!SÈ°–

1654 §y Ï̂°ñ Chevalier de Metre lyÙÜ˛ ~Ü˛ ç%Î˚y!í˛¸ ˛õy¢y §ÇÜ ˛yhs˝ !Ü˛S%È §Ù§ƒy !lˆÏÎ˚
§%≤Ã!§Âô Ê˛Ó˚y§# òy¢≈!lÜ˛ G à!îï˛K˛ Blaise Pascal (1623–1662) ~Ó˚ Ü˛y Ï̂SÈ xy Ï̂§l– Pascal

~•z ôÓ˚ˆÏlÓ˚ §Ù§ƒyÓ˚ ≤Ã!ï˛ Ó˚%!ã˛ ̂ òáyˆÏï˛ °yàyˆÏ°l ~ÓÇ !Óáƒyï˛ Ê˛Ó˚y!§ à!îï˛K˛ Pierre de Fermat

(1601–1665) ~Ó˚ §yˆÏÌ xyˆÏ°yã˛ly Ü˛ˆÏÓ˚l– Pascal ~ÓÇ Fermat í˛zË˛ˆÏÎ˚•z fl∫yô#lË˛yˆÏÓ §Ù§ƒyÓ˚
§Ùyôyl Ü˛ˆÏÓ˚l– Pascal ~ÓÇ Fermat SÈyí ¸̨yG Christian Huygenes (1629–1665)ñ ~Ü˛çl
í˛yã‰̨ ñ J. Bernoulli (1654–1705), De Moivre (1667–1754)ñ ~Ü˛çl Ê˛Ó̊y!§ Pierre Laplace

(1749–1827), ~Ü˛çl Ê˛Ó˚y!§ G Ó˚y!¢Î˚yl P. L Chebyshev (1821–1897), A. A Markov

(1856–1922) ~ÓÇ A. N Kolmogorove (1903–1987) §Óy•z §Ω˛yÓly ï˛_¥ §¡õˆÏÜ≈˛ !ÓˆÏ¢£Ï
xÓòyl xy•¥yl ̂ Ó˚̂ Ïá ̂ à Ï̂SÈl– §Ω˛yÓlyÓ˚ fl∫ï˛/!§Âô ï˛ Ï̂_¥Ó˚ §!•ï˛ Kolmogorov~Ó˚ Ü,̨ !ï˛c ç!í ¸̨ï˛–
1933 §yˆÏ° ≤ÃÜ˛y!¢ï˛ ï˛ÑyÓ˚ ˛õ%hflÏÜ˛ ‘Foundations of Probability’~ §Ω˛yÓlyˆÏÜ˛ ˆ§ê˛ xˆÏ˛õ«˛Ü˛
!•ˆÏ§ˆÏÓ í˛z˛õfiÌy˛õl Ü˛Ó˚ˆÏ°l Îy ~Ü˛ §ˆÏÓ≈y_Ù !ÓˆÏÓã˛ly ÓˆÏ° áƒyï˛–

— vvvvv —
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A.1.1  Ë)˛!ÙÜ˛y

xôƒyÎ˚ 9ÈüÈ~ xl%Ü ˛Ù åSequenceä ~ÓÇ ˆ◊!î åSeriesä ~Ó˚ ˆÎ xyˆÏ°yã˛ly •ˆÏÎ˚ˆÏSÈ ï˛y ˆÌˆÏÜ˛ Ó°y ÎyÎ˚ñ
x§#Ù §ÇáƒÜ˛ ˛õòÎ%=˛ ~Ü˛!ê˛ xî%Ü ˛Ù a

1
, a

2
, ..., a

n
, ... ˆÜ˛ x§#Ù xî%Ü ̨ Ù (infinite sequence) ~ÓÇ

~Ó˚ !lˆÏò≈!¢ï˛ §Ù!T˛ xÌ≈yÍ a
1
 + a

2
 + a

3
 + ... + a

n
 + ... ˆÜ˛ x§#Ù xî%Ü ˛ˆÏÙÓ˚ §!•ï˛ Î%=˛ x§#Ù ˆ◊!î

(infinte series) Ó°y •Î˚–
~•z ̂ ◊!î!ê˛ !§àÙy !ã˛•´ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ §ÇˆÏ«˛ˆÏ˛õ ≤ÃÜ˛y¢ Ü˛Ó˚y ̂ ÎˆÏï˛ ̨ õyˆÏÓ˚

xÌ≈yÍñ a
1
 + a

2
 + a

3
 + .  . .  + a

n
 + . . . = a

k

k =

∞

∑
1

~•z xôƒyˆÏÎ˚ xyÙÓ˚y !Ü˛S%È !ÓˆÏ¢£Ï ôÓ˚ˆÏlÓ˚ ˆ◊!î §¡∫ˆÏrô ˛õí˛¸ˆÏÓy Îy !Ó!Ë˛ß¨ §Ù§ƒyÙ)°Ü˛ ˛õ!Ó˚!fiÌ!ï˛ˆÏï˛
≤ÃˆÏÎ˚yçl •ˆÏï˛ ̨õyˆÏÓ˚–

A.1.2  ̂ ÎˆÏÜ˛yˆÏly §)ã˛ˆÏÜ˛Ó˚ çlƒ !m˛õò í˛z˛õ˛õyòƒ (Binomial Theorem for any Index)

xôƒyÎ˚ 8ÈüÈ~ xyÙÓ˚y !m˛õò í z̨̨ õ˛õyòƒ !l Ï̂Î˚ xy Ï̂°yã˛ly Ü˛ Ï̂Ó˚!SÈ ̂ Îáy Ï̂l §)ã˛Ü˛ ~Ü˛!ê˛ ôlydÜ˛ ̨õ)î≈§Çáƒy !SÈ°– ~•z
!ÓË˛y Ï̂à xyÙÓ˚y ~•z í z̨̨ õ˛õy Ï̂òƒÓ˚ x!ôÜ˛ §yôyÓ˚î Ó)̨̊ õ !l Ï̂Î˚ Óî≈ly Ü˛Ó˚̂ ÏÓy ̂ Îáy Ï̂l §)ã˛Ü˛ ~Ü˛!ê˛ §Ù@˝Ã §Çáƒy • Ï̂Ó
ˆ§!ê˛ x˛õ!Ó˚•yÎ≈ lÎ˚– ~!ê˛ ~Ü˛!ê˛ !ÓˆÏ¢£Ï ôÓ˚ˆÏlÓ˚ x§#Ù ˆ◊!î ÎyˆÏÜ˛ xyÙÓ˚y !m˛õò ˆ◊!î åBinomial Se-

riesä Ó°ˆÏÓy– xyÙÓ˚y !Ü˛S%È í˛zòy•Ó˚ˆÏîÓ˚ §y•yˆÏÎƒ ~Ó˚ ≤ÃˆÏÎ˚yà §¡õˆÏÜ≈˛ Óƒyáƒy Ü˛Ó˚ˆÏÓy–
xyÙÓ˚y çy!l ˆÎñ §)e!ê˛ (1 + x)n = nC

0
 + nC

1
 x + . . .  + nC

n
 xn

~áyˆÏlñ n ~Ü˛!ê˛ xÈüÈ}îydÜ˛ xá[˛ §Çáƒy– ˛õÎ≈ˆÏÓ«˛î Ü˛ˆÏÓ˚ ˆòáy ÎyÎ˚ñ Î!ò xyÙÓ˚y §)ã˛Ü˛ n ˆÜ˛
}îydÜ˛ xá[˛ §Çáƒy Óy Ë˛@¿yÇ¢ !òˆÏÎ˚ ≤Ã!ï˛fiÌy˛õl Ü˛!Ó˚ ï˛ˆÏÓ §ÙÓyÎ˚ nC

r 
~Ó˚ ˆÜ˛yˆÏly xÌ≈ •Î˚ ly–

xyÙÓ˚y ~ál ~Ü˛!ê˛ !m˛õò í z̨̨ õ˛õyòƒ Óî≈ly Ü˛Ó˚Ó å≤ÃÙyl SÈyí ¸̨yäñ ̂ Î!ê˛ ~Ü˛!ê˛ x§#Ù ̂ ◊!î ̂ ò Ï̂Ó ̂ Îáy Ï̂l
§)ã˛Ü˛ ~Ü˛!ê˛ }îydÜ˛ Óy Ë˛@¿yÇ¢ !Ü˛v §Ù@˝Ã §Çáƒy lÎ˚–
í z̨̨ õ˛õyòƒ

1 1
1

1 2

1 2

1 2 3

2 3
+( ) = + +

−( )
+

−( ) −( )
+x mx

m m
x

m m m
x

m

. . .
...

~•z §)e!ê˛ !§Âô •Î˚ Îál x <1–

1˛õ!Ó˚!¢T˛

(INFINITE SERIES)

x§#Ù ˆ◊!î
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 Ùhs˝Óƒ   1. ÙˆÏlyˆÏÎyˆÏàÓ˚ §yˆÏÌ˛ ̂ òˆÏáy ̂ Î | x | < 1 ¢ï≈˛!ê˛ñ xÌ≈yÍñ – 1< x < 1 x˛õ!Ó˚•yÎ≈ ̂ ÎáyˆÏl m ~Ü˛!ê˛
}îydÜ˛ ˛õ)î≈§Çáƒy Óy ~Ü˛!ê˛ Ë˛@¿yÇ¢– í˛zòy•Ó˚îfl∫Ó˚)˛õñ x =  – 2 G m =  – 2 !lˆÏÎ˚ xyÙÓ˚y ˛õy•zñ

1 2 1 2 2
2 3

1 2
2

2 2

−( ) = + −( ) −( ) +

−( ) −( )
−( ) +

−

.
...

Óyñ 1= 1 + 4 + 12 + . . .

Îy §Ω˛Ó lÎ˚–

2. ˆò Ï̂áy ˆÎñ (1+ x)m ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ x§#Ù §ÇáƒÜ˛ ˛õò xyˆÏSÈñ ˆÎáyˆÏl m ~Ü˛!ê˛ }îydÜ˛ ˛õ)î≈ §Çáƒy
xÌÓy ~Ü˛!ê˛ Ë˛@¿yÇ¢–

ô!Ó̊ a b
m

+( )  = a
b

a
a

b

a

m

m

m

1 1+























= +













= a m
b

a

m m b

a

m
1

1

1 2

2

+ +

−( ) 










+















.
...

= a ma b
m m

a b
m m m

+ +

−( )
+

− −1 2 2
1

1 2.
...

~•z !Óhfl,Ï!ï˛!ê˛ ˜Óô •ˆÏÓ Îál 
b

a
<1 Óy §Ùï%˛°ƒË˛yˆÏÓ Îál | b | < | a |–

(a + b)m ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ §yôyÓ˚î ˛õò!ê˛ •°ÈüüüÈ

m m m m r a b

r

m r r
−( ) −( ) − +( )

−

1 2 1

1 2 3

...

. . ...

xyÙÓ˚y l#ˆÏã˛ !m˛õò í˛z˛õ˛õyˆÏòƒÓ˚ !Ü˛S%È !ÓˆÏ¢£Ï ò,T˛yhs˝ !ò!FSÈ ˆÎáyˆÏl xyÙÓ˚y ôˆÏÓ˚!SÈ x <1 , ~à%ˆÏ°y

!¢«˛yÌ≈# Ï̂òÓ˚ çlƒ xl%¢#°l# !• Ï̂§ Ï̂Ó í z̨̨ õfiÌy!˛õï˛ •° ı
1. (1 + x) – 1 = 1 – x + x2 – x3 + . . .

2. (1 – x) – 1 = 1 + x + x2 + x3 + . . .

3. (1 + x) – 2 = 1 –2 x + 3x2  –  4x3 + . . .

4. (1  –  x) – 2 = 1 +2x + 3x2 + 4x3 + . . .

í˛zòy•Ó˚î 1 !Óhfl,Ïï˛ Ü˛ˆÏÓ˚y 1
2

1

2

−












−

x
, Îál | x | < 2–
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§Ùyôyl   xyÙÓ˚y çy!lñ

1
2

1

2

−












−

x
 = 1

1

2

1 2

1

2

3

2

1 2 2

2

+

−











−










+

−











−













−











+

x x

.
...

= 1
4

3

32

2

+ + +

x x
...

A.1.3  x§#Ù à%ˆÏîy_Ó˚ ˆ◊!î (Infinite Geometric Series)

xôƒyÎ̊ 9 ~Ó̊ 9.3 xl%̂ ÏFSÈ̂ Ïò ~Ü˛!ê˛ xî%Ü ̨ Ù a
1
, a

2
, a

3
, ..., a

n ̂
Ü˛ à%̂ Ïîy_Ó̊ ≤Ãà!ï˛ åGeometric progression

Óy G.Pä Ó°y •Î˚ Î!ò 
a

a

k

k

+1

 = r (ô %ÓÜ˛) Îál k = 1, 2, 3, ..., n–1– !ÓˆÏ¢£ÏË˛yˆÏÓñ Î!ò xyÙÓ˚y a
1
 = a,

!l•zñ ï˛ál °kô xl%Ü ̨ Ù a, ar, ar2, ..., arn–1

 ̂
Ü˛ ~Ü˛!ê˛ xyò¢≈ à%̂ Ïîy_Ó˚ ≤Ãà!ï˛ !• Ï̂§ Ï̂Ó ̂ lGÎ˚y •Î˚ñ ̂ Îáy Ï̂l

a •° ≤ÃÌÙ ˛õò ~ÓÇ r •° à%ˆÏîy_Ó˚ ≤Ãà!ï˛!ê˛Ó˚ §yôyÓ˚î xl%˛õyï˛–
˛õ)ˆÏÓ≈ xyÙÓ˚y §§#Ù ˆ◊!î a + ar + ar2 +  ... + arn – 1 ~Ó˚ ˆÎyàÊ˛° ˆÓÓ˚ Ü˛Ó˚yÓ˚ §)e §¡∫ˆÏrô

xyˆÏ°yã˛ly Ü˛ˆÏÓ˚!SÈñ Îy !lˆÏ¡¨ ̂ òGÎ˚y •°ÈüüüÈ

S

a r

r
n

n

=

−( )

−

1

1
–

~•z xl%ˆÏFSÈˆÏò xyÙÓ˚y x§#Ù à%ˆÏîy_Ó˚ ˆ◊!î a + ar + ar2 + ... + arn – 1 + ... ~Ó˚ ˆÎyàÊ˛° ˆÓÓ˚
Ü˛Ó˚yÓ˚ §)e!ê˛ !ÓÓ,ï˛ Ü˛Ó˚ˆÏÓy ~ÓÇ í˛zòy•Ó˚î ~Ó˚ §y•yˆÏÎƒ ~!ê˛ Óƒyáƒy Ü˛Ó˚ˆÏÓy–

ã˛ˆÏ°y xyÙÓ˚y ~Ü˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ñ 1
2

3

4

9
, , ,...  !ÓˆÏÓã˛ly Ü˛!Ó˚–

~áy Ï̂lñ a = 1, r = 
2

3
 – xyÙÓ˚y ˛õy•zñ

S
n

n

n

=

−












−

= −




























1
2

3

1
2

3

3 1
2

3 ... (1)

ã˛ Ï̂°y xyÙÓ˚y 
2

3













n

 ~Ó˚ ôÙ≈ §¡õ Ï̂Ü≈̨  xôƒÎ˚l Ü˛!Ó˚ ̂ Îáy Ï̂l n ~Ó˚ Ùyl Ó,•Í ̂ Ì Ï̂Ü˛ Ó,•_Ó˚ • Ï̂ï˛ Ìy Ï̂Ü˛–
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n 1 5 10 20

2

3













n

0.6667 0.1316872428 0.01734152992 0.00030072866

xyÙÓ˚y ̨õÎ≈̂ ÏÓ«˛î Ü˛!Ó˚ ̂ Îñ n ~Ó˚ Ùyl Îál Ó,•Í ̂ Ì Ï̂Ü˛ Ó,•_Ó˚ • Ï̂ï˛ Ìy Ï̂Ü˛ ï˛ál 
2

3













n

 ~Ó˚ Ùyl ≤ÃyÎ˚ ¢)̂ ÏlƒÓ˚

!lÜ˛ê˛ ̂ Ì Ï̂Ü˛ !lÜ˛ê˛ï˛ Ï̂Ó˚ ~ Ï̂§ ÎyÎ˚– ày!î!ï˛Ü˛Ë˛y Ï̂Óñ xyÙÓ˚y Ó!° ̂ Îñ Îál n ~Ó˚ Ùyl Î Ï̂ÌT˛ ̨õ!Ó˚Ùyî Ó,•Í •Î˚

ï˛ál 
2

3













n

~Ó˚ Ùyl ÎˆÏÌT˛ ˛õ!Ó˚ÙyˆÏî «%˛o •Î˚– xlƒ Ü˛ÌyÎ˚ñ Îál n

n

→ ∞











→,

2

3
0 – Ê˛°fl∫Ó)̨̊ õ

xyÙÓ˚y ˆòáˆÏï˛ ˛õy•z x§#Ù §ÇáƒÜ˛ ˛õˆÏòÓ˚ ˆÎyàÊ˛° S = 3 • Ï̂Ó–

§%ï˛Ó˚Çñ x§#Ù à%ˆÏîy_Ó˚ ≤Ãà!ï˛ a, ar, ar2, ... ~Ó˚ çlƒñ Î!ò §yôyÓ˚î xl%˛õyï˛ r  ~Ó˚ §yÇ!áƒÜ˛ Ùyl
1 ~Ó˚ Ü˛Ù •Î˚ ï˛ˆÏÓñ

S
n

=

a r

r

n
1

1

−( )

−
 =

a

r

ar

r

n

1 1−

−

−

~ˆÏ«˛ˆÏeñ r
n

→ 0  Îál n → ∞  ˆÎˆÏ•ï%˛ | |r <1  ~ÓÇ ï˛ál 
ar

r

n

1
0

−

→ –

xï˛~Óñ S
a

r
n

→

−1
 Îál n → ∞ –

§yÇˆÏÜ˛!ï˛Ü˛Ë˛yˆÏÓñ x§#Ù à%ˆÏîy_Ó˚ ̂ ◊!îÓ˚ x§#Ù §Ù!T˛ˆÏÜ˛ S myÓ˚y §)!ã˛ï˛ Ü˛Ó˚ˆÏ°ñ

xyÙÓ˚y ˛õy•zñ S =

−

a

r1

í z̨òy•Ó̊îfl∫Ó̊)̨ õñ

(i)    1
1

2

1

2

1

2

1

1
1

2

2
2 3

+ + + + =

−

=...

(ii)   1
1

2

1

2

1

2

1

1
1

2

1

1
1

2

2

3
2 3

− + − + =

− −












=

+

=...
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í˛zòy•Ó˚î 2  l#ˆÏã˛Ó˚ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ x§#Ù §Ù!T˛ !lî≈Î˚ Ü˛ˆÏÓ˚yı

− −5

4

5

16

5

64
, , ,....

§Ùyôyl  ~áyˆÏl a =

−5

4
 ~ÓÇ r = −

1

4
– ~SÈyí ¸̨yG | |r <1–

xï˛~Ó x§#Ù §Ù!T˛ •° 

−

+

=

−

= −

5

4

1
1

4

5

4

5

4

1 –

A.1.4  §)ã˛Ü˛#Î˚ ̂ ◊!î (Exponential Series)

Leonhard Euler (1707 – 1783), !Óáƒyï˛ §%ƒ•z§ à!îï˛!Óò 1748 §y Ï̂° ï˛yÑÓ˚ Ü˛ƒy°Ü%̨ °y§ ̨õy Ï̂ë˛ƒÓ˚ Ù Ï̂ôƒ
e §Çáƒy!ê˛ˆÏÜ˛ í˛zay˛õl Ü˛ˆÏÓ˚l– Ó,ˆÏ_Ó˚ §¡õ!Ü≈˛ï˛ ̨ õí˛¸yˆÏ¢ylyÎ˚ ̂ ÎÙl π §Çáƒy!ê˛Ó˚ ÓƒÓ•yÓ˚ xyˆÏSÈ !ë˛Ü˛ ̂ ï˛Ù!l
Ü˛ƒy°Ü%˛°y§ §ÇÜ ˛yhs˝ ̂ «˛ˆÏe ‘e’ §Çáƒy!ê˛G á%Ó ≤ÃˆÏÎ˚yçl#Î˚–

!l Ï̂¡¨ §ÇáƒyÓ˚ x§#Ù ̂ ◊!î!ê˛ !Ó Ï̂Óã˛ly Ü˛!Ó˚ñ

1
1

1

1

2

1

3

1

4
+ + + + +

! ! ! !
... ... (1)

(1) ~ ≤Ãò_ ˆ◊!î!ê˛Ó˚ §Ù!T˛ e myÓ˚y §)!ã˛ï˛ •Î˚–
ã˛ˆÏ°y xyÙÓ˚y ~•z e ~Ó˚ Ùyl ˆÓÓ˚ Ü˛!Ó˚–
ˆÎ Ï̂•ï%̨  (1)lÇ ̂ ◊!î!ê˛Ó˚ ≤Ã!ï˛!ê˛ ̨ õò ôlydÜ˛ñ ï˛y•z •z•y flõT˛ ̂ Î ï˛yÓ˚ §Ù!T˛G ôlydÜ˛ •ˆÏÓ–
ò%!ê˛ §Ù!T˛ !Ó Ï̂Óã˛ly Ü˛!Ó˚ñ

1

3

1

4

1

5

1

! ! !
...

!
...+ + + + +

n
... (2)

~ÓÇ
1

2

1

2

1

2

1

2
2 3 4 1

+ + + + +
−

.... ...
n ... (3)

°«˛ Ü˛ Ï̂Ó˚y ˆÎñ

1

3

1

6!
=  ~ÓÇ 

1

2

1

4
2

= , Îy ˆÌˆÏÜ˛ ˛õy•z 
1

3

1

2
2

!
<

1

4

1

24!
=  ~ÓÇ 

1

2

1

8
3

= , Îy ˆÌˆÏÜ˛ ˛õy•z 
1

4

1

2
3

!
<

1

5

1

120!
=  ~ÓÇ 

1

2

1

16
4

= , Îy ˆÌˆÏÜ˛ ˛õy•z 
1

5

1

2
4

!
<
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§%ï˛Ó˚yÇñ §yò,¢ƒ xl%ÎyÎ˚# xyÙÓ˚y Ó°ˆÏï˛ ̨õy!Ó˚ ̂ Îñ

1 1

2
1

n
n

!
<

−
, Îál n > 2

xyÙÓ˚y ̨ õÎ≈ˆÏÓ«˛î Ü˛!Ó˚ ̂ Î (2)lÇ ~Ó˚ ≤Ã!ï˛!ê˛ ̨ õò (3)lÇ ~Ó˚ ≤Ã!ï˛!ê˛ xl%Ó˚)˛õ ̨ õò ̂ ÌˆÏÜ˛ ̂ SÈyˆÏê˛yñ

ï˛y•zñ
1

3

1

4

1

5

1 1

2

1

2

1

2

1

2
2 3 4 1

! ! !
...

!
... ...+ + + +












< + + + + +











−

n
n ... (4)

å4älÇ ~Ó˚ í˛zË˛Î˚˛õˆÏ«˛ 1
1

1

1

2
+ +












! !

 ̂ Îyà Ü˛ˆÏÓ˚ ̨ õy•zñ

1
1

1

1

2

1

3

1

4

1

5

1
+ +












+ + + + + +












! ! ! ! !

...
!

...
n

< + +











+ + + + + +

























−

1
1

1

1

2

1

2

1

2

1

2

1

2
2 3 4 1

! !
... ...

n

... (5)

= 1 1
1

2

1

2

1

2

1

2

1

2
2 3 4 1

+ + + + + + + +
























−

... ...
n

= 1
1

1
1

2

1 2+

−

= + = 3

(5)lÇ ~Ó˚ ÓyÙ˛õ«˛ (1)lÇ ˆ◊!î!ê˛ˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚– xï˛~Óñ e < 3 ~ÓÇ xyÓ˚G e > 2 ~ÓÇ ï˛y•z

2 < e < 3 –

Ùhs˝Óƒ  x ã˛°Ó˚y!¢Î%=˛ §)ã˛Ü˛ ̂ ◊!îˆÏÜ˛ !l¡¨!°!áï˛Ë˛yˆÏÓ ≤ÃÜ˛y¢ Ü˛Ó˚y ̂ ÎˆÏï˛ ̨ õyˆÏÓ˚ñ

e
x x x x

n

x

n

= + + + + + +1
1 2 3

2 3

! ! !
...

!
...

í˛zòy•Ó˚î 3 e2x+3 ˆÜ˛ x ~Ó˚ âyˆÏï˛Ó˚ ˆ◊!î !•ˆÏ§ˆÏÓ !Óhfl,Ïï˛ Ü˛ˆÏÓ˚ x2 ~Ó˚ §•à !lî≈Î˚ Ü˛ˆÏÓ˚y–
§Ùyôyl   xyÙÓ˚y çy!lñ

ex = 1
1 2 3

2 3

+ + + +

x x x

! ! !
...

~•z §)ã˛Ü˛ ˆ◊!î!ê˛ Ï̂ï˛ x ˆÜ˛ (2x + 3) !òˆÏÎ˚ ≤Ã!ï˛fiÌy˛õl Ü˛ˆÏÓ˚ ˛õy•zñ
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e2x+3 = 1
2 3

1

2 3

2

2

+

+( )
+

+( )
+

x x

! !
...

~áyˆÏlñ §yôyÓ˚î ˛õò •ˆÏFSÈñ 
2 3x

n

n

+( )

!
 = 

(3+ 2 )

!

x

n

n

–

~!ê˛ Ï̂Ü˛ !m˛õò í z̨̨ õ˛õy Ï̂òƒÓ˚ §y•y Ï̂Îƒ !Óhfl,Ï!ï˛ Ü˛ Ï̂Ó˚ ̨õy•zñ

1
3 3 2 3 2 2

1

1

2

2 2

n
x x x

n n n n n n

!
...+ ( ) + ( ) + + ( )









− −

C C –

~áyˆÏl x2 ~Ó˚ §•à •ˆÏÓ 

n n

n

C
2

2 2
3 2

−

!

xï˛~Ó §Ù@˝Ã ˆ◊!î!ê˛ Ï̂ï˛ x2 ~Ó˚ §•à •ˆÏ°y

n n

n
n

C
2

2 2

2

3 2
−

=

∞

∑
!

 = 2
1 3

2

2

n n

n

n

n

−( )
−

=

∞

∑
!

= 2
3

2

2

2

n

n
n

−

−( )
=

∞

∑
!

  [n! = n (n – 1) (n  –  2)! ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚]

= 2 1
3

1

3

2

3

3

2 3

+ + + +












! ! !

...

= 2e3 –
xï˛~Óñ e2x+3 ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ x2 ~Ó˚ §•à •ˆÏÓ 2e3

!ÓÜ˛“Ë˛yˆÏÓñ e2x+3 = e3 . e2x

             =
e

x x x3

2 3

1
2

1

2

2

2

3
+ + + +












!

( )

!

( )

!
...

§%ï˛Ó˚yÇñ e2x+3 ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ x2 ~Ó˚ §•à •° e e
3

2

32

2
2.

!
=

í˛zòy•Ó˚î 4 e2 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ ~Ü˛ ò¢!ÙÜ˛ fiÌyl ˛õÎ≈hs˝ xy§ß¨ ÙyˆÏl–
§Ùyôyl  x Î%=˛ §)ã˛Ü˛ ̂ ◊!îÓ˚ §)e!ê˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ̨ õy•zñ

e
x x x x

n

x

n

= + + + + + +1
1 2 3

2 3

! ! !
...

!
...
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x = 2 Ó!§ˆÏÎ˚ ˛õy•zñ

e
2

2 3 4 5 6

1
2

1

2

2

2

3

2

4

2

5

2

6
= + + + + + + +

! ! ! ! ! !
...

 = 1 2 2
4

3 3

4

15

4

45
+ + + +

2

+ + + ...

 ≥ ≤ÃÌÙ §yï˛!ê˛ ˛õˆÏòÓ˚ ˆÎyàÊ˛° ≥ 7.355

x˛õÓ˚˛õˆÏ«˛ñ xyÙÓ˚y ̨õy•zñ

e
2

2 3 4 5 2

2

3

3
1

2

1

2

2

2

3

2

4

2

5
1

2

6

2

6

2

6
< + + + +











 + + + + +













! ! ! ! !
...

 = 7
4

15
1

1

3

1

3

2

+ + +











+















...  = 7
4

15

1

1
1

3

+

−























 = 7
2

5
7 4+ = .

§%ï˛Ó˚yÇñ e2, 7.355 ~ÓÇ 7.4 ~Ó˚ ÙˆÏôƒ xÓ!fiÌï˛– xï˛~Óñ e2 ~Ó˚ ~Ü˛ ò¢!ÙÜ˛ fiÌyl ̨õÎ≈hs˝ xy§ß¨ Ùyl •°

7.4–

A.1.5  °ày!Ó˚ò!ÙÜ˛ ̂ ◊!î (Logarithmic Series)

xyˆÏÓ˚Ü˛!ê˛ á%Ó à%Ó˚%c˛õ)î≈ ˆ◊!î •° °ày!Ó˚ò!ÙÜ˛ ˆ◊!î Îy ~Ü˛!ê˛ x§#Ù ˆ◊!î Ó)̊̂ Ï˛õ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚– xyÙÓ˚y

≤ÃÙyî Óƒï˛#ï˛ l#ˆÏã˛Ó˚ Ê˛°yÊ˛° !ÓÓ,ï˛ Ü˛!Ó˚ ~ÓÇ ~Ó˚ ≤ÃˆÏÎ˚yà ~Ü˛!ê˛ í˛zòy•Ó˚ˆÏîÓ˚ §y•yˆÏÎƒ !ÓˆÏŸ’£Ïî Ü˛!Ó˚–

í˛z˛õ˛õyòƒ Î!ò | x | < •Î˚ñ ï˛ál

log
e

x x
x x

1
2 3

2 3

+( ) = − + − ...

í˛z˛õˆÏÓ˚Ó˚ í˛yl˛õˆÏ«˛Ó˚ ˆ◊!î!ê˛ˆÏÜ˛ °ày!Ó˚ò!ÙÜ˛ ˆ◊!î ÓˆÏ° ålogarithmic seriesä–

AoT˛Óƒ   log
e
 (1+x) ~Ó˚ !Óhfl,Ï!ï˛!ê˛ x = 1 ~Ó˚ çlƒ ˜Óô •Î˚– log

e
 (1+x) ~Ó˚ !Óhfl,Ï!ï˛ˆÏï˛ x = 1

Ó!§ Ï̂Î˚ ̨õy•zñ

log ...
e

2 1
1

2

1

3

1

4
= + − +−
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í˛zòy•Ó˚î 5 Î!ò x px q
2

0− + =  §Ù#Ü˛Ó˚̂ ÏîÓ˚ ò%!ê˛ Ó#ç α, β •Î˚ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ

log ...
e

px qx x x x1
2 3

2

2 2

2

3 3

3
+ +( ) = +( ) −

+

+

+

−α β

α β α β

§Ùyôyl   í˛yl˛õ«˛ = α

α α

β

β β

x
x x

x
x x

− + −











 + − + −













2 2 3 3 2 2 3 3

2 3 2 3
... ...

= log log
e e

x x1 1+( ) + +( )α β

= log
e

x x1
2

+ +( ) +( )α β αβ

= log
e

px qx1
2

+ +( )   = ÓyÙ˛õ«˛–

~áyˆÏl xyÙÓ˚y α β+ = p ~ÓÇ αβ = q  ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚!SÈ– xyÙÓ˚y ~!ê˛ !mâyï˛ §Ù#Ü˛Ó˚ˆÏîÓ˚ ≤Ãò_

Ó#çmÎ˚ •ˆÏï˛ çy!l– xyÙÓ˚y xyÓ˚G ôˆÏÓ˚!SÈ ˆÎ | |α x < 1 ~ÓÇ | |β x < 1 –

— vvvvv —



A.2.1  Ë)̨ !ÙÜ˛y

!Óàï˛ Ü˛ Ï̂Î˚Ü˛ ¢ï˛y∑#Ó˚ í z̨ß¨!ï˛Ó˚ Ê˛°fl∫Ó)̨̊ õ !ÓK˛ylñ xÌ≈l#!ï˛˛ñ Ùƒy Ï̂lç Ï̂Ùrê˛ ≤ÃË,̨ !ï˛ !Ó!Ë˛ß¨ ̂ «˛e ̂ Ì Ï̂Ü˛ í z̨q$ï˛
ÓyhflÏÓ ç#Ól §ÇÜ ̨ yhs˝ §Ù§ƒyÓ!°Ó˚ §Ùyôy Ï̂lÓ˚ çlƒ ày!î!ï˛Ü˛ ̨õÂô!ï˛Ó˚ ÓƒÓ•y Ï̂Ó˚Ó˚ ≤Ã Ï̂Î˚yçl#Î˚ï˛y ̂ òáy !ò Ï̂Î˚̂ ÏSÈ–
~•z §Ó ÓyhflÏÓ ç#Ól §ÇÜ ̨ yhs˝ §Ù§ƒyÓ!°Ó˚ §Ùyôy Ï̂lÓ˚ çlƒ à!î Ï̂ï˛Ó˚ Ó•%° ÓƒÓ•y Ï̂Ó˚Ó˚ xlƒï˛Ù Ü˛yÓ˚î • Ï̂FSÈ
!í˛!çê˛y° Ü˛!¡õí z̨ê˛y Ï̂Ó˚Ó˚ àîly Ü˛Ó˚yÓ˚ ̨õÂô!ï˛ G «˛Ùï˛yÓ˚ í z̨ß¨!ï˛ ÎyÓ˚ §y•y Ï̂Îƒ Ó Ï̂í ¸̨y G ç!ê˛° §Ù§ƒy §• Ï̂ç•z
§Ùyôyl Ü˛Ó˚y ÎyÎ˚– ÓyhflÏÓ ç#Ó Ï̂lÓ˚ §Ù§ƒyÓ!° Ï̂Ü˛ ày!î!ï˛Ü˛ Ë˛y£ÏyÎ˚ xl%Óy Ï̂òÓ˚ Ùyôƒ Ï̂Ù §Ùyôyl Ü˛Ó˚y •Î˚– ~•z
xl%Óy Ï̂òÓ˚ ̨ õÂô!ï˛•z •° ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç–

~áy Ï̂l !Ó!Ë˛ß¨ í z̨òy•Ó˚̂ ÏîÓ˚ §y•y Ï̂Îƒ ~•z ̨õÂô!ï˛ Ï̂ï˛ Î%=˛ ôy˛õà%̂ Ï°yÓ˚ §y Ï̂Ì ̂ ï˛yÙy Ï̂òÓ˚ ̨õ!Ó˚ã˛Î˚ Ü˛Ó˚yÓ–
≤ÃÌ Ï̂Ù ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç Ü˛# ̂ § §¡õ Ï̂Ü≈̨  çylÓ ~ÓÇ ̨õ Ï̂Ó˚ ~•z ̨õÂô!ï˛ Ï̂ï˛ ÓƒÓ•,ï˛ !Ó!Ë˛ß¨ ôy˛õà%̂ Ï°y §¡õ Ï̂Ü≈̨
xy Ï̂°yã˛ly Ü˛Ó̊Ó–

A.2.2  ≤ÃyÌ!ÙÜ˛ ôyÓ˚îy åPreliminariesä

!ÓŸª Ï̂Ü˛ Ó%V˛ Ï̂ï˛ ~Ü˛!ê˛ x˛õ!Ó˚•yÎ≈ ÙyôƒÙ •° ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç– ≤Ãyã˛#l Ü˛y Ï̂° ˜ã˛!lÜ˛ñ !Ù¢Ó˚#Î˚ñ Ë˛yÓ˚ï˛#Î˚ñ
Óƒ!Ó°l#Î˚ ~ÓÇ !@˝ÃÜ˛Ó˚y ï˛y Ï̂òÓ˚ ày!î!ï˛Ü˛ K˛y Ï̂lÓ˚ Ùyôƒ Ï̂Ù çyà!ï˛Ü˛ âê˛lyà%̂ Ï°yÓ˚ Óƒyáƒy G ̨õ)Ó≈yË˛y§Ï çyly Ï̂ï˛l–
fiÌ˛õ!ï˛ñ Ü˛y!Ó˚àÓ˚ ~ÓÇ Ü˛yÓ%̊!¢“# Ï̂òÓ˚ x!ôÜ˛yÇ¢ Ü˛yç•z !SÈ° çƒy!Ù!ï˛Ü˛ l#!ï˛Ó˚ í z̨̨ õÓ˚ !lË≈̨ Ó˚¢#°–

ôÓ˚y ÎyÜ˛ñ ~Ü˛çl xy!Ùl åˆ«˛e˛õ!Ó˚Ùy˛õÜ˛ä ~Ü˛!ê˛ ˆÜ˛Õ‘yÓ˚ í˛zFã˛ï˛y ˛õ!Ó˚Ùy˛õ Ü˛Ó˚ˆÏï˛ ã˛yÎ˚–
!Ê˛ï˛yÓ˚ÈüÈ§y•y Ï̂Îƒ ~Ó˚ í z̨Fã˛ï˛y ̨õ!Ó˚Ùy˛õ Ü˛Ó˚y Î Ï̂ÌT˛ Ü˛T˛§yôƒ– ï˛y•z ~Ó˚ çlƒ ≤Ã Ï̂Î˚yçl í z̨Fã˛ï˛y ̨õ!Ó˚Ùy Į̈̂ õÓ˚ § Ï̂Aà
§¡õ!Ü≈̨ ï˛ xlƒ Ü˛yÓ˚îà%̂ Ï°y ̂ ÓÓ˚ Ü˛Ó˚y–

!e Ï̂Ü˛yî!Ù!ï˛Ó˚ K˛y Ï̂lÓ˚ ̨§y•y Ï̂Îƒ !ï˛!l Î!ò ̂ Ü˛Õ‘y!ê˛Ó˚ ¢# Ï̂£Ï≈Ó˚ í z̨ß¨!ï˛ Ï̂Ü˛yî ~ÓÇ ~!ê˛Ó˚ õyò!Ó®% ̂ Ì Ï̂Ü˛
!ï˛!l ˆÎáy Ï̂l òy!í ¸̨̂ ÏÎ˚ xy Ï̂SÈl ï˛yÓ˚ ò)Ó˚c çyl Ï̂ï˛ ˛õy Ï̂Ó˚l ï˛y• Ï̂° !ï˛!l ˆÜ˛Õ‘y!ê˛Ó˚ í z̨Fã˛ï˛y ˛õ!Ó˚Ùy˛õ Ü˛Ó˚̂ Ïï˛
˛õyÓ̊ Ï̂Ól–

ï˛y•z ~ál ï˛yÓ˚ Ü˛yç •° ̂ Ü˛Õ‘y!ê˛Ó˚ ¢# Ï̂£Ï≈Ó˚ í z̨ß¨!ï˛ ̂ Ü˛yî ~ÓÇ ̨õyò!Ó®% ̂ Ì Ï̂Ü˛ ï˛yÓ˚ xÓfiÌy Ï̂lÓ˚ ò)Ó˚c
˛õ!Ó˚Ùy˛õ Ü˛Ó˚y– ~ ò%!ê˛•z á%Ó §• Ï̂ç ˛õ!Ó˚Ùy˛õ Ï̂Îyàƒ– ï˛y•z Î!ò í z̨ß¨!ï˛ Ï̂Ü˛yî 40° ~ÓÇ ò)Ó˚c 450 !Ùê˛yÓ˚ •Î˚
ï˛y• Ï̂° §Ù§ƒy!ê˛ í z̨òy•Ó˚îÈüÈ1 ~ Ó!î≈ï˛ í z̨̨ õy Ï̂Î˚ §Ùyôyl Ü˛Ó˚y Îy Ï̂Ó–

2˛õ!Ó˚!¢T˛

ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç
(MATHEMATICAL MODELLING)
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í z̨òy•Ó˚î 1 Ë)̨ !Ù Ï̂ï˛ xÓ!fiÌï˛ O !Ó®% ̂ Ì Ï̂Ü˛ ~Ü˛!ê˛ ̂ Ü˛Õ‘yÓ˚ ¢# Ï̂£Ï≈Ó˚ í z̨ß¨!ï˛ Ï̂Ü˛yî 40° ~ÓÇ ï˛yÓ˚ ̨õyò!Ó®%Ó˚ ò)Ó˚c
450 !Ùê˛yÓ˚ • Ï̂° ̂ Ü˛Õ‘y!ê˛Ó˚ í z̨Fã˛ï˛y !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  xyÙÓ˚y !Ó!Ë˛ß¨ ôy Į̈̂ õ ~Ó˚ §Ùyôyl Ü˛Ó˚Ó–

ôy˛õ 1 xyÙÓ˚y ≤ÃÌ Ï̂Ù ≤ÃÜ,̨ ï˛ §Ù§ƒy!ê˛ xl%ôyÓl Ü˛Ó˚Ó–  ~áy Ï̂l ~Ü˛!ê˛ ≤Ãò_ ˆÜ˛Õ‘yÓ˚ í z̨Fã˛ï˛y ˛õ!Ó˚Ùy˛õ Ü˛Ó˚̂ Ïï˛
• Ï̂Ó– ôÓ˚y ÎyÜ˛ñ í z̨Fã˛ï˛y •° h– ≤Ãò_ O !Ó®% ̂ Ì Ï̂Ü˛ ̂ Ü˛Õ‘y!ê˛Ó˚ ̨õyò!Ó®%Ó˚ ò))Ó˚c •° 450 !Ùê˛yÓ˚– ôÓ˚y ÎyÜ˛ ò)Ó˚c
•° dñ ï˛y• Ï̂° d = 450 !Ùê˛yÓ˚– xyÙÓ˚y çy!l í z̨ß¨!ï˛ ˆÜ˛yî θ •° 40°–

≤ÃÜ,̨ ï˛ §Ù§ƒy!ê˛ •° ≤Ãò_ ò)Ó˚c d G í z̨ß¨!ï˛ Ï̂Ü˛yî θ ~Ó˚ §y•y Ï̂Îƒ ˆÜ˛Õ‘y!ê˛Ó˚ í z̨Fã˛ï˛y h !lî≈Î˚ Ü˛Ó˚̂ Ïï˛
• Ï̂Ó–

ôy˛õ 2  §Ù§ƒy!ê˛ Ï̂ï˛ !ï˛l!ê˛ Ó˚y!¢ í ẑ̨ ÏÕ‘á Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ ̂ ÎÙl í z̨Fã˛ï˛yñ ò)Ó˚c G í z̨ß¨!ï˛ Ï̂Ü˛yî–

ï˛y•z ~•z !ï˛l!ê˛ Ó˚y!¢Ó˚ Ù Ï̂ôƒ ~Ü˛!ê˛ §¡õÜ≈̨  xyÙy Ï̂òÓ˚ çyly ̨≤Ã Ï̂Î˚yçl–
!l Ï̂ã˛ Ó!î≈ï˛ í z̨̨ õy Ï̂Î˚ çƒy!Ù!ï˛Ó˚ §y•y Ï̂Îƒ xyÙÓ˚y ï˛y ̂ ˛õ Ï̂ï˛ ̨õy!Ó˚ å!ã˛eÈ 1)–

AB ̂ Ü˛Õ‘y!ê˛ Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó̊– ̂ Ü˛Õ‘y!ê˛Ó̊ ̨õyò!Ó®% ̂ Ì Ï̂Ü˛ O !Ó®%Ó̊ xl%Ë)̨ !ÙÜ˛
ò)Ó˚c •° OA – ∠AOB •° í z̨ß¨!ï˛ ˆÜ˛yî– ï˛y• Ï̂°ñ

tan θ = 
h

d
 Óy h = d tan θ ... (1)

~!ê˛ •°  θ, h G d ~Ó˚ Ù Ï̂ôƒ §¡õÜ≈̨ Î%=˛ §Ù#Ü˛Ó˚î–

ôy˛õ 3  h !lî≈Î˚ Ü˛Ó˚yÓ˚ çlƒ xyÙÓ˚y §Ù#Ü˛Ó˚î (1) ÈÈü ~Ó˚ §Ùyôyl Ü˛Ó˚Ó– ~ Ï̂«˛ Ï̂e
θ = 40° ~ÓÇ d = 450 !Ùê˛yÓ˚– ï˛y• Ï̂° h = tan 40° × 450 = 450 ×

0.839 = 377.6 !Ùê˛yÓ˚

ôy˛õ 4  ï˛y• Ï̂° xyÙÓ˚y ˆ˛õ°yÙ ˆÜ˛Õ‘y!ê˛Ó˚ í z̨Fã˛ï˛y ≤ÃyÎ˚ 378 !Ùê˛yÓ˚– xyÙÓ˚y ~ál ˆòáÓ Ü˛#Ë˛y Ï̂Ó !Ó!Ë˛ß¨
ôy˛õà%̂ Ï°y §Ù§ƒy!ê˛Ó˚ §Ùyôy Ï̂l ÓƒÓ•yÓ˚ Ü˛Ó˚y •°–

≤ÃÌÙ ôy Į̈̂ õ xyÙÓ˚y ≤ÃÜ,̨ ï˛ §Ù§ƒy!ê˛ xl%ôyÓl Ü˛Ó˚°yÙ ~ÓÇ çyl°yÙ ~Ó˚ § Ï̂Aà !ï˛l!ê˛ Ó˚y!¢ Î%=˛ñ
ˆÎÙl í z̨Fã˛ï˛yñ ò)Ó˚c G í z̨ß¨!ï˛ ˆÜ˛yî– xÌ≈yÍñ ~•z ôy Į̈̂ õ ≤ÃÜ,̨ ï˛ §Ù§ƒy!ê˛ xl%ôyÓl Ü˛ Ï̂Ó˚ !ï˛l!ê˛ Ó˚y!¢ !ã˛!•´ï˛
Ü˛Ó˚°yÙ–

!mï˛#Î̊ ôy Į̈̂ õ xyÙÓ̊y çƒy!Ù!ï˛Ó̊ §y•yÎƒ !l°yÙ ~ÓÇ !ã˛eÈüÈ1 ~ Ó!î≈ï˛ í z̨̨ õy Ï̂Î̊ §Ù§ƒy!ê˛ ≤ÃÜ˛y¢ Ü˛Ó̊°yÙ–
ï˛yÓ˚̨ õÓ˚ !e Ï̂Ü˛yî!Ù!ï˛Ü˛ xl%̨ õy Ï̂ï˛Ó˚ §y•y Ï̂Îƒ h = d tan θ §¡õÜ≈̨ !ê˛ ˆ˛õ°yÙ–

~•z ôy Į̈̂ õ xyÙÓ˚y §Ù§ƒy!ê˛ Ï̂Ü˛ ~Ü˛!ê˛ ày!î!ï˛Ü˛ Ó)̨̊ õ !ò°yÙ– xÌ≈yÍ ~Ü˛!ê˛ ÓyhflÏÓ §Ù§ƒyÓ˚ §Ù#Ü˛Ó˚̂ ÏîÓ˚
§y•y Ï̂Îƒ ≤ÃÜ˛y¢ Ü˛Ó˚°yÙ–

!ã˛e 1

!Ù
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ï,̨ ï˛#Î̊ ôy Į̈̂ õ ày!î!ï˛Ü˛ §Ù§ƒy!ê˛Ó̊ §Ùyôyl Ü˛ Ï̂Ó̊ ̨h=377.6 !Ùê˛yÓ̊ ̂ ˛õ°yÙ– xÌ≈yÍñ xyÙÓ̊y §Ù§ƒy!ê˛Ó̊
§Ùyôyl ̂ ˛õ°yÙ– ̂ ¢£Ï ôy Į̈̂ õ §Ù§ƒy!ê˛Ó˚ §Ùyôyl!ê˛ Ï̂Ü˛ Óƒyáƒy Ü˛Ó˚y •° ~ÓÇ Ó°y •° ̂ Î ̂ Ü˛Õ‘y!ê˛Ó˚ í z̨Fã˛ï˛y ≤ÃyÎ˚
378 !Ùê˛yÓ˚– xyÙÓ˚y ï˛y Ï̂Ü˛ Ó° Ï̂ï˛ ̨õy!Ó˚ñ ÓyhflÏÓ ç#Ól §ÇÜ ̨ yhs˝ §Ù§ƒyÓ˚ ày!î!ï˛Ü˛ §Ùyôy Ï̂lÓ˚ Óƒyáƒy–

ÓyhflÏ!ÓÜ˛ ̨õ Ï̂«˛ ~•z ôy˛õà%̂ Ï°y à!îï˛!Óò‰Ó˚y !Ó!Ë˛ß¨ ÓyhflÏÓ ç#Ól §ÇÜ ̨ yhs˝ §Ù§ƒyÓ˚ §Ùyôy Ï̂l ÓƒÓ•yÓ˚
Ü˛ Ï̂Ó˚ Ìy Ï̂Ü˛l– ÚÚ!Ó!Ë˛ß¨ ̨õ!Ó˚!fiÌ!ï˛Ó˚ §Ùyôy Ï̂l ̂ ÏÜ˛l à!îï˛ ≤Ã Ï̂Î˚yçlÛÛÈüüüÈ~•z ≤ÃŸ¿!ê˛  xyÙÓ˚y !Ó Ï̂Óã˛ly Ü˛Ó˚Ó–

~áy Ï̂l ~Ùl Ü˛ï˛à%̂ Ï°y í z̨òy•Ó̊î ï%̨ Ï̂° ôÓ̊y •° ̂ Îáy Ï̂l !Ó!Ë˛ß̈ ̨õ!Ó̊!fiÌ!ï˛ çyl Ï̂ï˛ à!îï˛ !Ó Ï̂¢£ÏË˛y Ï̂Ó
ÓƒÓ•,ï˛ •Î˚–

1. ÙylÓ Ï̂ò• Óy xlƒ ≤Ãyî#Ó̊ ̂ ò Ï̂• x!: Ï̂çl G xlƒylƒ ̨õ%!T˛Ü˛Ó̊ ̨õòyÌ≈ ã˛°yã˛ Ï̂° §!ë˛Ü˛ Ó̊=˛≤ÃÓy• ≤Ã Ï̂Î̊yçl–
Ó˚=˛ ly°# Ï̂ï˛ ̂ Ü˛y Ï̂ly Óyôy Óy ~Ó˚ ̃ Ó!¢ Ï̂T˛ ̂ Ü˛y Ï̂ly ̨õ!Ó˚Óï≈̨ l ̂ òáy !ò Ï̂° Ó˚=˛ ≤ÃÓy Ï̂• ̨õ!Ó˚Óï≈̨ l ̂ òáy ̂ òÎ˚
~Ùl!Ü˛ Ù,ï%̨ ƒG âê˛ Ï̂ï˛ ˛õy Ï̂Ó˚– ~áy Ï̂l §Ù§ƒy!ê˛ •° Ó˚=˛≤ÃÓy• G Ó˚=˛ly!°Ó˚ ˜Ó!¢ Ï̂T˛ƒÓ˚ Ù Ï̂ôƒ §¡õÜ≈̨
fiÌy˛õl Ü˛Ó˚y–

2. !Ü ̨ Ï̂Ü˛ Ï̂ê˛ Ìyí≈̨  xy¡õyÎ˚yÓ˚ ~° !ÓÈ í˛y!Óœí z̨ !lî≈̂ ÏÎ˚Ó˚ çlƒ Ó Ï̂°Ó˚ ≤Ã Ï̂«˛˛õ˛õÌ ̂ ò Ï̂á Ìy Ï̂Ü˛l– !ï˛!l ô Ï̂Ó˚ ̂ ll
ˆÎ ˆ§áy Ï̂l Óƒyê˛§‰Ùƒyl ˆl•z– Óƒyê˛§‰Ùƒy Ï̂lÓ˚ ˛õy Ï̂Î˚ ~ Ï̂§ Ó°!ê˛ xyâyï˛ Ü˛Ó˚yÓ˚ ˛õ)Ó≈ ˛õÎ≈hs˝˝ Ó°!ê˛ ˆÎ ˛õÌ
x!ï˛Ü ̨ Ù Ü˛ Ï̂Ó˚ ï˛yÓ˚ í z̨̨ õÓ˚ !Ë˛!_ Ü˛ Ï̂Ó˚•z ày!î!ï˛Ü˛ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚y •Î˚– ~° !Ó í˛y!Óœí z̨ !lî≈̂ ÏÎ˚Ó˚ çlƒ
~•z Ù Ï̂í˛°!ê˛•z ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚–

3. xyÓ•yGÎ̊y!Óòƒy !ÓË˛yà xyÓ•yGÎ̊y §ÇÜ ̨ yhs˝ ̂ Ü˛y Ï̂ly ï˛Ìƒ ̂ òGÎ̊yÓ̊ çlƒ ày!î!ï˛Ü˛ Ù Ï̂í˛ Ï̂°Ó̊ §y•yÎƒ ̂ ll–
!Ü˛S%È !Ü˛S%È Ó̊y!¢ ̂ Îà%̂ Ï°y xyÓ•yGÎ̊y ̨õ!Ó̊Óï≈̨ Ï̂lÓ̊ çlƒ òyÎ̊# ̂ §à%̂ Ï°y •° ï˛y˛õÙyeyñ ÓyÎ̊%ã˛y˛õñ ç°#Î̊Óy‹õñ
ÓyÎ%̊ÈüÈ≤ÃÓy Ï̂•Ó˚ à!ï˛ •zï˛ƒy!ò– ~•z Ó˚y!¢à%̂ Ï°y ˛õ!Ó˚Ùy Į̈̂ õÓ˚ çlƒ !Ó!Ë˛ß¨ Î Ï̂sfÓ˚ §y•yÎƒ ˆlGÎ˚y •Î˚ ˆÎÙl
ï˛y˛õÙyey ̨õ!Ó̊Ùy Į̈̂ õÓ̊ çlƒ Ìy Ï̂Ù≈y!Ùê˛yÓ̊ñ ÓyÎ̊%ã˛y˛õ ̨õ!Ó̊Ùy Į̈̂ õÓ̊ çlƒ Óƒy Ï̂Ó̊y!Ùê˛yÓ̊ñ ç°#Î̊ Óy Ï̂‹õÓ̊ ̨õ!Ó̊Ùy Į̈̂ õÓ̊
çlƒ •y•ẑ Ï@˝Ãy!Ùê˛yÓ˚ ~ÓÇ ÓyÎ%̊ ≤ÃÓy Ï̂•Ó˚ à!ï˛Ó˚ ˛õ!Ó˚Ùy Į̈̂ õÓ˚ çlƒ xƒy!l Ï̂Ùy!Ùê˛yÓ˚– ˆò Ï̂¢Ó˚ !Ó!Ë˛ß¨ ≤Ãyhs˝
ˆÌ Ï̂Ü˛ ï˛Ìƒà%̂ Ï°y !l Ï̂Î˚ Ü˛!¡õí z̨ê˛y Ï̂Ó˚Ó˚ §y•y Ï̂Îƒ ~ Ï̂òÓ˚ !Ó Ï̂Ÿ’£Ïî G Óƒyáƒy Ü˛Ó˚y •Î˚–

4. Ü,̨ !£Ï !ÓË˛yà Ë˛yÓ˚ï˛Ó Ï̂£Ï≈Ó˚ !Ó!Ë˛ß¨ í z̨Í˛õy!òï˛ ¢§ƒà%̂ Ï°yÓ˚ Ù Ï̂ôƒ ôyl í z̨Í˛õyò Ï̂lÓ˚ ˛õ!Ó˚Ùyî !lî≈Î˚ Ü˛Ó˚̂ Ïï˛
ã˛yÎ˚– !ÓK˛yl#Ó˚y !Ü˛S%È í z̨Í˛õyòl ˆ«˛e !l!ò≈T˛ Ü˛ Ï̂Ó˚ ˆ§áyl ˆÌ Ï̂Ü˛ ~Ü˛Ó˚ !˛õS%È àí ¸̨ í z̨Í˛õyòl !lî≈Î˚ Ü˛ Ï̂Ó˚
Ó˚y!¢!ÓK˛y Ï̂lÓ˚ !Ü˛S%È ̨õÂô!ï˛ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ ôy Ï̂lÓ˚ àí ¸̨ í z̨Í˛õyòl !lî≈Î˚ Ü˛Ó˚y •Î˚–

~ ôÓ̊ Ï̂lÓ̊ §Ù§ƒy §Ùyôy Ï̂l à!îï˛!Óò‰Ó̊y Ü˛#Ë˛y Ï̂Ó §y•yÎƒ Ü˛Ó̊ Ï̂ï˛ ̨õy Ï̂Ó̊l⁄ ï˛yÓ̊y ̂ §•z !Ó£Ï̂ ÏÎ̊Ó̊ !Ó Ï̂¢£ÏK˛̂ ÏòÓ̊
§ Ï̂Aà Ó§ Ï̂ï˛ ̨õy Ï̂Ó˚l ̂ ÎÙl ≤ÃÌÙ í z̨òy•Ó˚̂ Ïî í ẑ̨ ÏÕ‘!áï˛ !Ó£Ï̂ ÏÎ˚Ó˚ §Ùyôy Ï̂lÓ˚ çlƒ ¢yÓ˚#Ó˚!Óò‰̂ ÏòÓ˚  §y•y Ï̂Îƒ
ˆÜ˛y Ï̂ly ày!î!ï˛Ü˛ ≤Ã!ï˛Ó)̨̊ õ ˆòÎ˚y ˆÎ Ï̂ï˛ ˛õy Ï̂Ó˚– ~Ó˚ Ù Ï̂ôƒ ~Ü˛!ê˛ Óy ï˛yÓ˚ ˆÓ!¢ §Ù#Ü˛Ó˚î Óy x§Ù#Ü˛Ó˚î
ÌyÜ˛ Ï̂ï˛ ̨õy Ï̂Ó˚ Îy Ï̂Ü˛ Ó°y •Î˚ ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç– ï˛yÓ˚̨ õÓ˚ Ù Ï̂í˛°!ê˛ Ï̂Ü˛ §Ùyôyl Ü˛ Ï̂Ó˚ ≤ÃÜ,̨ ï˛ §Ù§ƒy!ê˛Ó˚
§Ùyôyl G !Ó Ï̂Ÿ’£Ïî Ü˛Ó˚y ˆÎ Ï̂ï˛ ˛õy Ï̂Ó˚– ~•z ˛õÂô!ï˛!ê˛ Óƒyáƒy Ü˛Ó˚yÓ˚ ˛õ)̂ ÏÓ≈ ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç Ü˛# ˆ§•z
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§¡õ Ï̂Ü≈̨  !ÓhflÏy!Ó˚ï˛ xy Ï̂°yã˛ly Ü˛Ó˚Ó–

ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç ̂ Ü˛y Ï̂ly âê˛ly Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚–

l# Ï̂ã˛Ó˚ í z̨òy•Ó˚̂ Ïî ~Ü˛!ê˛ ÙçyòyÓ˚ çƒy!Ù!ï˛Ü˛ Ù Ï̂í˛° ï%̨ Ï̂° ôÓ˚y •°–

í z̨òy•Ó˚î 2 (!Ó ç §Ù§ƒy) ̂ ≤Ã Ï̂à° lò#Ó˚ ôy Ï̂Ó˚ Ü˛!là§‰Óyà≈ ¢•Ó˚ Îy xT˛yò¢ ¢ï˛y∑# Ï̂ï˛ çyÙ≈yl ¢•Ó˚
!• Ï̂§ Ï̂Ó ÌyÜ˛ Ï̂°G Óï≈̨ Ùy Ï̂l Ó˚y!¢Î˚y Ï̂ï˛
xÓ!fiÌï˛– lò#!ê˛ Ï̂ï˛ ò%!ê˛ m#˛õ ò%•z ̨õy Ï̂í ¸̨Ó˚
¢• Ï̂Ó˚Ó˚ § Ï̂Aà §yï˛!ê˛ ̂ §ï%̨ Ó˚ §y•y Ï̂Îƒ
§ÇÎ%=˛ (!ã˛e 2)–

≤Ã!ï˛!ê˛ ̂ §ï%̨ Ï̂Ü˛ ~Ü˛ÓyÓ̊ ÓƒÓ•yÓ̊
Ü˛ Ï̂Ó˚ Ùyl%£Ï ¢•Ó˚!ê˛ â%̂ ÏÓ˚ xy§ Ï̂ï˛ ˆã˛T˛y
Ü˛Ó˚ï˛– !Ü˛v ̂ òáy ̂ à° ~!ê˛ ~Ü˛!ê˛ Ü˛!ë˛l
§Ù§ƒy– §%•ẑ Ïí˛ Ï̂lÓ˚ à!îï˛!Óò‰ !°Glyí≈̨
xÎ̊°yÓ̊ §Ù§ƒy!ê˛ §¡õ Ï̂Ü≈̨ Ï xÓ!•ï˛ • Ï̂°l–
1736 §y Ï̂° xÎ˚°yÓ˚ ≤ÃÙyî Ü˛Ó˚̂ Ï°l ˆÎ
~Ë˛y Ï̂Ó ˆ•Ñ̂ Ïê˛ xy§y x§Ω˛Ó– !ï˛!l ~!ê˛
≤ÃÙyî Ü˛Ó˚yÓ˚ çlƒ ~Ü˛ôÓ˚̂ ÏlÓ˚ !ã˛e Îy Ï̂Ü˛ Ó°y •Î˚ ˆlê˛GÎ˚yÜ≈̨  ï˛y xy!Ó‹ÒyÓ˚ Ü˛ Ï̂Ó˚l– ~Ó˚ Ù Ï̂ôƒ !SÈ° ¢#£Ï≈!Ó®%
åˆÎáy Ï̂l ˆÓ˚áyà%̂ Ï°y !Ù!°ï˛ •Î˚ä ~ÓÇ Ó,_ã˛y˛õ åˆÓ˚áyä
(lines) (!ã˛e 3)–

!ï˛!l ò%!ê˛ lò#Ó˚ ï˛#Ó˚ G ò%!ê˛ m# Į̈̂ õÓ˚ çlƒ ã˛yÓ˚!ê˛
í˛ê˛ å¢#£Ï≈ !Ó®%ä ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚l– ~à%̂ Ï°y Ï̂Ü˛ A, B ~ÓÇ C,

D myÓ̊y !ã˛!•´ï˛ Ü˛Ó̊y •Î̊– §yï˛!ê˛ ̂ Ó̊áy åÓ,_ã˛y˛õä •° §yï˛!ê˛
ˆ§ï%̨ – ̂ ï˛yÙÓ̊y ̂ òá Ï̂ï˛ ̨õyFSÈ 3!ê˛ ̂ §ï%̨  åÓ,_ã˛y˛õälò#ï˛#Ó̊ A
~Ó˚ § Ï̂Aà Î%=˛ ~ÓÇ 3!ê˛ lò#ï˛#Ó˚ B ~Ó˚ § Ï̂Aà Î%=˛– 5!ê˛
ˆ§ï%̨  åÓ,_ã˛y˛õä m#˛õ C ~Ó˚ § Ï̂Aà ~ÓÇ !ï˛l!ê˛ ˆ§ï%̨  m#˛õ
D ~Ó˚ § Ï̂Aà Î%=˛– ˆòáy Îy Ï̂FSÈ ˆÎñ ≤Ã!ï˛!ê˛ ¢#£Ï≈!Ó®%̂ Ïï˛
!Ó Ï̂çyí ¸̨ §ÇáƒÜ˛ Ó,_ã˛y˛õ • Ï̂Î˚̂ ÏSÈñ ï˛y•z ï˛y Ï̂òÓ˚̂ ÏÜ˛ Ó°y •Î˚
!Ó Ï̂çyí ¸̨ ¢#£Ï≈!Ó®% å~Ü˛!ê˛ ̂ çyí ¸̨ ¢#£Ï≈!Ó®%̂ Ïï˛ ̂ çyí ¸̨ §ÇáƒÜ˛ Ó,_ã˛y˛õ Î%=˛ ÌyÜ˛ Ï̂Óä–

Ù Ï̂l Ó˚yá Ï̂ï˛ • Ï̂Ó §Ù§ƒy!ê˛ •° ≤Ã!ï˛!ê˛ ˆ§ï%̨  ~Ü˛ÓyÓ˚ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ ¢•Ó˚!ê˛ Ï̂Ü˛ â%̂ ÏÓ˚ xy§ Ï̂ï˛ • Ï̂Ó–
xÎ˚°yÓ˚ ~Ó˚ ̂ lê˛GÎ˚y Ï̂Ü≈̨  ~!ê˛ •° ≤Ã!ï˛!ê˛ Ó,_ã˛y˛õ ~Ü˛ÓyÓ˚ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ §ÓÜ˛!ê˛ ¢#£Ï≈!Ó®% â%̂ ÏÓ˚ xy§y– xÎ˚°yÓ˚
≤ÃÙyî Ü˛Ó˚̂ Ï°l ̂ Î ~!ê˛ §Ω˛Ó lÎ˚– Ü˛yÓ˚î !• Ï̂§ Ï̂Ó !ï˛!l ̂ òá Ï̂°l !Ó Ï̂çyí ¸̨ ¢#£Ï≈!Ó®%Ó˚ çlƒ ̂ ï˛yÙy Ï̂Ü˛ ÎyeyÓ˚ ¢%Ó%̊
Óy ˆ¢£Ï ˙ ¢#£Ï≈!Ó®%̂ Ïï˛  Ü˛Ó˚̂ Ïï˛ • Ï̂Ó å!l Ï̂ç !ã˛hs˝y Ü˛ Ï̂Ó˚yä– ˆÎ Ï̂•ï%̨  ~ Ï̂«˛ Ï̂e ÎyeyÓ˚ ~Ü˛!ê˛•z ¢%Ó%̊ ~ÓÇ ~Ü˛!ê˛•z
§Ùy!Æ ï˛y•z ≤Ã!ï˛!ê˛ Ó,_ã˛y˛õ flõ¢≈ Ü˛Ó̊ Ï̂ï˛ • Ï̂° ò%•z!ê˛ Ùye !Ó Ï̂çyí˛̧ ¢#£Ï≈!Ó®% ÌyÜ˛ Ï̂ï˛ • Ï̂Ó– ̂ Î Ï̂•ï%̨  ~•z §Ù§ƒy!ê˛ Ï̂ï˛
ã˛yÓ˚!ê˛ !Ó Ï̂çyí ¸̨ ¢#£Ï≈!Ó®% Ó˚̂ ÏÎ˚̂ ÏSÈ ï˛y•z ~!ê˛ x§Ω˛Ó–

!ã˛e 2

!ã˛e 3

lò#ï˛#Ó˚ÈüÈB
ÈCÈüÈm#˛õ

lò#ï˛#Ó˚ÈüÈA

DÈüÈm#˛õ

lò#ï˛#Ó˚Èü ÈA

DÈüÈm#˛õCÈüÈm#˛õ

lò#ï˛#Ó˚ÈüÈB
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xÎ̊°yÓ̊ ~•z ≤ÃÙyî!ê˛ Ü˛Ó̊yÓ̊ ̨õÓ̊ Ü˛!là§‰Óy Ï̂à≈Ó̊ ~•z
ˆ§ï%̨à%̂ Ï°yÓ̊ l#ã˛ !ò Ï̂Î̊ x Ï̂lÜ˛ ç° à!í˛̧̂ ÏÎ̊ ̂ à Ï̂SÈ– 1875 §y Ï̂°
lò#!ê˛Ó˚ A G B ï˛#Ó˚ ò%!ê˛ Î%=˛ Ü˛Ó˚yÓ˚ çlƒ ~Ü˛!ê˛ x!ï˛!Ó˚=˛
ˆ§ï%̨  ̃ ï˛!Ó˚ •Î˚ (!ã˛e 4)– ≤Ã!ï˛!ê˛ ̂ §ï%̨  ~Ü˛ÓyÓ˚ ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚
~ál Ü˛# Ü˛!là§‰Óyà≈ ¢•Ó˚!ê˛ â%̂ ÏÓ˚ xy§y §Ω˛Ó⁄ ~álÜ˛yÓ˚
˛õ!Ó˚!fiÌ!ï˛ !ã˛eÈüÈ4 ~Ó˚ Ù Ï̂ï˛y– lï%̨ l ̂ §ï%̨ !ê˛ Î%=˛ •GÎ˚yÎ˚ A G
B í z̨Ë˛Î˚•z ̂ çyí ¸̨ ¢#£Ï≈!Ó®%̂ Ïï˛ ̨õ!Ó˚îï˛ • Ï̂Î˚̂ ÏSÈ– Î!òG D ~ÓÇ
C ~Ó̊ !í˛!@Ã̋ !Ó Ï̂çyí˛̧– ï˛y•z ~ÓyÓ̊ ≤Ã!ï˛!ê˛ ̂ §ï%̨  ~Ü˛ÓyÓ̊ ÓƒÓ•yÓ̊
Ü˛ Ï̂Ó˚ Ü˛!là§‰Óyà≈ ¢•Ó˚!ê˛ â%̂ ÏÓ˚ xy§y §Ω˛Ó– ~•z ̂ lê˛GÎ˚y Ï̂Ü≈̨ Ó˚
xy!ÓflÒyÓ˚ ~Ü˛!ê˛ lï%̨ l !Ó£Ï̂ ÏÎ˚Ó˚ çß√ ̂ òÎ˚ Îy Ï̂Ü˛ Ó°y •Î˚ @˝ÃyÊ˛ !ÌG!Ó˚– ~!ê˛ ̂ Ó˚̂ Ï°Ó˚ ̂ lê˛GÎ˚y Ï̂Ü≈̨ Ó˚ ̨õ!Ó˚Ü˛“ly G
Ùƒy!˛õÇ ~Ó˚ Ùï˛ xlƒylƒ x Ï̂lÜ˛ !ò Ï̂Ü˛ ÓƒÓ•,ï˛ •Î˚ å!ã˛eÈüÈ4)–

A.2.3  ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç Ü˛#⁄

~áy Ï̂l xyÙÓ˚y ày!î!ï˛Ü˛ Ù Ï̂í˛° Ï̂Ü˛ §ÇK˛y!Î˚ï˛ Ü˛ÓÏ̊Ó ~ÓÇ í z̨òy•Ó˚̂ ÏîÓ˚ §y•y Ï̂Îƒ ~Ó˚ !Ó!Ë˛ß¨ xÓfiÌyà%̂ Ï°y Óƒyáƒy
Ü˛Ó˚Ó–
§ÇK˛y      ÓyhflÏÓ ç#Ó Ï̂lÓ˚ ˆÜ˛y Ï̂ly §Ù§ƒy Ï̂Ü˛ ày!î!ï˛Ü˛ Ó)̨̊ õ ≤Ãòy Ï̂lÓ˚ ~Ü˛!ê˛ ≤Ã Ï̂ã˛T˛y •° ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç–
!Ü˛S%È ¢ï≈̨  §y Į̈̂ õ Ï̂«˛ ̨õyÜ,̨ !ï˛Ü˛ âê˛ly §Ù)• Ï̂Ü˛ à!î Ï̂ï˛ Ó̊)̨ õyhs˝Ó̊ Ï̂Ü˛•z Ó Ï̂° ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç– ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç
ˆÙÔ!°Ü˛ !ÓK˛yl Óƒ!ï˛ï˛ ã˛yÓ%̊Ü˛°y ̂ Ì Ï̂Ü˛ ̂ lGÎ˚y !¢«˛y §¡õ!Ü≈̨ ï˛ ~Ü˛!ê˛ ̂ Ü˛Ô¢° SÈyí ¸̨y !Ü˛S%È•z lÎ˚– ~ál ~Ó˚
§ Ï̂Aà Î%=˛ !Ó!Ë˛ß¨ ̨ õÂô!ï˛à Ï̂°y §¡õ Ï̂Ü≈̨  xyÙÓ˚y çylÓ– ã˛yÓ˚!ê˛ ôy˛õ ~•z ̨ õÂô!ï˛ Ï̂ï˛ Ó˚̂ ÏÎ˚̂ ÏSÈ– í z̨òy•Ó˚î !• Ï̂§ Ï̂Ó
§Ó˚° ̂ òy° Ï̂Ü˛Ó˚ à!ï˛ §ÇÜ ̨ yhs˝ Ù Ï̂í˛°!ê˛ Ï̂Ü˛ xyÙÓ˚y !Ó Ï̂Óã˛ly Ü˛Ó˚!SÈ–

§Ù§ƒy!ê˛Ó˚ í z̨̨ õ°!kô ı

~áy Ï̂l §Ó˚° ̂ òy° Ï̂Ü˛Ó˚ à!ï˛Ó˚ ̨õÂô!ï˛!ê˛ çyly ≤Ã Ï̂Î˚yçl– §Ó˚° ̂ òy°Ü˛ xyÙy Ï̂òÓ˚ §ÓyÓ˚ ̨õ!Ó˚!ã˛ï˛– ~Ü˛!ê˛ ò!í ¸̨
ÎyÓ˚ ~Ü˛≤Ãy Ï̂hs˝ ~Ü˛!ê˛ Ë˛Ó˚ xyÓ˚ xlƒ ≤Ãyhs˝!ê˛ ~Ü˛!ê˛ !l!j≈T˛ !Ó®%̂ Ïï˛ !fiÌÓ˚ ÌyÜ˛ Ï̂° ~!ê˛ ̂ òy°Ü˛ !• Ï̂§ Ï̂Ó ̨õ!Ó˚à!îï˛
• Ï̂Ó– xyÙÓ˚y çy!l ˆÎñ §Ó˚° ˆòy° Ï̂Ü˛Ó˚ à!ï˛ •° ˛õÎ≈yÎ˚Ó,_– ~Ó˚ ˛õÎ≈yÎ˚ Ü˛y° !lË≈̨ Ó˚ Ü˛ Ï̂Ó˚ ò!í ¸̨!ê˛Ó˚ ˜òâ≈ƒ G
x!Ë˛Ü˛£Ï≈ç cÓ˚̂ ÏîÓ˚ í z̨̨ õÓ˚– ~ál ̂ òy°l Ü˛y° !lî≈Î˚ Ü˛Ó˚y xyÙy Ï̂òÓ˚ ≤Ã Ï̂Î˚yçl– ~Ó˚ í z̨̨ õÓ˚ !Ë˛!_ Ü˛ Ï̂Ó˚ §Ù§ƒy!ê˛Ó˚
~Ü˛!ê˛ !ÓÓ,!ï˛ ~Ë˛y Ï̂Ó ̂ òGÎ˚y ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚ ı

!ÓÓ,!ï˛  ~Ü˛!ê˛ §Ó˚° ̂ òy° Ï̂Ü˛Ó˚ ̂ òy°l Ü˛y° xyÙÓ˚y Ü˛#Ë˛y Ï̂Ó !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ ̨ õy!Ó˚⁄
˛õÓ˚Óï˛#≈ ôy˛õ!ê˛ •° §)eyÜ˛y Ï̂Ó˚ ≤ÃÜ˛y¢ Ü˛Ó˚y–

§)eyÜ˛y Ï̂Ó˚ Óƒ=˛Ü˛Ó˚î åFormulationä  ~ Ï̂ï˛ ò%•z!ê˛ ≤Ãôyl ôy˛õ Ó˚̂ ÏÎ˚̂ ÏSÈ–

1. ≤Ã Ï̂Î˚yçl#Î˚ Ü˛yÓ˚îà%̂ Ï°yÓ˚ §ly=˛˛Ü˛Ó˚î åIdentifying the relevant factorsä  ~•z ˛õÎ≈y Ï̂Î˚ xyÙÓ˚y

!ã˛e  4

lò#ï˛#Ó˚ÈüÈA

DÈüÈm#˛õCÈüÈm#˛õ

lò#ï˛#Ó˚ÈüÈB
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§Ù§ƒy!ê˛Ó̊ § Ï̂Aà Ü˛# Ü˛# Ó̊y!¢ Î%=˛ Ó̊ Ï̂Î̊ Ï̂SÈ ï˛y áÑ%̂ Ïç ̂ ÓÓ̊ Ü˛Ó̊Ó– ̂ ÎÙl ~•z ̂ òy° Ï̂Ü˛Ó̊ §Ù§ƒy!ê˛Ó̊ ̂ «˛ Ï̂e ≤Ã Ï̂Î̊yçl#Î̊

Ó˚y!¢à%̂ Ï°y •°ñ ̂ òy°lÜ˛y° (T), Ë˛Ó˚ (m), ~ÓÇ ̂ òy° Ï̂Ü˛Ó˚ ̂ Î !Ó®% ̂ Ì Ï̂Ü˛ Ó˚y!¢!ê˛ V%̨ °y Ï̂ly • Ï̂Î˚̂ ÏSÈ ̂ §•z !Ó®%

ˆÌ Ï̂Ü˛ Ë˛Ó˚!ê˛Ó˚ ̂ Ü˛ Ï̂wÓ˚ ̃ òâ≈ƒ (l ) – ~áy Ï̂l ò!í ¸̨!ê˛Ó˚ ̃ òâ≈ƒ Ï̂Ü˛ ̂ òy° Ï̂Ü˛Ó˚ Ü˛yÎ≈Ü˛Ó˚# ̃ Ïòâ≈ƒ !• Ï̂§ Ï̂Ó ~ÓÇ x!Ë˛Ü˛£Ï≈ç

cÓ˚î (g) ˆÜ˛ ô %ÓÜ˛ ôÓ˚y • Ï̂Î˚̂ ÏSÈ–

ï˛y•z xyÙÓ˚y ~•z §Ù§ƒy!ê˛Ó˚ ã˛yÓ˚!ê˛ ≤Ãã˛° Ó˚y!¢ !ã˛!•´ï˛ Ü˛ Ï̂Ó˚!SÈ– ~ál xyÙy Ï̂òÓ˚ °«˛ƒ T !lî≈Î˚ Ü˛Ó˚y–

~Ó˚ çlƒ xyÙy Ï̂òÓ˚ ≤Ã Ï̂Î˚yçl ˆòy°l Ü˛y° Ï̂Ü˛ ≤ÃË˛y!Óï˛ Ü˛ Ï̂Ó˚ ~Ùl §Ó ≤Ãã˛° Ó˚y!¢Ó˚ !Ó£Ï̂ ÏÎ˚ çylyñ Îy ˆÜ˛y Ï̂ly

§yôyÓ˚î ̨õÓ˚#«˛yÓ˚ Ùyôƒ Ï̂Ù ï%̨ Ï̂° ôÓ˚y ÎyÎ˚–

xyÙÓ˚y !Ó!Ë˛ß¨ Ë˛ Ï̂Ó˚Ó˚ ò%!ê˛ ôyï˛Ó Ó° ò%!ê˛ §Ùyl ̃ ò Ï̂â≈ƒÓ˚ ò!í ¸̨Ó˚ § Ï̂Aà Î%=˛ Ü˛ Ï̂Ó˚ ̨õÓ˚#«˛y!ê˛ Ü˛!Ó˚– xyÙÓ˚y

ˆòy°l Ü˛y° ̨õ!Ó̊Ùy˛õ Ü˛!Ó̊– ̨õÎ≈̂ ÏÓ«˛î Ü˛!Ó̊ ̂ Îñ Ë˛ Ï̂Ó̊Ó̊ ï˛yÓ̊ï˛ Ï̂ÙƒÓ̊ çlƒ ̂ òy°lÜ˛y Ï̂°Ó̊ ̂ ï˛Ùl ̂ Ü˛y Ï̂ly í ẑ̨ ÏÕ‘á Ï̂Îyàƒ

˛õ!Ó˚Óï≈̨ l •Î˚ ly– ~Óy Ï̂Ó˚ xyÙÓ˚y ~•z ̨õÓ˚#«˛y!ê˛•z ò%!ê˛ §Ùyl Ë˛ Ï̂Ó˚Ó˚ Ó° !l Ï̂Î˚ Ü˛!Ó˚ !Ü˛v ò!í ¸̨ ò%!ê˛ !Ó!Ë˛ß¨ ̃ ò Ï̂â≈ƒÓ˚

ˆlGÎ˚y •°– ̂ òáy ̂ à° ̂ Îñ ̂ òy°lÜ˛y° ̂ òy° Ï̂Ü˛Ó˚ ̃ ò Ï̂âƒ≈Ó˚ í z̨̨ õÓ˚ !lË≈̨ Ó˚¢#°–

~Ó˚ ˆÌ Ï̂Ü˛ ˆÓyV˛y ˆà° ˆÎñ ˆòy°lÜ˛y° !lî≈̂ ÏÎ˚Ó˚ çlƒ Ë˛Ó˚ m x˛õ!Ó˚•yÎ≈ lÎ˚ ˆÎáy Ï̂l ˜òâ≈ƒ l ~Ü˛!ê˛

x˛õ!Ó˚•yÎ≈ ≤Ãã˛° Ó˚y!¢–

˛õÓ˚Óï˛#≈ ̨õÎ≈y Ï̂Î˚ ÎyGÎ˚yÓ˚ xy Ï̂à x˛õ!Ó˚•yÎ≈ ≤Ãã˛° á%̂ Ïç ̂ ÓÓ˚ Ü˛Ó˚yÓ˚ ̨õÂô!ï˛!ê˛ á%Ó•z ≤Ã Ï̂Î˚yçl–

2. ày!î!ï˛Ü˛ Óî≈ly åMathematical descriptionä !ã˛!•´ï˛ ≤Ãã˛°à%̂ Ï°yÓ˚ §y•y Ï̂Îƒ ˆÜ˛y Ï̂ly §Ù#Ü˛Ó˚î Óy
x§Ù#Ü˛Ó˚î xÌÓy ̂ Ü˛y Ï̂ly çƒy!Ù!ï˛Ü˛ !ã˛e á%̂ Ïç ̂ ÓÓ˚ Ü˛Ó˚y ~•z ̨ õÎ≈y Ï̂Î˚Ó˚ § Ï̂Aà Î%=˛–

§Ó˚° ˆòy° Ï̂Ü˛Ó˚ ˛õÓ˚#«˛y!ê˛Ó˚ ˆ«˛ Ï̂e l ~Ó˚ !Ó!Ë˛ß¨ Ùy Ï̂lÓ˚ çlƒ T ~Ó˚ Ùyl ˆÓÓ˚ Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ– ~•z

Ùylà%̂ Ï°yÓ˚ §y•y Ï̂Îƒ ~Ü˛!ê˛ ̂ °á!ã˛e xAÜ˛l Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈñ Îy ~Ü˛!ê˛ x!ôÓ,_ Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛ Ï̂Ó˚– ~Ó˚ ̂ Ì Ï̂Ü˛ T G l

~Ó˚ Ù Ï̂ôƒÓ˚ §¡õÜ≈̨ !ê˛ Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚–

T2 = kl      ... (1)

ˆòáy ÎyÎ˚ k
g

=
4

2
π

ó ï˛y• Ï̂° §Ù#Ü˛Ó˚î!ê˛ •°

T = 2π

l

g
    ... (2)

§Ù#Ü˛Ó˚î (2)ÈüÈ•z •° §Ù§ƒy!ê˛Ó˚ ày!î!ï˛Ü˛ §)e–

§Ùyôyl !lî≈Î˚ åFinding the solutionä ày!î!ï˛Ü˛ §)e ˆÌ Ï̂Ü˛ á%Ó Ü˛Ù•z §Ó˚y§!Ó˚ í z̨_Ó˚ ˛õyGÎ˚y ÎyÎ˚–
x!ôÜ˛yÇ¢ ̂ «˛ Ï̂e•z ≤ÃyÆ §Ù#Ü˛Ó˚îÈüÈ~Ó˚ §Ùyôyl Ü˛ Ï̂Ó˚ xÌÓy ̂ Ü˛y Ï̂ly í z̨̨ õ˛õyòƒ ≤Ã Ï̂Î˚yà Ü˛ Ï̂Ó˚ §Ùyôyl !lî≈Î˚ Ü˛Ó˚y
•Î˚– §Ó˚° ̂ ò° Ï̂Ü˛Ó˚ ~•z §Ù§ƒy!ê˛Ó˚ §Ùyôyl å2ä lÇ §Ù#Ü˛Ó˚̂ ÏîÓ˚ í z̨̨ õÓ˚ !lË ≈̨Ó˚¢#°–
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ò%•z!ê˛ !Ë˛ß¨ ̂ òy° Ï̂Ü˛Ó˚ ò%•z!ê˛ !Ë˛ß¨ ̃ ò Ï̂â≈ƒÓ˚ çlƒ ̂ òy°lÜ˛y° l# Ï̂ã˛Ó˚ 1lÇ §yÓ˚!î Ï̂ï˛ ̂ òGÎ˚y •°–

§yÓ˚!î 1
  l   225 ˆ§!Ù 275 ̂ §!Ù

 T   3.04 ˆ§ˆÏÜ˛u˛ 3.36 ˆ§ˆÏÜ˛u˛

§yÓ˚!î ˆÌ Ï̂Ü˛ ˆòáy ÎyÎ˚ñ  l = 225 ˆ§!Ù ~Ó˚ çlƒ  T = 3.04 ˆ§ Ï̂Ü˛ Ï̂u˛ ~ÓÇ l = 275 ˆ§!Ù ~Ó˚ çlƒ
T =3.6 3.36 ˆ§ Ï̂Ü˛u˛–
Óƒyáƒy ‡Î%!=˛@Ã̋y•ƒï˛y åInterpretation/Validationä
ˆÜ˛y Ï̂ly ~Ü˛!ê˛ ÓyhflÏÓ ç#Ó Ï̂lÓ˚ §Ù§ƒyÓ˚ ≤Ã Ï̂Î˚yçl#Î˚ ˜Ó!¢T˛ƒ§Ù)• çylyÓ˚ ≤ÃÎ˚y§•z •° ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç–
x Ï̂lÜ˛ §ÙÎ˚ ̨ õ!Ó˚!fiÌ!ï˛ Ï̂Ü˛ ̂ Ü˛y Ï̂ly xyò¢≈ ≤Ã§ Ï̂AàÓ˚ § Ï̂Aà ï%̨ °ly Ü˛ Ï̂Ó˚ ̂ Ü˛y Ï̂ly xyò¢≈ §Ù#Ü˛Ó˚î ̨õyGÎ˚y ÎyÎ˚–
~!ê˛ ï˛ál•z Ü˛yÎ≈Ü˛Ó˚# •Î˚ Îál ~Ó˚ §y•y Ï̂Îƒ xyÙÓ˚y §Ó!Ü˛S%È Óƒyáƒy Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚– xlƒÌy xyÙÓ˚y ï˛y ̨õ!Ó˚ï˛ƒyà
Ü˛!Ó˚ xÌÓy ~Ó˚ í z̨ß¨!ï˛ §yôl Ü˛!Ó˚ ~ÓÇ ~Ó˚̨ õÓ˚ xyÓyÓ˚ ï˛yÓ˚ ̨õÓ˚#«˛y Ü˛!Ó˚– xlƒË˛y Ï̂Ó Ó°y ÎyÎ˚ñ ̂ Ü˛y Ï̂ly ÓyhflÏÓ
§Ù§ƒyÓ̊ çyly !Ó£ÏÎ̊ §Ù)̂ Ï•Ó̊ í z̨̨ õÓ̊ !Ë˛!_ Ü˛ Ï̂Ó̊ ≤ÃyÆ ày!î!ï˛Ü˛ Ù Ï̂í˛ Ï̂°Ó̊ Ê˛°yÊ˛ Ï̂°Ó̊ ï%̨°lyÙ)°Ü˛ xy Ï̂°yã˛lyÓ̊
Ùyôƒ Ï̂Ù Ù Ï̂í˛°!ê˛Ó˚ Ü˛yÎ≈Ü˛y!Ó˚ï˛y ̨õ!Ó˚Ùy˛õ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚– ~•z ̨õÂô!ï˛!ê˛•z •° Ù Ï̂í˛ Ï̂°Ó˚ Î%!=˛@˝Ãy•ƒï˛y–  §Ó˚°
ˆòy° Ï̂Ü˛Ó˚ ̂ «˛ Ï̂e xyÙÓ˚y !Ü˛S%È !Ü˛S%È ̨ õÓ˚#«˛yÓ˚ §y•y Ï̂Îƒ ̂ òy°lÜ˛y° ̂ ÓÓ˚ Ü˛Ó˚̂ Ïï˛ ̨ õy!Ó˚– ̨ õÓ˚#«˛yà%̂ Ï°yÓ˚ Ê˛°yÊ˛°
§yÓ˚!îÈüÈ2 ˆï˛ ˆòGÎ˚y •°–

§yÓ˚!îÈ 2
ã˛yÓ˚!ê˛ !Ó!Ë˛ß¨ ̂ òy° Ï̂Ü˛Ó˚ ̨õÓ˚#«˛y ̂ Ì Ï̂Ü˛ ≤ÃyÆ ̂ òy°l Ü˛y°
Ë˛Ó˚ å@˝ÃyÙä ˜òâ≈ƒ åˆ§!Ùä §ÙÎ˚ åˆ§ Ï̂Ü˛u˛ä

385 275 3.371

225 3.056

230 275 3.352

225 3.042

~álñ xyÙÓ˚y §yÓ˚!îÈüÈ2 ̂ Ì Ï̂Ü˛ ≤ÃyÆ Ùylà Ï̂°yÓ˚ § Ï̂Aà §yÓ˚!îÈüÈ1 ~Ó˚ Ùylà%̂ Ï°yÓ˚ ï%̨ °ly Ü˛!Ó˚–
˛õÎ≈̂ ÏÓ!«˛ï˛ Ùyl G àîlyÜ,̨ ï˛ Ùyl ÈüÈ~Ó˚ xhs˝Ó˚Ê˛°•z •° e%!ê˛–

ˆÎÙlñ Îál l = 275 ˆ§!Ù ~ÓÇ Ë˛Ó˚ m = 385 @˝ÃyÙ,

e%!ê˛ = 3.371 – 3.36 = 0.011

Îy á%Ó «%̨ o ~ÓÇ ï˛y•z Ù Ï̂í˛°!ê˛ @˝Ã•î Ï̂Îyàƒ–
~Ü˛ÓyÓ˚ Ù Ï̂í˛°!ê˛ @˝Ã•î Ü˛Ó˚y • Ï̂°ñ xyÙy Ï̂òÓ˚̂ ÏÜ˛ Ù Ï̂í˛°!ê˛ Óƒyáƒy Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ÓyhflÏÓ xÓfiÌyÓ˚

˛õ!Ó˚̂ Ï≤Ã!«˛ Ï̂ï˛ §Ùyôyl!ê˛ Óî≈ly Ü˛Ó˚yÓ˚ ˛õÂô!ï˛ Ï̂Ü˛ Ó°y •Î˚ Ù Ï̂í˛°ÈüÈ~Ó˚ ÓƒyáƒyÜ˛Ó˚î– ~•z ˆ«˛ Ï̂e xyÙÓ˚y
!l¡¨!°!áï˛ í z̨̨ õy Ï̂Î˚ §Ùyôyl!ê˛ Óƒyáƒy Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚  :

(a) ̂ òy°lÜ˛y° ̂ òy° Ï̂Ü˛Ó˚ ̃ ò Ï̂â≈ƒÓ˚ Óà≈Ù)̂ Ï°Ó˚ § Ï̂Aà §Ó˚° Ï̂Ë˛ Ï̂ò Ìy Ï̂Ü˛–
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(b) ~!ê˛ x!Ë˛Ü˛£Ï≈ç cÓ˚̂ ÏîÓ˚ Óà≈Ù)̂ Ï°Ó˚ § Ï̂Aà ÓƒyhflÏ̂ ÏË˛ Ï̂ò Ìy Ï̂Ü˛–
~•z Ù Ï̂í˛°!ê˛ §¡õ Ï̂Ü≈̨  xyÙy Ï̂òÓ˚ Î%!=˛@˝Ãy•ƒï˛y ~ÓÇ Óƒyáƒy ̂ Ì Ï̂Ü˛ ̂ ÓyV˛y ÎyÎ˚ ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç •°

ÓƒÓ•y!Ó˚Ü˛ åÓy ̨õÎ≈̂ ÏÓ!«˛ï˛ä Ùyl §Ù)̂ Ï•Ó˚ § Ï̂Aà â!lT˛ §¡∫rôÎ%=˛– !Ü˛v xyÙÓ˚y ̂ òá°yÙ ̂ Îñ ̨õÎ≈̂ ÏÓ!«˛ï˛ Ùyl G
àîlyÜ,̨ ï˛ Ùy Ï̂lÓ˚ Ù Ï̂ôƒ §yÙylƒ e%!ê˛ Ó˚̂ ÏÎ˚̂ ÏSÈ– ~Ó˚ xlƒï˛Ù Ü˛yÓ˚î •° xyÙÓ˚y ò!í ¸̨Ó˚ Ë˛Ó˚ G Ùyôƒ Ï̂ÙÓ˚ Óyôy Ï̂Ü˛
í ẑ̨ Į̈ õ«˛y Ü˛ Ï̂Ó˚!SÈ– §%ï˛Ó˚yÇ ~Ó˚Ü˛Ù ̨õ!Ó˚!fiÌ!ï˛ Ï̂ï˛ xyÙÓ˚y xy Ï̂Ó˚y Ë˛y Ï̂°y Ù Ï̂í˛° xy¢y Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚–

~ ̂ Ì Ï̂Ü˛ xyÙÓ˚y ~Ü˛!ê˛ à%Ó%̊c˛õ)î≈ ̨õÎ≈̂ ÏÓ«˛î Ü˛Ó˚°yÙ– ÓyhflÏÓ ̨õ,!ÌÓ# Ï̂Ü˛ í z̨̨ õ°!kô Ü˛Ó˚y G ï˛y Ï̂Ü˛ Óî≈ly
Ü˛Ó̊y á%Ó Ü˛!ë˛l Ü˛yç– xyÙÓ̊y ¢%ô%Ùye ~Ü˛!ê˛ Óy ò%•z!ê˛ Ü˛yÓ̊î !ë˛Ü˛ë˛yÜ˛Ë˛y Ï̂Ó ̂ ÓÓ̊ Ü˛Ó̊ Ï̂ï˛ ̨õy!Ó̊ Îy ̨õ%̂ ÏÓ̊y ̨õ!Ó̊!fiÌ!ï˛ Ï̂Ü˛
≤ÃË˛y!Óï˛ Ü˛ Ï̂Ó˚– ï˛yÓ˚̨ õÓ˚ âê˛ly!ê˛ §¡õ Ï̂Ü≈̨  ï˛Ìƒ ̨õyGÎ˚y ÎyÎ˚ ~Ùl ̂ Ü˛y Ï̂ly Ù Ï̂í˛° ̨õyGÎ˚yÓ˚ ̂ ã˛T˛y Ü˛!Ó˚– xyÙÓ˚y
§yôyÓ˚î §Ó âê˛ly ~•z Ù Ï̂í˛° ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ xy Ï̂°yã˛ly Ü˛!Ó˚ xyÓ˚ xy¢y Ó˚y!á Îy Ï̂ï˛ Ü˛ Ï̂Ó˚ xyÓ˚G Ë˛y Ï̂°y Ù Ï̂í˛°
˜ï˛!Ó˚ Ü˛Ó˚y ÎyÎ˚–

~ál Ù Ï̂í˛!°Ç ~Ó˚ ~•z ˛õÂô!ï˛!ê˛Ó˚ §yÓ˚yÇ¢ !°!˛õÓÂô Ü˛!Ó˚–
(a) §)eyÜ˛y Ï̂Ó˚ Óƒ=˛Ü˛Ó˚î (b) §Ùyôyl (c) Óƒyáƒy Óy Î%!=˛@˝Ãy•ƒï˛y

˛õÓ˚Óï˛#≈ í z̨òy•Ó˚î!ê˛ Ï̂ï˛ Ù Ï̂í˛!°Ç ÈüÈ~ Ü˛#Ë˛y Ï̂Ó x§Ù#Ü˛Ó˚̂ ÏîÓ˚ §Ùyôy Ï̂lÓ˚ çlƒ ˆ°á!ã˛e ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚ ï˛y
ˆòáy Ï̂ly • Ï̂Î˚̂ ÏSÈ–

í z̨òy•yÓ˚î 3 ~Ü˛!ê˛ Ê˛yÙ≈•yí z̨§ ≤Ã!ï˛!òl 800 ˆÜ˛!ç !Ó!¢£Ï ôÓ˚̂ ÏlÓ˚ áyòƒ¢§ƒ §Ó˚ÓÓ˚y• Ü˛ Ï̂Ó˚– òyly¢§ƒ G
§Î˚y!Ó Ï̂lÓ˚ !Ù◊ Ï̂l ̃ ï˛!Ó˚ ~•z !Ó Ï̂¢£Ï ≤ÃÜ˛y Ï̂Ó˚Ó˚ áy Ï̂òƒÓ˚ í z̨̨ õyòylà%̂ Ï°y !l¡¨Ó)̨̊ õ ı

§yÓ˚!î 3

í˛z˛õÜ˛Ó˚î ≤Ã!ï˛ˆÏÜ˛!çˆÏï˛ ˛õ%!T˛Ü˛yÓ˚Ü˛ oˆÏÓƒÓ˚ ≤Ã!ï˛ˆÏÜ˛!çˆÏï˛ ˛õ%!T˛Ü˛yÓ˚Ü˛ oˆÏÓƒÓ˚ òyÙ
í˛z˛õ!fiÌ!ï˛ í˛z˛õ!fiÌ!ï˛ ≤Ã!ï˛ ˆÜ˛!çˆÏï˛
ˆ≤Ãy!ê˛l Ê˛y•zÓyÓ˚

òyly ¢§ƒ .09 .02 10 ê˛yÜ˛y

§Î˚yÓ#l .60 .06 20 ê˛yÜ˛y

!lÎ̊Ùyl%ÎyÎ̊# !Ó Ï̂¢£Ï áy Ï̂òƒ ÌyÜ˛̂ ÏÓ Ü˛Ù˛õ Ï̂«˛ 30% ̨ˆ≤Ãy!ê˛l G § Ï̂Ó≈yFã˛̊ 5% ̨Ê˛y•zÓyÓ̊– ~•z áyòƒ!Ù◊ Ï̂lÓ̊ ≤Ã!ï˛!òlÜ˛yÓ̊
§Ó≈!l¡¨ áÓ˚ã˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y–

˛§Ùyôyl ôy˛õ 1  ˛òyly¢§ƒ G §Î˚y!Ó Ï̂lÓ˚ §y• Ï̂Îƒ ̃ ï˛!Ó˚ áy Ï̂òƒÓ˚ ≤Ã!ï˛!òlÜ˛yÓ˚ §Ó≈!l¡¨ òyÙ ̂ ÓÓ˚ Ü˛Ó˚y•z ~áy Ï̂l
í ẑ̨ Ïj¢ƒ– §%ï˛Ó˚yÇñ ̂ Î §ÙhflÏ ã˛°Ó˚y!¢ ÓƒÓ•yÓ˚ Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ ï˛yÓ˚y •°ÈüüüÈ

x = ̨òyly¢ Ï̂§ƒÓ˚ ̨õ!Ó˚Ùyl

y = ̨§Î˚y!Ó Ï̂lÓ˚ ̨õ!Ó˚Ùyl

z = ˛òyÙ

ôy˛õ  2  §yÓ˚!îÈüÈ3 ÈüÈ~Ó˚ ˆ¢£ÏhflÏΩ˛ ˆÌ Ï̂Ü˛ z, x, y ~Ó˚ Ù Ï̂ôƒ ˆÎ §¡õÜ≈̨  Ó˚̂ ÏÎ˚̂ ÏSÈ ˆ§•z §Ù#Ü˛Ó˚î!ê˛ •°ÈüüüÈ
z = 10x + 20y ... (1)

!l¡¨!°!áï˛ Óyôyà%̂ Ï°yÓ˚ §y•y Ï̂Îƒ z ̂ Ü˛ «%̨ oï˛Ù xyÜ˛y Ï̂Ó˚ ≤ÃÜ˛y¢ Ü˛Ó˚̂ Ïï˛ • Ï̂Óı
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!ã˛e 5

(a) òyly¢§ƒ G §Î˚y!Ó Ï̂lÓ˚ §y•y Ï̂Îƒ ̃ ï˛!Ó˚ áy Ï̂òƒÓ˚ ̨õ!Ó˚Ùyî Ü˛Ù˛õ Ï̂«˛ 800 ̂ Ü˛!ç–

xÌ≈yÍ, x + y ≥ 800 ... (2)

(b) §yÓ˚!î 3 ~Ó˚ ≤ÃÌÙ hflÏ̂ ÏΩ˛ ≤Ãò_ áy Ï̂òƒ ˆ≤Ãy!ê˛ Ï̂lÓ˚ ˛õ!Ó˚Ùyî Ü˛Ù˛õ Ï̂«˛ 30% • Ï̂Ó–

xÌ≈yÍ, 0.09x + 0.6y ≥ 0.3 (x + y) ... (3)

(c) §yÓ˚!îÈüÈ3 ~Ó˚ !mï˛#Î˚ hflÏ̂ ÏΩ˛ ≤Ãò_ áy Ï̂òƒ Ê˛y•zÓyÓ˚ ÌyÜ˛ Ï̂Ó § Ï̂Ó≈yFã˛ 5% –

xÌ≈yÍ, 0.02x + 0.06 y ≤ 0.05 (x + y) ... (4)

x G y ~Ó˚ §•àà%̂ Ï°y Ï̂Ü˛ ~Ü˛§ Ï̂Aà Ü˛ Ï̂Ó˚ (2), (3)ñ (4) ˆÜ˛ §Ó˚° Ü˛Ó˚y •°–

§Ù§ƒy!ê˛ Ï̂Ü˛ ~ál !l¡¨!°!áï˛Ë˛y Ï̂Ó ày!î!ï˛Ü˛ xyÜ˛y Ï̂Ó˚ ̂ °áy ÎyÎ˚ –
!ÓÓ,!ï˛  z ˆÜ˛ xÓÙ Ü˛ Ï̂Ó˚y Îál Óyôy Ï̂ày¤˛# •Î˚ÈüüüÈ

x + y ≥ 800

0.21x – .30y ≤ 0

0.03x – .01y ≥ 0

ôy˛õ 3 ~!ê˛ Ï̂Ü˛ ̂ °á!ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ §Ùyôyl Ü˛Ó˚y ÎyÎ˚– !ã˛e 5 ~Ó˚ SÈyÎ˚yÓ,ï˛ xM˛°!ê˛•z •° ≤Ãò_ x§Ù#Ü˛Ó˚î
à%̂ Ï°yÓ˚ §Ω˛yÓƒ §Ùyôyl–

ˆ°á!ã˛e ˆÌ Ï̂Ü˛ ~!ê˛ ˛õ!Ó˚‹ÒyÓ˚ ˆÎñ (470.6,329.4) !Ó®%̂ Ïï˛ xÌy≈Í, x = 470.6 ~ÓÇ y = 329.4 ÈüÈ~ xÓÙ
Ùyl Ó˚̂ ÏÎ˚̂ ÏSÈ–
~Ó˚ ˆÌ Ï̂Ü˛ z ~Ó˚ ˆÎ Ùyl ˛õyGÎ˚y ÎyÎ˚ ï˛y •°

z = 10 × 470.6 + 20 × 329.4 = 11294

~!ê˛ •° ày!î!ï˛Ü˛ §Ùyôyl–

xÓÙ Ü˛ˆÏÓ˚y

§ˆÏÓ≈y_Ù ˆÜ˛!ç
ˆÜ˛!ç

ê˛yÜ˛y
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ôy˛õ 4  §Ùyôyl!ê˛ Ï̂Ü˛ ~Ë˛y Ï̂Ó ≤ÃÜ˛y¢ Ü˛Ó˚y ˆÎ Ï̂ï˛ ˛õy Ï̂Ó˚ ÚÚòyly¢§ƒ G §Î˚y!Ó Ï̂lÓ˚ !Ù◊ Ï̂î ˜ï˛!Ó˚ !Ó Ï̂¢£Ï ≤ÃÜ˛yÓ˚
áy Ï̂òƒ ̨õ%!T˛Ó˚ !Óã˛y Ï̂Ó˚ ̂ Î ̨õ!Ó˚Ùyî ̂ ≤Ãy!ê˛l G Ê˛y•zÓyÓ˚ Ó˚̂ ÏÎ˚̂ ÏSÈ ï˛yÓ˚ òy Ï̂ÙÓ˚ xÓÙ Ùyl • Ï̂Ó 11294 ê˛yÜ˛y ~ÓÇ Î!ò
470.6 ˆÜ˛!ç òyly¢§ƒ G 329.4 ̂ Ü˛!ç §Î˚y!Ól ÓƒÓ•yÓ˚ Ü˛!Ó˚ ï˛y• Ï̂° xyÙÓ˚y ~•z xÓÙ Ùyl ̨õy•zÛÛ–

˛õÓ˚Óï˛#≈ í z̨òy•Ó˚̂ Ïî xyÙÓ˚y ˆÜ˛y Ï̂ly !l!ò≈T˛ §Ù Ï̂Î˚ ~Ü˛!ê˛ ˆò Ï̂¢Ó˚ çl§Çáƒy !Ó£ÏÎ˚Ü˛ Ù Ï̂í˛° !l Ï̂Î˚
xy Ï̂°yã˛ly Ü˛Ó̊Ó–
í z̨òy•Ó˚î 4  ôÓ˚y ÎyÜ˛ñ çl§Çáƒy !lÎ˚sfî òÆÓ˚ çyl Ï̂ï˛ ã˛yÎ˚ ̂ Ü˛y Ï̂ly ̂ ò Ï̂¢Ó˚ ̂ °yÜ˛ §Çáƒy 10 ÓSÈÓ˚ ̨ õÓ˚ Ü˛ï˛
• Ï̂Ó–
ôy˛õ 1 §)eyÜ˛y Ï̂Ó˚ Óƒ=˛Ü˛Ó˚î  ≤ÃÌ Ï̂Ù•z ˛°«˛ Ü˛Ó˚y ÎyÎ˚ ˆÎñ §Ù Ï̂Î˚Ó˚ § Ï̂Aà çl§ÇáƒyÓ˚ ˛õ!Ó˚Óï≈̨ l â Ï̂ê˛ ~ÓÇ
ç Ï̂ß√Ó˚ Ü˛yÓ˚̂ Ïî ~!ê˛ Óy Ï̂í ¸̨ G Ù,ï%̨ ƒÓ˚ Ü˛yÓ˚̂ Ïî Ü˛ Ï̂Ù– ̂ Ü˛y Ï̂ly !l!ò≈T˛ §Ù Ï̂Î˚ xyÙÓ˚y çl§Çáƒy ̂ ÓÓ˚ Ü˛Ó˚̂ Ïï˛ ã˛y•z– ô!Ó˚
t §ÙÎ˚̂ ÏÜ˛ åÓSÈ Ï̂Ó˚ä !l Ï̂ò≈¢ Ü˛ Ï̂Ó˚–  ï˛y• Ï̂° t ~Ó˚ Ùyl •° 0, 1, 2, ......ñ t=0 •° Óï≈̨ Ùyl §ÙÎ˚ñ t=1 •°
˛õÓ˚Óï≈̨ # ÓSÈÓ˚ •zï˛ƒy!ò– ˆÎ Ï̂Ü˛y Ï̂ly §ÙÎ˚ t ~Ó˚ çlƒñ p(t) Ï̂Ü˛y Ï̂ly ~Ü˛!ê˛ !l!ò≈T˛ ÓSÈ Ï̂Ó˚Ó˚ çl§Çáƒy Ï̂Ü˛ !l Ï̂ò≈¢
Ü˛ Ï̂Ó˚–

ôÓ˚y ÎyÜ˛ñ xyÙÓ˚y ̂ Ü˛y Ï̂ly ~Ü˛!ê˛ ÓSÈ Ï̂Ó˚Ó˚ ̂ ÎÙl t
0
 = 2006 ~Ó˚ çl§Çáƒy !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ ã˛y•z– xyÙÓ˚y

Ü˛#Ë˛y Ï̂Ó Ü˛Ó˚Ó–  xyÙÓ˚y 1 çyl%Î˚yÓ˚#ñ 2005 ~Ó˚ çl§Çáƒy ̂ ÓÓ˚ Ü˛!Ó˚–
˙ ÓSÈ Ï̂Ó˚ Îï˛ç Ï̂lÓ˚ çß√ • Ï̂Î˚̂ ÏSÈ ï˛yÓ˚ §Çáƒy ˆÎyà Ü˛!Ó˚ ~ÓÇ Îï˛ç Ï̂lÓ˚ Ù,ï%̨ ƒ • Ï̂Î˚̂ ÏSÈ ï˛yÓ˚ §Çáƒy

!Ó Ï̂Î˚yà Ü˛!Ó˚– ô!Ó˚ B(t) •° t G t+1 ~Ó˚ ÙôƒÓï˛#≈ 1 ÓSÈ Ï̂Ó˚Ó˚ ç Ï̂ß√Ó˚ §Çáƒy ~ÓÇ D(t) •° t G t+1 ~Ó˚
ÙôƒÓï≈̨ # 1 ÓSÈ Ï̂Ó˚Ó˚ Ù,ï%̨ ƒÓ˚ §Çáƒy–

ï˛y• Ï̂° xyÙÓ˚y ˆÎ §¡õÜ≈̨ !ê˛ ˛õy•zñ ï˛y •°
P (t + 1) = P (t) + B (t) – D (t)

~ál xyÙÓ˚y Ü˛ Ï̂Î˚Ü˛!ê˛ xl%Ùyl G §ÇK˛y !ë˛Ü˛ Ü˛!Ó˚

1.
B ( )

P ( )

t

t
 ˆÜ˛ Ó°y •Î˚  t G t + 1 §Ù Ï̂Î˚Ó˚ xhs˝Ó˚y Ï̂° ç Ï̂ß√Ó˚ •yÓ˚ –

2.
D (t)

P (t)
 ˆÜ˛ Ó°y •Î˚ t G t + 1 §Ù Ï̂Î˚Ó˚ xhs˝Ó˚y Ï̂° Ù,ï%̨ ƒÓ˚ •yÓ˚ –

xl%Ùyl§Ù)•

    1. ≤Ã!ï˛!ê˛ xhs˝Ó˚y Ï̂° ç Ï̂ß√Ó˚ •yÓ˚ §Ùyl– ~Ü˛•zË˛y Ï̂Ó ≤Ã!ï˛!ê˛ xhs˝Ó˚y Ï̂° Ù,ï%̨ ƒÓ˚ •yÓ˚G §Ùyl– ï˛yÓ˚ Ùy Ï̂l ~Ü˛!ê˛
ô %ÓÜ˛ b •° ç Ï̂ß√Ó˚ •yÓ˚ ~ÓÇ ~Ü˛!ê˛ ô %ÓÜ˛ d •° Ù,ï%̨ ƒÓ˚ •yÓ˚ñ ï˛y• Ï̂° ≤Ã!ï˛!ê˛  t ≥ 0 ~Ó˚ çlƒ

b
t

t
=

B ( )

P ( )
 ~ÓÇ d

t

t
=

D ( )

P ( )
... (1)

   2. xlƒ Ï̂Ü˛y Ï̂ly í z̨̨ õy Ï̂Î˚ çl§ÇáƒyÓ˚ ̨ õ!Ó˚Óï≈̨ l âê˛ Ï̂Ó ly xÌ≈yÍ çl§Çáƒy ̨õ!Ó˚Óï≈̨ Ï̂lÓ˚ ~Ü˛Ùye Ü˛yÓ˚î •°
çß√ G Ù,ï%̨ ƒ–

Ê˛ Ï̂° (1) G (2) lÇ xl%Ùyl ˆÌ Ï̂Ü˛ xyÙÓ˚y ˛õy•zñ ≤Ã!ï˛!ê˛  t ≥ 0, ~Ó˚ çlƒ
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P (t + 1) = P(t) + B(t) – D(t)

    = P(t) + bP(t) – dP(t)

    = (1 + b – d) P(t) ... (2)

(2) ~ t = 0 Ó!§ Ï̂Î˚ ˛õy•zñ
P(1) = (1 + b – d)P (0) ... (3)

(2) lÇ §Ù#Ü˛Ó˚̂ Ïî t = 1 Ó!§ Ï̂Î˚ ˛õy•zñ
P(2) = (1 + b – d) P (1)

= (1 + b – d) (1 + b – d) P (0) (§Ù#Ü˛Ó˚î 3 ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚)
= (1 + b – d)2 P(0)

~•zË˛y Ï̂Ó x@˝Ã§Ó˚ • Ï̂Î˚ xyÙÓ˚y ̨ õy•zñ

P(t) = (1 + b – d)t P (0) ... (4)

t = 0, 1, 2, ... ~Ó˚ çlƒ–
å1 + b – dä ô %ÓÜ˛!ê˛ Ï̂Ü˛ ≤ÃyÎ˚•z §Ç Ï̂«˛ Į̈̂ õ r !ò Ï̂Î˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ~ÓÇ ~!ê˛ Ï̂Ü˛ Ó°y •Î˚ Ó,!ÂôÓ˚ •yÓ˚ – ~•z
Ù Ï̂í˛°!ê˛ Ï̂Ü˛ ≤ÃÌÙ çl!≤ÃÎ˚ Ü˛Ó˚yÓ˚ §%Óy Ï̂ò Ó˚Óyê≈̨  Ùy°Ì%§ ~Ó˚ lyÙyl%§y Ï̂Ó˚ ~!ê˛ Ï̂Ü˛ Ùy°Ì%!§Î˚yl ≤Ãã˛°˛  Ó°y •Î˚–

(4) lÇ §Ù#Ü˛Ó˚î Ï̂Ü˛ r ~Ó˚ §y•y Ï̂Îƒ ˆ°áy ÎyÎ˚ñ
P(t) = P(0)r t  , t = 0, 1, 2, ... ... (5)

P(t) ~Ü˛!ê˛ §)ã˛Ü˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ í z̨òy•Ó˚î–
cr t xyÜ˛yÓ˚ !Ó!¢T˛ ˆÜ˛y Ï̂ly x Į̈̂ õ«˛Ü˛ Ï̂Ü˛ñ ˆÎáy Ï̂l c G r ô %ÓÜ˛ñ Ó°y •Î˚ §)ã˛Ü˛ x Į̈̂ õ«˛Ü˛–
§Ù#Ü˛Ó˚î (5) •° ≤Ãò_ §Ù§ƒyÓ˚ ày!î!ï˛Ü˛ §)eyÜ˛Ó˚î–
ôy˛õ 2 – §Ùyôyl
ôÓ˚y ÎyÜ˛ Óï≈̨ Ùyl çl§Çáƒy •° 250,000,000 ~ÓÇ b = 0.02 G d = 0.01

10 ÓSÈÓ˚ ˛õÓ˚ çl§Çáƒy Ü˛ï˛ • Ï̂Ó⁄  xyÙÓ˚y §)e ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó ̊P(10) !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ ˛õy!Ó˚–
P(10) = (1.01)10 (250,000,000)

= (1.104622125) (250,000,000)

= 276,155,531.25

ôy˛õ 3 Óƒyáƒy G Î%!=˛@˝Ãy•ƒï˛y
fl∫yË˛y!ÓÜ˛ Ë˛y Ï̂Ó•z ~•z í z̨_Ó˚!ê˛ x§Çàï˛ ̂ Ü˛lly ̂ °yÜ˛§Çáƒy 0.25 • Ï̂ï˛ ̨õy Ï̂Ó˚ ly– ï˛y•z xyÙÓ˚y Ü˛ySÈyÜ˛y!SÈ ~Ü˛!ê˛
Ùyl ̂ lÓ ̂ ÎÙl ̂ °yÜ˛§Çáƒy • Ï̂Ó 276,155,531 (≤ÃyÎ˚)– ~áy Ï̂l xyÙÓ˚y ≤ÃÜ,̨ ï˛ Ùyl ̨õy!FSÈ ly Ü˛yÓ˚î Ü˛ Ï̂Î˚Ü˛!ê˛
xl%Ùyl §y Į̈̂ õ Ï̂«˛ ày!î!ï˛Ü˛ Ù Ï̂í˛°!ê˛ ̃ ï˛!Ó˚ Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ–

ï˛y• Ï̂° í z̨̨ õ Ï̂Ó˚Ó˚ í z̨òy•Ó˚îà%̂ Ï°yÓ˚ §y•y Ï̂Îƒ ̂ òáy ÎyÎ˚ !Ó!Ë˛ß¨ ̨õ!Ó˚!fiÌ!ï˛ Ï̂ï˛ Ü˛#Ë˛y Ï̂Ó !Ó!Ë˛ß¨ ày!î!ï˛Ü˛
Ù Ï̂í˛° ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚– Î!òG xl%Ùyl G !lÜ˛ê˛ï˛Ù Ùy Ï̂lÓ˚ §y Į̈̂ õ Ï̂«˛ ÓyhflÏÓ §Ù§ƒyÓ˚ ~Ü˛!ê˛ §Ó˚°ï˛Ù Ó)̨̊ õ •°
ày!î!ï˛Ü˛ Ù Ï̂í˛!°Ç–
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fl∫Ë˛yÓï˛•z §Ó Ï̂ã˛ Ï̂Î˚ à%Ó%̊c˛õ)î≈ ≤ÃŸ¿ •° xyÙy Ï̂òÓ˚ !ë˛Ü˛ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó Ù Ï̂í˛°!ê˛ ÚË˛y Ï̂°yÛ ly ÚË˛y Ï̂°y lÎ˚Û
xÌ≈yÍ Îál Ê˛°yÊ˛°!ê˛ Ï̂Ü˛ ÓyhflÏ̂ ÏÓÓ˚ § Ï̂Aà !Ù!° Ï̂Î˚ ̂ òáy •Î˚ ï˛ál !fiÌÓ˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó ~!ê˛ Ü˛ï˛ê˛y lƒyÎ˚§Aàï˛–
Î!ò Ù Ï̂í˛°!ê˛ ≤ÃÜ,̨ ï˛ Ê˛°yÊ˛° ly ̂ òÎ˚ ï˛y• Ï̂° xyÙy Ï̂òÓ˚ ≤Ã!ï˛ÓrôÜ˛ï˛yà%̂ Ï°y ̂ ÓÓ˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– •Î˚̂ Ïï˛y ~Ó˚ çlƒ
xyÙy Ï̂òÓ˚ lï%̨ l §)̂ ÏeÓ˚ §y•y Ï̂Îƒ !l Ï̂ï˛ • Ï̂Óñ lï%̨ lË˛y Ï̂Ó ò«˛ï˛yÓ˚ §y Ï̂Ì à!î Ï̂ï˛Ó˚ ÓƒÓ•yÓ˚ Ü˛Ó˚̂ Ïï˛ • Ï̂Ó ~ÓÇ
lï%̨ lË˛y Ï̂Ó Ù)°ƒyÎ˚l Ü˛Ó˚̂ Ïï˛ • Ï̂Ó– ~Ë˛y Ï̂Ó•z !l Ï̂ã˛Ó˚ ˆÊœ̨ yÈüÈã˛y Ï̂ê≈̨  Ó!î≈ï˛ í z̨̨ õy Ï̂Î˚ ày!î!ï˛Ü˛ Ù Ï̂í˛° Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛Ó˚y
ÎyÎ̊–

— vvvvv —

ly (NO)

<

<

<

§ÙyÆ
(STOP)

↓

↓

↓

↓

↓

•ƒÑy (YES)

<

↓

¢%Ó̊%
(START)

xl%Ùyl‡fl∫ï˛/!§Âô åASSUMPTIONS/AXIOMS)

 Î%!=˛@˝Ãy•ƒï˛y (VALIDATION)

Óƒyáƒy (INTERPRETATION)

§Ùyôyl (SOLUTION)

§)eyÜ˛y Ï̂Ó˚ Óƒ=˛Ü˛Ó˚î åFORMULATION)

!§Âôï˛y
(SATISFIED)



xl%¢#°l# 1.1

1.    (i), (iv),   (v),   (vi),   (vii)  ~ÓÇ   (viii)  •° ˆ§ê˛§Ù)•–
2. (i) ∈  (ii) ∉   (iii) ∉    (iv) ∈    (v) ∈    (vi) ∉

3. (i) A  = {–3, –2, –1, 0, 1, 2, 3, 4, 5, 6 } (ii) B = {1, 2, 3, 4, 5}

(iii) C = {17, 26, 35, 44, 53, 62, 71, 80} (iv) D = {2, 3, 5}

(v) E = {T,  R, I, G, O, N, M, E, Y} (vi) F = {B, E, T, R}

4. (i) { x : x = 3n, n∈N ~ÓÇ  1 ≤ n ≤ 4 } (ii) { x : x = 2n, n∈N ~ÓÇ1 ≤ n ≤ 5 }

(iii) { x : x = 5n, n∈N ~ÓÇ 1 ≤ n ≤ 4  } (iv) { x : x •° ~Ü˛!ê˛ Î%@¬ fl∫yË˛y!ÓÜ˛ §Çáƒy}
(v) { x : x = n2, n∈N ~ÓÇ 1 ≤ n ≤ 10 }

5. (i) A = {1, 3, 5, . . . } (ii) B = {0, 1, 2, 3, 4 }

(iii) C  = { –2, –1, 0, 1, 2 } (iv) D = { L, O, Y, A }

(v) E = { ˆÊ˛Ó %Î˚y!Ó˚ñ ~!≤Ã°ñ ç%lñ ̂ §ˆÏ≤Wz¡∫Ó˚ñ lˆÏË˛¡∫Ó˚ }
(vi) F = {b, c, d, f, g, h, j }

6. (i) ↔ (c)  (ii) ↔ (a)  (iii) ↔ (d)  (iv) ↔ (b)

xl%¢#°l#  1.2

1. (i), (iii),   (iv)

2. (i) §§#Ù (ii) x§#Ù (iii) §§#Ù (iv) x§#Ù (v) §§#Ù
3. (i) x§#Ù (ii) §§#Ù (iii) x§#Ù (iv) §§#Ù (v) x§#Ù
4. (i) •Ñƒy (ii) ly (iii) •Ñƒy (iv) ly
5. (i) ly (ii) •Ñƒy         6.  B= D, E = G

xl%¢#°l#  1.3

1. (i) ⊂ (ii) ⊄ (iii) ⊂ (iv) ⊄ (v) ⊄     (vi) ⊂

(vii) ⊂

2. (i) !ÙÌƒy (ii) §ï˛ƒ (iii) !ÙÌƒy (iv) §ï˛ƒ (v) !ÙÌƒy     (vi) §ï˛ƒ
3.   (i), (v), (vii), (viii),   (ix), (xi)

4. (i) φ, { a } (ii) φ, { a }, { b }, { a, b }

(iii) φ, { 1 }, { 2 }, { 3 }, { 1, 2 },  {  1, 3 }, { 2, 3 }, { 1, 2, 3 }     (iv) φ

5. 1

6. (i) (– 4,  6] (ii) (– 12, –10) (iii) [ 0, 7 )

  (iv) [ 3, 4 ]

7. (i) { x : x  ∈ R, – 3 < x < 0 } (ii) { x : x  ∈ R, 6 ≤ x ≤ 12 }

(iii) { x : x  ∈ R, 6 < x ≤ 12 } (iv) { x ∈ R : – 23 ≤ x < 5 } 9. (iii)

í z̨_Ó̊Ùy°y
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xl%¢#°l# 1.4

1. (i) X ∪ Y = {1, 2, 3, 5 } (ii) A ∪ B = { a, b, c, e, i, o, u }

(iii)  A ∪ B = {x : x = 1, 2, 4, 5 xÌÓy 3 ~Ó˚ à%!îï˛Ü˛}

(iv) A ∪ B = {x : 1 < x < 10, x ∈ N} (v) A ∪ B = {1, 2, 3 }

2. •Ñƒy, A ∪ B = { a, b, c } 3. B

4. (i) { 1, 2, 3, 4, 5, 6 } (ii) {1, 2, 3, 4, 5, 6, 7,8 } (iii) {3, 4, 5, 6, 7, 8 }

(iv) {3, 4, 5, 6, 7, 8, 9, 10} (v) {1, 2, 3, 4, 5, 6, 7, 8 }

(vi) {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}       (vii)  { 3, 4, 5, 6, 7, 8, 9, 10 }

5. (i) X ∩ Y = { 1, 3 } (ii) A ∩  B = { a } (iii) { 3 } (iv) φ (v) φ

6. (i) { 7, 9, 11 } (ii) { 11, 13 } (iii) φ (iv) { 11 }

(v) φ (vi) { 7, 9, 11 } (vii) φ

(viii) { 7, 9, 11 } (ix) {7, 9, 11 } (x) { 7, 9, 11, 15 }

7. (i) B (ii) C (iii) D (iv) φ

(v) { 2 }  (vi) { x : x •° ~Ü˛!ê˛ xÎ%@¬ ˆÙÔ!°Ü˛ §Çáƒy}

  8. (iii)

9. (i) {3, 6, 9, 15, 18, 21} (ii) {3, 9, 15, 18, 21 } (iii) {3, 6, 9, 12, 18, 21}

(iv) {4, 8, 16, 20 ) (v) { 2, 4, 8, 10, 14, 16 } (vi) { 5, 10, 20 }

(vii) { 20 }                      (viii) { 4, 8, 12, 16 } (ix) { 2, 6, 10, 14}

(x) { 5, 10, 15 } (xi)  {2, 4, 6, 8, 12, 14, 16} (xii) {5, 15, 20}

10. (i) { a, c } (ii) {f, g }  (iii) { b , d  }

11. xÙ%°ò §ÇáƒyÓ˚ ̂ §ê˛– 12.  (i) !ÙÌƒy     (ii) !ÙÌƒy    (iii) §ï˛ƒ   (iv) §ï˛ƒ

xl%¢#°l# 1.5

1. (i) { 5, 6, 7, 8, 9} (ii) {1, 3, 5, 7, 9 } (iii) {7, 8, 9 }

(iv) { 5, 7, 9 } (v) { 1, 2, 3, 4 } (vi) { 1, 3, 4, 5, 6, 7, 9 }

2. (i) { d, e, f, g, h} (ii) { a, b, c, h } (iii) { b, d , f, h }

(iv) { b, c, d, e )

3. (i) { x : x •° ~Ü˛!ê˛ xÎ%@¬ fl∫yË˛y!ÓÜ˛ §Çáƒy}
(ii) { x : x  •° ~Ü˛!ê˛ Î%@¬ fl∫yË˛y!ÓÜ˛ §Çáƒy}
(iii) { x : x  ∈ N ~ÓÇ xñ 3 ~Ó˚ à%!îï˛Ü˛ lÎ˚}
(iv) { x : x •° ~Ü˛!ê˛ ôlydÜ˛ ˆÎÔ!àÜ˛ §Çáƒy xÌÓy x = 1 ]
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(v) { x : x •° ~Ü˛!ê˛ ôlydÜ˛ xá[˛ §Çáƒyñ Îy 3 xÌÓy 5 myÓ˚y !ÓË˛yçƒ lÎ˚}
(vi) { x : x ∈ N ~ÓÇ x ~Ü˛!ê˛ ˛õ)î≈Óà≈ §Çáƒy lÎ˚}
(vii) { x : x ∈ N ~ÓÇ x ~Ü˛!ê˛ ˛õ)î≈âl §Çáƒy lÎ˚}
(viii) { x : x ∈ N ~ÓÇ x ≠ 3 }      (ix) { x : x ∈ N ~ÓÇ x ≠  2 }

(x) { x : x ∈ N ~ÓÇ x < 7 }      (xi) { x : x ∈ N ~ÓÇ x ≤  
9

2
}

6. A' •° §Ó §ÙÓy•% !eË%˛ˆÏçÓ˚ ˆ§ê˛–
7. (i) U (ii) A (iii) φ (iv) φ

xl%¢#°l#  1.6

1. 2 2. 5 3. 50 4. 42

5. 30 6. 19 7. 25, 35 8. 60

xôƒyÎ˚ 1 ~Ó˚ !Ó!Óô xl%¢#°l#

1. A ⊂  B,  A ⊂ C,  B ⊂ C,  D ⊂ A,  D ⊂ B,  D ⊂ C

2. (i) !ÙÌƒy (ii) !ÙÌƒy (iii) §ï˛ƒ (iv) !ÙÌƒy (v) !ÙÌƒy
(vi) §ï˛ƒ

7. !ÙÌƒy 12. xyÙÓ˚y ôˆÏÓ˚ !lˆÏï˛ ˛õy!Ó˚ñ  A ={ 1, 2 }, B = { 1, 3 }, C = { 2 , 3 }

13. 325 14. 125 15. (i) 52, (ii) 30 16. 11

xl%¢#°l#  2.1

1. x = 2 ~ÓÇ y = 1 2. A × B ÈüÈˆï˛ ˛õò §Çáƒy •° 9–
3. G × H = {(7, 5), (7, 4), (7, 2), (8, 5), (8, 4), (8, 2)}

H × G = {(5, 7), (5, 8), (4, 7), (4, 8), (2, 7), (2, 8)}

4. (i) !ÙÌƒy
P × Q = {(m, n), (m, m), (n, n), (n, m)}

(ii) §ï˛ƒ
(iii) §ï˛ƒ

5. A × A = {(– 1, – 1), (– 1, 1), (1, – 1), (1, 1)}

A × A × A = {(–1, –1, –1), (–1, –1, 1), (–1, 1, –1), (–1, 1, 1), (1, –1, –1), (1, –1, 1),

(1, 1, –1), (1, 1, 1)}

6. A = {a, b}, B = {x, y}

8. A × B = {(1, 3), (1, 4), (2, 3), (2, 4)}

A × B ÈüÈˆï˛ í˛z˛õˆÏ§ê˛ ÌyÜ˛ˆÏÓ  24 = 16 !ê˛–
9.  A = {x, y, z} ~ÓÇ B = {1,2}
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10. A = {–1, 0, 1}, A × A  ÈüÈ~Ó˚ Óy!Ü˛ ˛õòà%ˆÏ°y •°ÈüüüÈ
(–1, –1), (–1, 1), (0, –1), (0, 0), (1, –1), (1, 0), (1, 1)

xl%¢#°l#  2.2

1. R = {(1, 3), (2, 6), (3, 9), (4, 12)}

R ~Ó˚ ˆ«˛e  = {1, 2, 3, 4}

R ~Ó˚ ≤Ã§yÓ˚ = {3, 6, 9, 12}

R ~Ó˚ í˛z˛õˆÏ«˛e = {1, 2, ..., 14}

2. R = {(1, 6), (2, 7), (3, 8)}

R ~Ó˚ ˆ« Į̈e = {1, 2, 3}

R ~Ó˚ ≤Ã§yÓ˚ = {6, 7, 8}

3. R = {(1, 4), (1, 6), (2, 9), (3, 4), (3, 6), (5, 4), (5, 6)}

4. (i) R = {(x, y) : y = x – 2,  ˆÎáy Ï̂l x = 5, 6, 7}

(ii) R = {(5,3), (6,4), (7,5)}–  R ~Ó˚ ˆ« Į̈e = {5, 6, 7},  R ~Ó˚ ≤Ã§yÓ˚ = {3, 4, 5}

5. (i) R = {(1, 1), (1,2), (1, 3), (1, 4), (1, 6), (2 4), (2, 6), (2, 2), (4, 4), (6, 6),

(3, 3), (3, 6)}

(ii) R ~Ó˚ ˆ« Į̈e = {1, 2, 3, 4, 6}

(iii) R ~Ó˚ ≤Ã§yÓ˚ = {1, 2, 3, 4, 6}

6. R ~Ó˚ ̂ «˛e = {0, 1, 2, 3, 4, 5,} 7.   R = {(2, 8), (3, 27), (5, 125), (7, 343)}

R ~Ó˚ ≤Ã§yÓ˚ = {5, 6, 7, 8, 9, 10}

8. A ˆÌ Ï̂Ü˛ B ~Ó˚ §¡∫ˆÏrôÓ˚ §Çáƒy  = 26 9.     R ~Ó˚ ˆ« Į̈e = Z

R ~Ó˚ ≤Ã§yÓ˚ = Z

xl%¢#°l#  2.3

1. (i) •Ñƒyñ ˆ«˛e  = { 2, 5, 8, 11, 14, 17 }, ≤Ã§yÓ˚  = { 1 }

(ii) •Ñƒyñ ˆ«˛e  = { 2, 4, 6, 8, 10, 12, 14 }, ≤Ã§yÓ˚  = { 1, 2, 3, 4, 5, 6, 7 }

(iii) ly –

2. (i) ˆ«˛e = R, ≤Ã§yÓ˚ =  (– ∞, 0]

(ii) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ«˛e  = {x : –3 ≤ x ≤ 3}

xˆÏ˛õ«˛ˆÏÜ˛Ó˚˛ ≤Ã§yÓ˚  = {x : 0 ≤ x ≤ 3}

3. (i) f (0) = –5 (ii)   f (7) = 9 (iii) f (–3) = –11

4. (i) t (0) = 32 (ii)   t (28) = 
412

5
(iii) t (–10) = 14     (iv)   100

5. (i) ≤Ã§yÓ˚ = (– ∞, 2) (ii) ≤Ã§yÓ˚ = [2, ∞) (iii) ≤Ã§yÓ˚ = R
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xôƒyÎ˚ 2 ~Ó˚ !Ó!Óô xl%¢#°l#

2. 2.1 3.  x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ ˆ«˛e •°  6 ~ÓÇ 2 Óƒï˛#ï˛ ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛–
4. ˆ«˛e  = [1, ∞), ≤Ã§yÓ˚  = [0, ∞)

5. ˆ«˛e = R,  ≤Ã§yÓ˚  =  xÈüÈ}îydÜ˛ ÓyhflÏÓ §Çáƒy
6. ≤Ã§yÓ˚ = ˆÎ Ï̂Ü˛y Ï̂ly ôlydÜ˛ ÓyhflÏÓ §Çáƒy xñ ˆÎáy Ï̂l o ≤ y <–
7. (f + g) x = 3x – 2 8. a = 2, b = – 1 9. (i) ly    (ii) ly    (iii)  ly

(f – g) x = – x + 4

f

g
x

x

x
x









 =

+

−
≠

1

2 3

3

2
,

10. (i) •Ñƒy ,   (ii) ly 11. ly 12.  f  ~Ó˚ ≤Ã§yÓ˚ = {3, 5, 11, 13 }

xl%¢#°l#  3.1

1. (i)
5

36

π

(ii) −
19

72

π

(iii)  
4

3

π

(iv) 
26

9

π

2. (i) 39° 22′ 30″ (ii) –229° 5′ 29″     (iii)  300° (iv) 210°

3. 12π          4. 12° 36′ 5. 
20

3

π

6.   5 : 4

7. (i)
2

15
(ii) 

1

5
 (iii) 

7

25

xl%¢#°l# 3.2

1. sin , cos , sec , tan ,cotx ec x x x x= − = − = − = =
3

2

2

3
2 3

1

3

2. cos ,cos , sec , tan ,cotec x x x x x= = − = − = − = −
5

3

4

5

5

4

3

4

4

3

3. sin ,cos ,cos , sec , tanx ec x x x x= − = − = − = − =
4

5

5

4

3

5

5

3

4

3

4. sin cosec cos tan cotx x x x x= − = − = = − = −
12

13

13

12

5

13

12

5

5

12
, , , ,
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5. sin ,cos ,cos , sec ,cotx ec x x x x= = = − = − = −
5

13

13

5

12

13

13

12

12

5

6.
1

2
7.   2      8. 3     9. 

3

2
    10.  1

xl%¢#°l# 3.3

5. (i)
3 1

2 2

+
    (ii)  2 – 3

xl%¢#°l# 3.4

1.
π π

π

π

3

4

3 3
, , n + , n ∈ Z 2.

π π

π

π

3

5

3
2

3
, , n ± , n ∈ Z

3.
5

6

11

6

5

6

π π

π

π

, , n + , n ∈ Z 4.
7

6

11

6
1

7

6

π π

π

π

, , n
n+ −( ) , n ∈ Z

5. x
n

=
π

3
 Óy x = nπ, n ∈ Z 6. x n o= +( ) ,2 1

4

π

Óy or n ±2
3

π

π

 , n ∈ Z

7. x n o
n= + −π

π

( )1
7

6
 , Óy or n +

π

( )2 1
2

 , n ∈ Z

8. x
n

=
π

2
,  Óy r

n
+

π π

2

3

8
, n ∈ Z 9. x

n
 =

π

3
,  Óy n ±π

π

3
, , n ∈ Z

xôƒyÎ˚ 3 ~Ó˚ !Ó!Óô xl%¢#°l#

8.
2 5

5

5

5
, ,  2

9.
6

3

3

3
2, ,− −

10.
8 2 15

4

8 2 15

4
4 15

+ −
+, ,
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xl%¢#°l#  5.1

1. 3 2. 0 3. i 4. 14 + 28 i

5. 2 – 7 i 6. − −
19

5

21

10

i
7.

17

3

5

3
+ +i 8.  – 4

9. − −
242

27
26i 10.

−
−

22

3

107

27
i 11.

4

25

3

25
+ i 12.

5

14

3

14
− i

13. i 14.
−7 2

2
i

xl%¢#°l# 5.2

1 .1 .1 .1 .1 . 2
2

3
,
− π

2 .2 .2 .2 .2 . 2
5

6
,

π

                  3. 2
4 4

cos sin
−

+
−









π π

i

4. 2
3

4

3

4
cos sin

π π

+








i 5. 2

3

4

3

4
cos sin

−
+

−









π π

i

6. 3 (cos π + i sin π) 7 .7 .7 .7 .7 . 2
6 6

cos sin
π π

+








i 8 .8 .8 .8 .8 . cos sin

π π

2 2
+ i

xl%¢#°l#  5.3

1. ± 3 i 2.
− ±1 7

4

i
3.

− ±3 3 3

2

i
4.

− ±

−
−

1 7

2

i

5.
− ±3 11

2

i
6.

1 7

2

± i
7.

− ±1 7

2 2

i

8.
2 34

2 3

± i

9.
− ± −( )1 2 2 1

2

i

10.

− ±1 7

2 2

i
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xôƒyÎ˚ 5 ~Ó˚ !Ó!Óô xl%¢#°l#

1. 2 – 2 i 3.
307 599

442

+ i

5. (i) 2
3

4

3

4
cos sin

π π

+








i ,  (ii) 2

3

4

3

4
cos sin

π π

+








i

  6.
2

3

4

3
± i 7 .7 .7 .7 .7 . 1

2

2
± i 8 .8 .8 .8 .8 .

5

27

2

27
± i 9 .9 .9 .9 .9 .

2

3

14

21
± i

10. 2 12. ( ) ,i ii
−2

5
0( ) 13.

1

2

3

4
,

π

14. x = 3, y = – 3

15. 2 17. 1 18. 0 20. 4

xl%¢#°l#  6.1

  1. (i) {1, 2, 3, 4} (ii) {... – 3, – 2, –1, 0, 1,2,3,4 }

  2. (i) ˆÜ˛y Ï̂ly §Ùyôyl ̂ l•z– (ii) {... – 4, – 3}

  3. (i) {... – 2, – 1, 0, 1} (ii) (–∞, 2)

  4. (i) {–1, 0, 1, 2, 3, ...} (ii) (–2, ∞)

  5. (–4, ∞) 6. (– ∞, –3) 7. (–∞, –3] 8. (–∞, 4]

9. (– ∞, 6) 10. (–∞, –6) 11. (–∞, 2] 12. (– ∞, 120]

13. (4, ∞) 14. (–∞, 2] 15. (4, ∞) 16. (–∞, 2]

17. x < 3,     18.  x ≥ –1,     

19.  x > – 1,  20. x ≥ −
2

7
,   

21. 35 ~Ó˚ Ó,•_Ó˚ xÌÓy §Ùyl 22. 82 ~Ó˚ Ó,•_Ó˚ xÌÓy §Ùyl

23. (5,7), (7,9) 24. (6,8), (8,10), (10,12)

25. 9 ˆ§!Ù 26. 8 ~Ó˚ Ó,•_Ó˚ xÌÓy §Ùyl !Ü˛v  22 ~Ó˚ «%̨ oï˛Ó˚ xÌÓy §Ùyl–
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xl%¢#°l#  6.2

1. 2.

3. 4.

5. 6.
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7. 8.

9. 10.

xl%¢#°l#  6.3

1. 2.
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3.      4.

5. 6.

7. 8.
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9. 10.

11. 12.

13. 14.
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15.

xôƒyÎ˚ 6 ~Ó˚ !Ó!Óô xl%¢#°l#

1. [2, 3] 2. (0, 1] 3. [– 4, 2]

4. (– 23, 2] 5.
− −







80

3

10

3
, 6. 1

11

3
,








7. (–5, 5)

8. (–1, 7)

9. (5, ∞)

10. [– 7, 11]

11. 20°C ~ÓÇ 25°C ~Ó˚ ÙˆÏôƒ

12. 320 !°ê˛yˆÏÓ˚Ó˚ ̂ Ó!¢ !Ü˛v  1280 !°ê˛yˆÏÓ˚Ó˚ Ü˛Ù–

13. 562.5 !°ê˛yˆÏÓ˚Ó˚ ̂ Ó!¢ !Ü˛v 900 !°ê˛y Ï̂Ó˚Ó˚ Ü˛Ù–

14. 9.6 ≤ MA ≤ 16.8

xl%¢#°l#  7.1

1. (i) 125, (ii) 60 2.  108 3. 5040 4. 336

5. 8 6.   20
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xl%¢#°l# 7.2

1. (i) 40320, (ii) 18 2. 30,  ly 3. 28 4. 64

5. (i) 30, (ii) 15120

xl%¢#°l# 7.3

1. 504 2. 4536 3. 60 4. 120, 48

5. 56 6. 9 7. (i) 3,  (ii) 4 8. 40320

9. (i) 360,  (ii) 720,  (iii) 240 10. 33810

11. (i) 1814400, (ii) 2419200, (iii) 25401600

xl%¢#°l# 7.4

1. 45 2. (i) 5, (ii) 6 3. 210 4. 40

5. 2000 6. 778320 7. 3960 8. 200

9. 35

xôƒyÎ˚ 7 ~Ó˚ !Ó!Óô xl%¢#°l#

1. 3600 2. 1440 3. (i) 504,  (ii) 588,  (iii) 1632

4. 907200 5. 120 6. 50400 7. 420

8. 4C
1
×48C

4
9. 2880 10. 22C

7
+22C

10
11. 151200

xl%¢#°l#  8.1

1. 1–10x + 40x2 – 80x3 + 80x4 – 32x5

2.
32 40 20

5
5

8 32
5 3

3

5

x x x
x x

x
− + − + −

3. 64 x6 –576 x5 + 2160 x4 – 4320 x3 + 4860 x2 – 2916 x + 729

4.
x x

x
x x x

5 3

3 5
243

5

81

10

27

10

9

5

3

1
+ + + + +

5. x x x

x x x

6 4 2

2 4 6
6 15 20

15 6 1
+ + + + + +

6. 884736 7. 11040808032 8. 104060401

9. 9509900499 10. (1.1)10000  > 1000 11. 8(a3b + ab3); 40 6

12. 2(x6 + 15x4 + 15x2 + 1), 198
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xl%¢#°l#  8.2

1. 1512 2.  – 101376 3. −( ) −
1

6 12 2r

r

r r
C x y. .

4. −( ) −
1

12 24r

r

r r
C x y. . 5. – 1760 x9y3 6. 18564

7.
−105

8

35

48

9 12
x x; 8. 61236 x5y5 10. n = 7; r = 3

12. m = 4

xôƒyÎ˚ 8ü~Ó˚ !Ó!Óô xl%¢#°l#

1. a = 3; b = 5; n = 6 2. a = 
9

7
3.  171

5. 396 6 6. 2a8 + 12a6 – 10a4 – 4a2 + 2

7. 0.9510 8. n  = 10

9.
16 8 32 16

4
2 2 16

5
2 3 4

2 3 4

x x x x

x
x x x

+ − + − + + + −

10. 27x6 – 54ax5 + 117a2x4 – 116a3x3 + 117a4x2 – 54a5x + 27a6

xl%¢#°l# 9.1

1. 3, 8, 15, 24, 35 2.
1

2

2

3

3

4

4

5

5

6
, , , , 3. 2, 4, 8, 16 ~ÓÇ 32

4. −
1

6

1

6

1

2

5

6
, , , a ~ÓÇ 

7

6
d 5. 25, –125, 625, –3125, 15625

6.
3

2

9

2

21

2
21, , , a ~ÓÇ 

75

2
d 7. 65, 93 8.

49

128

9. 729 10.
360

23

11. 3, 11, 35, 107, 323;      3 + 11 + 35 + 107 + 323 + ...

12. −
− − − −

− +
−







 +

−







 +

−







 +

−
1

1

2

1

6

1

24

1

120
1

1

2

1

6

1

24

1
, , , , ;

1120









 + ...
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13. 2, 2, 1, 0, –1;    2 + 2 + 1 + 0 + (–1) + ... 14. 1 2
3

2

5

3
, , ,  ~ÓÇ 

8

5
d

xl%¢#°l#  9.2

1. 1002001 2. 98450 4. 5 xÌÓy 20 6. 4

7.
n

n
2

5 7+( ) 8. 2q 9.
179

321
10. 0

13. 27 14. 11, 14, 17, 20 ~ÓÇ 23 15. 1

16. 14 17. 245 ê˛yÜ˛y 18. 9

xl%¢#°l#  9.3

1.
5

2

5

2
20

,
n 2. 3072 4. – 2187

5. (a) 13 ï˛Ù ˛õò ,   (b) 12 ï˛Ù õò,   (c) 9 ï˛Ù õò     6. ± 1 7.
1

6
1 0 1

20

− ( )





.

8.

7

2
3 1 3 12+( ) −











n

9.
1

1

− −( )





+

a

a

n

10.

x x

x

n3 2

2

1

1

−( )
−

11. 22
3

2
3 1

11+ −( )  12. r =
5

2
o xÌÓy 

2

5
or  ; ˛õòà%ˆÏ°y •° 

2

5
1

5

2
, , o xÌÓy 

5

2
1

2

5
, ,or

13. 4 14.
16

7
2

16

7
2 1; ;

n −( ) 15. 2059

16.
− − −4

3

8

3

16

3
, , , ...xÌÓy 4, – 8, 16, – 32, 64, ... 18.

80

81
10 1

8

9

n
n−( ) −

19. 496 20. rR 21. 3, –6, 12, –24 26. 9 ~ÓÇ 27

27. n =
−1

2
30. 120, 480, 30 (2n) 31. 500 (1.1)10 ê˛yÜ˛y

32. x2 –16x + 25 = 0

xl%¢#°l#  9.4

1.
n

n n
3

1 2+( ) +( ) 2.
n n n n+( ) +( ) +( )1 2 3

4
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3.
n

n n n
6

1 3 5 1
2+( ) + +( ) 4.

n

n +1
5. 2840

6. 3n (n + 1) (n + 3) 7.
n n n+( ) +( )1 2

12

2

8.
n n

n n
+( )

+ +( )
1

12
3 23 34

2

9.
n

n n
n

6
1 2 1 2 2 1+( ) +( ) + −( ) 10.

n
n n

3
2 1 2 1+( ) −( )

xôƒyÎ˚ 9 üÈ~Ó˚ !Ó!Óô xl%¢#°l#

2. 5, 8, 11 4. 8729 5. 3050 6. 1210

7. 4 8. 160; 6 9. ± 3 10. 8, 16, 32

11. 4 12. 11

21. (i) 
50

81
10 1

5

9

n n
−( ) −  ,    (ii) 

2

3

2

27
1 10

n n− −( )−
22. 1680

23.
n

n n
3

3 5
2 + +( ) 25.

n
n n

24
2 9 13

2 + +( )

27. 16680 ê˛yÜ˛y 28. 39100 ê˛yÜ˛y 29. 43690 ê˛yÜ˛y 30. 17000  ê˛yÜ˛y; 20,000

31. 5120 ê˛yÜ˛y 32. 25 !òl

xl%¢#°l#  10.1

1.
121

2
Óà≈ ~Ü˛Ü˛–

2. (0, a), (0, – a) ~ÓÇ −( )3 0a,  xÌÓy(0, a), (0, – a), ~ÓÇ 3 0a,( )

3. (i) y y
2 1

− ,   (ii) x x
2 1

− 4.
15

2
0,









 5. −

1

2

7. − 3 8. x = 1 10. 135°

11. 1 ~ÓÇ 2, xÌÓy 
1

2
 ~ÓÇ 1, xÌÓy – 1 ~ÓÇ  –2, xÌÓy −

1

2
 ~ÓÇ – 1  14.

1

2
,104.5 ˆÜ˛y!ê˛
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xl%¢#°l# 10.2

1. y = 0 ~ÓÇ x = 0 2.  x – 2y + 10 = 0 3. y = mx

4. 3 1 3 1 4 3 1+( ) − −( ) = −( )x y 5. 2x + y + 6 = 0

6. x y− + =3 2 3 0 7.  5x + 3y + 2 = 0

8. 3 10x y+ = 9. 3x – 4y + 8 = 0 10. 5x – y + 20 = 0

11. (1 + n)x + 3(1 + n)y = n +11 12. x + y = 5

13. x + 2y – 6 = 0, 2x + y – 6 = 0

14. 3 2 0x y+ − =  ~ÓÇ 3 2 0x y+ + = 15. 2x – 9y + 85 = 0

16. L C= −( ) +
192

90
20 124 942. 17. 1340 !°ê˛yÓ˚– 19. 2kx + hy = 3kh

xl%¢#°l# 10.3

1. (i) y x= − + −
1

7
0

1

7
0, , ;  (ii) y x= − + −2

5

3
2

5

3
, , ;  (iii) y = 0x + 0, 0, 0

2. (i)
x y

4 6
1 4 6+ = , , ;  (ii) 

x y

3

2

2
1

3

2
2+

−
= −, , ;

(iii) y = −
2

3
,  y-x Ï̂«˛Ó˚ §!•ï˛ ̂ SÈ!òï˛yÇ¢ = −

2

3
 ~ÓÇ x-x Ï̂«˛Ó˚ §!•ï˛ ̂ Ü˛y Ï̂ly ̂ SÈ!òï˛yÇ¢ ̂ l•z–

3. (i) x cos 120° + y sin 120° = 4, 4, 120° (ii) x cos 90° + y sin 90° = 2, 2, 90°;

   (iii) x cos 315° + y sin 315° = 2 2 , 2 2 , 315°          4.   5 ~Ü˛Ü˛

5. (– 2, 0) ~ÓÇ (8, 0) 6. (i) 
65

17
 ~Ü˛Ü˛ñ (ii)

1

2

p r

l

+
 ~Ü˛Ü˛

7. 3x – 4y + 18 = 0 8. y + 7x  = 21   9.  30° ~ÓÇ 150°

10.
22

9

12. 3 2 2 3 1 8 3 1+( ) + −( ) = +x y xÌÓy 3 2 1 2 3 1 8 3−( ) + +( ) = − +x y
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13. 2x + y = 5 14.
68

25

49

25
, −









 15. m c= =

1

2

5

2
,

17. y – x = 1, 2

xôƒyÎ˚ 10 ~Ó˚ !Ó!Óô xl%¢#°l#

1. (a) 3, (b) ± 2, (c) 6 xÌÓy 1 2.
7

6
1

π

,

3. 2 3 6 3 2 6x y x y− = − + =, 4. 0
8

3
0

32

3
, , ,−





















5.

sin ( )

sin

φ θ

φ θ

−

−
2

2

6. x = −
5

22
7. 2x – 3y + 18 = 0

8. k2 Óà≈ ~Ü˛Ü˛ 9. 5 11. 3x – y = 7,   x + 3y = 9

12. 13x + 13y = 6 14. 1 : 2 15.
23 5

18
 ~Ü˛Ü˛

16. ˆÓ˚áy!ê˛ x ÈüÈ x Ï̂«˛Ó˚ §Ùyhs˝Ó˚y° xÌÓy y ÈüÈ x Ï̂«˛Ó˚ §Ùyhs˝Ó˚y°

17. x = 1,   y = 1 18. (–1, – 4) 19.
1 5 2

7

±

21. 18x + 12y + 11 = 0 22.
13

5
0,









 24. 119x + 102y = 125

xl%¢#°l#  11.1

1. x2 + y2 – 4y = 0 2. x2  + y2 + 4x – 6y –3 = 0

3. 36x2  + 36y2 – 36x – 18y + 11 = 0 4. x2 + y2 – 2x – 2y = 0

5. x2 + y2  + 2ax + 2by + 2b2 = 0 6. c(–5, 3), r = 6

7. c(2, 4), r = 65 8. c(4, – 5), r = 53 9. c (
1

4
, 0) ; r  = 

1

4

10. x2 + y2 – 6x – 8y + 15 = 0 11. x2 + y2 – 7x + 5y – 14 = 0

12. x2 + y2 + 4x – 21 = 0 ~ÓÇ  x2 + y2 – 12x + 11 = 0
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13. x2 + y2 – ax – by  = 0 14. x2 + y2 – 4x – 4y  = 5

15. Ó,̂ Ï_Ó˚ !Ë˛ï˛ Ï̂Ó˚ó ̂ Î Ï̂•ï%̨  Ó,̂ Ï_Ó˚ ̂ Ü˛w ̂ Ì Ï̂Ü˛ !Ó®%!ê˛Ó˚ ò)Ó˚cñ Ó,̂ Ï_Ó˚ Óƒy§yô≈ ̂ Ì Ï̂Ü˛ Ü˛Ù–

xl%¢#°l#  11.2

1. F (3, 0), x«˛ ÈüüüÈ x ÈÈüÈ x«˛ñ !lÎ˚yÙÜ˛ x = – 3, ly!Ë˛° Ï̂¡∫Ó˚ ˜òâ≈ƒ = 12

2. F (0, 
3

2
), x«˛ - y - x«˛, !lÎ˚yÙÜ˛ y = –  

3

2
,  ly!Ë˛° Ï̂¡∫Ó˚ ˜òâ≈ƒ = 6

3. F (–2, 0), x«˛ - x - x«˛, !lÎ˚yÙÜ˛ x =  2, ly!Ë˛° Ï̂¡∫Ó˚ ˜òâ≈ƒ = 8

4. F (0, –4), x«˛ - y - x«˛, !lÎ˚yÙÜ˛ y  =  4, ly!Ë˛° Ï̂¡∫Ó˚ ˜òâ≈ƒ = 16

5. F (
5

2
, 0)ñ x«˛ - x - x«˛, !lÎ˚yÙÜ˛  x = – 

5

2
, ly!Ë˛° Ï̂¡∫Ó˚ ˜òâ≈ƒ = 10

6. F (0, 
−9

4
) , x«˛ - y - x«˛, !lÎ˚yÙÜ˛ y =  

9

4
, ly!Ë˛° Ï̂¡∫Ó˚ ˜òâ≈ƒ = 9

7. y2 = 24x 8. x2 = – 12y 9. y2 = 12x

10. y2 = –8x 11. 2y2 = 9x 12. 2x2 = 25y

xl%¢#°l#  11.3

1. F (± 20 ,0); V (± 6, 0); ˛õÓ˚y«˛ = 12; í z̨̨ õy«˛ = 8,   e  =
20

6
,

ly!Ë˛°¡∫ = 
16

3

2. F (0, ± 21 ); V (0, ± 5); ˛õÓ˚y«˛ = 10; í z̨̨ õy«˛ = 4 , e  = 
21

5
;

ly!Ë˛°¡∫ = 
8

5

3. F (± 7 , 0); V (± 4, 0); ˛õÓ˚y«˛ = 8; í z̨̨ õy«˛ = 6 , e  = 
7

4
 ;

ly!Ë˛°¡∫ = 
9

2
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4. F (0, ± 75 ); V (0, ± 10);˛õÓ˚y«˛ = 20; í z̨̨ õy«˛ = 10 , e = 
3

2
 ;

 ly!Ë˛°¡∫ = 5

5. F (± 13 ,0); V (± 7, 0); ˛õÓ˚y«˛ =14 ; í z̨̨ õy«˛ = 12 , e  = 
13

7
;

ly!Ë˛°¡∫ = 
72

7

6. F (0, ±10 3 ); V (0,± 20); ˛õÓ˚y«˛ =40 ; í z̨̨ õy«˛ = 20 , e  = 
3

2
 ;

ly!Ë˛°¡∫ = 10

7. F (0, ± 4 2 ); V (0,± 6); ˛õÓ˚y«˛ =12 ; í z̨̨ õy«˛ = 4 , e  = 
2 2

3
;

ly!Ë˛°¡∫ =
4

3

8. F 0 15,±( ) ; V (0,± 4); ˛õÓ˚y«˛ = 8 ; í z̨̨ õy«˛ = 2 , e = 
15

4
;

ly!Ë˛°¡∫ =
1

2

9. F (± 5 ,0); V (± 3, 0); ˛õÓ˚y«˛ = 6 ; í z̨̨ õy«˛ = 4 , e = 
5

3
;

ly!Ë˛°¡∫ =
8

3

10.
x y

2 2

25 9
1+ = 11.

x y
2 2

144 169
1+ = 12.

x y
2 2

36 20
1+ =

13.
x y

2 2

9 4
1+ = 14.

x y
2 2

1 5
1+ = 15.

x y
2 2

169 144
1+ =

16. 
x y

2 2

64 100
1+ = 17.

x y
2 2

16 7
1+ = 18.

x y
2 2

25 9
1+ =
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19.
x y

2 2

10 40
1+ = 20. x

2

 + 4y
2

 = 52 xÌÓyñ 
x y

2 2

52 13
1+ =

xl%¢#°l#  11.4

1. ly!Ë˛mÎ˚ (± 5, 0), ¢#£Ï≈!Ó®%mÎ˚ (± 4, 0); e = 
5

4
; ly!Ë˛°¡∫  = 

9

2

2. ly!Ë˛mÎ˚ (0 ± 6), ¢#£Ï≈!Ó®%mÎ˚ (0, ± 3);  e = 2; ly!Ë˛°¡∫  = 18

3. ly!Ë˛mÎ˚ (0,  ± 13 ), ¢#£Ï≈!Ó®%mÎ˚  (0, ± 2); e = 
13

2
; ly!Ë˛°¡∫  = 9

4. ly!Ë˛mÎ˚ (± 10, 0), ¢#£Ï≈!Ó®%mÎ˚ (± 6, 0); e =
5

3
; ly!Ë˛°¡∫  =

64

3

5. ly!Ë˛mÎ˚ (0,±
2 14

5
), ¢#£Ï≈!Ó®%mÎ˚ (0,±

6

5
); e =

14

3
; ly!Ë˛°¡∫  =

4 5

3

6. ly!Ë˛mÎ˚ (0, ± 65 ), ¢#£Ï≈!Ó®%mÎ˚ (0, ± 4); e =
65

4
; ly!Ë˛°¡∫  =

49

2

7.
x y

2 2

4 5
1− = 8.

y x
2 2

25 39
1− = 9.

y x
2 2

9 16
1− =

10.
x y

2 2

16 9
1− = 11.

y x
2 2

25 144
1− = 12.

x y
2 2

25 20
1− =

13.
x y

2 2

4 12
1− = 14.

x y
2 2

49

9

343
1− = 15.

y x
2 2

5 5
1− =

xôƒyÎ˚ ÈüÈ 11 ~Ó˚ !Ó!Óô xl%¢#°l#

1. ly!Ë˛ •° ≤Ãò_ Óƒy Ï̂§Ó˚ Ùôƒ!Ó®%–

2. 2.23 !Ùê˛yÓ˚ å≤ÃyÎ˚ä 3. 9.11 !Ùê˛yÓ˚ å≤ÃyÎ˚ä 4. 1.56 !Ùê˛yÓ˚ å≤ÃyÎ˚ä

5.
x y

2 2

81 9
1+ = 6. 18 Óà≈ ~Ü˛Ü˛ 7.

x y
2 2

25 9
1+ =

8. 8 3a
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xl%¢#°l#  12.1

1. y ~ÓÇ z - fiÌylyAÜ˛mÎ˚ •° ¢)lƒ 2. y - fiÌylyAÜ˛ •° ¢)lƒ
3. I, IV, VIII, V, VI, II, III, VII

4. (i)  XY - §Ùï˛° (ii) (x, y, 0) (iii) xyê˛

xl%¢#°l#  12.2

1. (i) (ii) (iii) (iv)2 5 43 2 26 2 5

4. x – 2z = 0 5. 9x2 + 25y2 + 25z2 – 225 = 0

xl%¢#°l#  12.3

1. (i) (ii)
−







 −( )

4

5

1

5

27

5
8 17 3, , , , 2. 1 : 2

3. 2 : 3 5. (6, – 4, – 2), (8, – 10, 2)

xôƒyÎ˚ÈüÈ 12 ~Ó˚ !Ó!Óô xl%¢#°l#

1. (1, – 2, 8) 2. 7 34 7, , 3. a = – 2,   b = −
16

3
,  c = 2

4. (0, 2, 0) ~ÓÇ (0, – 6, 0)

5. (4, – 2, 6) 6. x y z x y z
k2 2 2

2

2 7 2
109

2
+ + − − + =

−

xl%¢#°l#  13.1

1. 6 2. π −










22

7
3. π 4.

19

2

5. −
1

2
6. 5 7.

11

4
8.

108

7

9. b 10. 2 11. 1 12. −
1

4

13.
a

b
14.

a

b
15.

1

π

16.
1

π
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17. 4 18.
a

b

+1
19. 0 20. 1

21. 0 22. 2 23. 3, 6

24. x = 1 !Ó®%̂ Ïï˛ §#ÙyÓ˚ x!hflÏc ˆl•z
25. x = 0 !Ó®%̂ Ïï˛ §#ÙyÓ˚ x!hflÏc ˆl•z 26. x = 0 !Ó®%̂ Ïï˛ §#ÙyÓ˚ x!hflÏc ˆl•z
27. 0 28. a = 0, b = 4

29.
lim
x a→

1

  f (x) = 0 ~ÓÇ lim
x a→

 f (x) = (a – a
1
) (a – a

2
) ... (a – a

x
)

30. §Ü˛° a ≠ 0 ~Ó˚ çlƒ lim
x a→

 f (x)  ~Ó˚ x!hflÏc xy Ï̂SÈ  31. 2

32. m = n • Ï̂°ñ lim
x→0

 f (x) ~Ó̊ x!hflÏc ÌyÜ˛̂ ÏÓó m ~ÓÇ n ~Ó̊ ̂ ÎÈüÈ̂ Ü˛y Ï̂ly xá[˛ Ùy Ï̂lÓ̊ çlƒ  lim
x→1

f (x)  ~Ó̊

x!hflÏc xy Ï̂SÈ–
xl%¢#°l#  13.2

1. 20 2. 99 3. 1

4. (i) 3x2 (ii) 2x – 3 (iii)
−2

3
x

(iv)
−

−( )

2

1
2

x

6. nx a n x a n x a
n n n n− − − −+ − + − + +1 2 2 3 1

1 2( ) ( ) ...

7. (i) 2x a b− − (ii) 4
2

ax ax b+( )  (iii)
a b

x b

−

−( )2

8 .8 .8 .8 .8 .
nx anx x a

x a

n n n n− − +

−( )

−1

2

9 .9 .9 .9 .9 . (i)   2 (ii) 20x3 – 15x2 + 6x – 4 (iii)
−

+( )
3

5 2
4

x

x (iv) 15x4 + 
24

5
x

(v) 
−

+
12 36

5 10
x x

  (vi) 
−

+( )
−

−

−

2

1

3 2

3 1
2

x

x x

x

( )

( )
2 10.  – sin x

11. (i) cos 2x (ii) sec x tan x

(iii) 5sec x tan x – 4sin x (iv) – cosec x cot x

(v) – 3cosec2 x – 5 cosec x cot x (vi) 5cos x+ 6sin x

(vii) 2sec2 x – 7sec x tan x
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xôƒyÎ˚ 13 ÈüÈ~Ó˚ !Ó!Óô xl%¢#°l#

1. (i) – 1  (ii) 
1

2
x

   (iii) cos (x + 1)   (iv) − −








sin x

π

8
  2.   1

3.
−

+
qr

x

ps
2 4. 2c (ax+b) (cx + d) + a (cx + d)2

5.

ad bc

cx d

−

+( )2 6.

−

−( )
≠

2

1

0 1
2

x

x, ,
            7.  

− +( )

+ +( )
2

2
2

ax b

ax bx c

8.

− − + −

+ +( )
apx bpx ar bq

px qx r

2

2
2

2

9.  
apx bpx bq ar

ax b

2

2

2+ + −

+( ) 10.  
−

+ −
4 2

5 3

a

x

b

x

xsin

11.
2

x
12. na ax b

n

+( ) −1

13. ax b cx d mc ax b na cx d
n m

+( ) +( ) +( ) + +( ) 
− −1 1

14.   cos (x+a)

15. – cosec3 x – cosec x cot2 x 16.  
−

+

1

1 sin x

17.

−

−( )

2

2

sin cosx x
18.

2

1
2

sec tan

sec

x x

x +( ) 19.   n sin
n – 1

x cos x

20.

bc x ad x bd

c d x

cos sin

cos

+ +

+( )2 21.
cos

cos

a

x
2

22. x x x x x x x
3

5 3 20 12cos sin sin cos+ + −( )

23. − − +x x x x x
2

2sin sin cos

24. − +( ) + +( ) +( )q x ax x p q x a x xsin
2

2sin cos cos

25. − +( ) + −( ) −( )tan cos tan sin
2

1x x x x x x

26.

35 15 28 28 15

3 7
2

+ + + −

+( )

x x x x x x

x x

cos cos sin sin

cos
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27.

x x x x

x

cos sin cos

sin

π

4
2

2

−( )
28.

1

1

2

2

+ −

+( )
tan sec

tan

x x x

x

29. x x x x x x x+( ) −( ) + −( ) +( )sec sec tan sec tan1 1
2

.

30.
sin cos

sin

x n x x

x
n

−
+1

xl%¢#°l# 14.1

1. (i) ~•z ÓyÜ˛ƒ!ê˛ §Ó≈òy !ÙÌƒy– Ü˛yÓ˚î Ùy Ï̂§Ó˚ § Ï̂Ó≈yFã˛ !òl §Çáƒy •° 31 – xï˛~Óñ ~!ê˛ ~Ü˛!ê˛ í z̨!=˛–
(ii) ~!ê˛ í z̨!=˛ lÎ˚– Ü˛yÓ˚î !Ü˛S%È ̂ °y Ï̂Ü˛Ó˚ çlƒ à!îï˛ §•ç • Ï̂ï˛ ̨ õy Ï̂Ó˚ ~ÓÇ xlƒ !Ü˛S%È ̂ °y Ï̂Ü˛Ó˚ çlƒ

à!îï˛ Ü˛!ë˛l • Ï̂ï˛ ̨ õy Ï̂Ó˚–
(iii) ~•z ÓyÜ˛ƒ!ê˛ §Ó≈òy §ï˛ƒ– Ü˛yÓ˚î ̂ ÎyàÊ˛° 12 ~ÓÇ ~!ê˛ 10 x Į̈̂ õ«˛y Ó,•_Ó˚ñ xï˛~Óñ ~!ê˛ ~Ü˛!ê˛

í z̨!=˛–
(iv) ~•z ÓyÜ˛ƒ!ê˛ ˆÜ˛y Ï̂ly ˆÜ˛y Ï̂ly §Ù Ï̂Î˚ §ï˛ƒ ~ÓÇ ˆÜ˛y Ï̂ly ˆÜ˛y Ï̂ly §Ù Ï̂Î˚ x§ï˛ƒ– í z̨òy•Ó˚îfl∫Ó)̨̊ õñ 2

~Ó˚ Óà≈ ~Ü˛!ê˛ Î%@¬ §Çáƒy ~ÓÇ 3 ÈüÈ~Ó˚ Óà≈ ~Ü˛!ê˛ xÎ%@¬ §Çáƒy– xï˛~Óñ ~!ê˛ í z̨!=˛ lÎ˚–
(v) ~•z ÓyÜ˛ƒ!ê˛ ˆÜ˛y Ï̂ly ˆÜ˛y Ï̂ly §Ù Ï̂Î˚ §ï˛ƒ ~ÓÇ ˆÜ˛y Ï̂ly ˆÜ˛y Ï̂ly §Ù Ï̂Î˚ !ÙÌƒy– í z̨òy•Ó˚îfl∫Ó)̨̊ õñ

Óà≈̂ Ï«˛e ~ÓÇ Ó˚¡∫̂ Ï§Ó˚ §Ùyl ˜ò Ï̂â≈ƒÓ˚ Óy•% xlƒ!ò Ï̂Ü˛ xyÎ˚ï˛ Ï̂«˛e ~ÓÇ ê ∆̨y!˛õ!çÎy Ï̂ÙÓ˚ x§Ùyl
˜ò Ï̂â≈ƒÓ˚ Óy•%– xï˛~Óñ ~!ê˛ í z̨!=˛ lÎ˚–

(vi) ~!ê˛ ~Ü˛!ê˛ !l Ï̂ò≈¢– xï˛~Ó ~!ê˛ í z̨!=˛ lÎ˚–
(vii) ÓyÜ˛ƒ!ê˛ !ÙÌƒyñ Ü˛yÓ˚î à%îÊ˛° •° å–8ä– xï˛~Óñ ~!ê˛ ~Ü˛!ê˛ í z̨!=˛–
(viii) ~•z ÓyÜ˛ƒ!ê˛ §Ó≈òy §ï˛ƒ– xï˛~Ó ~!ê˛ ~Ü˛!ê˛ í z̨!=˛–
(ix) ˆÜ˛yl !ò Ï̂lÓ˚ Ü˛Ìy í ẑ̨ ÏÕ‘á Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈñ ï˛y Óî≈ly ̂ Ì Ï̂Ü˛ flõT˛ lÎ˚– xï˛~Ó ~!ê˛ í z̨!=˛ lÎ˚–
(x) ~•z í z̨!=˛!ê˛ §ï˛ƒñ Ü˛yÓ˚î §Ü˛° ÓyhflÏÓ §Çáƒy Ï̂Ü˛ a + i × 0 xyÜ˛y Ï̂Ó˚ ˆ°áy ÎyÎ˚–

2. !ï˛l!ê˛ í z̨òy•Ó˚î ~Ó)̨̊ õ • Ï̂ï˛ ̨õy Ï̂Ó˚:
(i) ~•z â Ï̂Ó˚ í z̨̨ õ!fiÌï˛ ≤Ã Ï̂ï˛ƒ Ï̂Ü˛ §y•§#– ~!ê˛ í z̨!=˛ lÎ˚ñ Ü˛yÓ˚î ˆÜ˛yl â Ï̂Ó˚Ó˚ í ẑ̨ ÏÕ‘á Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈñ

Óî≈ly ̂ Ì Ï̂Ü˛ ï˛y flõT˛ lÎ˚ ~ÓÇ §y•§# ¢∑!ê˛ ÎÌyÎÌË˛y Ï̂Ó !lÓ)̨̊ õî Ü˛Ó˚y •Î˚!l–
(ii) ˆ§ ~Ü˛çl •z!O!lÎ˚y!Ó˚Ç å˛Ü˛y!Ó˚àÓ˚# !Óòƒyä ~Ó˚ SÈye#– ~!ê˛G ~Ü˛!ê˛ í z̨!=˛ lÎ˚ñ Ü˛yÓ˚î Úˆ§Û ̂ Ü˛

~!ê˛ ÓyÜ˛ƒ!ê˛ Ï̂ï˛ flõT˛ lÎ˚–
(iii) “cos2θ §Ó≈òy 1/2 ˆÌ Ï̂Ü˛ Ó,•_Ó˚ÛÛ Î!ò ly xyÙÓ˚y çy!l θ !Ü˛ñ xyÙÓ˚y Ó° Ï̂ï˛ ˛õy!Ó˚ ly ÓyÜ˛ƒ!ê˛

§ï˛ƒ ly !ÙÌƒy–
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xl%¢#°l# 14.2

1. (i) ï˛y!Ù°lyí Y̨Ó˚ Ó˚yçôyl# ̂ ã˛ß¨y•z lÎ˚–

(ii) 2 ~Ü˛!ê˛ ç!ê˛° §Çáƒy–

(iii) §Ü˛° !eË%̨ çà%̂ Ï°y •° §ÙÓy•% !eË%̨ ç–
(iv) 2 §Çáƒy!ê˛ 7 ̂ Ì Ï̂Ü˛ Ó,•_Ó˚ lÎ˚–
(v) ≤Ã Ï̂ï˛ƒÜ˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ~Ü˛!ê˛ xá[˛ §Çáƒy lÎ˚–

2. (i) ≤ÃÌÙ í z̨!=˛!ê˛Ó˚ lyÈüÈ!Ü ̨ Î˚y åNegationä •° ÚÚx ~Ü˛!ê˛ Ù)°ò §ÇáƒyÛÛñ Îy !mï˛#Î˚ í z̨!=˛Ó˚ §Ùï%̨ °ƒ–
Ü˛yÓ˚îñ Îál ~Ü˛!ê˛ §Çáƒy xÙ)°ò lÎ˚ñ ï˛ál ~!ê˛ Ù)°ò •Î˚– xï˛~Ó ≤Ãò_ ̂ çyí ¸̨y ̨õÓ˚flõÓ˚ lyÈüÈ
!Ü ̨ Î˚y–

(ii) ≤ÃÌÙ í z̨!=˛!ê˛Ó˚ lyÈüÈ!Ü ̨ Î˚y •° ÚÚx ~Ü˛!ê˛ xÙ)°ò §ÇáƒyÛÛñ Îy !mï˛#Î˚ í z̨!=˛Ó˚ §Ùï%̨ °ƒ– xï˛~Ó
ˆçyí ¸̨y!ê˛ ̨õÓ˚flõÓ˚ lyÈüÈ !Ü ̨ Î˚y–

3. (i) 3 ~Ü˛!ê˛ ̂ ÙÔ!°Ü˛ §Çáƒyó 3 §Çáƒy!ê˛ xÎ%@¬ å§ï˛ƒä–
(ii) §Ü˛° xá[˛ §Çáƒy ôîydÜ˛ó §Ü˛° xá[˛ §Çáƒy }îydÜ˛ å!ÙÌƒyä–
(iii) 3 !ò Ï̂Î˚ 100 !ÓË˛yçƒñ 11 !ò Ï̂Î˚ 100 !ÓË˛yçƒ ~ÓÇ 5 !ò Ï̂Î˚ 100 !ÓË˛yçƒ å!ÙÌƒyä

xl%¢#°l# 14.3

1. (i) ÚÚ~ÓÇÛÛ– í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°ı
§Ü˛° Ù)°ò §Çáƒy ÓyhflÏÓ–
§Ü˛° ÓyhflÏÓ §Çáƒyñ ç!ê˛° §Çáƒy lÎ˚–

(ii) ÚÚxÌÓyÛÛ– í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°ı
~Ü˛!ê˛ xá[˛ §ÇáƒyÓ˚ Óà≈ ôlydÜ˛–
~Ü˛!ê˛ xá[˛ §ÇáƒyÓ˚ Óà≈ }îydÜ˛–

(iii) ÚÚ~ÓÇÛÛ– í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°ı
Óy!° §)Î≈ï˛y Į̈̂ õ ï˛yí ¸̨yï˛y!í ¸̨ àÓ˚Ù •Î˚–
Óy!° Ó˚y!e Ï̂Ó°y o%ï˛ ë˛yu˛y •Î˚ ly–

(iv) ÚÚ~ÓÇÛÛ– í z̨̨ õyÇ¢ í z̨!=˛à%̂ Ï°y •°:

x = 2 •° 3x
2
 – x – 10 = 0 §Ù#Ü˛Ó˚̂ ÏîÓ˚ ~Ü˛!ê˛ Ó#ç–

x = 3 •° 3x
2
 – x – 10 = 0 §Ù#Ü˛Ó˚̂ ÏîÓ˚ ~Ü˛!ê˛ Ó#ç–

2. (i) ÚÚx!hflÏc xy Ï̂SÈÛÛ– lyÈüÈ!Ü ̨ Î˚y ånegationä •°
~Ùl ̂ Ü˛y Ï̂ly §ÇáƒyÓ˚ x!hflÏc ̂ l•z ̂ Î !l Ï̂çÓ˚ Ó Ï̂à≈Ó˚ §Ùyl–

(ii) ÚÚ≤Ã!ï˛!ê˛Ó˚ çlƒÛÛ– lyÈüÈ!Ü ̨ Î˚y ånegationä •° ~Ùl ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy x ÈüÈ~Ó˚ x!hflÏc xy Ï̂SÈ
ˆÎáy Ï̂l x ÈüÈ~Ó˚ Ùyl x + 1 ˆÌ Ï̂Ü˛ ˆSÈy Ï̂ê˛y lÎ˚–

(iii) ÚÚx!hflÏc xy Ï̂SÈÛÛ– lyÈüÈÈ!Ü ̨ Î˚y ånegationä •°
Ë˛yÓ˚ï˛Ó Ï̂£Ï≈ ~Ü˛!ê˛ Ó˚y Ï̂çƒÓ˚ x!hflÏc xy Ï̂SÈ ÎyÓ˚ ̂ Ü˛y Ï̂ly Ó˚yçôyl# ̂ l•z–
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3. ly– í z̨!=˛ (i) ~Ó˚ lyÈüÈ!Ü ̨ Î˚y •°ÈüüüÈ ÚÚÓyhflÏÓ §Çáƒy x G y ~Ó˚ x!hflÏc xy Ï̂SÈ ÎyÓ˚ çlƒ  x + y  ≠

y + x”, Îy (ii) ~Ó˚ í z̨!=˛ ˆÌ Ï̂Ü˛ !Ë˛ß¨–
4. (i) Ó!•Ë≈%̨ !=˛–

(ii) xhs˝Ë≈%̨ !=˛–
(iii) Ó!•Ë≈%̨ !=˛–

xl%¢#°l# 14.4

1. (i) ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy !Ó Ï̂çyí ¸̨ •GÎ˚yÓ˚ xÌ≈ •° ï˛yÓ˚ Óà≈G !Ó Ï̂çyí ¸̨ • Ï̂Ó–
(ii) ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy !Ó Ï̂çyí ¸̨ • Ï̂Ó ̂ Ü˛Ó° Î!ò ï˛yÓ˚ Óà≈ !Ó Ï̂çyí ¸̨ •Î˚–
(iii) ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy !Ó Ï̂çyí ¸̨ •GÎ˚yÓ˚ çlƒ ~!ê˛ ≤Ã Ï̂Î˚yçl ̂ Î ï˛yÓ˚ Óà≈ !Ó Ï̂çyí ¸̨–
(iv) ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ Óà≈ !Ó Ï̂çyí ¸̨ ̨•GÎ˚yÓ˚ çlƒ ~!ê˛ Î Ï̂ÌT˛ ̂ Î §Çáƒy!ê˛ !Ó Ï̂çyí ¸̨–
(v) Î!ò ~Ü˛!ê˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ Óà≈ !Ó Ï̂çyí ¸̨ ly •Î˚ ï˛ Ï̂Ó fl∫yË˛y!ÓÜ˛ §Çáƒy!ê˛ !Ó Ï̂çyí ¸̨ lÎ˚–

2.    (i) !ÓÓ%̊ÂôÈüÈôîydÜ˛ •°ÈüüüÈ
Î!ò ~Ü˛!ê˛ §Çáƒy x !Ó Ï̂çyí ¸̨ ly •Î˚ñ ï˛ Ï̂Ó x ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy lÎ˚–
!Ó˛õÓ˚#ï˛ •°ÈüüüÈ
Î!ò ~Ü˛!ê˛ §Çáƒy x !Ó Ï̂çyí ¸̨ •Î˚ñ ï˛ Ï̂Ó ~!ê˛ ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy–

(ii) !ÓÓ%̊ÂôÈüÈôîydÜ˛ •°ÈüüüÈ
Î!ò ò%!ê˛ §Ó˚° Ï̂Ó˚áy ~Ü˛•z §Ùï˛ Ï̂° ̨õÓ˚flõÓ˚̂ ÏÜ˛ ̂ SÈò Ü˛ Ï̂Ó˚ ï˛ Ï̂Ó ï˛yÓ˚y §Ùyhs˝Ó˚y° lÎ˚–
!Ó˛õÓ˚#ï˛ •°ÈüüüÈ
Î!ò ò%!ê˛ §Ó˚° Ï̂Ó˚áy ~Ü˛•z §Ùï˛ Ï̂° ̂ SÈò ly Ü˛ Ï̂Ó˚ ï˛ Ï̂Ó ï˛yÓ˚y §Ùyhs˝Ó˚y°–

(iii) !ÓÓ%̊ÂôÈüÈôîydÜ˛ •°ÈüüüÈ
Î!ò ˆÜ˛y Ï̂ly !Ü˛S%È Ü˛Ù ï˛y˛õÙyey Ï̂ï˛ ly Ìy Ï̂Ü˛ ï˛ Ï̂Ó ~!ê˛ ë˛yu˛y lÎ˚–
!Ó˛õÓ˚#ï˛ •°ÈüüüÈ
Î!ò ˆÜ˛y Ï̂ly !Ü˛S%È Ü˛Ù ï˛y˛õÙyeyÎ˚ Ìy Ï̂Ü˛ ï˛ Ï̂Ó ~!ê˛ ë˛yu˛y–

(iv) !ÓÓ%̊ÂôÈüÈôîydÜ˛ •°ÈüüüÈ
Î!ò ˆï˛yÙyÓ˚ çyly Ìy Ï̂Ü˛ xÓ Ï̂Ó˚y•# ≤Ã!Ü ̨ Î˚y Ü˛#Ó)̨̊ õ •Î˚ñ ï˛ Ï̂Ó ï%̨ !Ù çƒy!Ù!ï˛ Ï̂Ü˛ í z̨̨ õ°!kô Ü˛Ó˚̂ Ïï˛
˛õyÓ˚̂ ÏÓ–
!Ó˛õÓ˚#ï˛ •°ÈüüüÈ
Î!ò ̂ ï˛yÙyÓ˚ çyly ly Ìy Ï̂Ü˛ xÓ Ï̂Ó˚y•# ≤Ã!Ü ̨ Î˚y Ü˛#Ó)̨̊ õ •Î˚ñ ï˛ Ï̂Ó ï%̨ !Ù çƒy!Ù!ï˛ Ï̂Ü˛ í z̨̨ õ°!kô Ü˛Ó˚̂ Ïï˛
˛õyÓ˚̂ ÏÓ ly–

(v) ~•z í z̨!=˛!ê˛ ˆ°áy ÎyÎ˚ÈüÈ ÚÚÎ!ò x ~Ü˛!ê˛ ˆçyí ¸̨ §Çáƒy •Î˚ñ ï˛ Ï̂Ó x, 4 !ò Ï̂Î˚ !ÓË˛yçƒÛÛ–
!ÓÓ%̊ÂôÈüÈôîydÜ˛ •°ÈüüüÈ
Î!ò x, 4 !ò Ï̂Î˚ !ÓË˛yçƒ ly •Î˚ñ ï˛ Ï̂Ó x ~Ü˛!ê˛ ˆçyí ¸̨ §Çáƒy lÎ˚–
!Ó˛õÓ˚#ï˛ •°ÈüüüÈ
Î!ò x, 4 !ò Ï̂Î˚ !ÓË˛yçƒ •Î˚ñ ï˛ Ï̂Ó x ~Ü˛!ê˛ ˆçyí ¸̨ §Çáƒy–

3. (i) Î!ò ï%̨ !Ù ~Ü˛!ê˛ ã˛yÜ˛Ó˚# ̨õyG ï˛ Ï̂Ó ̂ ï˛yÙyÓ˚ !ÓŸªy§ Ï̂Îyàƒï˛y Ë˛y Ï̂°y–
(ii) Î!ò Ü˛°yàySÈ ~Ü˛ Ùy§ àÓ˚̂ ÏÙ Ìy Ï̂Ü˛ ï˛ Ï̂Ó ~!ê˛ ≤Ãfl≥%̨ !ê˛ï˛ • Ï̂Ó–
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(iii) Î!ò ~Ü˛!ê˛ ã˛ï%̨ Ë%≈̨ Ï̂çÓ˚ Ü˛î≈à%̂ Ï°y ̨õÓ˚flõÓ˚̂ ÏÜ˛ §Ù!má![˛ï˛ Ü˛ Ï̂Ó˚ ï˛ Ï̂Ó ~!ê˛ ~Ü˛!ê˛ §yÙyhs˝!Ó˚Ü˛–
(iv) Î!ò ï%̨ !Ù ̂ ◊!î Ï̂ï˛ A+ ̨ õyG ï˛ Ï̂Ó ï%̨ !Ù Ó•z!ê˛Ó˚ §Óà%̂ Ï°y xl%¢#°l# Ü˛Ó˚̂ Ïï˛ ̨ õyÓ˚̂ ÏÓ–

4.   a (i) !ÓÓ̊%ÂôÈüÈôlydÜ˛–
(ii) !Ó˛õÓ˚#ï˛–

      b (i) !ÓÓ̊%ÂôÈüÈôlydÜ˛
(ii) !Ó˛õÓ̊#ï˛

xl%¢#°l# 14.5

5. (i) !ÙÌƒy– çƒyÈüÈ~Ó˚ §ÇK˛y xl%ÎyÎ˚# ~!ê˛ Ó,_ Ï̂Ü˛ ò%!ê˛ !Ó®%̂ Ïï˛ ̂ SÈò Ü˛Ó˚̂ ÏÓ–
(ii) !ÙÌƒy– ~!ê˛ ~Ü˛!ê˛ !Ó˛õÓ˚#ï˛ í z̨òy•Ó˚̂ ÏîÓ˚ §y•y Ï̂Îƒ ̂ òáy Ï̂ly ÎyÎ˚– ~Ü˛!ê˛ çƒy ̂ Î!ê˛ Óƒy§ lÎ˚ñ ~Ü˛!ê˛

!Ó˛õÓ˚#ï˛ í z̨òy•Ó˚î–
(iii) §ï˛ƒ– ~Ü˛!ê˛ í z̨̨ õÓ,̂ Ï_Ó˚ §Ù#Ü˛Ó˚̂ Ïî Î!ò xyÙÓ˚y a=b Ó§y•zñ ï˛y• Ï̂° ~!ê˛ ~Ü˛!ê˛ Ó,_ •Î˚ å≤Ãï˛ƒ«˛

˛õÂô!ï˛ä
(iv) §ï˛ƒ– x§Ùï˛yÓ˚ !lÎ˚Ù xl%ÎyÎ˚#–
(v) !ÙÌƒy– ˆÎ Ï̂•ï%̨  11 ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒyñ §%ï˛Ó˚yÇ 11  •° xÙ)°ò–

xôƒyÎ˚ 14 ~Ó˚ !Ó!Óô xl%¢#°l#
1. (i) ~Ùl ~Ü˛!ê˛ ôîydÜ˛ ÓyhflÏÓ §Çáƒy x ~Ó˚ x!hflÏc xy Ï̂SÈ ˆÎáy Ï̂l x–1 ôîydÜ˛ lÎ˚–

(ii) ~Ùl ~Ü˛!ê˛ !Óí ¸̨y Ï̂°Ó˚ x!hflÏc xy Ï̂SÈ ̂ Î!ê˛ xÑyã˛í ¸̨ ̂ òÎ˚ ly–
(iii) ~Ùl ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy x ~Ó˚ x!hflÏc xy Ï̂SÈ ̂ Îáy Ï̂l x > 1 xÌÓy x < 1 ~Ó˚ ̂ Ü˛y Ï̂ly!ê˛•z lÎ˚–
(iv) ~Ó)̨̊ õ ˆÜ˛y Ï̂ly §Çáƒy x ~Ó˚ x!hflÏc ˆl•z ˆÎáy Ï̂l 0 < x < 1 –

2. (i) í z̨!=˛!ê˛ ~Ó)̨̊ õ ̂ °áy ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚ñ ÚÚÎ!ò ~Ü˛!ê˛ ôîydÜ˛ ̨õ)î≈§Çáƒy ̂ ÙÔ!°Ü˛ •Î˚ñ ï˛ Ï̂Ó ~!ê˛Ó˚ 1 ~ÓÇ
ˆ§•z §Çáƒy SÈyí ¸̨y xlƒ ̂ Ü˛y Ï̂ly Ë˛yçÜ˛ ̂ l•zÛÛ–
!Ó˛õÓ˚#ï˛ í z̨!=˛!ê˛ •°ÈüüüÈ
Î!ò ~Ü˛!ê˛ ôîydÜ˛ ̨õ)î≈§ÇáƒyÓ˚ 1 ~ÓÇ ̂ §•z §Çáƒy SÈyí ¸̨y xlƒ ̂ Ü˛y Ï̂ly Ë˛yçÜ˛ ly Ìy Ï̂Ü˛ ï˛ Ï̂Ó ~!ê˛
•° ~Ü˛!ê˛ ˆÙÔ!°Ü˛ §Çáƒy–
!ÓÓ)̊ÂôÈüÈôîydÜ˛ í z̨!=˛!ê˛ •°ÈüüüÈ
Î!ò ôîydÜ˛ ˛õ)î≈§ÇáƒyÓ˚ 1 ~ÓÇ ˆ§•z §Çáƒy SÈyí ¸̨y Ë˛yçÜ˛ Ìy Ï̂Ü˛ ï˛ Ï̂Ó ~!ê˛ ˆÙÔ!°Ü˛ lÎ˚–

(ii) ≤Ãò_ í z̨!=˛!ê˛ ~Ó)̨̊ õ ̂ °áy ̂ Î Ï̂ï˛ ̨õy Ï̂Ó˚ ÚÚÎ!ò !òl!ê˛ ̂ Ó˚Ôo í z̨Iµ° •Î˚ ï˛ Ï̂Ó xy!Ù ~Ü˛!ê˛ §Ù%oï˛ Ï̂ê˛
Îy•zÛÛ–
!Ó˛õÓ˚#ï˛ í z̨!=˛!ê˛ •°ÈüüüÈ
Î!ò xy!Ù §Ù%oï˛ Ï̂ê˛ Îy•z ï˛ Ï̂Ó ~!ê˛ ~Ü˛!ê˛ ˆÓ˚Ôo í z̨Iµ° !òl–
!ÓÓ)̊ÂôÈüÈôîydÜ˛ í z̨!=˛!ê˛ •°ÈüüüÈ
Î!ò xy!Ù ~Ü˛!ê˛ §Ù%oï˛ Ï̂ê˛ ly Îy•z ï˛ Ï̂Ó ~!ê˛ ~Ü˛!ê˛ ˆÓ˚Ôo í z̨Iµ° !òl lÎ˚–

(iii) !Ó˛õÓ˚#ï˛ í z̨!=˛!ê˛ •°ÈüüüÈ
Î!ò ï%̨ !Ù ï,̨ £÷Ïy xl%Ë˛Ó Ü˛Ó˚ ï˛ Ï̂Ó Óy•ẑ ÏÓ˚ àÓ˚Ù xy Ï̂SÈ–
!ÓÓ%̊ÂôÈüÈôîydÜ˛ í z̨!=˛!ê˛ •°ÈüüüÈ
Î!ò ï%̨ !Ù ï,̨ £÷Ïy xl%Ë˛Ó ly Ü˛Ó˚ ï˛ Ï̂Ó Óy•ẑ ÏÓ˚ àÓ˚Ù ̂ l•z–
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3. (i) Î!ò ï%̨ !Ù §yË≈̨ y Ï̂Ó˚ °à‰ xl‰ Ü˛ Ï̂Ó˚ ÌyÜ˛ ï˛ Ï̂Ó ̂ ï˛yÙyÓ˚ Ü˛y Ï̂SÈ ~Ü˛!ê˛ ̨ õy§GÎ˚yí≈̨  xy Ï̂SÈ–
(ii) Î!ò Ó£Ï≈y •Î˚ ï˛ Ï̂Ó ̂ §áy Ï̂l Îylçê˛ •Î˚–
(iii) Î!ò ï%̨ !Ù G Ï̂Î˚Ó§y•ẑ Ïê˛ ≤Ã Ï̂Ó¢ Ü˛Ó˚̂ Ïï˛ ã˛yG ï˛ Ï̂Ó ï%̨ !Ù ~Ü˛!ê˛ ãÑ̨ yòy ≤Ãòyl Ü˛Ó˚̂ ÏÓ–

4. (i) ï%̨ !Ù ˆê˛!°!Ë˛¢l ˆòá Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò ˆï˛yÙyÓ˚ Ùl Ù%=˛ Ìy Ï̂Ü˛–
(ii) ï%̨ !Ù A ˆ@˝Ãí˛ ˛õyG Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò ï%̨ !Ù !lÎ˚!Ùï˛ §Ó Óy!í ¸̨Ó˚ Ü˛yç Ü˛Ó˚–
(iii) ~Ü˛!ê˛ ã˛ï%̨ Ë%%≈̨ ç §Ùyl ̂ Ü˛yî !Ó!¢T˛ •Î˚ Î!ò ~ÓÇ ̂ Ü˛Ó°Ùye Î!ò ~!ê˛ ~Ü˛!ê˛ xyÎ˚ï˛ Ï̂«˛e •Î˚–

5. ÚÚ~ÓÇ˛ÛÛ !ò Ï̂Î˚ Î%=˛ ˆÎÔ!àÜ˛ í z̨!=˛ •°ñ 25 §Çáƒy!ê˛ 5 ~ÓÇ 8 ~Ó˚ à%!îï˛Ü˛–
~!ê˛ ~Ü˛!ê˛ !ÙÌƒy í z̨!=˛–
ÚÚxÌÓyÛÛ !ò Ï̂Î˚ Î%=˛ ˆÎÔ!àÜ˛ í z̨!=˛ •°ñ 25 §Çáƒy!ê˛ 5 xÌÓy 8 ~Ó˚ à%!îï˛Ü˛–
~!ê˛ ~Ü˛!ê˛ §ï˛ƒ í z̨!=˛–

7. xl%¢#°l# 14.4 ~Ó˚ ≤ÃŸ¿ 1 ÈüÈ~Ó˚ xl%Ó)̨̊ õ–

xl%¢#°l# 15.1

1. 3 2. 8.4 3. 2.33 4. 7

5. 6.32 6. 16 7. 3.23 8. 5.1

9. 157.92 10. 11.28 11. 10.34 12. 7.35

xl%¢#°l# 15.2

1. 9, 9.25 2.
n n+ −1

2

1

12

2

, 3. 16.5, 74.25 4. 19, 43.4

5. 100, 29.09 6. 64, 1.69 7. 107, 2276 8. 27, 132

9. 93, 105.52, 10.27 10. 5.55, 43.5

xl%¢#°l# 15.3

1. B 2. Y 3. (i) B,   (ii) B

4. A 5. Gçl

xôƒyÎ˚ 15 ÈüÈ~Ó˚ !Ó!Óô xl%¢#°l#

1. 4, 8 2. 6, 8 3. 24, 12

5. (i) 10.1,  1.99    (ii) 10.2,  1.98

6. Ó˚§yÎ˚̂ Ïl § Ï̂Ó≈yFã˛ ~ÓÇ à!î Ï̂ï˛ §Ó≈!l¡¨– 7. 20, 3.036
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xl%¢#°l#  16.1

1. {HHH, HHT, HTH, THH, TTH, HTT, THT, TTT}

2. {(x, y) : x, y = 1,2,3,4,5,6}

xÌÓy {(1,1), (1,2), (1,3), ..., (1,6), (2,1), (2,2), ..., (2,6), ..., (6, 1), (6, 2), ..., (6,6)}

3. {HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, HTTH, THHT, THTH,

TTHH, HTTT, THTT, TTHT, TTTH, TTTT}

4. {H1, H2, H3, H4, H5, H6, T1, T2, T3, T4, T5, T6}

5. {H1, H2, H3, H4, H5, H6, T}

6. {XB
1
, XB

2
, XG

1
, XG

2
, YB

3
, YG

3
, YG

4
, YG

5
}

7. {R1, R2, R3, R4, R5, R6, W1, W2, W3, W4, W5, W6, B1, B2, B3, B4, B5, B6}

8. (i) {BB, BG, GB, GG}   (ii) {0, 1, 2}

9. {RW, WR, WW}

10. {HH, HT, T1, T2, T3, T4, T5, T6}

11. {DDD, DDN, DND, NDD, DNN, NDN, NND, NNN}

12. {T, H1, H3, H5, H21, H22, H23, H24, H25, H26, H41, H42, H43, H44, H45, H46,

H61, H62, H63, H64, H65, H66}

13. {(1,2), (1,3), (1,4),  (2,1), (2,3), (2,4), (3,1), (3,2), (3,4), (4,1), (4,2), (4,3)}

14. {1HH, 1HT, 1TH, 1TT, 2H, 2T, 3HH, 3HT, 3TH, 3TT, 4H, 4T, 5HH, 5HT, 5TH,

5TT, 6H, 6T}

15. {TR
1
, TR

2
, TB

1
, TB

2
, TB

3
, H1, H2, H3, H4, H5, H6}

16. {6, (1,6), (2,6), (3,6), (4,6), (5,6), (1,1,6), (1,2,6), ..., (1,5,6), (2,1,6), (2,2,6), ...,

(2,5,6), ..., (5,1,6), (5,2,6), ... }

xl%¢#°l#  16.2

1. ly–
2. (i) {1, 2, 3, 4, 5, 6}         (ii) φ     (iii)  {3, 6}        (iv)  {1, 2, 3}     (v)  {6}

(vi) {3, 4, 5, 6}, A∪B = {1, 2, 3, 4, 5, 6},   A∩B = φ, B∪C = {3, 6}, E∩F = {6},

D∩E = φ,

A – C = {1, 2,4,5}, D – E = {1,2,3}, E∩ ′F  = φ, ′F  = {1, 2}

3. A = {(3,6), (4,5), (5, 4), (6,3), (4,6), (5,5), (6,4), (5,6), (6,5), (6,6)}

B = {(1,2), (2,2), (3, 2), (4,2), (5,2), (6,2), (2,1), (2,3), (2,4), (2,5), (2,6)}

C ={(3,6), (6,3), (5, 4), (4,5), (6,6)}

A ~ÓÇ B, B ~ÓÇ C •° ˛õÓ˚flõÓ˚ ˛õ,ÌÜ˛–

4. (i) A ~ÓÇ B; A ~ÓÇ C; B ~ÓÇ C; C ~ÓÇ D  (ii) A ~ÓÇ C   (iii) B ~ÓÇ D
5. (i)  ÚÚÜ˛Ù˛õ Ï̂«˛ ò%!ê˛ ̂ •í˛ ̨õyGÎ˚yÛÛñ ~ÓÇ ÚÚÜ˛Ù˛õ Ï̂«˛ ò%!ê˛ ̂ ê˛° ̨õyGÎ˚yÛÛ

(ii) ÚÚˆ•í˛ ly ̨ õyGÎ˚yÛÛñ ÚÚ~Ü˛!ê˛ Ùye ̂ •í˛ ̨ õyGÎ˚yÛÛ ~ÓÇ ÚÚÜ˛Ù˛õ Ï̂«˛ ò%!ê˛ ̂ •í˛ ̨ õyGÎ˚yÛÛ
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(iii) ÚÚx!ôÜ˛ï˛Ù ò%!ê˛ ̂ ê˛° ̨õyGÎ˚yÛÛ ~ÓÇ ÚÚˆÜ˛Ó° ò%!ê˛ ̂ ê˛° ̨õyGÎ˚yÛÛ
(iv) ÚÚˆÜ˛Ó° ~Ü˛!ê˛ ̂ •í˛ ̨ õyGÎ˚yÛÛ ~ÓÇ ÚÚˆÜ˛Ó° ò%!ê˛ ̂ •í˛ ̨ õyGÎ˚yÛÛ
(v) ÚÚˆÜ˛Ó° ~Ü˛!ê˛ ̂ ê˛° ̨õyGÎ˚yÛÛñ ÚÚˆÜ˛Ó° ò%!ê˛ ̂ ê˛° ̨õyGÎ˚yÛÛ ~ÓÇ ÚÚˆÜ˛Ó° !ï˛l!ê˛ ̂ ê˛° ̨õyGÎ˚yÛÛ

AoT˛Óƒ  í z̨̨ õ Ï̂Ó˚y=˛ ≤Ã Ï̂Ÿ¿Ó˚ í z̨_ Ï̂Ó˚ xlƒ âê˛lyG • Ï̂ï˛ ̨ õy Ï̂Ó˚–

6. A = {(2, 1), (2,2), (2,3), (2,4), (2,5), (2,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6),

(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}

B = {(1, 1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4), (3,5), (3,6),

(5,1), (5,2), (5,3), (5,4), (5,5), (5,6)}

C = {(1, 1), (1,2), (1,3), (1,4), (2,1), (2,2), (2,3), (3,1), (3,2), (4,1)}

(i) A′ = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4), (3,5), (3,6),

(5,1), (5,2), (5,3), (5,4), (5,5), (5,6)} = B

(ii) B′ = {(2,1), (2,2), (2,3), (2,4), (2,5), (2,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6),

(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)} = A

(iii) A∪B = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4), (3,5),

(3,6), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6), (2,1), (2,2), (2,3), (2,5),

(2,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), (6,3), (6,4),

(6,5), (6,6)} = S

(iv) A ∩ B = φ

(v) A – C = {(2,4), (2,5), (2,6), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), (6,3),

(6,4), (6,5), (6,6)}

(vi) B ∪ C = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (3,1), (3,2),

(3,3), (3,4), (3,5), (3,6), (4,1), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6)}

(vii) B ∩ C = {(1,1), (1,2), (1,3), (1,4), (3,1), (3,2)}

(viii) A ∩ B′ ∩ C′ = {(2,4), (2,5), (2,6), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2),

(6,3), (6,4), (6,5), (6,6)}

7. (i) §ï˛ƒ    (ii)  §ï˛ƒ    (iii)  §ï˛ƒ    (iv)  !ÙÌƒy    (v)  !ÙÌƒy    (vi)  !ÙÌƒy

xl%¢#°l#  16.3

1. (a) •Ñƒy     (b) •Ñƒy     (c) ly    (d) ly    (e) ly 2.
3

4

3. (i) 
1

2
 (ii) 

2

3
 (iii) 

1

6
 (iv) 0  (v) 

5

6
4. (a) 52  (b) 

1

52
 (c) (i)

1

13
(ii)

1

2

5. (i)
1

12
(ii)

1

12
6.

3

5
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7. 4.00 ê˛yÜ˛y °yË˛ñ   1.50 ê˛yÜ˛y °yË˛,   1.00 ê˛yÜ˛y «˛!ï˛,    3.50 ê˛yÜ˛y «˛!ï˛,   6.00 ê˛yÜ˛y «˛!ï˛–

P ( 4.00 ê˛yÜ˛y çÎ˚°yË˛ Ü˛Ó˚y) =
1

16
, P(1.50 ê˛yÜ˛y çÎ˚°yË˛ Ü˛Ó˚y) =

1

4
,

P (1.00 ê˛yÜ˛y ˛õÓ˚y!çï˛ •GÎ˚y) =
3

8
ñ P (3.50 ê˛yÜ˛y ˛õÓ˚y!çï˛ •GÎ˚y) =

1

4
,

P (6.00 ê˛yÜ˛y ˛õÓ˚y!çï˛ •GÎ˚y) =
1

16
–

8. (i) 
1

8
  (ii) 

3

8
  (iii) 

1

2
  (iv) 

7

8
  (v) 

1

8
  (vi) 

1

8
  (vii) 

3

8
  (viii) 

1

8
  (ix) 

7

8

9.
9

11
10. (i) (ii)

6

13

7

13
11.

1

38760

12. (i) lyñ Ü˛yÓ˚l P(A∩B) xÓ¢ƒ•z P(A) ~ÓÇ P(B) ~Ó˚ §Ùyl Óy ˆSÈy Ï̂ê˛y (ii) •ƒÑy

13. (i) (ii) 0.5 (iii)
7

15
0 15. 14.

4

5

15. (i) (ii)
5

8

3

8
16. ly 17. (i) 0.58  (ii) 0.52  (iii) 0.74

18. 0.6 19. 0.55 20. 0.65

21. (i) (ii) (iii)
19

30

11

30

2

15

xôƒyÎ˚ 16 ÈüÈ~Ó˚ !Ó!Óô xl%¢#°l#

1. (i) 

20

5

60

5

C

C
    (ii) 1

30

5

60

5

−
C

C
2.

13

3

13

1

52

4

C C

C

.

3. (i) (ii) (iii)
1

2

1

2

5

6
4. (a) b

C

C

999

1000

9990

2

10000

2

( )       (c)
C

C

9990

10

10000

10

5. (a) (b)
17

33

16

33
6.

2

3

7. (i) 0.88    (ii) 0.12    (iii) 0.19    (iv) 0.34 8.
4

5

9. (i) (ii)
33

83

3

8
10.

1

5040
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xôƒyÎ˚  3

3.6 §y•zl åSineä ~ÓÇ ˆÜ˛yÈüÈ§y•zl åCosineä
§)ˆÏeÓ˚ ≤ÃÙyî ~ÓÇ !Ü˛S%È §•ç ≤ÃˆÏÎ˚yà

ôˆÏÓ˚y ABC ~Ü˛!ê˛ !eË%˛ç– ̂ Ü˛yî A Ó°ˆÏï˛ xyÙÓ˚y Ó%!V˛ñ  AB

G AC Óy•%Ó˚ §y•yˆÏÎƒ í˛zÍ˛õß¨ ˆÜ˛yîñ Îy 0° ˆÌ Ï̂Ü˛ 180°ÈüÈ~Ó˚
ÙˆÏôƒ xÓ!fiÌï˛– B G C ˆÜ˛yîG xl%Ó˚)˛õË˛yˆÏÓ §ÇK˛y!Î˚ï˛–
¢#£Ï≈!Ó®% C, A ~ÓÇ B ~Ó˚ !Ó˛õÓ˚#ï˛ Óy•% AB, BC ~ÓÇ CA

ˆÜ˛ ÎÌyÜ ˛ˆÏÙ c, a ~ÓÇ b !òˆÏÎ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •ˆÏÓ (!ã˛e 3.15

ˆò Ï̂áy)–
í˛z˛õ˛õyòƒ 1 å§y•zl §)eä (Sine formulae) ˆÎÈüÈˆÜ˛y Ï̂ly

!eË%˛ˆÏç Óy•%à%ˆÏ°yñ !Ó˛õÓ˚#ï˛ ̂ Ü˛yˆÏîÓ˚ §y•zˆÏlÓ˚ §Ùyl%˛õyï˛# •Î˚– xÌ≈yÍñ ~Ü˛!ê˛ !eË%˛ç ABC ~Ó˚ ̂ «˛ Ï̂e

sin sin sinA

a

B

b

C

c
= =

˛≤ÃÙyî  ôˆÏÓ˚y !ã˛e 3.16 (i) G (ii) ˆï˛ ˆòGÎ˚y ∆ABCÈüÈ~Ó˚ ˆÎ ˆÜ˛y Ï̂ly ~Ü˛!ê˛

(i)          (ii)
!ã˛e 3.16

¢#£Ï≈ B ˆÌˆÏÜ˛ í˛zFã˛ï˛y h xAÜ˛l Ü˛Ó˚y •°ñ Îy AC Óy•%Ó˚ D !Ó®%ˆÏï˛ !Ù!°ï˛ •Î˚ [!ã˛e (i)ÈüÈ~ AC ~Ó˚

!ã˛e 3.15
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Ó!ô≈ï˛yÇˆÏ¢Ó˚ D !Ó®%ˆÏï˛ í˛zFã˛ï˛y !Ù!°ï˛ •Î˚]–
!ã˛e 3.16(i) ˆï˛ §ÙˆÏÜ˛yî# !eË%˛ç ABD ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zÈüüüÈ

sin ,A
h

c
=  xÌ≈yÍñ h = c sin A (1)

~ÓÇ sin (180° – C) = ⇒ =

h

a
h a Csin (2)

(1) ~ÓÇ (2) ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zÈüüüÈ

c sin A = a sin C, xÌ≈yÍñ 
sin sinA

a

C

c
= (3)

xl%Ó˚)ˆÏ˛õñ xyÙÓ˚y ≤ÃÙyî Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚ ˆÎñ
sin sinA

a

B

b
= (4)

(3) G (4) ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z

sin sin sinA

a

B

b

C

c
= =

!ã˛e 3.16 (ii)ÈüÈ~Ó˚ !eË%˛ç ABC ̂ ÌˆÏÜ˛ xl%Ó˚)˛õË˛yˆÏÓ §Ù#Ü˛Ó˚î (3) ~ÓÇ (4) ̨õyGÎ˚y ÎyÎ˚–

í˛z˛õ˛õyòƒ 2 [ˆÜ˛yÈüÈ§y•zl §)e (Cosine formulae)] ôˆÏÓ˚yñ ~Ü˛!ê˛ !eË%˛ˆÏçÓ˚ ˆÜ˛yîà%ˆÏ°y •° A, B ~ÓÇ C
~ÓÇ a, b G c •° ÎÌyÜ ̨ Ï̂Ù ˆÜ˛yî A, B ~ÓÇ C ~Ó˚ !Ó˛õÓ˚#ï˛ Óy•%à%ˆÏ°yÓ˚ ˜òâ≈ƒ– §%ï˛Ó˚yÇñ

a b c bc A

b c a ca B

c a b ab C

2 2 2

2 2 2

2 2 2

2

2

2

= + −

= + −

= + −

cos

cos

cos

≤ÃÙyî  !ã˛e 3.17 (i) ~ÓÇ (ii) ˆï˛ ≤Ãò_ !eË%˛çABC –

(i) (ii)

!ã˛e 3.17
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!ã˛e 3.17 (ii) xl%ÎyÎ˚# xyÙÓ˚y ̨õy•zñ

BC2 = BD2 + DC2 = BD2 + (AC – AD)2

= BD2 + AD2 + AC2 −2AC.AD

= AB2 + AC2 −2AC AB cos A

xÌÓyñ     a2 = b2 + c2 – 2bc cosA

xl%Ó)̨̊ õË˛y Ï̂Ó xyÙÓ˚y !lî≈Î˚ Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚ñ

b c a ca B
2 2 2

2= + − cos

~ÓÇ c a b ab C
2 2 2

2= + − cos

!ã˛e 3.17 (i) ˆÌˆÏÜ˛ xl%Ó˚)˛õ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ñ ̂ ÎáyˆÏl C ˆÜ˛yî!ê˛ fiÌ)° Ï̂Ü˛yî–

Îál ̂ Ü˛yî !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •Î˚ ï˛ál ̂ Ü˛yÈüÈ§y•zl §)ˆÏeÓ˚ §Ó˚°ï˛Ù xyÜ˛yÓ˚ •° !l¡¨Ó˚)˛õÈüüüÈ

cos

cos

cos

A

B

C

=

+ −

=

+ −

=

+ −

b c a

bc

c a b

ac

a b c

ab

2 2 2

2 2 2

2 2 2

2

2

2

í˛zòy•Ó˚î 25 ABC !eË%˛ˆÏç ≤ÃÙyî Ü˛ˆÏÓ˚yÈüüüÈ

tan cot

tan cot

tan cot

B C b c

b c

A

C A c a

c a

B

A B a b

a b

C

−

=

−

+

−

=

−

+

−

=

−

+

2 2

2 2

2 2

≤ÃÙyî  §y•zl §)e ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zÈüüüÈ

a

A

b

B

c

C
k

sin sin sin
= = = åô Ï̂Ó˚yä–



 §ÇˆÏÎy!çï˛ !Ó£ÏÎ˚Ó›    469

§%ï˛Ó˚yÇñ    
b c

b c

k B C

k B C

−

+

=

−

+

(sin sin )

(sin sin )

=

+ −

+ −

2
2 2

2
2 2

cos sin

sin cos

B C B C

B C B C

=

+

cot
( )

tan
( )B C B C  

2 2

−

= −























cot tan

π

2 2 2

A B C−

=

tan

cot

B C

A

−

2

2

§%ï˛Ó˚yÇñ tan cot
B C b c

b c

A− −

2 2
=

+

xl%Ó̊)̨ õË˛y Ï̂Ó xyÙÓ̊y xlƒ Ê˛°à%̂ Ï°yG ≤ÃÙyî Ü˛Ó̊ Ï̂ï˛ ̨õy!Ó̊– ~•z Ê˛°à%̂ Ï°y !Ó Ï̂¢£ÏË˛y Ï̂Ó ̂ l!˛õÎ̊y Ï̂Ó̊Ó̊ §yò,¢ƒï˛y
åNapier’s Analogiesä !• Ï̂§ Ï̂Ó ̨õ!Ó˚!ã˛ï˛–

í˛zòy•Ó˚î 26 ˆÎ Ï̂Ü˛yˆÏly !eË%˛ç ABC ~Ó˚ ˆ«˛ Ï̂e ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎÈüüüÈ

a sin (B – C) + b sin  (C – A) + c sin (A – B) = 0

§Ùyôyl ˆï˛yÙÓ˚y çyl ˆÎñ

a sin (B – C) = a [sin B cos C – cos B sin C] (1)

~álñ
sin sin sinA B C

a b c
k= = = åô Ï̂Ó̊yä

§%ï˛Ó˚yÇñ sin A = ak, sin B = bk, sin C = ck
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§Ù#Ü˛Ó˚î (1)ÈüÈ~ sin B G sin C ÈüÈ~Ó˚ Ùyl Ó!§ˆÏÎ˚ ~ÓÇ ˆÜ˛yÈüÈ§y•zl §)e ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüüÈ

a B C a bk
a b c

ab
ck

c a b

ac
sin( )− =

+ −









 −

+ −























2 2 2 2 2 2

2 2

= + − − − +( )

= −

k
a b c c a b

k b c

2

2 2 2 2 2 2

2 2
( )

xl%Ó̊)̂ Į̈ õñ b sin (C – A) = k (c2 – a2)

~ÓÇ c sin (A – B) = k (a2 – b2)

§%ï˛Ó˚yÇñ ÓyÙ˛õ«˛ = k (b2 – c2 + c2 – a2 + a2 – b2)

= 0 = í˛yl˛õ«˛
í˛zòy•Ó˚î 27  A !Ó®% ˆÌ Ï̂Ü˛ h í˛zFã˛ï˛y !Ó!¢T˛ PQ !ÙlyˆÏÓ˚Ó˚ ¢#£Ï≈ !Ó®% PÈüÈ~Ó˚ í˛zß¨!ï˛ ˆÜ˛yî 45° ~ÓÇ

x˛õÓ˚ ~Ü˛!ê˛ !Ó®% B ̂ Ì Ï̂Ü˛ ¢#£Ï≈ !Ó®% PÈüÈ~Ó˚ í z̨ß¨!ï˛ ̂ Ü˛yî 60° ̂ Îáy Ï̂l B !Ó®%!ê˛ A ̂ Ì Ï̂Ü˛ AB ̨õ Ï̂Ì d ò)Ó˚̂ Ïc
xÓ!fiÌï˛ ~ÓÇ AB ˆÓ˚áy AQ ~Ó˚ §yˆÏÌ 30° ˆÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚– ≤ÃÙyî Ü˛ˆÏÓ˚y d = h ( )3 1− –

≤ÃÙyî  !ã˛e 3.18 ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z ∠PAQ = 45°, ∠BAQ = 30°, ∠PBH = 60°

!ã˛e 3.18

flõT˛ï˛•zñ ∠ = ° ∠ = ° ∠ = °APQ BPH APB45 30 15, , ˆÌˆÏÜ ̨˛õyGÎ˚y ÎyÎ̊

xyÓyÓ̊ñ ∠ = ° ⇒ ∠ = °PAB ABP15 150
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!eË%˛ç APQ ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z AP2 = h2 + h2 = 2h2 (ˆÜ˛l⁄)

xÌÓyñ AP = 2h

∆ ABPÈüÈˆï˛ §y•zlÈüÈ§)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüüÈ

AB AP

sin sin sin sin15 150 15

2

150°

=

°

⇒

°

=

°

d h

xÌ≈yÍñ d
h

=

°

°

2 15

30

sin

sin

= −h( )3 1 (ˆÜ˛l⁄)

í˛zòy•Ó˚î 28 !eË%˛çyÜ,̨ !ï˛ ç!Ù ABC ~Ó˚ BC = 7 !Ù, CA = 8 !Ù ~ÓÇ AB = 9 !Ù– AC Óy•%Ó˚
í˛z˛õÓ˚ M Ùôƒ!Ó®%ˆÏï˛ ~Ü˛!ê˛ °y•zê˛ ˆ˛õyfiê˛ ò[˛yÎ˚Ùyl Îy B !Ó®%̂ Ïï˛ 15° §¡ø%á ˆÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚– °y•zê˛
ˆ˛õy Ï̂fiê˛Ó˚ í z̨Fã˛ï˛y !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  !ã˛e 3.19 ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z AB = 9 !Ù = c, BC = 7 !Ù = a ~ÓÇ
AC = 8 !Ù = b –

c = 9

7 = a

8 = b

!ã˛e 3.19

ô Ï̂Ó˚y °y•zê˛ ̂ ˛õyfiê˛ MP ~Ó˚ í z̨Fã˛ï˛y h Îy AC Óy•%Ó˚ í z̨̨ õÓ˚ M Ùôƒ!Ó®%̂ Ïï˛ xÓ!fiÌï˛– xyÓyÓ˚ñ ô Ï̂Ó˚y °y•zê˛
ˆ˛õyfiê˛!ê˛ B !Ó®%ˆÏï˛ §¡ø%á ˆÜ˛yî θ í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ˆÏSÈ ÎyÓ˚ Ùyl 15°–

∆ABCÈüÈˆï˛ ˆÜ˛y§y•zl §)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüüÈ

cosC
a b c

ab
=

+ −

=

+ −

× ×

=

2 2 2

2

49 64 81

2 7 8

2

7
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xl%Ó˚)ˆÏ˛õñ ∆BMCÈüÈˆï˛ ˆÜ˛yÈüÈ§y•zl §)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüü

BM2 = BC2 + CM2 – 2 BC × CM cos C

~áyˆÏlñ  CM CA= =

1

2
4 , ˆÎ Ï̂•ï%̨  AC ~Ó˚ Ùôƒ!Ó®% M–

§%ï˛Ó˚yÇñ §Ù#Ü˛Ó˚î (1) ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüüÈ

BM2 =  49 + 16 – 2 × 7 × 4 × 
2

7

=  49

Óyñ BM =  7

xï˛~Óñ ∆BMP, ÎyÓ˚ M !Ó®%ˆÏï˛ §ÙˆÏÜ˛yîñ ~ ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zÈüüüÈ

tan θ = =

PM

BM

h

7

Óy
h

7
15= °tan( ) = 2 3− (ˆÜ˛l⁄)

Óy h = 7 2 3( )−  7 2 3( )− !Ù

xl%¢#°l# 3.5

ˆÎÈüÈˆÜ˛yˆÏly !eË%˛ç ABCÈüÈ~Ó˚ Î!ò a = 18, b = 24, c = 30 •Î˚ ï˛ˆÏÓ !lî≈Î˚ Ü˛ˆÏÓ˚y ı

1. cos A, cos B, cos C (í z̨_Ó˚ ı
4

5
, 

3

5
, 0)

2. sin A, sin B, sin C (í z̨_Ó˚ ı
3

5
, 

4

5
, 1)

    ˆÎÈüÈˆÜ˛yˆÏly !eË%˛ç ABCÈüÈ~Ó˚ ˆ«˛ˆÏe ≤ÃÙyî Ü˛ˆÏÓ˚y

3.

a b

c

A B

C

+

=

−










cos

sin

2

2
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4.
a b

c

−

=

−










sin

cos

A B

C

2

2

5. sin cos
B C A−

=

−

2 2

b c

a

6. a (b cos C – c cos B) = b2 – c2

7. a (cos C – cos B) = 2 (b – c) cos2 
A

2

8.
sin( )

sin( )

B C

B C

b c

a

−

+

=

−
2 2

2

9. ( )cos cosb c
B C

a
B C

+

+

=

−

2 2

10. a b c acos cos cos sin sinA B C B C+ + = 2

11.
cos cos cosA

a

B

b

C

c

a b c

abc
+ + =

+ +
2 2 2

2

12. (b2 – c2) cotA + (c2 – a2) cotB + (a2 – b2) cotC = 0

13.
b c

a
A

c a

b
B

a b

c
C

2 2

2

2 2

2

2 2

2
2 2 2 0

−

+

−

+

−

=sin sin sin

14. ~Ü˛!ê˛ ˛õy•yˆÏí˛¸Ó˚ ì˛y° xl%Ë)˛!ÙÜ˛ ï˛ˆÏ°Ó˚ §yˆÏÌ 15° ˆÜ˛yˆÏî lï˛– ÎyÓ˚ í˛z˛õÓ˚ °¡∫Ë˛yˆÏÓ ~Ü˛!ê˛ àySÈ
ò[˛yÎ˚Ùyl– àyˆÏSÈÓ˚ ˆàyí˛¸y ˆÌˆÏÜ˛ ˛õy•yˆÏí˛¸Ó˚ ì˛y° ÓÓ˚yÓÓ˚ 35 !Ù l#ˆÏã˛ xÓ!fiÌï˛ ˆÜ˛yˆÏly !Ó®% ˆÌˆÏÜ˛

àyˆÏSÈÓ˚ ¢#ˆÏ£Ï≈Ó˚ í˛zß¨!ï˛ ̂ Ü˛yî 60° •ˆÏ° àyˆÏSÈÓ˚ í˛zFã˛ï˛y !lî≈Î˚ Ü˛ˆÏÓ˚y– (í z̨_Ó˚ ı 35 2    !Ù )

15. ò%!ê˛ çy•yç ~Ü˛•z §ÙˆÏÎ˚ ~Ü˛!ê˛ Ó®Ó˚ ˆÌˆÏÜ˛ Îyey Ü˛ˆÏÓ˚– ~Ü˛!ê˛ 24 !Ü˛!Ù ≤Ã!ï˛ â^˝ê˛y ˆÓˆÏà N45°E

!òˆÏÜ˛ ÎyÎ˚ ~ÓÇ x˛õÓ˚!ê˛ 32 !Ü˛!Ù ≤Ã!ï˛ â^˝ê˛y ˆÓˆÏà S75°E !òˆÏÜ˛ ÎyÎ˚– 3 â^˝ê˛y ˛õÓ˚ çy•yç ò%!ê˛Ó˚

ÙôƒÓï≈˛# ò)Ó˚c !lî≈Î˚ Ü˛ˆÏÓ˚y– (í z̨_Ó˚ ı 86.4 !Ü˛!Ù (≤ÃyÎ˚))

16. ò%!ê˛ àySÈ A G Bñ lò#Ó˚ ~Ü˛•z ï˛#ˆÏÓ˚ xÓ!fiÌï˛– lò#Ó˚ í˛z˛õÓ˚ xÓ!fiÌï˛ ̂ Ü˛yˆÏly !Ó®% C ̂ Ì Ï̂Ü˛ A G B

àySÈ ò%!ê˛Ó˚ ò)Ó˚c ÎÌyÜ ˛ˆÏÙ 250 !Ù ~ÓÇ 300 !Ù– Î!ò C ˆÜ˛y Ï̂îÓ˚ Ùyl 45° •Î˚ñ ï˛ˆÏÓ àySÈ ò%!ê˛Ó˚

ÙôƒÓï≈˛# ò)Ó˚c !lî≈Î˚ Ü˛ˆÏÓ˚y åôˆÏÓ˚y 35 2    ! = 1.44ä– (í z̨_Ó˚ ı 215.5 !Ù)
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xôƒyÎ˚ 5

5.7 ~Ü˛!ê˛ ç!ê˛° Ó˚y!¢Ó˚ Óà≈Ù)°

xyÙÓ˚y ̨õyë˛ƒ˛õ%hflÏˆÏÜ˛Ó˚ ̨õ,¤˛y 108-109 ̂ ï˛ ç!ê˛° Ó#ç !Ó!¢T˛ !mâyï˛ §Ù#Ü˛Ó˚̂ ÏîÓ˚ §Ùyôyl Ü˛Ó˚yÓ˚ ã˛ã≈̨ y Ü˛ Ï̂Ó˚!SÈ–

~áy Ï̂l xyÙÓ˚y ~Ü˛!ê˛ xyò¢≈ xyÜ˛y Ï̂Ó˚Ó˚ ç!ê˛° Ó˚y!¢Ó˚ Óà≈Ù)° !lî≈̂ ÏÎ˚Ó˚ !Ó Ï̂¢£Ï ̨õÂô!ï˛ xy Ï̂°yã˛ly Ü˛Ó˚Ó– xyÙÓ˚y

~!ê˛ ~Ü˛!ê˛ í˛zòy•Ó˚ˆÏîÓ˚ ÙyôƒˆÏÙ ̂ òáÓ–

í˛zòy•Ó˚î 12  –7 – 24i ~Ó˚ Óà≈Ù)° !lî≈Î˚ Ü˛ˆÏÓ˚y–

§Ùyôyl ôˆÏÓ˚yñ  x iy i+ = − −7 24

§%ï˛Ó˚yÇñ x iy i+( ) = − −

2

7 24

xÌÓyñ x2 – y2 + 2xyi = –7 –24i

í˛zË˛Î˚!òˆÏÜ˛Ó˚ ÓyhflÏÓ ~ÓÇ Ü˛y“!lÜ˛ xÇ¢ ï%˛°ly Ü˛ˆÏÓ˚ xyÙÓ˚y ̨õy•zÈüüüÈ

x2 – y2 = –7 (1)

2xy = –24

xyÙÓ˚y çy!lñ

x y x y xy
2 2

2
2 2

2
2

2+( ) = −( ) + ( )

    = 49 + 576

    = 625

xï˛~Óñ x2 + y2 = 25 (2)

(1) G (2) ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ñ  x2 = 9 ~ÓÇ y2 = 16

Óy, x = + 3 ~ÓÇ y = + 4

ˆÎˆÏ•ï%˛ñ à%îÊ˛° xy }îydÜ˛ñ ï˛y•z xyÙÓ˚y ˛õy•zÈüüüÈ

x = 3, y = – 4 xÌÓyñ x = –3, y = 4

xï˛~Óñ –7 – 24i ~Ó˚ Óà≈Ù)° •° 3 –4i ~ÓÇ –3 + 4i

xl%¢#°l# 5.4

!l¡¨!°!áï˛à%̂ Ï°yÓ˚ Óà≈Ù)° !lî≈Î˚ Ü˛ Ï̂Ó˚y ı

1. –15 – 8i (í˛z_Ó˚ ı 1 –4i, –1 + 4i)

2. –8 – 6i (í z̨_Ó˚ ı 1 –3i, –1 + 3 i)
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3. 1 – i (í˛z_Ó˚ ı ±

+








2 1

2
∓

2 1

2

−

i








)

4. –i (í˛z_Ó˚ ı ±







1

2
∓

1

2
i




 )

5. i (í z̨_Ó˚ ı ±







1

2
!!!!!

1

2
i




 )

6. 1 + i (í˛z_Ó˚ ı ±

+

±

−
















2 1

2

2 1

2
i )

xôƒyÎ˚ 9

9.7 x§#Ù à%ˆÏîy_Ó˚ ≤Ãà!ï˛ ~ÓÇ ï˛yÓ˚ §Ù!T˛ (Infinite G.P. and its Sum)

a, ar, ar2, ar3, ... xyÜ˛yˆÏÓ˚Ó˚ à%ˆÏîy_Ó˚ ≤Ãà!ï˛ˆÏÜ˛ Ó°y •Î˚ x§#Ù à%ˆÏîy_Ó˚ ≤Ãà!ï˛– ~ál ~Ü˛!ê˛ x§#Ù

à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ ˆÎyˆÏàÓ˚ §)e !lî≈Î˚ Ü˛Ó˚yÓ˚ çlƒ ~Ü˛!ê˛ í˛zòy•Ó˚ˆÏîÓ˚ §y•yˆÏÎƒ ¢%Ó˚% Ü˛Ó˚Ó– l#ˆÏã˛Ó˚ à%ˆÏîy_Ó˚

≤Ãà!ï˛!ê˛ ô Ï̂Ó˚yñ

1
2

3

4

9
, , ,...

~áy Ï̂lñ a = 1, r =

2

3
–

xï˛~Óñ xyÙÓ˚y ˛õy•zñ

S
n

n

n

=

−












−

= −




























1
2

3

1
2

3

3 1
2

3

Îál n Ü ˛Ù¢ ÓˆÏí˛¸y •ˆÏï˛ ÌyÜ˛ˆÏÓñ ï˛ál 
2

3













n

 ~Ó˚ Ùyl Ü˛#Ó)̨̊ õ •ˆÏÓ ï˛y !Óã˛yÓ˚ Ü˛ˆÏÓ˚y ı

  n 1 5 10 20

2

3













n

0.6667 0.1316872428 0.01734152992 0.00030072866
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xyÙÓ˚y ˆòá!SÈ ˆÎñ Îál n Ü ˛Ù¢ ÓˆÏí˛¸y ˆÌˆÏÜ˛ xyÓ˚G ÓˆÏí˛¸y •ˆÏFSÈñ ï˛ál 
2

3













n

~Ó˚ Ùyl Ü ˛Ù¢ ¢)ˆÏlƒÓ˚ !òˆÏÜ˛

x@˝Ã§Ó˚ • Ï̂FSÈ– ày!î!ï˛Ü˛ Ë˛y£ÏyÎ˚ xyÙÓ˚y Ó° Ï̂ï˛ ̨õy!Ó˚ Îál n ̨õÎ≈yÆË˛y Ï̂Ó Ó Ï̂í ¸̨y •Î˚ñ ï˛ál 
2

3













n

 ̨õÎ≈yÆË˛y Ï̂Ó

ˆSÈyˆÏê˛y •Î˚– xlƒË˛yˆÏÓ Ó°y ÎyÎ˚ñ Îál n

n

→ ∞











→,

2

3
0  •Î˚– Ê˛°fl∫Ó˚)˛õñ xyÙÓ˚y x§#Ù §ÇáƒÜ˛ ̨ õˆÏòÓ˚

ˆÎyàÊ˛° ̨õy•z S
∞
 = 3 – ~álñ  a, ar, ar2, ... à%̂ Ïîy_Ó˚ ≤Ãà!ï˛Ó˚ ̂ «˛ Ï̂e Î!ò §yôyÓ˚î xl%̨ õyï˛ r ~Ó˚ §yÇ!áƒÜ˛

Ùyl 1 ˆÌˆÏÜ˛ ˆSÈyˆÏê˛y •Î˚ñ ï˛ˆÏÓ

S
n

n n
a r

r

a

r

ar

r
=

−

−

=

−

−

−

( )

( )

1

1 1 1

~•z ˆ«˛ Ï̂eñ Îál n →∞,  rn → 0 ˆÎˆÏ•ï%˛ |r| < 1 – xï˛~Óñ

S
a

r
n

→

−1

x§#Ù ˆÎyàÊ˛°ˆÏÜ˛ ≤Ãï˛#ˆÏÜ˛Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ S
∞
 xÌÓy S !òˆÏÎ˚–

§%ï˛Ó˚yÇñ xyÙÓ˚y ̨ õy•z S
a

r
=

1−

í z̨òy•ÓÈ̊îfl∫Ó)̨̊ õñ

(i)
1

1

2

1

2

1

2

1

1
1

2

2
2 3

+ + + + =

−

=...

(ii)
1

1

2

1

2

1

2

1

1
1

2

1

1
1

2

2

3
2 3

− + − + =

−

−











=

+

=...

xl%¢#°l# 9.4

!lˆÏ¡¨ ≤Ãò_ ≤Ã!ï˛!ê˛ à%ˆÏîy_Ó˚ ≤Ãà!ï˛Ó˚ x§#Ù ̨õÎ≈hs˝ ̂ ÎyàÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y ı

1. 1
1

3

1

9
, , ,... (í z̨_Ó˚ ı 1.5) 2.  6, 1.2, .24, ... (í z̨_Ó˚ ı 7.5)

3. 5, 
20

7

80

49
, ,... (í z̨_Ó˚ ı 

35

3
) 4.

− −3

4

3

16

3

64
, , ,... (í˛z_Ó˚ ı 

−3

5
)
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5. ≤ÃÙyî Ü˛ Ï̂Ó˚y 3 3 3 3

1

2

1

4

1

8
× × =...

6. ôˆÏÓ˚y x = 1 + a + a2 + ... ~ÓÇ y = 1 + b + b2 + ..., ˆÎáy Ï̂l |a| < 1 ~ÓÇ |b| < 1 – ≤ÃÙyî Ü˛ Ï̂Ó˚y

1 + ab + a2b2 + ... = 
xy

x y+ −1

xôƒyÎ˚  10

10.6 ò%!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ ˆSÈò!Ó®%àyÙ# §Ó˚°ˆÏÓ˚áy§Ù)ˆÏ•Ó˚ §Ù#Ü˛Ó˚î ı

ÙˆÏl Ü˛ˆÏÓ˚yñ ò%!ê˛ ˛õÓ˚flõÓ˚ ˆSÈò# §Ó˚°ˆÏÓ˚áy l
1
 G l

2
 •°

A
1
x + B

1
y + C

1
  =  0 (1)

~ÓÇ A
2
x + B

2
y + C

2
  =  0 (2)

§Ù#Ü˛Ó˚î (1) ~ÓÇ (2) ˆÌˆÏÜ˛ xyÙÓ˚y ~Ü˛!ê˛ §Ù#Ü˛Ó˚î ˜ï˛!Ó˚ Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚ñ

A x B y C k A x B y C
1 1 1 2 2 2

+ + + + +( ) = 0 (3)

ˆÎáy Ï̂l k •° ~Ü˛!ê˛ ˆfl∫FSÈy ô %ÓÜ˛ Îy Ï̂Ü˛ ≤Ãyã˛° åParameterä Ó°y •Î˚– kÈüÈ~Ó˚ ˆÎÈüÈˆÜ˛y Ï̂ly Ùy Ï̂lÓ˚ çlƒ

(3)lÇ §Ù#Ü˛Ó˚î!ê˛ x G y ~Ó˚ ~Ü˛!ê˛ ~Ü˛âyï˛ §Ù#Ü˛Ó˚î •Î˚– xï˛~Ó ~!ê˛ ~Ü˛!ê˛ §Ó˚° Ï̂Ó˚áyÓ˚ ˆày¤˛# Ï̂Ü˛

åfamily of linesä ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚– kÈüÈ~Ó˚ ˆÜ˛yˆÏly Ùyl ~Ó˚ çlƒ ~•z ˆày¤˛#Ó˚ ~Ü˛!ê˛ !l!ò≈T˛ §ò§ƒˆÏÜ˛ ˛õyGÎ˚y
ÎyÎ˚– kÈüÈ~Ó˚ ~•z Ùyl xlƒ ¢ˆÏï≈˛Ó˚ §y•yˆÏÎƒG !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚–

í˛zòy•Ó˚î 20 y-xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° ˆÎ §Ó˚°ˆÏÓ˚áy x – 7y + 5 = 0 G 3x + y – 7 = 0 ~Ó˚

ˆSÈò!Ó®%àyÙ#ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y–

§Ùyôyl  ≤Ãò_ §Ó˚° Ï̂Ó˚áym Ï̂Î˚Ó˚ ̂ SÈò!Ó®%àyÙ# ̂ Ü˛y Ï̂ly §Ó˚° Ï̂Ó˚áyÓ˚ §Ù#Ü˛Ó˚̂ ÏîÓ˚ xyÜ˛yÓ˚ •°ÈüüüÈ

xÌ≈yÍñ 
x y k x y

k x k y k

− + + + =

+ + − + − =

7 5 3 7 0

1 3 7 5 7 0

 

  

( )

( ) ( )

−

(1)

ˆÎˆÏ•ï%˛ñ ~•z §Ó˚°ˆÏÓ˚áy!ê˛ y-xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y°ñ ï˛y•z yÈüÈ~Ó˚ §•à ¢)lƒ •ˆÏÓñ xÌ≈yÍñ

k – 7 = 0 Îy ˆÌˆÏÜ˛ ˛õyGÎ˚y ÎyÎ˚ k = 7 –

kÈüÈ~Ó˚ Ùyl §Ù#Ü˛Ó˚î (1)ÈüÈ~ Ó!§ˆÏÎ˚ ˛õy•z

22x – 44 = 0    xÌ≈yÍñ  x – 2 = 0, ~!ê˛•z •° !lˆÏî≈Î˚ §Ù#Ü˛Ó˚î–
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xl%¢#°l# 10.4

1. 3x + 4y = 7 ~ÓÇ x – y + 2 = 0 §Ó˚° Ï̂Ó˚áym Ï̂Î˚Ó˚ ̂ SÈò!Ó®%àyÙ# ̂ Î §Ó˚° Ï̂Ó˚áyÓ˚ l!ï˛ 5 ï˛yÓ˚ §Ù#Ü˛Ó˚î
!lî≈Î˚ Ü˛ Ï̂Ó˚y– (í z̨_Ó˚ ı 35x – 7y + 18 = 0 )

2. §Ó˚°ˆÏÓ˚áy x + 2y – 3 = 0 G 4x – y + 7 = 0 ~Ó˚ ̂ SÈò!Ó®%àyÙ# §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y
Îy 5x + 4y – 20 = 0 §Ó˚°ˆÏÓ˚áyÓ˚ §Ùyhs˝Ó˚y°–

(í z̨_Ó˚ ı 15x + 12y – 7 = 0)

3. 2x + 3y – 4 = 0 ~ÓÇ x – 5y = 7 §Ó˚°ˆÏÓ˚áymˆÏÎ˚Ó˚ ˆSÈò!Ó®%àyÙ# §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚
Ü˛ˆÏÓ˚y ÎyÓ˚ x-ˆSÈ!òï˛yÇ¢ – 4 ~Ó˚ §Ùyl •Î˚–

(í˛z_Ó˚ ı 10x + 93y + 40 = 0 )

4. 5x – 3y = 1 ~ÓÇ 2x + 3y – 23 = 0 §Ó˚°ˆÏÓ˚áy ò%!ê˛Ó˚ ˆSÈò!Ó®%àyÙ# ~ÓÇ 5x – 3y – 1 = 0

§Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ °¡∫ §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–
(í˛z_Ó˚ ı 63x + 105y – 781 = 0)

10.7 Ù)°!Ó®%Ó˚ fiÌylyhs˝Ó˚ (Shifting of

Origin)

~Ü˛!ê˛ fiÌylyAÜ˛ x«˛ï˛ˆÏsf ˆÜ˛yˆÏly !Ó®%§Ù)ˆÏ•Ó˚
ˆ§ˆÏê˛Ó˚ xl%Ó˚)˛õ §Ù#Ü˛Ó˚îˆÏÜ˛ xlƒ xyˆÏÓ˚Ü˛!ê˛
§%!ÓôyçlÜ˛ fiÌylyAÜ˛ x«˛ï˛ˆÏsfÓ˚ ÙyôƒˆÏÙ §Ó˚°
xyÜ˛y Ï̂Ó˚ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ñ ̂ Îáy Ï̂l §Ó çƒy!Ù!ï˛Ü˛
˜Ó!¢T˛à%̂ Ï°y x˛õ!Ó˚Óï≈̨ #ï˛ Ìy Ï̂Ü˛– ~Ü˛!ê˛ Ó)̨̊ õyhs˝Ó˚
~Ó˚)˛õ ÎyˆÏï˛ l)ï˛l x«˛ˆÏÜ˛ ≤ÃyÓ˚!Ω˛Ü˛ xˆÏ«˛Ó˚
§Ùyhs˝Ó˚y Ï̂° ̨õ!Ó˚Ó!ï≈̨ ï˛ Ü˛Ó˚y •Î˚ ~ÓÇ Ù)°!Ó®%̂ ÏÜ˛
l)ï˛ l !Ó®%̂ Ïï˛ fiÌylyhs˝!Ó̊ï˛ Ü˛Ó̊y •Î̊– ~•z ≤ÃÜ˛y Ï̂Ó̊Ó̊
Ó)̨̊ õyhs˝Ó˚ˆÏÜ˛ xˆÏ«˛Ó˚ fiÌylyhs˝Ó˚ åtranslation of

axesä Ó°y •Î˚–
ï˛ˆÏ°Ó˚ ≤ÃˆÏï˛ƒÜ˛!ê˛ !Ó®%Ó˚ fiÌylyAÜ˛ñ

fiÌylyAÜ˛ÈüÈx Ï̂«˛Ó˚ fiÌylyhs˝̂ ÏÓ˚Ó˚ §y Į̈̂ õ Ï̂«˛ ̨õ!Ó˚Ó!ï≈̨ ï˛ •Î˚– !Ó®%à%̂ Ï°yÓ˚ ̨õ%Ó˚yï˛l G l)ï˛l fiÌylyAÜ˛ x Ï̂«˛Ó˚ Ù Ï̂ôƒ
§¡õÜ≈̨  çylyÓ˚ ̨õÓ˚ xyÙÓ˚y fiÌylyAÜ˛ x Ï̂«˛Ó˚ l)ï˛l ̨õÂô!ï˛ Ï̂ï˛ !Ó Ï̂Ÿ’£ÏîydÜ˛ §Ù§ƒy !l Ï̂Î˚ xôƒÎ˚l Ü˛Ó˚̂ Ïï˛ ̨õy!Ó˚–

fiÌylyAÜ˛ xˆÏ«˛Ó˚ fiÌylyhs˝ˆÏÓ˚Ó˚ Ê˛ˆÏ° ̂ Ü˛yˆÏly §Ùï˛ˆÏ°Ó˚ ̂ Ü˛yˆÏly !Ó®%Ó˚ fiÌylyAÜ˛ Ü˛#Ë˛yˆÏÓ ̨õ!Ó˚Óï≈˛l
•Î˚ ï˛y ˆòáyÓ˚ çlƒ ã˛ˆÏ°y xyÙÓ˚y ô!Ó˚ñ OX ~ÓÇ OY xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ P (x, y) ~Ü˛!ê˛ !Ó®%– ô!Ó˚ñ O′X′

~ÓÇ O′Y′  •° ÎÌyÜ ̨ Ï̂Ù  OX ~ÓÇ OY ~Ó˚ §Ùyhs˝Ó˚y° lï%˛l fiÌylyAÜ˛ x«˛ñ ˆÎáyˆÏl O′ •° l)ï˛l

Y
Y'

X'

X
LO

h

k

O' M'

M

P{( , ) ( ', ')}x  y x y

!ã˛e 10.21
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Ù)°!Ó®%– ô!Ó˚ñ ˛õ%Ó˚yï˛l xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ O′ !Ó®%Ó˚ fiÌylyAÜ˛ (h, k) xÌ≈yÍñ OL = h ~ÓÇ LO′ = k –
xyÓ˚G OM = x ~ÓÇ MP = y (!ã˛e 10.21 ˆòˆÏáy)

Ù Ï̂l Ü˛ Ï̂Ó˚y O′ M′  = x′ ~ÓÇ M′P = y′ •° ÎÌyÜ ̨ Ï̂Ù lï %̨l x«˛ mÎ˚ O′ X′  ~ÓÇ O′ Y′ ~Ó˚
§yˆÏ˛õˆÏ«˛ P !Ó®%Ó˚ Ë)̨ ç ~ÓÇ ˆÜ˛y!ê˛– !ã˛e 10.21 ˆÌˆÏÜ˛ ~!ê˛ §•çË˛yˆÏÓ ˆòáy ˆÎˆÏï˛ ˛õyˆÏÓ˚ ˆÎñ

OM = OL + LM, xÌ≈yÍñ  x = h + x′

~ÓÇ MP = MM′  + M′ P, xÌ≈yÍñ  y = k + y′

xï˛~Óñ x = x′  + h,  y = y′ + k

~•z §)e!ê˛ ̨õ%Ó˚yï˛l G lï%˛l fiÌylyAÜ˛ x«˛mˆÏÎ˚Ó˚ ÙˆÏôƒ §¡õÜ≈˛ fiÌy˛õl Ü˛ˆÏÓ˚–
í z̨òy•Ó˚î 21 !Ó®% (3, –4) ~Ó˚ lï %̨l fiÌylyAÜ˛ !lî≈Î˚ Ü˛ Ï̂Ó˚y Î!ò Ù)° !Ó®%̂ ÏÜ˛ (1, 2) !Ó®%̂ Ïï˛ fiÌylyhs˝!Ó˚ï˛

Ü˛Ó˚y •Î˚–
§Ùyôyl  lï˛%l Ù)°!Ó®%Ó˚ fiÌylyAÜ˛ h = 1 ~ÓÇ k = 2 ~ÓÇ !Ó®%!ê˛Ó˚ ≤ÃyÓ˚!Ω˛Ü˛ fiÌylyAÜ˛ •° x = 3, y =

–4 –
˛õ%Ó˚yï˛l fiÌylyAÜ˛ (x,  y) ~ÓÇ lï%˛l fiÌylyAÜ˛ (x′, y′) ~Ó˚ ÙˆÏôƒ fiÌylyhs˝ˆÏÓ˚Ó˚ §¡∫rô !l¡¨Ó˚)˛õÈüüüÈ

x = x′  + h xÌ≈yÍñ x′  = x – h

~ÓÇ y = y′  + k xÌ≈yÍñ y′  = y – k

Ùylà%ˆÏ°y Ó!§ˆÏÎ˚ xyÙÓ˚y ̨ õy•zÈüüüÈ
x′ = 3 – 1 = 2 ~ÓÇ y′  = – 4 – 2 = –6

xï˛~Óñ lï˛%l xˆÏ«˛Ó˚ §yˆÏ˛õˆÏ«˛ (3, –4) !Ó®%Ó˚ fiÌylyAÜ˛ •° (2, –6)–
í˛zòy•Ó˚î 22 §Ó˚° Ï̂Ó˚áy 2x – 3y + 5 = 0 ~Ó˚ Ó)̨̊ õyhs˝!Ó˚ï˛ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ Ï̂Ó˚y Îál fiÌylyAÜ˛ x Ï̂«˛Ó˚

fiÌylyhs˝ Ï̂Ó˚Ó˚ Ê˛ Ï̂° Ù)°!Ó®% (3, –1) !Ó®%̂ Ïï˛ fiÌylyhs˝!Ó˚ï˛ •Î˚–
§Ùyôyl  ÙˆÏl Ü˛ˆÏÓ˚y P !Ó®%Ó˚ fiÌylyAÜ˛ (x, y)ñ lï˛%l fiÌylyAÜ˛ xˆÏ«˛ (x′, y′ ) !Ó®%ˆÏï˛ ˛õ!Ó˚Óï≈˛#ï˛ •Î˚ñ

ÎyÓ˚ Ù)° !Ó®%Ó˚ fiÌylyAÜ˛ •° h = 3, k = –1  §%ï˛Ó˚yÇñ xyÙÓ˚y Ó˚)˛õyhs˝Ó˚ §)eˆÏÜ˛ x = x′ + 3 ~ÓÇ y = y′–

1 Ó˚)ˆÏ˛õ !°áˆÏï˛ ˛õy!Ó˚– §Ó˚°ˆÏÓ˚áyÓ˚ ≤Ãò_ §Ù#Ü˛Ó˚ˆÏî ~•z Ùylà%ˆÏ°y Ó!§ˆÏÎ˚ xyÙÓ˚y ˛õy•zÈüüüÈ
2(x′ + 3) –3 (y′ – 1) + 5 = 0

Óyñ 2x′ – 3y′ + 14 = 0

xï˛~Óñ lï˛%l ˛õÂô!ï˛ˆÏï˛ §Ó˚°ˆÏÓ˚áy!ê˛Ó˚ §Ù#Ü˛Ó˚î •° 2x – 3y + 14 = 0

xl%¢#°l# 10.5

1. !lˆÏ¡¨ ≤Ãò_ ≤Ã!ï˛!ê˛ ˆ«˛ˆÏe !Ó®%à%ˆÏ°yÓ˚ lï˛%l fiÌylyAÜ˛ !lî≈Î˚ Ü˛ˆÏÓ˚y Î!ò ~Ü˛!ê˛ Ó˚)˛õyhs˝ˆÏÓ˚Ó˚ Ê˛ˆÏ°
Ù)°!Ó®%!ê˛ (–3, –2) !Ó®%ˆÏï˛ fiÌylyhs˝!Ó˚ï˛ •Î˚ ı

(i) (1, 1) (í˛z_Ó˚ ı (4, 3)) (ii) (0, 1) (í˛z_Ó˚ ı (3, 3))

(iii) (5, 0) (í˛z_Ó˚ ı (8, 2)) (iv) (–1, –2) (í˛z_Ó˚ ı (2, 0))

(v) (3, –5) (í˛z_Ó˚ ı (6, –3))
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2. Îál Ù)°!Ó®%̂ ÏÜ˛ (1, 1) !Ó®%̂ Ïï˛ fiÌylyhs˝!Ó˚ï˛ Ü˛Ó˚y •Î˚ ï˛ál ≤Ãò_ ≤Ã Ï̂ï˛ƒÜ˛!ê˛ §Ù#Ü˛Ó˚î Ü˛#Ó)̨̊ õ • Ï̂Ó
ï˛y !lî≈Î˚ Ü˛ˆÏÓ˚y ı

(i) x xy y y
2 2

3 2 0+ − − + = (í˛z_Ó˚ ı x y xy x y
2 2

3 3 6 1 0− + + − + = )

(ii) xy y x y− − + =
2

0 (í˛z_Ó˚ ı xy y−
2

0= )

(iii) xy x y− − + =1 0 (í˛z_Ó˚ ı xy = 0 )

xôƒyÎ˚ 13

13.5 §)ã˛Ü˛#Î˚ ~ÓÇ °ày!Ó˚ò!ÙÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §#Ùy åLimits Involving Exponential and

Logarithmic Functionsä
§)ã˛Ü˛#Î˚ ~ÓÇ °ày!Ó˚ò!ÙÜ˛ Ó˚y!¢Ùy°yÓ˚ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §#Ùy !lî≈̂ ÏÎ˚Ó˚ xy Ï̂°yã˛lyÓ˚ xy Ï̂à xyÙÓ˚y ~ò%!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚
ˆ«˛e Óy xM˛° ådomainäñ ≤Ã§yÓ˚ årangeä ~ÓÇ ï˛yˆÏòÓ˚ á§Ó˚y ˆ°á!ã˛e §¡∫ˆÏrô ˛õ!Ó˚!ã˛ï˛ •Ó–

!Óáƒyï˛ §%•z§ à!îï˛K˛ !°ˆÏÎ˚ylyí≈˛ xÎ˚°yÓ˚ (1707–1783) åLeonhard Eulerä e §Çáƒy!ê˛ ≤ÃÓï≈̨ l
Ü˛ˆÏÓ˚lñ ÎyÓ˚ Ùyl 2 ~ÓÇ 3 ~Ó˚ ÙôƒÓï≈˛#– §)ã˛Ü˛#Î˚ xˆÏ˛õ«˛Ü˛ˆÏÜ˛ §ÇK˛y!Î˚ï˛ Ü˛Ó˚ˆÏï˛ ~•z §Çáƒy!ê˛Ó˚ ≤ÃˆÏÎ˚yçl •Î˚
~ÓÇ x Į̈̂ õ«˛Ü˛!ê˛ •° f (x) = ex, x ∈ R– ~!ê˛Ó˚ ˆ«˛e R ~ÓÇ ≤Ã§yÓ˚ •° ôlydÜ˛ ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛–
§)ã˛Ü˛#Î˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ°á!ã˛e xÌ≈yÍ y =  ex ~Ó˚ ˆ°á!ã˛eñ !ã˛e 13.11 ˆï˛ ˆòGÎ˚y •°–

!ã˛e 13.11

xl%Ó)̨̊ õË˛y Ï̂Óñ ~Ü˛!ê˛ °ày!Ó˚ò!ÙÜ˛ x Į̈̂ õ«˛Ü˛ Ï̂Ü˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ log
e
 R+ → R Ó)̊̂ Į̈ õñ ̂ Îáy Ï̂l log

e
 x =

y Î!ò ~ÓÇ ̂ Ü˛Ó° Î!ò ey = x •Î˚– ÎyÓ˚ ̂ «˛e ådomainä •° R+ñ ̂ Î!ê˛ •° §Ó ôlydÜ˛ ÓyhflÏÓ §Çáƒy ~ÓÇ
≤Ã§yÓ˚ årangeä •° R– °ày!Ó˚ò!ÙÜ˛ xˆÏ˛õ«˛Ü˛ y = log

e
 x ÈüÈ~Ó˚ ̂ °á!ã˛e!ê˛ !ã˛e 13.12 ̂ ï˛ ̂ òáy Ï̂ly •°–
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!ã˛e 13.12

lim
x

x
e

x→

=
0

1
1

−  
ñ !§Âôyhs˝!ê˛ ≤ÃÙyî Ü˛Ó̊yÓ̊ çlƒ xyÙÓ̊y 

e

x

x
−1

 Ó̊y!¢Ùy°y Î%=˛ ~Ü˛!ê˛ x§Ùï˛y Ï̂Ü˛ !l¡̈Ó̊)̂ Į̈ õ

!Óã˛yÓ˚ Ü˛Ó˚Ó ı

1

1+

≤

x
 
e

x

x
−1

 ≤  1 + (e – 2) |x|, [–1, 1] ~ {0} ˆï˛ §Ó x ~Ó˚ çlƒ §ï˛ƒ •Î˚–

í˛z˛õ˛õyòƒ 6 ≤ÃÙyî Ü˛ Ï̂Ó˚y lim
x

x
e

x→

=
0

1
1

−  

≤ÃÙyî  í˛z˛õˆÏÓ˚Ó˚ x§Ùï˛yˆÏÜ˛ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zÈüüü

1

1+

≤

x
 
e

x

x
−1

 [ 1 + | x| (e – 2), x ∈ [–1, 1] ~ {0}

xyÓ̊Gñ lim
limx

x

x x→

→

+

=

+

=

+

=
0

0

1

1

1

1

1

1 0
1
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~ÓÇ lim ( ) ( ) lim ( )
x x

e x e x e
→ →

+ −





= + − = + − =
0 0

1 2 1 2 1 2 0 1

§%ï˛Ó˚yÇñ  Sandwich í˛z˛õ˛õyòƒ xl%ÎyÎ˚# xyÙÓ˚y ˛õy•z

lim
x

x
e

x→

=
0

1
1

�  

í˛z˛õ˛õyòƒ 7 ≤ÃÙyî Ü˛ Ï̂Ó˚y ˆÎñ lim
log ( )

x

e
x

x→

+

=
0

1
1

≤ÃÙyî  ôˆÏÓ˚yñ
log ( )

e
x

x
y

1+

=  §%ï˛Ó˚yÇñ

log ( )
e

x xy1+ =

⇒ + =1 x e
xy

⇒

−

=

e

x

xy
1

1

xÌÓyñ
e

xy
y

xy
−

=

1
1.

⇒

−

= → →
→ →

lim lim ( )
xy

xy

x

e

xy
y x xy

0 0

1
1 0 0ˆÎ Ï̂•ï %̨ • Ï̂°

⇒ =






→

lim
x

y
0

1 ˆÎ

⇒

+

=
→

lim
log ( )

x

e
x

x0

1
1

í˛zòy•Ó˚î 5 Ùyl !lî≈Î˚ Ü˛ Ï̂Ó˚y ı  lim
x

x
e

x→

−

0

3
1

§Ùyôyl xyÙÓ˚y çy!lñ

lim lim

lim ,

x

x

x

x

y

y

e

x

e

x

e

y
y

→ →

→

−

=

−

⋅

=

−










=

0

3

3 0

3

0

1 1

3
3

3
1

öë‡yöìl 33

3 1 3

x

= =.

ˆÎáy Ï̂l

ˆÎ Ï̂•ï%̨  
→

lim
xy

e

0
 

−

=







xy
e

xy0

1
1
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í˛zòy•Ó˚î 6 Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ı lim
sin

x

x
e x

x→

− −

0

1

§Ùyôyl  xyÙÓ˚y çy!lñ lim
sin

lim
sin

x

x

x

x
e x

x

e

x

x

x→ →

− −

=

−

−












0 0

1 1

=

−

− = − =
→ →

lim lim
sin

x

x

x

e

x

x

x0 0

1
1 1 0

í˛zòy•Ó˚î 7 Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ı lim
log

x

e
x

x→ −1 1

§Ùyôyl 1 + h = x ôˆÏÓ˚yñ §%ï˛Ó˚yÇ Îál x h→ ⇒ →1 0

xï˛~Óñ lim
log

lim
log ( )

x

e

h

e
x

x

h

h→ →−

=

+

1 01

1
=






1 ˆÎˆÎ Ï̂•ï%̨  lim

x

e

→0

+

=






1
1

0

m
log ( )

e
x

x
–

xl%¢#°l#  13.2

!lˆÏ¡¨ ≤Ãò_ §#Ùyà%ˆÏ°yÓ˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ Î!ò ï˛yˆÏòÓ˚ x!hflÏc ÌyˆÏÜ˛ ı

1. lim
x

x
e

x→

−

0

4
1

(í z̨_Ó˚ ı 4) 2. lim
x

x
e e

x→

+

−

0

2 2

(í z̨_Ó˚ ı e2)

3. lim
x

x
e e

x→

−

−5

5

5
(í z̨_Ó˚ ı e5) 4. lim

sin

x

x
e

x→

−

0

1
(í z̨_Ó˚ ı 1)

5. lim
x

x
e e

x→

−

−3

3

3
(í z̨_Ó˚ ı e3) 6. lim

( )

cosx

x
x e

x→

−

−0

1

1
(í z̨_Ó˚ ı 2)

7. lim
log ( )

x

e
x

x→

+

0

1 2
(í z̨_Ó˚ ı 2) 8. lim

log ( )

sinx

x

x→

+

0

3

3

1
(í z̨_Ó˚ ı 1)
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Notes
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Notes




