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Foreword

The National Curriculum Framework, 2005, recommends that children’s life at school
must be linked to their life outside the school. This principle marks a departure from the
legacy of bookish learning which continues to shape our system and causes a gap
between the school, home and community. The syllabi and textbooks developed on the
basis of NCF signify an attempt to implement this basic idea. They also attempt to
discourage rote learning and the maintenance of sharp boundaries between different
subject areas. We hope these measures will take us significantly further in the
direction of a child-centred system of education outlined in the National Policy on
Education (1986).

The success of this effort depends on the steps that school principals and teachers
will take to encourage children to reflect on their own learning and to pursue imaginative
activities and questions. We must recognise that, given space, time and freedom, children
generate new knowledge by engaging with the information passed on to them by adults.
Treating the prescribed textbook as the sole basis of examination is one of the key
reasons why other resources and sites of learning are ignored. Inculcating creativity
and initiative is possible if we perceive and treat children as participants in learning, not
as receivers of a fixed body of knowledge.

These aims imply considerable change in school routines and mode of functioning.
Flexibility in the daily time-table is as necessary as rigour in implementing the annual
calendar so that the required number of teaching days are actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’s life at school a happy experience, rather than a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunities for contemplation and wondering, discussion in small groups, and activities
requiring hands-on experience.



NCERT appreciates the hard work done by the textbook development committee
responsible for this book. We wish to thank the Chairperson of the advisory group in
Science and Mathematics, Professor J.V. Narlikar and the Chief Advisor for this book,
Professor P.K. Jain for guiding the work of this committee. Several teachers contributed
to the development of this textbook; we are grateful to their principals for making this
possible. We are indebted to the institutions and organisations which have generously
permitted us to draw upon their resources, material and personnel. As an organisation
committed to systemic reform and continuous improvement in the quality of its products,
NCERT welcomes comments and suggestions which will enable us to undertake further
revision and refinement.

Director
New Delhi National Council of Educational
20 November 2006 Research and Training



Preface

The National Council of Educational Research and Training (NCERT) had constituted
21 Focus Groups on Teaching of various subjects related to School Education,
to review the National Curriculum Framework for School Education - 2000
(NCFSE - 2000) in face of new emerging challenges and transformations occurring in
the fields of content and pedagogy under the contexts of National and International
spectrum of school education. These Focus Groups made general and specific comments
in their respective areas. Consequently, based on these reports of Focus Groups, National
Curriculum Framework (NCF)-2005 was developed.

NCERT designed the new syllabi and constituted Textbook Development
Teams for Classes XI and XII to prepare textbooks in Mathematics under the new
guidelines and new syllabi. The textbook for Class XI is already in use, which was
brought in 2005.

The first draft of the present book (Class XII) was prepared by the team
consisting of NCERT faculty, experts and practicing teachers. The draft was refined
by the development team in different meetings. This draft of the book was exposed
to a group of practicing teachers teaching Mathematics at higher secondary stage
in different parts of the country, in a review workshop organised by the NCERT at
Delhi. The teachers made useful comments and suggestions which were incorporated
in the draft textbook. The draft textbook was finalised by an editorial board constituted
out of the development team. Finally, the Advisory Group in Science and Mathematics
and the Monitoring Committee constituted by the HRD Ministry, Government of India
have approved the draft of the textbook.

In the fitness of things, let us cite some of the essential features dominating the
textbook. These characteristics have reflections in almost all the chapters. The existing
textbook contains thirteen main chapters and two appendices. Each chapter contains
the followings :

= Introduction: Highlighting the importance of the topic; connection with earlier
studied topics; brief mention about the new concepts to be discussed in the
chapter.

= QOrganisation of chapter into sections comprising one or more concepts/
subconcepts.

= Motivating and introducing the concepts/subconcepts. [llustrations have been
provided wherever possible.



= Proofs/problem solving involving deductive or inductive reasoning, multiplicity
of approaches wherever possible have been inducted.

= Geometric viewing / visualisation of concepts have been emphasized whenever
needed.

= Applications of mathematical concepts have also been integrated with allied
subjects like Science and Social Sciences.

= Adequate and variety of examples/exercises have been given in each section.

= For refocusing and strengthening the understanding and skill of problem solving
and applicabilities, miscellaneous types of examples/exercises have been
provided involving two or more subconcepts at a time at the end of the chapter.
The scope of challenging problems to talented minority have been reflected
conducive to the recommendation as reflected in NCF-2005.

= For more motivational purpose, brief historical background of topics have been
provided at the end of the chapter and at the beginning of each chapter, relevant
quotation and photograph of eminent mathematician who have contributed
significantly in the development of the topic undertaken, are also provided.

= Lastly, for direct recapitulation of main concepts, formulas and results, brief
summary of the chapter has also been provided.

I am thankful to Professor Krishan Kumar, Director, NCERT who constituted the
team and invited me to join this national endeavour for the improvement of Mathematics
education. He has provided us with an enlightened perspective and a very conducive
environment. This made the task of preparing the book much more enjoyable and
rewarding. | express my gratitude to Professor J.V. Narlikar, Chairperson of the Advisory
Group in Science and Mathematics, for his specific suggestions and advice towards
the improvement of the book from time to time. I, also, thank Professor
G. Ravindra, Joint Director, NCERT for his help from time to time.

I express my sincere thanks to Professor Hukum Singh, Chief Coordinator and
Head, DESM, Dr. V. P. Singh, Coordinator and Professor, S. K. Singh Gautam who
have been helping for the success of this project academically as well as administratively.
Also, I would like to place on records my appreciation and thanks to all the members
of the team and the teachers who have been associated with this noble cause in one or
the other form.

PawaN K. JaIN
Chief Advisor
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AT (INTEGRALS)

% Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL +

7.1 St

S[R3 9o SRS el (T AT SOl (TGS | SRS ARy
(ETRIBTE (T TR TSI A LI GR @ LA
R 2Tt foefy 41 foet STaaeTei-93 6T (242ell (motivation) |
ST} AL G A S (2ifare 23 |

I G AT [ STIAE SR 2, e |
SEAER A [YCo U7 S@TTeTe (A S_FeTS)  f7 97
G 2CF, O G 24 FoRes &itsl (X [ -7 &Sl ke
ANE [ -7 Ty, SR STt fefy Face i @
ST (ATF ST GFH SCPHF SIS oot (A A,
IR SIS 2ifo-oReTe 1) eifs-oreaaere (Sifgs!) 7=l

G .W. Leibnitz
T | OIRIT, @A ST (SIS ) (T @9 RIS #ive (1646 -1716)

T, A SCAFHOF (WS AN (indefinite integral)

5 2 3R G S -wrReeTe ez AfFAIE 7T (integration) T6T 2T | SIS G
SAfAfRIST (0@ @ SRR ITPTIER BB 27 | Snigermgsl, I SIRIaS T I97 (@Il IS
G OISR (@9l (& AIF, 94 9 Tl epsl @i, wefie Sl & 3giHe @i

YZCEF TR T FTe 11f 2 g7l SIeie @i AR @k wifes #fRfS s ame
AT el A I 27 | FTipers [wplar [wl fferie ewm Apiiee s
AWDIT Aoz :

(a) T 4B ST TS 26 T, O €2 FTHATHRS folofF Sfevo 7501 |
(b) FZHSAITATT (T S TG @I T (LI (Fg2red folefei e A1 |

@2 Y2 AR AP AR 4o I 2Rmifers a0, @ s s g3 G s
I, (TN G AT (Integral Calculus) 757 T |




304 QICS

SRS T @R TS sTiwet T sty @3 (6 et =g @ Feme G
ooy (Fundamental Theorem of Calculus) 37 #ififoe @3k 7t RS swercss Reais
@ FifRRwIT I TR Il T 0 | ormre S e Kifew =i e s,
ST G MBI ©F T SHF TSI PP AT I AT |

@ SO, Sl NS e G WS et @R f5g TSR @Fe 712 qord
A «efafer fca S i s 14 |
7.2 SR (A SEaaeTt1d) fReldre afgwi fRewa e (Integration as an Inverse
Process of Differentiation)

AT 267 SRS [T AT | (0 ST SR ARRCS SRS SRS
(e 2T 4R I =X (@ NIt (primitive), STl ST Stois fofd T30, @ @09 2fF i
T 2T e At 2G-S | BT SNl T Swielota (St (a8

S S @, di(sin X) = cosx (D)
X
d x° 5
E(?) =X .. (2)
d .
GR E(e )=e .. 3)

I (1)-9 &7F FE @, cos x T4 sin x -IF ST | SN I6109 21 T sin x T
3

cos x ~IF AfS-SRFG (A1 FTNF) | SR, (2) 9% (3) -9 % 8 ¢* 2 IAFCA x2'€ ¢
-6 &S SRS (I I | SN, SN &7 I (F, (@I AW 7247 C, g3F S
ol sifsifers 23, 9 SIReTe 1+ @3 OiE S (1), (2) 93% (3) g forers #f

3
X

2 o d X _ X
E(?w):x UEK E(e +C)=e

TR G STATIS SCAFRICR AO-SFeTST (I AN ) Se)) 7% | AFOHTF, G
Al ST SN AT AfS-SFeAed ey SR A AT TR (6 20O IqHROII
C-az 1= e #ihezt A | ey C (F 2R19TeeItd (1R 9l Tqor 3= (arbitrary constant)
R @@ 27| =T C = alivet ( parameter ) 37 [EST N &0 ave SCorwH07

e efo-srrmere (A1 Ae) “Nel I | Te AT, IM GHH SAFT G @,

i(sinx+C)=cosx,
dx

LR =1 W), v x e 1 (STO) 2, ST A 0% < Al C (T 4 e
s/fabo)-aa e,

i[F(x)+C] = flx),x el
dx
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HoAR, {F+C,C e R} f-97 AfS-SRFEH G0 RTINS & 7T |
TG G SRFGTIE F10 SR A1 Y75 27 | b (I ey, 401 | SIS AT g @R

h 5 433 SRETGTLE Y0 SICAHS |
4O, WCAFF f= g — h WRO A f(x) = g(x) — h(x), vx € @

d
IR, d—{C:f:g’—h’ QR ff(x)=g'(x)—N(x), vxel
L, f (x) =0, Vx e | TP,

wefie [ @F B x 9T ATATT 97 ARRE 217 %7 IR ©IF /261 4375 |
TATAIE TR GO0 (A, @fb Ifeerere @ {F + C, C e R} +fF&(0 £ 93 575
MBI A IR AW A |

I G0 el Dz SRl Ff, (.?N?{Jf(x) dx T} AfS-sregFeTEd ANe

ToRlIs FF GR T x - ATATT £ 47 Sel{75 AN (indefinite integral of £ with
respect to x) ¢ ATl 27 |

[y dx=F@+C.

o181 (Notation) > = f (), s 20, s el y = [ () d

QRN R T, fNRRe A/ #ifem /e G SeE B (7.1) -4 (e 25 |

A 7.1
AT | AT <=9 9¢ (Meaning)
ff (x) dx x ~& ACATT f -4 AT
[ re)dx-a 1) I
[Fe dx-ax AR BT
<R 41 (Integrate) e ferefar
[ -aF a6 AT GESIEAS (ke = AU N
F'(x) =/ (x)
et (Integration) e feftaa el
I LI - CRICI AT FR2T C, LI SCAFE
e Rfoe |




306 sifefe

SR BT ST 21 ST PR STER-RTGT =T (ST | SR G SR
10 Sreggol STt fovefara o1 (Sivef o1 Rt sififers), 2t foes faifsiar vt 231, et =i

ST CRA AN olefT3T 2itaiiel 311 &7 |

@ qeTe (Derivatives)

d xn+l

d
2 (x)=1-
4 (1)1,
(i) E(sm xX)=cos x ;

..o d :
(i) — (—cosx)=sinx ;
dx

(iv) %(tan x)=sec’x :

(V) i (— cot x) =cos eczx :

dx ’
. d
(vi) E(sec x)=secxtan x ;
(vii) E(_ COSEC X) = COSeC X COt X
.1 1
.o — (sin”! x)= '
(viii) dx( ) 2
d - 1
(IX) d_(_COS x)= >
X 1-x
d . 1
—(tan " x)= .
(X) dx( ) 1+X2 )

) - (ot )=

T (effo-ergageTe)
Integrals (Anti derivatives)

n+1

jx” de=2

+C,n=-1
n+1

de=x+C

cos xdx=sin x+C

sin xdx=—-cosx+C
sec’ xdx=tan x+C
cosec? xdx=—cot x+C
sec xtanx dx=sec x+C

cosec x cot x dx =—cosec x + C

L N N S S SUI Y S—

ldx == sin”! x+C

-X

J- 1dx : =—cos ' x+C
- X

J.lfxzztan_lirC

Ilfx2:—cot_1x+C



1

e

dx _
=sec ' x+C
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d -
(xi) E(SGC lx):x\/xz—l : '[x\/xz—l
1

de
x\/xz—l ; '[x\/xz—l_

Jexdx =" +C

-1 -1
(— cosec x)z cosec” x+C

(xii)) ¢
(xiv) %(ex)wx ;

d 1 1
(xv) —(loglxl)=—; j;dx=1og|x|+c

d| a a
Ny — =a" . Tdx= +C
(xvi) dx (log a ] ’ j @ log a

| T | AR, SR Ao, RS STl (3 11 SISIe] FKere ©f Srad i
=l 13 (21 RO (I TPTIE CFe @fb N0 AR 20 |

7.2.1 7S FNFCET Hififed ©ieoF (Geometrical interpretation of indefinite
integral)
4l f(x) = 2x |G [ f () dx=x"+C | C -4 Rfow it oy e Ko st
M2 | PG o AT SIS 372 74 |

AR, y = x2 + C, @A C IR I3, TNIER G310 AR @RI | C-9F [few
I G, S @2 AR RS om0 o112 | 99)ten @3 A0 SIS e 919+ 30 |
qCFCE, A I -SF IR G316 SEeC 2P T |

“9[50g, C = () O3 S, SR A2 y = 2, 43 St I AL @R | C = 1 97 &)
y=x>+1 3P, y = x> SRFST y -“SCF G S AT GF G RS B AN A |
C=1GQE y=x>—1 3P0, y = x> JARIST y ~SCH AL T IARF G G5 R
F(E 2N T | GeITE C -9 2AfSfb gaisRs Mt &y, o 2fel sifigres MRy y
IS (AT M @R C-a7 A denss e oy, st afef siftgres Ay y
S Aol e SA1e A 169 7.1 -9 G IO (R 257 |

B, @99 x = o (FRIT @il GO eS| TeI (o[ eticas [Reanel S 1 5@ 7.1 -« sl
a> 0 R R AAT TG T TTa <0 1M =a @B y=x% y=x2+1,y=x
+2,y=x>—1,y=x" 2 SAISYEAIE IAFE P, P, P, P, P TGiMCe (2w (7, O

0 T2

G Rgajcecs % R I 20 27 1 <6 T T (T et (e = pefesyel

TGN 2 |90, [ 2x dx = x* + C = Fe (x) (4G), @R @, y = F, (x), C € RISl
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| //
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\:U\:g \:U

o D A\
ja - R - AN S
) N\ N 7O
L
N N D
D N
S S

<
B
S
~

Y/

e 7.1

IR AR x = a, (a € R) T (RARCS 77 29|71l TS 2 |
SIS, [f)dr=F(x)+C=y (30a), Rge 7ol «afb e o= oo

I | C -3 feq Mt A “ifzaiEs [ oy TifFe @ar @< e e e
TN FRAANSIFIE TG 2% 27 | 453 2o S Ttera eniffess wiesy |

7.2.2 75 TR FARD 47 (Some properties of indefinite integral)
G THARSITa!, SR WS T S 45T (oo 5 -
(1) SRS G AN 7717 foire afsa, fnfafie wew spita e

d
EJ f0)dx =£(x)

R [F&ydx =0+ C, C @i g |



(1)
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el 473, F 291 £ 97 @35 2lf-wreaere, wieie

< F) = /00

IZT, [reay =F)+c
o L [pwa =< Fw+0)
’ dx dx
d
= EF(X)—f(x)

S, SR T B
o= f@

B [Fode =rm+c

RN C 2o (762 GIF TIF AN 75 71 27 |

32 SRS T Yo TS AT 53 AR I o I3 @3 O @l
ST |
el 4Tl £ 9AR g uib S0 @g7l (@

d d
E.[f(x)dx= ajg(x>dx

w2, %Uf(x) dv—[g ) dx] -0

woad [ f()dr—[g (1) dx=C, @RI C @RI AT A ( 2
A, [feydx = [gydx+C

oA, TR AR {[ £(x) dx+C,, C e R}

R {[e@) dx+C,,C, e R} wfem|

e, @i (9, [ £ (x) dy @< [ g (x) dx TG |



310 siffe
o w57 {[f0de+C .CeR} @xk {[200)dr+C,,Coe R} siftmmefrata
TGOS 2MTeqT [ f () dv = [ (x) dx T2 2lioterar Srare =1 0t o1 11 24|

any [[F 0+ g]dr=[ f ) dx + [ gx) dx
aEel sl (1) AT, SN +4iE

AL+ g@ia] =5 + e n
A, S 2118 @
%U f@de [ g0 dv ] = % [re dx+% [ g0 dx

=f(x) + g(x) - (2)
«Jest, <5 (I1) @ 7 (AT, (1) 8 (2) (T «ft AAve T @,

[(feo+g)dx= [ fdr+ [g0 dx.

(V) -GG <14 il k- @, [k fx) dx=k [ f(x) dx

e ol (D=, L[k f o) de=k £(x).
dx

iR, %[kjf(x)dx] - k%jf(x)dxzkf(x)

o, 43 (IT) 2oL, bl A [k f ) dx=k [ f(x)dx |
& (I11) € (IV) -G SIS RAS AT S, £, ..., [ SRIAGARLY] ko, k..o, k G
ey AN 2N AT

[ fi@)+kofy () +..+ K, £, (0)] dx

= k[ derk, [ £, @) dx+ ..k, [ £, (0 dx.
TG ST G0 2AfS-STgawa1e (el SIS F@IS 0 G G35 STor0a e
I AT TSIFTE o 4G WS | [ S ad Gea e (e, Tl Ane S
AfS-STBETE el Sty ATAEI, T AL G T ] T | SRR SR

AR G (el TR |

V)
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Trirgael 1 2R siwifs et sfaie sirorse|rem afeite afs-sraaere et ¢
(i) cos 2x (i) 3x%+ 4x3 (iii) % x#0
T

() ISR G G AR (ST T A SIFIPETST 287 cos 2x | Mo IF 0 (&

— sin 2x =2 cos 2x
dx

Ld . 4 lsin2x
ql  cos 2x = > (sin 2x) = |2

1.
IO, cos 2x ~IF GF 2AS-TBIFeTST 267 5 sin 2x

(i) SR G0 S YIS T @G 261 342 + 4y | 7% I @

d (3 4

— (X" +x7)=3x2 + 4x°.
dx( ) =32 + 4x

O, 3x2 + 4x° GF Al SFIFTS o6 1 + xt

(i) SRS @

i(log)c):l,x>0u‘l?f‘<i[log(—x)]zi( l)zl,x<0
dx X dx X X

d 1
@mﬂﬂﬁlmmw,wwﬁﬁd (10g|X|)=;,X¢0

X

1 1
O, f; dx=log |x| =z — <7 4l 2fo-srgree|

Trizael 2 fsiaie Aeese e s g
P 3
o [ xxz Ly G | (x§ +1) dx (i) [@2+2¢" _i) dx
SN
() I AR,

-1 _ 2 e
Ix2 dx—J-xdx—'[x dx (3 V =)
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1+1 x—2+1
( ] [ 2+1+C2]; C,, C, o1 AT L2 |

x2 1
i - —C =
> 1 1 2 2+ +C C

2

o=+ C, @A C = C, - C, 2 S TRt 47|

| = 5| @2 (AT PRSI, SN AT TG XY A6 WG AT g7 7720 |

(i) == AR,
2

j(x§+1)dx:jx3 dx+jdx

I
W
_+_
[\
o
|
=)
oQ
=
+
@

- §x2+26x—10g|x|+C

Trizael 3 s smeee fef st ¢
(1) j(sin X +cos x) dx (ii) Jcosec x (cosec x + cot x) dx
—sin x
(i) I cos” x &
L
(i) o AT,

j(sin x+cos x)dx= Jsin xdx+ Jcos xdx

=—cosx+sinx+C
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(ii) TR A,
j(cosec x (cosec x +cot x) dx = jcoseczx dx + Jcosec x cot x dx

= —cot x —cosec x + C

(iif) I AT,
1—sin x 1 sin x
dx = dx — dx
I cos’x J-cos2x Icoszx

Iseczx dx— Itan xsec x dx

= tanx—sec x+C

Trizac 4 a7 Afs-wrga<eTs F 66T 01 T £ (x) = 4x° — 6 71 @S, (@2 F (0) =3
T f(x) 9T G0 AfS-SrBIFTS T 1t — 6x

d
A=Y, — (" —6x) =4x* — 6
dx

I3, 2fo-SIeTS F 26
F(x)=x*—6x+ C, (@AM C 2 LT |
e R F(0) = 3, T (AT AT AR
3=0-6x0+C 5, C=3
TeAR, T &S -STa<<reTer Sefey) SCoMF F @O = F(x) = x*— 6x + 3

RUCE/)

() SR oeafR @ F 26 f @7 afS-oraasere, it Ozt F + C-a3 Segol @4t C
@~ GIF | G0, AW G0 S (97 Gh(6 Afo-Srgsrerer F &ite #1if, o
F-4 A @@ 375 I I O /-7 SRy Afs-wraa<ers 714te if,
F(x)+C, C € R @31 2/ S | 2T (Fa, 951 22 ST (SIS 6oz (e
C -3 @35 [T M= el 21 7, I 2! 2AWE ST ooy 2AfS-SFame1e
Beickal

(i) FUTS TG AT SIS 02 F A1 23 1, (o g1, olifamfeis, spi,

farplafifos o g% GUR R Stomrmne 2o | STmi o [ £ () dr

orefCa G0 1% | S, Ao AT [ dx fefey 0t o799 7 | AR
SR (78 SCorH( efar S0 A 1 I S@aweTS - gy 2
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oo

(i) T4 x IS S G 5T BN FARFACT 57 o0 2, T2l AR TG T! G2

TP A 27 | TnzRerTg e,

4 y4+] 1 5
dy= +C==-y"+C
Iy YT Sy

7.2.3 GETFeA 8 FNFeICNd N Werel (Comparison between differentiation and
integration)

1.
2.

TR B[CATFFY (RS Tolzr &Sl (Both are operations on functions)
SOz (ARFSIF 45 (0 5T, wigfis

d d d
() E[kl fi @ +ky f, 0]=k —h@th —f®

() [k £ O+ky fo 0] de=1 [ f @) de+ky [ £, 00 dx
AT &, =R k, T 3 |

SR BTSN (AR TR ST s SR 2 o | ST, IR S s Tl R (191
T | SR SR {619 SRR w18 3 SRR 3 R SR &l R
S A |

(I SRR e, A G2 Sy AT, (T Sielel) SICofhas 23 | (G ST
FREST S 7 | SR, 47 517 T 263 71T O Sy S G S @I o
SN S ALY G 72T |

Y G I ST P G SRR 11 2, O TR0 P -G 00d (5 1 Ao
5 % 7oAl S rRe 231 | 920 G T2 S PE P (NI 51 2, 4ol TAeTio
P - RICoF GR | Ao S I G0 75171 S0 27 |

@I @ Jre SRl SreReTed 0 F6700 A | (@Il @ Kre A1 30
SIS S e T, S| S AN GHb ST AR 2GR A o1 Al
S 7.7 -9 (A |

SRR RIS SO Slesld, JoTe (@I 7 G Keqre i a6 |
AR, AR ITIRET 557 2RI ST TR TR AR S IR (IR0 Bl
AT NI =Y |

g 2o A el o TR e 2iR1l%] 201 RIS, THresersgot, (AT oifoelist i
CRICH 3T ¢ -(© SIFIE 731G STl IR O 9ifSr] e il | Sgegeet, i1 At ooy
¢ ~(S TR T U, T T SR TG e I R 2T

SR 26 ANTE <6 A | 796 a2 4ol AR CFeae o3, Tl 7.7 SR
ORI 2= |
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10. SR G2 I AT(F oo 2fFa at 7.2.2 (i) SHymwam Sl 2@ |

| oA 7.1 |
AT Ao T FHfERIS SIrormseee 2ifs-sraasete (T2l i) e e |
1. sin2x 2. cos 3x 3. e¥
4. (ax + by 5. sin 2x — 4 &*

ST 6 (AT 20 915 frsfaie ssers|een ffa set:

1
6. I(4€3x+ 1) dx 7. Ix2(1——2)dx 8. I(ax2+bx+c)dx
x
2 3 2
2 x 1 x +5x" -4
I(2x +e')dx 10. J.(\/;_ﬁJ dx 11. J—xz dx
x +3x+4 _x + x—
12, |[—F—dx 1. j Lav 14, [a-xx dx
15. j&(3x +2x+3)dx 16. [(2x—3cos x+e*) dx
17. I(2x2—3sinx+5\/;)dx 18. _[secx(secx+tanx)dx

2
sec” x

19. I ——dx 20. Imdx|
cosec” x cos? x

AT 21 3R 22 €F T T RIS FC

21. (\/§+%] -7 #lfS STFIFCE W ZE

1 1 2

(A) 13 +2224C B) 2x3+1x24C
3 37 2
3 1 3 1

©) %x2+2x2+c (D) %x2+%x2+c

22. T %f(96)=4x3 —34 ALTAS(2) =0, ORE f(x) 21

) el el
( ) X 8 ( ) X4 8

. 1 129 . 1129
C© ¥ +3t+t— (D) X+

X 8 X 8
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7.3 A A4S 77Z (Methods of Integration)

SRS (AT AT T | «@ff et i i, widfie, @3 S F @ Srpriia 341 29
AT SIS 2 f T NGRS f G TN TS 5ifeTe 303 | e @3 #fs, @
AL TS | O ST AT o) TATT 3 | S0, SIS TS A(aFed Taro
T A 2SS T T D] AT SR AR S0 AT ol 1 97 | G
TG STl 2oy TeT 2 ¢

1. efoRa ARl T

2. S @Rl RS Tereaa s et

3. S AR S
7.3.1 fSRIto{te1a 71! TFe (Integration by substitution)
G SR, SR ARSTRNATTR M AN ARG S T2 |

FIR 577 x - ¢ @1 efie, x=g(1) AT T 2 3wt | f (x) dlx - ot
ool AT s =

40, 1= [ f@x)dx

d
X = g(t) e TS d—f — g'( =

SR ferete 2 dx =g'(1) dt
o, 1= [fydxe=[f(gw) g di

ARG SN BRI 2 2AfRAET 7@ ST o785 438 gl | TN afs=iistT
N 203 O SR 1 332 e R | AT, S| G5+ G S G 2Afoalioie
(A A TGS AN 2 A, 71 fwfaiie Swizace 7 2wz |
Trigacl 5 TR SR Tend x G AT el I ¢

(i) sinmx (i) 2xsin (x*+1)
_ tan® Vx sec? Jx . sin (tan™" x)
(i T ) o
Y
() ISR S mox G SFIS m | SO, SR mx = ¢ 2Aforfore T
A0S mdx = dt 2T |

BISEIN jsinmxdx—ljsintdt— L t+C = L +C
K, o - 08 g COS X
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(i) 2+ 1 OF SBIFTS T 2x | AR, SR X2 + 1 = ¢ ATSRIAT 2ol F99 Ao
2x dx = dt =X |
o, J.2xsin(x2+l)dx=fsintdt = —cost+C =—cos(x*+1)+C

1

1 -3 1
(i) /x 9T OIS 2 — x 2 = | o, A=
2 2/x
= 1 eI T, 2T —— dx = dt, A RTF ANl = 21
2Jx
tan*Vx sec® Vx 2ttan’t sec’t dt 4 5
AR dx = = 2 |tan"t sec’t dt
N J. \/; _[ t J-

PR, SN tan = u ST G0 ASRI2W I ACS sec? £ dt = du |
5
oS, 2J-tan4t sec’t dt=2J.u4 du = 2%+C

2
=gtan5t+C (@Y, u =tan f)
2 s
= < tan Jx +C(@z,, t =x)
4 2
tan*v/x sec® Vx 2 5
AR dx = = tan® Jx +C
T e 5
RFFeIE, tan Jx = ¢ AfRIPre =N |
. 1
(iv) tan™! x AR, SN -GF TBIFG =
+x
d
tan*1x=tﬁ%mﬁﬁﬂ$%,ﬂlli\'>l x2 =dt 27|
+x
sin(tan_lx) .
BUSTER .[—2 dx=.[s1ntdt = —cost+C=-—cos(tan'x) + C
1+x

Q, SR FTRpIelfRifes ST SR gl AT @R AfSwiiof (FiieT ATt
SN S| AT T A 1R | Q9T 2IT AT 1 T |

@) Itan xdx = 10g|sec x| +C

oI A,

sin x

dx

Itan X dsz.
CoS X
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cos x = ¢t I8 MO sin x dx = — dt T |
IR, jtanxdx:—j%=—1og|z|+c=—1og|cosx|+c
T, Jtan x dx=log |sec x| +C
(i) Jcot x dx =log|sinx|+C

COS x

= A3, jcotxdxzj -

sin x
sin x = ¢ I AT cos x dx = df 2T |

dx

O jcotxdx=j% = log|f|+C = log|sin x|+ C

(iii) Jsec x dx =log|sec x +tan x |+ C

= AZ,

sec x (sec x + tan x
jsecxdx:j ( )d
sec x +tan x

sec x + tan x = ¢ I8 IO sec x (tan x + sec x) dx = dt X |
dt
o, J-secxdx:J-—:log|t|+C:10g|sec X+ tan x|+C
t
(iv) Icosec x dx =1log |cosec x — cot x|+ C

o AR

cosec x (cosec x + cot x
Icosec x dx :J. ( ) d
(cosec x +cot x)

cosec x + cot x = ¢ NS JTO — cosec x (cosec x + cot x) dx = df |

TSR cosec x dx=— ﬁz—lo lt1=—1loglcosec x +cotx|+C
> g g
t

COSCC X —cot x|

=_log +C
cosec X —cot x |
= log |cosec Xx —cot x| +C
Trizac 6 A AN T et ¢
. .3 ) sin x
sin” xcos” x d dx X
@ fl * T (i1) -[s1n(x+a) (ii1) -[1+tanx
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(i) == AE,

2

.3 . .
J.sm xcos’x dx = J-sm x cos’x (sin x) dx

= J-(l - coszx) cos’x (sin x) dx

t=cosx R ATO dt = —sinx dx 2F

SO, jsinzx cos’x (sin x) dx = —J(l—fz)f2 dt
5
— —I(zz—t“)dt:— L.l lc
3 5

1
= ——cos’x+ lcossx+ C
3 5

(i) x+a=1t PNE, dx = dt TN,

_[ sin x _Ism (t-

sin (x+ a) sin ¢

sinf cos a —cos ¢ sin a
f dt

sin ¢

cos a _[dt —sina Jcot tdt

(cosa)t—(sin a) [log |sin t| + CI:I

(cos a) (x + a) — (sin a) [log |sin (x+ a)| + C]]
= xcos a+acosa—(sin a) log |sin (x+ a)| —-C,sina

sin x

\ICGER J. X =x cos a —sin a log [sin (x + a)| + C,

sin (x + a)
A, C=7C] sin a + a cos a, 257 AT (TR I |

I _[ cos x dx
(iif) 1+ tan x COS X+ sin x

1J(cosx+sinx+cosx—sinx)dx
Cos X +sin x
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lJ-d)H_lfcosx—s%nxdx
2 27 cosx+sin x

x C, 1 cosx—sinx
:—+—+—I—

AR dx (D)

COS X +sin x

QW,WIZICOSX_SIHde

COS X +sin x
cos x + sin x = ¢ IS JITO (cos x — sin x) dx = dt

ICEI I:j?:log ||+ C, = log |cos x +sin x| + C,

@G (1) -9 T = 413

dx x C 1 . C,
I :—+—+—10g|cosx+smx|+—
l+tanx 2 2 2 2

x 1 . C C,
—+—10g|cosx+s1nx|+—+—
2 2 2 2

£+llog|cosx+sinx|+C, C:g+&
2 2 2 2

| o722 |

TN 1 (AT 37 AL ST AT (ool S -

12.

15.

2x (log x)* 1
5 2. K S —
1+ x X x4+ xlog x
. sin x sin (cos x) 5. sin (ax+ b) cos (ax + b)

. AJax+b 7. x+x+2 8. x\/1+2x2

1

CBx+D) A+ x+1 10, 11. , x>0
(re2ya b x—x N

1 2

1 X 1
& -1)3 % 13. 14, ———— x>0, m#1

(2+3x%)° x (log x)

16. 2x+3 17. —
9—4x° b e / e’
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tan”™' x 2y 2% Cax
¢ e’ —1 e’ —e
18. 19. 20.
1+ x° e™ +1 JETIRpE T
21. tan® (2x - 3) 22. sec? (7 — 4x) 23, S 2
1—x7
208 x = 3sin ¥ I cosVx
24. 6cos x + 4sin x 25 cos’x (1—tan x)* 26. NE

COS x

27. /sin 2x cos 2x 28. \/m 29. cotxlogsinx

sin x sin x 1
0 Ticosx 31 (1+cos x)’ 32 Ticotx
1 Jtan x (1+1log x)2
33. 4., 35, ———
1—tan x sin x cos x X
» (x+1) (x+log x)° - 'sin (tan™'x*)
X 1+x°
ST 38 €% 39 @ A(IF Teal ARiB Tl 2
18, IIOX +10%log, 10 dx G
x' 410"
(A) 105 —x° + C (B) 10+ x" + C
(©) (10"—x'°)" +C (D) log (10" + x'%) + C
39. f I
sin® x cos” x
(A) tanx+cotx+C (B) tanx —cotx + C
(C) tanxcotx+C (D) tan x — cot 2x + C

7.3.2 Taratefsifes srew 2taits AiFe (Integration using trigonometric identities)
JLU I I (I [Grpiel O CATFP YT AR, SN NS (T [Pl Sfes Srew
Gl (IS SRR DI (CHICHESED (GISEIECEG E

Gzl 7 el (i) [eos’xdx (i) [sin 2xcos 3xdx (i) [sin’x dx
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AL
(i) cos2x =2 cos’x — | SCSHIL AT == I, Tl (AT AN AT
14 cos 2x
cos’x = s

1 1 1
o 2 —_— — —_— — —
TSR, Icos xdx = 2J‘(1+cos 2x) dx = 2J‘dx+ 5 Icos 2x dx

+—sin2x+C

| =
N

- 1
(i) NS ICS[L A RS sin x cos y = 5 [sin (x +y) +sin (x —y)] (4?)

EG jsin 2xcos3xdx = %Usin Sxdx—Jsinxdx]

= l[—10035x+cosx}+c
21 5

=i0085x+%cosx+c

(i) sin 3x =3 sin x — 4 sin’ x, SCSK (ATF D! 21T,
3sin x — sin 3x

L
S x =
4

i . 3 3¢. L.
TR, Ism xdx = stmxdx—zjsm 3x dx
=—§cosx+icos3x+C
12

4

[ERESE & Isin3x dx = _[sinzx sin x dx = '[(1 —cos?x) sin x dx
cos x =t (A1, TS — sin x dx = dt T |

oA, IsinSxdx = —J(l—tz)dt = —fdt+ft2 dt:—t+§+c

1
= —_Co0S8 x+§cos3x+C

TE G SretE AR @it (I TR (@ T Tea2 TIee |
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SRR 1 (AT 22 AL ST AT (ool T A -

1. sin? (2x +5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin® 2x +1) 5. sin® x cos® x 6. sinx sin 2x sin 3x
) ) 1-cosx COS X
7. sin 4x sin 8x . 9.
1+cosx 1+ cos x
)
10. sin'x 11. cos' 2x 12, — 2
1+cosx
- €OS x —sin x
13, Sos2x-cos2a,, COSXTSIMX 15. tan® 2x sec 2x
COS X —CoS & 1+sin 2x
-3 3 .2
sin” x4+ cos” x 2x+2
16. tan‘x 17, == gy, 20T
sin” x cos” x cos” x
1 cos 2x .
19, ——5— 20, — = 21. sin "' (cos x)
sin x cos”x (cos x +sin x)
1
22.
cos (x —a) cos (x—b)
SN 23 @R 24 -9 AOF Teaft AT Il
-2 2
sin” x —cos” x
23, | —————dx=
Isinzxcoszx
(A) tanx +cotx +C (B) tan x + cosec x + C
(C) —tanx +cotx +C (D) tanx +secx + C
T+
24. J-de=
cos” (e*x)
(A) —cot (ex®) + C (B) tan (xe) + C
(C) tan (e") +C (D) cot(e") +C

7.4 FTIF0H QO AC2FEa AiFe (Integrals of Some Particular Functions)
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G2 ST, SR SR g7 AT 9@ NG Brar F91 G ST S F7aTeeT

oI fFS IR &) G AT T4

, j dx —ilogx_a
() x2_a2 2(1

+C

X +a
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dx 1 a+x

2 ——=—7Ilo +C

) '[az—x2 2a ga—x
dx 1 1 X

=—t —+C

(3) '[x2+a2 a a

4) I%:log x+vVx?-a*|+C
x“—a

(5) jd—x=sin“f+c
a’-x* a

(6) I%:logx+\lxz+a2 +C
x“+a

QY ST CHATAE AN o] 1 3

1 1
(1) S 47, R

-a :(x—a)(x+a)
1 |Gt -G-a) _L[L_ ! }
" 2a (x—a)(x+a) " 2alx-a x+a

e, J-xzd_xazzzia[f dx _I dx }

X—da X+a
1

= 2—[logl(x—a)l—logl(x+a)|]+C
a

X—a

+C

1
=—Ilo
2a &

xX+a

(2) T (1) 9T IO (AT SR 47E,

I _li@tn+@-xf 1] 1 1
a’*—-x* 2a| (a+x)(a—x) :Z[a—x+a+x}




N | r=rad e

a—-x Ja+x
1
= —[-logla—xl+logla+xI]+C
2a

1
- —1lo
2a g

a+x
+C

a—x
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| = T | SIORR 7.5 -4 (1) -9 IS (FI 17 41 2 |

(3) 4G x=a tan 6| SOIZT dx = a sec’ B d
asec® 0 do
1o Ix +a’ J

a’ tan’0+a®

=ljd9=le+czltan Xic
a a a a
(4) 4t x=a secO 1SR dx = a secO tan0 d0

asecO tanO dO

T, J.J '[«/a *sec’0—a’
= jsec@ d6 =log [sech + tan6| + C,

2
= log| =+, |5 -1]+C,
a a

= log| x+Vx* —a? —log|a|+C1

= log| x+Vx*—a* +C, @AEC=C, —log|a|

(5) 4t x =a sind | O dx = a cosd do.
acos6 do

_— J' dx B J‘
o \/az —x? \/az —a’ sin’6
- jd9=9+C=sin-lf+c
a
(6) 4G x=atanO| O dx = a sec’0 db.

asec’0 do

=, J.\/x +a’ '[\/a tan’0 +a*

= J-sece do =log |(se(:9 + tan9)| +C,
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(7

®)

)

+C,

[2
_ log X x_2+1
a a

— log|x+x* +d’ —loglal+C,

— log|x+x*+d’ +C,C?I?IT(FIC=C]flog |a|

G2 S AT AT, SN Q2 S T AN 76 (A gyl @ oo
Wﬂ?i@ﬂ?ﬂﬂ%ﬁ‘f@ﬁ@wmﬁw% |

IL ST eI fefT s forecs ~Aif,

ax’ +bx+c
2 |: » b C:| [( b )2 [c b? ]]
axt+bx+cec=a|lx +—x+—|=a|| x+— | + ———
a a 2a a 4a
b c b 2
aam,x+2—=zaﬂ1mrrc—wdx=dt®m<;—4—2=ik G0 | SIS STapet b
a a

1 dr c b .
MIBSISICK fm 3 (— ——J G Toteea B ferSardiien, of fiefiy e eresia

a a 4a*

i e e N7 |
dx
'l.\/a)c2 +bx+c
SR AR el FCe A |
px+q

Iax2 +bx+c
4l A, B e Fa0e 21 @90t @,

TR TN FAT, (7) -97 T D127 20, S 973 AT,

dx ST AN WA, @A p, g, a, b, ¢ T LIF, SR AT

px+q:Adi(ax2 +bx+c)+B=A (2ax+b)+B
X

A€ B el Sisiat Seweite® x -9 37291 I3 433 917 S S | GOIF A '€ B -97 W
AT AT A ARSI »fafSo =7 |
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(px+q)dx
10) | ————FI(d TNFel WeftTa &, S (9) -9 O FaHT 33 G
(10) I\/axz+bx+c ®)

TS AR S i oo 57 |

BT S I SR SUIZA T TG ST 2(fojrat 2o 3 |
Trizad 8 T AN T

) dx B dx
6] I Z_16 (ii) Im
I

o x—4
g x+4

) wworr‘a‘j e = zd_x42 =

é +C[7.4 (1)@ ]

. dc dx
(11) J\/ZX—XZ _J\/l—(x—l)z

x—1 =138 | O dx = dt
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=5 4—y2+5sm‘%+c [7.6.2 (iii) 2T

_ %(x+l)\/3—2x—x2 +2sin‘1[x7“]+c

| e 7.7 |
SRR 1 (T 9 SICoFRRoY TR AT S |
1. Ja_y 2. J1—4x 3. +4x+6
2z
7o N14+3x-x 8. x? +3x 9oy

TN 10 (A 11 & 79 6 (@R e |
10, [NI+x* dx -5 ==

(A) %\/1+x2 +%log ( x+\/1+x2)

+C

3 3

(B) %(sz)‘2 +C (C)%x(l+x2)2 +C

(D) §m+%leog‘x+m
1. [V -8x+7 dv -awomim e

(A) %(X—4)m+9log x—4+M‘+C

(B) %(X+4)\/x2—8x+7+910g x+4+M‘+C

(©) %(X—4)\/x2—8x+7—3ﬁlog‘x—4+M‘+c

(D) %(x—4)\/x2 —-8x+7 —%log x—4+Vx?-8x+7 ‘+C

+C




P 347

7.7 @S wwie=t (Definite Integral)

S{T STCHRIH, SIS S5 S5 9/ S FCAR G IR KT AR S5
I R AN T [T T F S AR ST AR | 42 S0, G ST
TS F1<esT P T 2, O T oreraie 5 | 46f5 TS AIeCetar ey @<6{5 ooy (unique)

T | 95 [S AT f:f(X) dx 71 fofzre 521 27, @ANE ¢ - AN A=

3R b - SR 7671 27 | S AT 26, 2 G (9P S =121 7w [, b]
ST 97 G 2O BT F O g 2, O GF e, 2R [R9] Tt F-G31 e
AL T, Sefie F(b) — F(a) 2 1 G, 96 CFarss S5 92 Sl S 4 |

771 CRRCETR ANEee fAf7<5 ST (Definite integral as the limit of a sum)

A IR 76 GG ABO SCAFF [a, b] I SBACE AR | 4R F, ST A
9T S-S T, TSR SCAFH0 (@TRI5T x - AT G0 IR 2 |

TS ee fff(x)dx &, y = f(x) I, x = a, x = b (F0ET IR x TF a

TN S GLeTH CFAT | (B CFaeT (oo, ST I, x -50F R (@FvaT x = € x =
b < e wigeT PRSQP {ane 5 (59 7.2) |

Y
N “S
M__ /
cL~Ib
_ 5@0 L
Q y
P A B R
r € >X
b 0 Va=x0 X X X, x X = b
Y!
g 7.2

[a, b] STFAETCF n -FRLSF AN THA-SFAET @ [x,, x, ], [x,, x,] .

02771

[x . x] IS I, @A x,=a,x, =a+h,x,=a+2h, .,x

’ [xr_p xr], (]
=a+rh &R

I

b—a
x =b=a+nh3, H=TIWW$§[®n—>o®W,h—>0®|
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PRSQP S0 Gt 1 - &21-SIFa (@91pe R [dibe 27, @I 2feld
To{-Sge, To-or@IeT [x, L x ], r=1,2,3, ..., n -4 RO L |

59 7.2 (At ol AR,

(ABLC) SIITSTR(aS (Fawel < (ABDCA) < ST (a6 (ABDM) SITSTHGad
R | .. (1)

5oL, x —x  —> 0, i 7 — 0 T, (1) -7 7 foab CFageeer Tz
SRl AT AN 2T | @ SIS T NPT 919w 1 |

n—l1
s =h[fi) + .t f )] = Y f(x) Q)
r=0
N S = hlf @)+ fln)+..+ fx)]=hY f(x,) e
r=1

G, 5, G- S, AP [x_,x ] @A r=1,2,3, ..., n TH-STBACT WORAI (52
3R AR SIS TRET2R CFaET AT o I |

SR (1) G @G S-S [x, x ] OF S St A,

s < PRSQP ST (el < S . (4)

1 —> oo B(E GIICEAI 7Y (ATH SRE A 27, © Gfb 3 411 @ AT @ (2) €32 (3)
TOEE AR T G2 27 G AL 2 T A2 261 a1 A S0 e
g |

Ao, o fefe

. . b
lim S, =1im s, = PRSQP wegteTe Cawre1 = | | f(x)dx - (3)

n—oo

Q (AT @R AT, R Fawst 26 A9 TR @R @ TofoR! SimerFae e
TS (I CFITETT G AR S | T G, SN ToA-STBAET Tl Tty
SITSTFIYHIR AN AT THOITEIT 419 (edge) RETE 712 1993k, (5) - =@l foers «Aifq

ij(x)dxz}lin(l)h[f(a)+f(a+h)+...+f(a+(n—1) A

A [ @G- lim @+ fat ik far oD

b-a

n

@A, h= -0 n—

Tota (6) ARG WIS Ao @rarerers g ke 3ot #iikifos |

TG (I RO ST G5 S D AT e ST 98 ST S
7 50, g TTISTe IO SoaifeRT Skt s e =11, 3t sl R beRpeet Topiom 3 |
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v FIRe e x G 2AFRACS £ 31w A WIS 27, SR AN f:f(x) dx &3 #IfFac$

TR | b f@dr= fbf (u) du Foi TR | 570, TR BTN FGT (dummy)
BT el 27 |

TriZAC 25 GRS S et j;(x2 +1) dx gz e e |

T AR (AT

Ibf(x)dx=(b—a) 1iml[f(a)+f(a+h)+...+f(a+(n—1) 1,
a n—o n

QM h=

2-0_2
RTIA, a=0,b=2.f() =+ 1, h=—"==~

n
AR,

j(x +1) dx = 211m—[f(0)+f( )+f( e +f(2(” Dy,

2 2

2
21im1[1+(2—+1)+(4 T+ J{(Z”‘Z) +1J]

n—oo n2

2liml[(l+1+ +1)+ (22+42+ A+ (2n-2)%]
ﬂ—)mn\_\,?
n-R

I )
= 2lim—[n+— 1" +2"+..+(n—1)7]
n%wn n

_ 2 im Lpy A ZDn @D,
n—e n n 6

= 2tim <[+ 2 22D 222D,
n%oon 3 n

_ 2dim f+2a-4) =Ly pe 22
n—yoo 3 n n 3 3
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Trizel 26 T T [ e dx s et |
ST K (A

| 2 4 2n-2
J' e = 2=0)lim —| e’ +er +en +..+e "

n—o n

2
AJTINeR CHlfeld 7 7145 SITHR (@191 2T, AT @ = 1, o — g , SR AR

2n

5 1 en —1 . 1] e*-1
foeas = 2Jim 1 —1=2lm | 5
en—1 e —1
2(e* -1 h_1
2 b,y B L R pr—
2 h—>0 R
lim | €12
n—>oo =
n
| e 7.8 |
IS SR e NS sieerees s fefr et |
1. bedx 2. Jos(x+1)dx 3. J;xz dx
4 2 d 1 xd 4 2x d
L (x*—x)dx 5. J_le X 6. Jo(x+e ) dx

7.8 TewEwIE (FEToHg (Fundamental &

Theorem of Calculus)
7.8.1 CFGZFeT QCAFF (Area function)

s Heesifre <A || f (0 dv =9y = £0)

3T, @8 x = a 8 x = b G x -F G
F GG (FIT | 4T x T [a, b]

=
A e <3 ey oz | f(0dx B O]
7.3 G R RIS S T |
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[@2its @b 403 (ST TR A, x € [a, b] 9T & f{x)>0 T, e T80 AdRereiE
ST SR S)e ) T (] B RIS ST (et x O3 ST Soft fsaiet |

SN N A, 2 QRIS SFE CFae] x -7 G0 ST | ] x-aF @2
AR A(x) 71 H2re S | SR 92 S0 A (x) -(F (FragReeT =5 I3k gl
NGRS

A= [ fx)dx ()

2 @I TofF fofe 307, 7t (TR Soioly (radl 291 | i (21, G &S iel {7 @
sififea afRge 2e, SR *gHE GoETE [igo 1 |

7.8.2 A [T RN CNferE TN (First fundamental theorem of integral
calculus)

T 1 40 T STSA [, b] -9F T [ G0 ATS SCHF 3R WA I A (x) T
CHFATS TS | O A'(x) = f (x), T x € [a, b] 99 e |

7.8.3 ST [Qid faelw (e Sl (Second fundamental theorem of integral
calculus)

SR [ G €3 FG SAATT Wi T T MDA S-S 72 T
TS FTIRCeTa S fovefr 3311 A |

T2 2 4T A SN [, b] - 97 T [ A0 HF© SIS R [ 99 A G- S@aw71e1 267

F o || f(x)dx =[F(0)]) = F (b) - F(a)
AL <J

() TN 2 ORI @I J:f(X) dx = (TR b -(© 97 2AfS-STe7FeTS F @

- ¢ -(® 932 2ifS-SreTF 0T qie)

(i) 2 ToI5Ay Y32 TATNAN, B G ST TS AP S SR A feyefer
fTRT, Sfiaes seers! fAeftzs aifgwt e < |

(i) @3 TS FFst<eeT fovefr axrey G6(G gyl afers T M @3 oo 2l 23, T
A -STFLFTET AN TN 2 | G ST 8 IR SIS =2 75 A |

(iv) fb f (%) dx -4, f SCoPwH IPIREE =R [0, b] GF o TR 26T SR | SRR,
1
S STapat jlx(ﬁ 1) dx G5 3R NG, PR T TG [ 2, 3]

1
-1 <x <19 f(x) = x(x2_1)5 GRS Y |
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[ o) dx el sotorrz
(i) WS AT If(x)dxﬁ‘-ﬁa?m| 403, «@f5 F(x) 21 QoI AT G379 A
RNTTS! (<12, (ool I SN F(x) € 2IfFR-0S F(x) + C Reavel 5, ot s =1,
[ " £x) dx=[F )+ CI’, =[F(b) + C1-[F(a) + C]=F(b) - F(a)
GO, S STiera s el vz 3% et 23|
(i) F(b)-F(a) = [F(x)], Refrawa, iz [ f()dx eqm|
Trzact 27 Nod AN T e :

3, JQL
() [, ax @ s

dx

2 x dx

(iii) fl i) (x12) ) | Jsin’ 2t cos 2t dt

AL

3 3
(), 1= < dx. ey [x? dx=%:F(x),
SR, TSI GNETE Tolsiivg @il =iwa 2112,

27 8 19
~FB3)-FQ2)="---=—
I=FQ3)-F(2) 37373

Jx

3
(30— x2)?

2 2
30—x2 =t ﬁﬁlw —%\/;dx=dt <, \/;dx:—gdt

! |=F ()
(30— x2)

dx | SIS AT AT A S-S BeTS: ool 19 |

(i) &, I=J49

Jx 2 cdr 217 2
ECEI f—stZ‘g = 37173
? (30_)(:5)2 t 3 t 3



SO, PRI BT GNIETE S (AT Sl 713,

_ F(9)—F<4)=§ S

(30— x2) |

I

=

2 x dx

G <, 1=, (D) (x+2)

X -1 N 2
(x+D)(x+2) x+1 x+2

SR 2N AT, S 23

xdx
TogN, -l-(x+1) x12) =—10g| x+1 |+210g| x+2 |=F(x)

SO, T O GNTETE Gl ATCH!, Sl 211

2 DS S N 2 B
~31(30-27) 30-8| 3[3 22

1

|

353

_19
99

1=FQ2)-F(1)=[-log3+2log4] - [~ log 2 + 2 log 3]

32
=—3log3+1log2+2log4=log >

(iv) = I= JOZsin3 2t cos2tdt | jsin3 2t cos2 t dt 431 (F9q
. 1
sin 2t = u 4G, TS 2 cos 2t dt = du A cos 2t dt = E du 23|
SR, J-sin3 2t costht:%.[bﬁdu

[u4]:ésin42t =F () 4@l

IO, TN [P T G S (AT A,

0 | —

T 1 . 4T .4 1
=F(=)-F0)==[sin"——sin" 0] =—
I (4) (V) 8[1 5 S | n
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| = 7.9 |

1 (T 20 5@ WS sTimseen fef 3 |

L[l aenae o j31dx 30 [F@x -5 46x+9) dx
-1 2y 1
r k3 5 b
4. Igsiandx 5, IOZCOSZxdx 6. I4€xdx 7. J(‘)‘tanxdx
g 1 dx 1 dx 3 dx
cosec x dx
8. f,g 9. |, — 1 f01+x2 11. szz—l
ki 3 xdx 12x+3 1 >
2 X
12. _[()ZCOS xdx 13. _[zx2+1 14. I°5x2+ldx 15. Joxe dx
2 5%7 x T, X ) X
. —_ N 2 3 . sin” = —cos” =) dx
16 fl x2+4x+3dx 17 Io (2sec"x+x"+2)dx 18 .[0( ) 2)
26x+3 1 .
Io 21 20. Io(xex+sme)dx
SRR 21 @R 22 @7 A0 Tedls @RS |
ST A p—
S =
N o 2 N o E
(A 5 ®) (© = (D)
2 dx
22. |3 G I 25T
IO 4+9x°
N B) = C) — D) =
(A) = ®) = © 5 (D) %

7.9 efesisitaa syt 7S wwiwet fefa (Evaluation of Definite Integrals by
Substitution)

I el @G g iel i zeT aifomiivm oS |
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b
Afevaliofm simfon gt | | f (x) dx fefcar fraferfre sisiorz eicaiol 23
1. Ht ifStacs e RTse R @R y = £(x) 924 x = g(y) 7 afewifere F
ANE AP SIS THI #AT6® e |
2. TR LI AN, T ST AITATI el AN 36T A |

3. T HERIMTE 27 36 HeIfTe afewifere S0t @3k Ted 6 saifEg SiiE
ferfom e |

4. (3) -4 2N TEF ANFCA 27G AN FANCHATT T oz ST =R TR @ forsiig
AR Ay et |

| w59 | G2 ARToR geaTeld Sy, S Aot ST 2o A : 419l (1) @R
(2) 51T TR 51 11 (3) T T SAHFO! (72 | QLT IR (F Toe) BaHITe A=
T G3R AT S el el ST AT S 0 TR SR f1! 700 a1 27 |

BT SR SRR G el 51 |

1
Tz 28 | SxNA +1 dy -amwm et |

I r=x"+ 1 IS, RS df = 5x* dx |

3

3
AR, st4 xs_l_ldx:J'\/;dt:%tz =§(x5+1)2
1 2 37
4 5 _ 5
SO, I_l5x x +1dx—§{(x +1)2]
-1

2 s 3 s
- 3|0 +1)2=((=1) +1)2]

[ 3 3
:2 22 _(2 :z(zﬁ)zﬂ
3 3 3

fIaETst, 22T SR TGS AT FR R O 2RSS T Tor A
ATHTT T Ffa 3 |
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«dl, t=x+11 9 dt=5x*dx|
% 61, AL x=—1,t=08RTATx=1,1=2
TOAR, ARG x Ha6 FCF — 1 (ATF 1, O ¢ 5B I 0 (AT 2
R o= [
O, Jlle X +1dx—_[0\ﬁdt
2
21 21 212 2] 2 42
_ S| =5 22-02 =22 =12
I tan”' x
Twiza 29 | = dx 7 I ool e |
0 1+x
1
Y W,t=tan’1x,wdt:1+x2 dx | g A 2H, T4 x =0, £ =0 GR T4

T T
x=1, 1= 17 R, TAT x G AN 0 CATF 1, 04T ¢ GF AW 0 T |

I tan”' x 3 21| 7 n
de=|*tdt=|—| ==| =-0|==—
o Iy e I3 [zl) 2{16 } 32
SRt 7.10
ARSTAATTI TITT SN 1 (ATF 8 2T AN AR T el e |
1 x z L, 2x
2 : 5 d
-[Ox2+ldx 2. .[0 \/sin ¢ cos” o do 3. j081n (1+x2) X
2 T
4. j xVx+2 (x +2 =7 308) 5. IZLXde
0 0 1+cos” x
2 dx 1 dx 2( 1 1 2
— 7. - 8. ——— le7'd
.[0 Xx+4—x* J-—lxz+2x+5 II(X 2x2)e )
SRR 9 3R 10 @F AT Tef @z e |
1
—_3)3
0. s [| LT gy ez
3 X
3
(A) 6 (B) 0 © 3 (D) 4

10. M f(x) = f(:tsintdtizr, O f(x) 2T

(A) cosx +x sinx (B) x sinx
(C) x cosx (D) sinx + x cosx
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7.10 WS FiteTa a0 «Eieen (Some Properties of Definite Integrals) :

T ST RS ST St gt 4 s weafe | @ oyt wiftres szegeel s
e e 392 I |

P [ f@de=["f@ar
P : ij(x)dxz—j:f(x)dx | Roes, I:f(x)dx:O
P,: j:f(x)dx=j:f(x)dx+j:’f(x)dx
b b

P,: Iaf(x)dxzfaf(a+b—x)dx
P,: J-:f(x)dxzj-oaf(a—x)dx

(7 A P, 251 P -491 6 Rei7 %)
P, : I;af(x)dx:I:f(x)dx+f:f(2a—x)dx

P : I;af(x)dx=2J:f(x)dx, W F(2a—x)= f(x) @
03M f(2a—x)=—f(x)
P.: () j_"af(x)dxzzj:f(x)dx,zrﬁfaﬁgmwmzzr,mﬁe,zﬁ
S(=x) =fx).
(if) I, f(x)dx=0, % £ 4G g Seorss =70, widie f(— x) = — f(x).
S IS 91 GF I A2 AT A TR |

P, -9 &miel @ «fb x = ¢ AT Mg e emife 27|
P -G7 eflid @ 4@ F &1 (99 Afo-Srea<mete | Oz, Sewia er Glifes Seisiig

S, Sl 211 f:f(x)dsz(b) F(a):—[F(a)—F(b)]:—f:f(x)dx

R ST 77 R G, Wi a = hew, o [ f (0 dx=0z7

P-4 24 : 401 F 297 f-49 2ifS-Sraesete | ©iRie
[ 700 dx =Fp) - Fa) o)
[ " feodx =Fee) - Fa 2

FER jbf (x) dx = F(b) — F(c) - )
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(2) €<% (3) oI U 13, f:f(x)dx+jcbf(x)dx: F(b) F(a) :j:f(x)dx
afb P, «iC @isie 0 |
P-aq asia: 4G t=a + b —X, O dt =—dx | I x =a,t=b QR IV x = b, t=a. 2 |
ok,
jjf(x)dx — ~["fa+b v
:jjf(a+b fdi (P,

b
:Iaf(a+b x) dx (P, 1)
P-agaefid : t=a - x NS IORE dt = —dx NI x =0, t=a d9R x=a, t =0 27|
G P-4 © T 28 |

P ol : P, ATAICS], ST A1 jOZ“f(x) dx=|"f () dx+fa2“f(x) dx |

4L, AT RO AN CFG £ = 2a — x | OI@A df = —dx | T4 x = a, t = a 93
x=2a,t=019%0 x =2a -t 27|
AR, TSR e st 2

2a 0 a a
fa f(x)dx = —Iaf(2a—t)dt - jof(za—t)dt - fof(za—x)dx
woar, [ fde = [ f@dc+ ] a0 ds
2a a a
P& eflel : P 2ol W+ [ f(0)de= [ ) de+] ] fRa—x)dy (1)
@2, T fQ2a - x) = f(x) T, @ (1) A@f$e 27
joz“f(x) de = [ pyac+ [ feodv=2]" fxax,
@R AM f2a —x) = —f(x) 2, o (1) fafSe =
[ X rar = [ reae-[ ! fode=0
P -3 iel @ P, TS, Sl #AiE
[“ reode = [ feodee] ! £ dv et

AT AL AN GG t=—x 4C4l,
dt =—dx \Iqd x=—q, t = g 9IR I
x=0,t=019RQCl x=—¢|
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AR, [* roar =- j:f( i+ f ) dx

_ J:f(—x)dx+j:f(x) dx  (P,aE) ... (1)
() @2, T £ G T TCAFF 2T, O f(—x) =/ (x) 9RO (1) sifzafEe =7
[© roac=] feode+ | fyde=2] " f(xdx
(i) W /@B SR SCATF 2T, O f(—x) = — f(x) GR ©1F (1) “f7afFe =7

_[jaf(x)dxz—I:f(x)dx+j:f(x)dx=0

Twizae 30 T el s, J-_Zl ‘ X —x ‘dx

TG SR T IE @ [~ 1, 0] SIBATE x° — x > 0 3R [0, 1] SIEATET x° — x < 0 IR
[1, 2] oM@ x° — x > 0 27 | 7@ P, =l fereice =i

13 —x|dx = 0()c3—)c)dx+ ]—(x3—x)dx+ 2(x3—x)dx
Jo |2 =xlax = [ Jo J;

= .[_Ol(xS -X) dx+_[;(x—x3) dx+J-12(x3 —x)dx

4 2710 2 4 4 272

X' x x° x xT x
e L R I e
{4 211 [2 4:|o [4 2:|1

Trrzacl 31 9 A e I_Znsinzxdx
ST S T R 4, sin x <66 o AT | TR, P (i) A W A,

T
_[ sin® x dx = 2J04Sin2xdx
-7

~a

*|
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T T
= 2!5@5& = fo“(l—cos 2x)dx

T
= x—lsin2x f o E—lsinE —O:E—l
2 o 4 2 2 4 2

Szl 32 3 el e, [ _xsinx

0 1+ cos’ x

T G, 1= [ g dx e, P, @ A,

0 1+cos®x

n (T —Xx)sin (T —x) dx

0 1+COSZ(TC—x)

:J- (T —x) sin x dx x) sin x dx _ njn sin x dx _q

1+cos® x 0 1+cos’ x
T sin x dx
2IT, 21= TC'[ 5
0 1+cos™ x
T smxdx
al, 1= 2 [ e
0 1+cos’x

CoOSX=tNS YO —sinx dx=dt WITATx=0,1=1 gRIAIx=m,t=—11
oK, (P, @) SR 7R

—T -1 dt
1= — 2=—j
2 1 14t 11442
[ b
01472 =

w[tan' (] =n[tan " 1-1an0]=x| -0 |-

= an O_ an an = 4 = 4
b5 4

Trizac 33 Wi e S, f_l sin’ x cos* x dx

1
TG 4o, 1= f_lsin5 xcos* x dx | 4T, fix) = sin® x cos* x | IZC,

£(=x) = sin’ (= x) cos* (— x) = — sin’ x cos* x = — f(x), W< £ 9T SFA A |
oA, P (i) @, 1= 0



AT
4
Trizact 34 mﬁcﬁrwj el
0 Sln x+COS X
i sin® x
e 1= [F I g,
0 Sln x+COS X
O, P, Al
.4 T
n sin” (——x) > !
N > 3 cos” x
I_J-O — — dx—joﬁdx
sin”(— —x)+cos” (- —x) on A
2 2
(1)&3‘{(2) @Tﬂw?ﬁ%’
> sin* x + cos* E _I
T oG x X
ZI:J-Z—d j dx=[x]* ==
0 gin x+COS X ° 2
SEIN 12%

Twzacl 35 WA e e j Hm

cos x dx

TC
dx
T A, 1= B
_[n 1+tanx I" JJeos x +sin x

i

T T
. cos(3+6—x)dx
SIzCA, P, ARl I:JS
: cos(“+“—x)+ sin(n‘*'n_x)

_ sinx
dx

J‘ Sln X + COsS X

(1) 4R (2) W"TW"’”?’

n n
= 3d = 322_2:2 21
21 In x [X]n 3 6 6|Wﬁl 12

s 6

361

. (1)

- (2)

(1)

- (2
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T
Trizacl 36 W el w1 fozlog sin x dx

TG 4l 1= J-Oglog sinx dx
3, P, Al #iE

T i

I= J.OE log sin(g—x)dxzj(flog cosx dx

[~ ST 95 191 IR =173,

i

21= Ig(log sin x + logcos x) dx

wla

= Io (log sin x cos x +log 2 —log 2) dx (log2 (9l FTI €% e s
7I12)

= J-Oglog sin2xdx—foglog2dx (& ?)

2x = ¢, AN NG NG |04 2 dx = df, T x =0, 1 = 0 GR I x=—, t=T|

o a

SOt 21 lj”lo sint df — = log 2
: 51, log > log

25 ) T
- EJ'O2log smtdt—Elog2 [P, &= (n — £) = sin #)

T
= Jflog sinxdx—glog2 (ceTRIT* £ (3 x-@ SifFafE F)

T
=I]—-—log2
> g

I

e, Iflog sinx dx = _—2nlog2,
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SRR 7.11
TS ST A AT, SRS 1 (AT 19 T e ol e |

3
T N T Y
5 J-g Vsinx dr 3 J-g sin? x dx
. N . 3 3
0 {sinx ++/cosx o .3 5
sin? x+cos? x

T
2 2
1. J-Ozcos x dx

T 5
5 cos’ xdx 5 8
4. -7 5. lx+2ldx 6. x—=5|dx
‘[0 sin® x + cos’ x J-—S J.2| |
1 z 2
7. J.Ox(l—x)”dx 8. I04log(1+tanx)dx 9. IOX\IZ—xdx
K T
10. j02(2logsinx—1ogsin2x)dx 11. J;sinzxdx
d 2 221[
T
12. [T =2 13. [ 2, sin’ xdx 14. [ “cos’xdx
01+sinx ? 0
T
S sinx—cosx n a \/;
15. | > ———"—dx 16. log (1+cosx)dx 17. ———F—=dx
-[0 1+ sin x cos x J-O el ) JO x+va—x

18, [ Jx=1dx

19. orle @ [ f(x)g()dr=2] " F(0)dx, 7 f(x) = fla—x) 9 gx) + gla )

=49 f G3R g AHR© 27 |
AN 20 @R 21 €T AT Teas @z e |

K
20. [ 2 (2 +xcosx+tan® x+1) dy -5 1 &7
B

(A) 0 (B) 2 €) D) 1

T .
21. '[210g d+3sinx dx -4 I 25T
0 4+3cosx

3
(A) 2 B) 7 (ONY (D) -2
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fafag Srzzamat

Trtzas 37 MW e jcos 6x J1+ sin 6x dx

T =1 + sin 6x IS, TS df = 6 cos 6x dx 2J |

1.1
oS, _[cos6x 1+ sin 6x dngjtzdt

1 2 2 1 3
=—-Xx=()2+C= —(1+sin 6x)> +C
6 3 9

1

Srrzae 38w At [0
X

1 L
l——)4
=3

4
X

1

T S AR | (Gt ‘SX)Z dx= dx
X

1 3
1__3:1_x—3=;we,m —dx=dt 27|

X X

1

5
1 s 5
(x4—x)4 1 1 1 4 n 4 1 )4
TOUq, | dx=—|t*dt = =x=t*+C=—|1-— | +C
[ —dx 3jt di = 3%~ =|1-

X
et J‘ xtdx
Twizae 39 Wi Fefr e DD
ERIRIEAC MR EY
4
X
S 1
(x=D(*+1) (x+)+x3—x2+x—1
= n+—o—n
(e )+(x—l)(x2+1) -
1 A Bx+C
G @1 A, . (2)

G-DE+D =D 2+
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AL, =A@+ 1)+Bx+C) (x-1)
=(A+B)x¥+(C-B)x+A-C
ToAMCE F29N9Y AT Gotell FCT SR, A+ B=0,C-B=0GRA—-C= 1, (AT

A:%,B:c:_% | A, B3R C & MW (2) -« 0 S A3,
1 11 x 3
x-DGEP+D) 2x-1D 2G2+D) 2% +1) - (3)
I (1)-9 (3)-47 Ao 7= #A1%
4
. ~ e — 1 L 21
(x—D (x*+1D 2x=1) 2 (24D 2(x*+1)
SICtER
4 2
J-x—zdx:x—+x+llog|x—l|—llog(x2+1)—ltan_1x+C
(x=Dx"+1 2 2 4 2
1
Twlzact 40 i fefr el j[log(logx)+ 2}dx
(log x)
1
TG A&, 1= I{log (log x) + (log } dx
:Jlog(logx)dx+_[ ! dx
(log x)*
AL TR, 1-(F O S RETR N8 | O Gfog ok 7wiissst 3 AiE,
1 dx
= xlog (1 - dx +
1= xlog (log ) J-xlogxx y J.(log)c)z
—xlog(logx)—f dx +J. dx 1
a logx * (logx)* - (1)
[T, jldx G (0T 1 - TGO Soies fR0iea 40l e afba iRl srariest
ogx
MSAM I

J-dx _|_x _J-x 3 1 l d
logx |logx (logx)* | x - (2)
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(1) T2-4 (2) I =13,

I=xlog (logx) —

dx X
log (logx)———+C
logx I(logx) I(log ) = xlog (log ) log x

@maq41amﬁwﬁ$@TI[cmx+ mn{yk
Y SR AR

1=I[Junx+ umx}dx:jJMnxﬂ+CMxﬁh
tan x = 2 IS, TS sec’x dx = 2t dt T |

2t dt
4, dx = 7
1+1¢
Ve I It(1+1) 2 g
- _ L
’ ) (1+1Y)

(le)dt (uﬁjdt
_2I(t +1) J t :2] t

t+1

1 1
t—; =y NG, O (1+t—2j dt = dy T 917

1
t_f
I=2J— \/_tan l—+C \/_tan l[—tJ+C

y +(() NG) J2

V21

sin 2xcos 2x dx
J9—cos*(2x)

S 4, I:I sin 2xcos 2x d

V9 —cos* 2x

_Itan l(t ]+C ft (tanx—l}_c

Tuizae 42 W el |
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cos? (2x) = ¢ I8, TS 4 sin 2x cos 2x dx = — dt TF |
:——I :——sm1 ! +C=—lsin_1 100522x +C
4 3 4 3
3
Twizae 43 Wi e et I_zl|xsin(7l:x)|dx
xsintx < —1<x<1
LA QA f(x) = |x sin x| = . 3
—xsmanleSE
3 3
3 _ 1 5 )
AL, J'_z | xsinT xldx = _[_lxsmnxdx+Jl — xsinT x dx
l g
= I_lxsinﬂ;xdx—lexsinnxdx
3 . 1 . 3
J‘Elxsinnxldx |:—XCOST|:X+SIHTCX} _ |:—XCOSTCX+SII'1TCX:|2
- - T I T i
SN DR SR S O
T T n T’
x dx
Trirzac 44 i e e [
0 g?cos? x+b*sin’ x
x dx (m—x)dx
e e, 1= [ — =], (P, )

0 g*cos’ x+b*sin*x 70 a®cos®(m—x)+b*sin’ (% — x)

J- x dx

[
0 g%cos® x+b*sin’ x 0 g% cos® x+b>sin’ x

m|” -1

0 g% cos® x+b*sin’ x

dx

0 g% cos® x+b*sin’ x

Sedd,  20= nj



dx

d K
C ]

2 2 2 2
0 g“cos“x+b"sin“ x

(P, &)

a’ cos® x+b*sin® x
o

kg
4
_xff .
- 0 a’cos® x+b*sin’ x
T
Z sec’xdx J-2 cosec xdx }

0 @’ +b*tan’ x Eazcotzx+b2

0a +b22 a’u’ +b’

{ 4

[ 0 du
1

T

S1E 7 9F A% S
SRR | (ATF 24 G SCAFITRF T S |

n a cos x+b2s1n x}

}(tanxztu‘]ﬁicotxzu@'ﬁ@)

1 0 )
—[tanlg} - 1[tan1 ﬂ} = T tan’lé + tanflg = .
ab al, ab b1  ab a bl 2ab

1 — 2. —— 3. — e Loy
. . T/ , & x=—
x—x x+a+~x+b xVax — 1 t
1 1 1 1
4 3 5. 71 Ree——=— . Phex=1£]
X (x4+1)4 x2+x3 XE -|-.)(j5 x3(1+x6]
S5x sin x eS]ogx_e4logx
b D (249 T n(r—a) 8. i 21
(x+D)(x"+9) sin (x —a) e logx _ ,2logx
CoS X sin® x —cos® x 1
9, —— 10. T T
V4 —sin’x 1-2sin” x cos” x cos (x+a) cos (x+b)
x’ e’ 1
2. — 13, ————— 2
1—x8 1+e")2+e") x*+D(x"+4

15. cos’x elog sinx

1 sin”! x—cos_lx/;

18.

1-+/x

20 51 2+sin2x |
. 1+J; .

e
1+ cos2x

16. & 'low (x* + 1)! 17.

22.

f" (ax + b) [f(ax + b)]"

\/Sin3xsin (x+a) 19. sin~! x+cos_1\/; ,x €[0,1]

X+ x+1
(x+1)% (x+2)



1—x Va® +1[ log (x* +1) -2 log x|

23. tan ', |—= 24.
1+ x

4
X

SR 25 (ACF 33-aﬁﬁfﬁﬂwwwﬁcﬁrw |

T 1—sinx
. e’ dx
23 J’; (1—cosxj 26. J.
I3smx+cosx

< A/sin 2x
31. jo

33 j14[|x—1|+|x—2|+|x—3|]dx

SRR

sin 2xtan ' (sin x) dx

sinx cosx

0 cos* x+sin* x

r 2
427, J~2 cos” x dx

4 0 cos’x+4sin’x

T .
2 sinx+cosx

dx 29, I\/l+x N J09+16sinzx *

ST FRETRISSTET (34 (ATF 39) &AW Al |

34 j3L—3+1o2
Sl (xe+ ) 3 £3

1
36. I_lx” cos* xdx=0

T
38. [ *2tn’ xdr=1-log2

T xtanx
2. [/
0 secx+tanx
1
35. J-Oxe"dle
T
37. j2s1n xdx—2
3

1
39. | sin" xdr=2_1
0 2

40. mﬂwﬁm{cﬂj;ez‘“dx G W= fefar e |
AR 41 (ATF 44 97 A(OF Teafl fwioe S |

41. | de_x G I 2
e +e
(A) tan™ (e¥) + C
(C) log (er—e™) +C

2
42, [ dx @qmEm
(sin x +cos x)

-1
(A —— +C
sin x + cos x

(C) loglsinx—cosx|+C

(B) tan™ (e™) + C
(D) log(er+e®)+C

(B) loglsinx+cosx|+C
1

+C
(D) (sin x + cos x)2
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b
43. I f(a+b-x)=f(x) TF, O& jaxf(x)dx 97 W g&

a+b a+b

(A)

j F(b+x) dx

f f(b—x) dx (B)

a+b

2, far

b
©) =2 (D)

jta ( )d G N =
1+ x—x

(A) 1 (B) 0 ©) -1 (D)

A3

ML

¢ IR 251 SR ({2 2l | SRer Rtz S GH(G 2ve e
SRS A S e 1, 5 Saeetel R Sl @3 fo wiorsss e s o
SR 2N B | G, A 2o S (71T 2ffsal |

d
qus, —-F() = () | wrReer e fifd [fdx=Fw+cC | a3

TS D AN A AL AN I 2, C-(F & T a1
43 | G2 AN G5 G35 7T AT 27 |

¢ IR 7G0T SIS e 71 A0 IR ez @RI A 2fs
I ST IR &1 1 121 N5 M o &) SIS RIS EE
T AN T |

¢ SRS TN SRR G g

1. J[f(x)+g(x)]dx=-[f(x)dx+J‘g(x)dx

2. - AGIRLN k-GG, [k f (x) dx =k f (x) dx

S ARSI, AW [, £, [ .. o [, T SCATIRR GRR ke, k... o T IR
T T, O

[t i)+ ks fy () + ot ke f, (0]

=k [ i) dx+k, [ fo(0) dx+ ..+ k, [ £, (x) dx
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& SO v NS (Some standard integrals)

n+1

() [x"dv="—+C, n#—1.R0@FE, [de=x+C

n+1
(i) Jcosxdx=sinx+C (iii) Isinxdx:—cosx+C
(iv) Iseczxdx:tanx+C v) J-coseczxa'x:—cotx+C

(vi) _[sec xtanx dx=secx+C

dx ol
(vii) jcosecxcotxdx=—cosecx+C (viii) Iﬁ=sm x+C
- X

dX _ —1 dx .
(ix) ~ = —cos x+C (x) -[1+x2 =tan 'x+C
~ dx =1 .o
(xi) '[1+x2:_COt x+C (xii) _[e"dxzex+C
X ax [Zx -1
(xiii) |a dx= +C (xiv) =sec ' x+C
'[ loga '[x /xz—l
dx 1
(xv) _[ =—cosec ' x+C (xvi) j—dleongI+C
xvx? =1 x

¢ IS ST fTSISd @il AFe (Integration by partial fractions)

QE ;Wﬁﬁzﬁaﬁwww

@ P(x) 93 Q (x) 2 x -9 75 gl e @R Q (x) = 0 | It 3g=M!
IR P (x) -9 91 7o AR Q (x) -9 AT (BT (@R 2 | 7 S

T AT (TR (T e S0P 2o

PO _ 1 )+ 2D o e Ty =
Q) Q(x)

G g6 AT AR 93 P, (x) -9 S Q (x) -4 WTOH (BT 7 & | T (x)

T30l AR TereE s v | L) o v A0
Q(x) Q(x)

P (x) -GF Q (x) @i ©lfl 1 e ——=
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QIoS]

frferfaegret s SR Rerstas e :

T . B L S
(x—a)(x—>b) x—a x-b
px+q A B

% (x—a)? - x—a (x-a)’

pxi+gx+r A B C

3. = +—+
(x—a)(x=b)(x—c) x—a x-b x-c
pxtFqx+r A B C

4. 2. .~ = + 2t
(x—a)” (x—b) x—a (x-a)” x-b

s px’ +qx+tr _ A BxC

© (x-a) (& +bxto) x—a x*+bx+c

@A 12 + bx + ¢ (@ T TAMCE e 0 AT = |

efsmlt?{ta Jial FINFe (Integration by substitution)

TP G 2ATIS T AT 276 FAFACE G GNS TG AT
QG I7TT F91 IT | G2 ATFI T4 G35 GoAIRIE 917 @Il G0 HeRIH=cS
Ao w1 23, o2 @b aAfeiivie A et 27 | 74 AT (@i farpefifes
ST T A, G AN A3 Sy St o1 faramieiffess sommwia
AT B A | AT (FieT 2T, S s ferie s et =
(oI Al |

1) Itanxdx: log|secx|+C (i) _[cotx dx =log|sinx|+C

(1i1) Isecx dx=log|secx+tanx|+C

(@iv) Icosecx dx =log | cosecx —cotx|+C

¢ JFAFO [QONT ACAFFT AFa (Integrals of some special functions)

dx 1 x—a
i =—1Ilo +C
@ '[xz—a2 2a £ x+a
d 1 a+x dx 1 _,x
s | ———==—1Ilo +C =—t —+C
(i1) .[az_xz 2a g d—x (i1) J-x2+a2 a 2l a
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X+ \/JC2 —612

L1 X
=sin"' Z4C
a

) de J' dx
(iv) Iﬁ =log +C (v) \/m

dx _ 2 2
(Vl) Im—loglx+ x“+a |+C

¢ <NfF AFe (Integration by parts)
AT SICATS f; R ;-9 & Sl AT,

[ A ) dx= £ [ fo(x)ax - | [%fl(xyjfz(x) dx}dx , wiefie b

AT YIS AT = ALY SCATE x O SCATRT T — {2
PR ST * TSI ST A | -G TN | ST AL SCAHS G3%
TSI SICP R ARCWR (F0q TFAN 209 20 | SR, S GACe Sk Sieers
RO 2z I AR AP SR I FCH SIS ST |

¢ [eLf@+ fFldx=e"f(x)+C

& TR FEAFH Q0T 2FF (Some special types of integrals)

2
(i) ijz_az dx:%\/xz—a2 —%log x+Vx2—a® [+C
2
i) [V +a® dx=§\/x2+a2+%log x+Vx*+a* [+C
2
(i) [Va? —x* dr=2a* —»* + S sin T4
2 2 a
dx dx
iv) [—5——— ORI | —— IR SRS g o
@) jaxz+bx+c I*/ax2+bx+c
I LA T A |
[2 b c} [[ bjz [c bZJ]
a+bx+c=a|lx +—x+—|=al|x+—| +|———
a a 2a a 4a
I(Px+q)dx I (px+q) dx
a? +bxte N e e SRPICIRT IS ST
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aifere
JRfRCSIR 2 T =T

Px+q=Adi(ax2+bx+c)+B:A(2ax+b)+B, @A Tt
X
R QIR AT A€ B el a1 237 |

¢ Wbe(x)dx-@?y=f(x)@,anSb,x-Wu‘]ﬁ‘(x=a,x=b@Tﬁ:’@

B FR NG CFGT RO A I | AT x 2 [, b] TS 2V
ot TR izt | f (x) e i R ST A () Golofe e 2 |

e LR G2 QIRel] (TR AT [RWIR (11w G194y 2Ne A |
NG [V 22 (e Sl (First fundamental theorem of integral calculus)

T CoReeT WL, A(x) = [ (%) d 3 x 2 @ 91 RS B | (@I

[a, b]-9 T [ D21 T 471 T | OIRCEA A’ (x) = £(x), T x € [a, b] @
Gy |

It v feet cifeT<s ©oteii (Second fundamental theorem of integral calculus)
A [ T [a, b] T SBAE BT FERS -G GF A S2FF G 4! F

d
2 ST G ST G2 (& = F(x) = f (%), f-aq 3K (F1q AP x-AF

sy, oz [ | f(x) de=[F(x) +C, =F (b)~F (a) |

S = [a, b]-9T THF [ -4 TS AN, @A a € b -(F 67 T AN
TN, @ =& T 9IR b 26T THAM |

— % —
L
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‘ W u?i'C?lT‘)T (Application of Integrals) )

#* One should study Mathematics because it is only through Mathematics that

nature can be conceived in harmonious form. — BIRKHOFF «

8.1 S

sififere @t ifen enififes fhame @w=— fags,
Sirera, HifHifem 3k Jres cwaws et saaat
R0l | 1271 @It A SRR RS ST aifdres
AT CFE (16T, 2N Sififos @iet SR
ST A HTa Crazeat fHefCa A= 50 | TWe @@ iea
IFCAAN B SR ST (Fgeeet el I3 Saiett o1 e
T | GF S SR AN QI A 2T 27 |
SRS ST S @oIFCera Fsgeet (S srstieer ez
FATMR y = £ (x) TF, x = a, x = b (FI0GT G3R x-97F A
FIR TG R [l T SRS Serae SR | 92
SIS AL A B NG CFaeeaT G AL
8 &1, TG € ToIIred (e STt S SgreTa
e folof T AT [ GG RO AT =TS ey

Q.@&1. FEH
(1789-1857)

| A THTAE IS @ AN G (Faqgrars ool et |

8.2 IR IS4 TGS (Fawe]
(Area under Simple Curves) Y

ST ST ST 9P A 775

AN AR T [ (o1 T Aofivg /——\l

(Fundamental Theorem of Calculus) &I S
TS STt Sreita ok a1 237 o Siraw 7
FER | AL, x = g, x = b (FI0GT, x-9F IR
y = f(x) TR AR TR NG CFGEe x=a
foyefr T SISl 2% @R TR (intuitive)

y=fx

/=

“A(fS Qe w9 1 Ba- 8.1 At oI foml X<
T A (@ IF (@A AN O (TG
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251 328 FRYTF Y A TeTq GIEE AN | TH! y IR (@ dx 97 @ (S| G G0
R 01, ©I20ET dA (ANAF FRET (Fgqwel) = ydx, @A, y = £(x)

@3 CRATACE 61 2T NP (FG2eT (elementary area) T SIFER oo @ @GN
SRERITA SRS & G Al @ G b GF L v
x-ﬁﬁmwww?&m-ﬂﬁ,x:a,x y=d
= b IfoRT 4R y = £ (x) IFCXLAF TS| ST
(G (FqFe] A (F, PQRSP SGTeTR el Ag
TR 2NefiiF CFamreTd [@iorws oo et ol dy = \

FACS N | AR, W1 fordts oifa— = 20)
A= deA - ijdx - ij(x) dx
x=g @) P, p-TF IRy = ¢, y=d X X
TG B AN G et A Hgead
ANSA AR | 5982
d d )
A= [ xdy=]"g(y)dy
G, SR ST G Rap= F4031 21 5@ 8.2 (0 (it 20z |

TE A RH 91 IR SR x- ST N 2, @R x = a (AT x = b AT f{x)
<0, 5@ 8.3 (T WA TR, OIRCE IFCEL, x-9FF G3% x = g, x = b (0 2= AN
G CFTE AT 2 | G, GO (TG (RIS IR A2 [R5 91 27|

& fa3)

e, AM CFRaTE AN =, O S G5 wiw Wi, wilfe Ubf(x) dx
Y

/

X< />X
o 7Zx=b
j e

AT
9/5

N foa 8.3

MRS, @ TFAS TCO AT @ @A I [ A x- SCHT SATT 3R g Sl -
SCFE I A 5 8.4 @ (I 2R | G A < 0 G A, > 01993, y = £ (x) I,
X-OFF G3R x = q, x = b (0% 7 AN A G CF@F1, A= | A, | + A, 7= AN IR
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S
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X

v A,

foa 8.4

A 1.2 + y2= o> J€ Al SR GG (Fazre] fofd et |

eI« 5@ 8.5 209, AT T RIS Holel SFCT Y

CFEFT = 4 X (ISTIL, x-9%F, x = 0 g8 B|(0, a)
x = g (IfoEE = A= AOBA QG CFaTaT)
(@R FET x =R y TS SICHF ANTATH 27| y

a 7, A(a’ 0)
= 4]0 ydx (Terg Gl ) X O dx X
= 4I:Va2—x2 dx
TR X2 + )2 = @2 (ATF A y = £+/a* — x°

@9 AOBA S 22w A s[f=re, ©iF y v
& 4 071 T 20 | Tt S0, Sl #1E foass
278 TG BRI ST el TG (R

2 a
= 4[5\/(12 -x*+ %sin lf}

a

2
_ 4|:(£x0+a—sinll)—0:|
2 2
AR AT
2 )\ 2

0
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Reereita, B 8.6 @ (I SIgii TRl RAs I, J€ il S Folel SGER
Y

CFape]
B|(0, a)
_ a _ a 2 2
= 4J.0 xdy = 4J0\1a -y dy (< 2) .
dy
2 a
y 1)
= 4| =Ja* -y* + 2 sin y A4, 0)
[2 3 al X ) X
a a’
= 4[(—><0+ —sin™' 1]—0]
2 2
a’mn ,
= 4—= =a’ I | Y
22 5@ 8.6

2 2
THZId2 = + %:1@9@@%@1@[@{% Crazpe el A |
a

STl 5@ 8.7 (AT, T2 Al A ABA'B' A SFTER (Faeat
= 4 (IFCH, x-95F @R x = 0, x = a (P& 7 AN AT AT AOBA SGLeT
CFTT)
(AR TS x G3R y TS ST AT ARSI

= 4".: ydx (T=1g GRCAI9CEN o)

2 2

b
@3 X—Z+Z—2 = 1 oiR y=~a® —x* g, Gizy AOBA wiesa(s 24 o
a
S EIRICAOEY y@ia-ﬂ\ajw{m fAite 2@ | oAk ATl crams 7o —

Y
—4I “Na* = x*dx
B|(0, b)

_ , "
_ 4 E\/az—xz +L gin 12 (F?) y
al?2 2 al, A A
- X" X
e o2 ~a,0) Of dx (@, 0)
= —|| =x0+=—sin""1 |-0
a| 2 2

B, (Oa_ b)

2
= ﬁx%xgznab (9T | Y’

a 4 8.7



Regrelta, 5 8.8 4 (T Sy i Freaisftal ¥
R 7, Toend CFaws 21— B|(0, b)

b x
_ b _ 44 2 2 dy N\
= 4J.0 xdy = 4;'([\/19 —y“dy ((F?) e A/ \A\
] i . (-4, 0) o @ 0)
= da Jb: —y* +b75in’1 %]

pa
b _2 0 B’|(0,— b)
4a| b0+t sin 11 -0 v
b2 2 @ 8.8
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“It may be said that the conceptions of differential quotient and integral which
in their origin certainly go back to Archimedes were introduced in Science by the
investigations of Kepler, Descartes, Cavalieri, Fermat and Wallis .... The discovery

that differentiation and integration are inverse operations belongs to Newton
and Leibnitz”.

K/
J— ... J—
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(STq=et ASAl (DIFFERENTIAL EQUATIONS))

«* He who seeks for methods without having a definite problem in mind
seeks for the most part in vain. — D. HILBERT ¢

9.1 St

GRIT! (RACS G TEI FCT T 5-« S| B!
FER @ G306 FE ST ACATE G AWE SAFS f-(F
O SR 1 2T, T, 2ANG (P! SCATS [~ AL
CFLET 2ATOIF x-4F o f7(x) P o o1 2371 «miore
FREE R ST S 551 IR (@, Pl G ST
£ =31 9, TR GG T SCAHS g, AE HLAS
G FNA -

ANE G5 STAFE -G Tel) B SCoFS /(TSI el
I @,

dy B
E = &), (HETy =f(x) - (1) Henri Poincare
(1)~ BT T© G0 FAa0 qqeer FFq9 (1854-1912)

(differential equation) @A +ifHfbe | [KifeTe el #Itxr (ra 27 |

G AT 2T e 2R, 7w, Sfm, Joefl, gogim, s
2oyl RIFSR (30 2 2T | S0, e SN fele (e feldh SIPTICTa (Fq SIS AP
NI S TS 2ATGH |

B S S| SR 3N T 5 2 LIl G0 SR ANFACIR ANel
(general) @ RO (particular) SN, SR FARFAE 19+, AATF @ 22 Niq (RS
SR FAFACIR AN FefCarz g sivefs @z ffem vt wraset e oy acaat foc
S R |

9.2 47 «iFell (Basic Concepts)

SR SR e grom AfeRerTtes A s :
X2-3x+3=0 (1)
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sinx +cosx=0 .. (2)
x+y=7 - (3)
+ iy =0 4

oIl (R czrj,c(l), (2) @R (3) R ANFPTIZ (FIETNNG T G2/ S S 5eT
(5ePTR) @RI 5if0e e (4) 2 F73Na31elfD epTsiaa oA 1= 51 x- 93 ATHT S& I be
Y- SIS AN NI | G371 AN ST 709559 (differential equation) Ia 2T |

ARSI, FEF 5o (5ePRR) 9 ACATH S&I 5ol (5ePTR) 9 STEIFeTr
(STGIFCOTR) T A0 AP ST AN I 23 |

(G G5 FIRI HTEF ANCATE S BT SIS I A0 SR AT
e SR AN (ordinary differential equation) Il 27, W‘WT’{ ;
d’y (dyY _
22—+ - =0 25 G0 AR S A0 e (3

m@% 71 SR AN T A ST TGRSR 34 IS FI HeTq
AT 910 2T, G SR Swet 3739l (partial differential equations) &1 23 | 5g
2 B S| SR S (FIETANG AN S ANFACIR, A A4 | Q4 (AT
SIS A S AN -G Ty e ANl 9% (6 2T F9 |

1. SIS STEIFAECR &) 1 HLCFOIR TR FACS AR eI -
ﬂ_ ’ d2y d3y ”r

dx_y ’E:y ’?:y
2. CHICI STGHIFHCEG Gl S IR (5| (dashes) (5T 205 (supersuffix)

07! TR T SR 2, GGl 11- ST TG ‘; Y ey I,
FFS AL A | .

9.2.1. S[F TAFACE F (Order of a differential equation)

CRIT SR FAFACEIL 3 €2 SRR AN FY RN ST ATATT S G A
DO STFIFCET T Bl AR 27 |

fafeiis St Twelojtet Rl we -

= = .. (6)
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d’y z(aﬂyf
— |[+x|—=1 =0 ... (8
(deJ dx* ®

(6), (7) €% (8) 7R F3TE2e! TARPT AT 22/, O R GO S SGIETS A A |
SR, G2 RTINS 267 IAF 1, 2 €33 3 |

9.2.2 GIFE FAFACET NGl (Degree of a differential equation)

(RRITN ST AT ANG1 1 WS, S FAT (g 32 KT G2 (@ €3 AN ©=12
SFITEET ), ", " TR G T2 AR TN 200 20 | NToF ST AN
R A -

2
d’y (d’y| dy
— 42— | ——Z+y =0 . (9
dx’ (dx2 dx Y ©
(ﬂ)2+(@)—sin2 y = (10)
dx dx
dy . dy)
—+sin| — | =
e (dx 0 .. (11)

IR T TR (@ (9) R AN Gy, )" @R Y GF 96 g7 AR
TR FARNF (10) Z67 ) @7 G0 Igo A (Ifne aft paz 7gom e )
TR | G SR FAFACE M@l AR 701 A 1 7o (11) 7R A764o )' «@71 9o
T AMRAIT TN TH G2 G ST ANSAE Wl AR S 1] IR A |

I GG AN SBIFACE G0 IZ97 AR ST AN 2 O i Al
FEICS ST I 2WS ST AAFAC STEGE b FCAF TGS A% Al | 7S
(LIS TG I |

Tl KGR S (@ (G 75 FAC0 AT @, (6), (7), (8) 9% (9) 7R SR ANFAC
ATSFOF W@ G, (10) 7R ANFICEIF TG 92, TS (11) 7R SR ANPACH @) AL 7T |

G SR FAFACR S 8 WAl (I AR Z) T (I SRS A2
2|
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Tuigae 1 WEER S ANFAER AT 9 € T, T FHegere &3, [efT e

dy d’y (dy)z dy
i) —-—cosx=0 ii —+x|——] —y——-=0
Urs (ii) xy o N\ Ve

(111) y/// + y2 + ey, _ 0

AL
() QE‘WWWWWWW ? | 7oy @bT N2 1 19
y aaﬂﬁagﬂwaﬁwwﬁmma\ R SRR
@ 1 (&) |
(ii) WW@WWWWW@ 'y oK, GfoT T 261 2

dx el
d’ .
(@)léﬂ% 3 d— R e AR GG A 9w dxf CEACE R () 57

TS I 1 (4), o, Qb7 @l 1 () |

(ifi) 27 SR FFAC RTTI AT SO SBIReTS 26 )", HoAR, @bz 3 (o) |
Y7G SIAT0T P L S STBIFACITI RS G G g2 I Ae1e] 7 =%

GGy Gfog A A= 77 |
| wrpterat 9.1 |

1 (TF 10 *1FF 27 2 Saaet AN F3 G2 Wit (30 Fgears 27) [ st

d'y (ds) d’s
. = +sin(y”)=0 . Y +5y= . +3 —=0

1 P "= 2. Y +5=0 3 " sdt
ayY d %y

4. (—yj +c0s(—yj:0 5. —2:cos3x+sin3x
dx* dx dx

6. (ym)z + 0//)3 + (y!)4 + y5 =0 7. ym + Zy" _|_yr =0
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8. y+y=¢ 9. YV'+ (/)P +2y=0 10. y"+2y'+siny=0

a2yY (dyY d
11. ( y) +(_y) +Sin(_yj+1:0 SR AN Gl 25T

a’ dx dx
(A) 3 (B) 2 ©) 1 (D) eS|
dy o dy
12, 2x7 == -3 ==+ y =0 T[T FAPICII N 25
dx dx
(A) 2 (B) 1 (©) 0 (D) eS|

9.3. (FIC SIFe AMFACEF AL @2 [0 AN (General and Particular
Solutions of a Differential Equation)
SRS el oJTEITS SR e S 7eel ST SR -
xX*+1=0 .. (D)
sin? x —cos x =0 .. 2
(1) @R (2) TR AN AALITTLZ 267 A1 A Sfoe 32415 @9YTE] 2@ ANl vt
T3, Tdfie, 737 63 WA 2me T S A 1 97 R afowifers w1 27 o
JI1F, TIFATFI AN 27 |

G SR AN FI %wzo R 6 | .. (3)
22N gfb AN RS G STRT ANFACH AL 257 G5l G S ) A 47
RPN T T3 e, T4 ANE SR AT SRS Ay (S 537) 4 =T ¢

CFHT Al ST T O ANF, T ATH 7NN 27 |

Y= ¢ (x) IFRLCE AN S ANTACR A I (P ) [solution curve
(integral curve)] FeT 2 | (0N ST KI5 FCR
y=0 (x) =asin (x + b), .. (4)
@A a, b € R TLT G2 S[CAFID G G SBAFeTer Haihal (3)-9 Aforiifre T 23
T4 A = il 2 | AR, Gfb e AT (3)-9F G TN |

47l 0 € b & @I WS S Ave; ﬁt?ﬁ,a=2u‘]ﬁ‘{b:§ | ©IRE SINE G

ST oI1Z, y=0,()= 2sin(x+g) .. (5)

Y 2 SCAFFO IR GF BIFAG AT (3)-« &SR Fa1 27 04 o
T = T B | SO, '@ AN (3)-G7 GH(G I |
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T 9D (TR 47 (AGFT) @, b T 915 @2k @fbrss 7 231 avre S AN
SYFe AN (general solution) | T ATF SCHAFS ¢, -(S (P (R LIS (arbitary
constan) I8 AF =N G ¢ '@ b &l5e 4H7 (@FETIG KT T ACF 93 G&re) @fbis oave
SR ANFAC [0 TN (particular solution) I T |

SRS HAFAC (T AT (FOR L7F TS AT OIS S AN FN79 S0
(CTIfee) (primitive) I8 2T |

I (762 435 T 20 e, (& I A0 ANLITHI (R YA 175 S Sy
AT A OIF SR ANSACIT G0 17037 TN ! 27 |

2
Ttz 2 AGE I @, y = & A o e 4V Do a7 @3

dx*  dx
I |
I 2N SIS T y = e 3 | ARSI SOATHS x- G ANCATE ST B S
AlZ, ?: 3¢ (D)
X
G2, x- GF ACATF (1) -(F SRFe I 2013,
2
d_g/ =0e~ ¥
dx
y dy
WW?{W Ry G AT 0 R A1,

dx 2 dx
INAF =9 e ¥+ (f3e‘3") - 6.e‘3x =9 e ¥-9 ¢ ¥=(0 =TT
IO, ATE AT 261 ATE ST ANFAET G (6 TR |

2

Twizael 3 qGIR IR @, y = a cos x + b sin x, @A a, b € R TAFH0 d_f+y:o
dx

SE ANFACT {0 NI |

T AWE AT ZoT

y=acosx+bsinx .. (1)
(1) R TR SSA2FHCE x- G ACATT SIS I AT A1E,
dy .
— =—asinx + b cosx
dx
dzy

— =—acosx — b sinx
dx*
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d2
AT SRS FAFAE EZ’ R -7 TN IR S AT,

N = (— a cos x — b sin x) + (a cos x + b sin x) = 0 = TAF
IO, ATE SCHFH 261 ATE ST AN G0 T |

| ottt 9.2 |
1 CGF 10 715 2ifSfb 20 AR Il (@, 2dve ST (AT WL S2erF) Seggal
SR NPT G AN
1. y=e+1 Y =y'=0
2. y=x+2x+C DYy -2x—-2=0
3. y=cosx+C 2y +sinx=0
xy
4. = 2 : /=
y 1+x Y 1+ 2
5. y=Ax D xy'=yx=0)
6. y=xsinx Cxy =ytayxt -y (£ 0GR x>y I x <—y)
2
. = + Yy =
7. xy=logy+C y -1y (xy#1)
8. y—cosy=x : (ysinytcosy+tx)y =y
9. x +y=tan'y DY+ +1=0

10.

11.

12.

9.4.

d
Vv=igi-xt,xe(-a,a); x+y d_z =0(@=0)
O ST G SR AT AT TN (TR YA AL T

(A) 0 (B) 2 € 3 (D) 4
T P (B ST HAFC RO AT (R YA FL 2T
(A) 3 (B) 2 © 1 (D) 0

2 A TN (AT GFo T4 AN S 919+ (Formation of a Differential

Equation whose General Solution is given)
o EifE @

¥+ +2x—4dy+4=0 - (D)

TR G FECE 2B I AT @FH (— 1, 2) R JPTE 1 45 |
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(1) TR AT x G FANTATT ST I SN A|Z,
@ x+1

2y 07D . (2)

| G5 ST AN | AT A (ST (T [S[06=A 9.5.1 4 Twiiget 9 (reall] (7 42
A9’ ISR ARRAIFCS (family of circles) & IEGRICET(1) R ANET =57
3 AARAIET 930 7T |

X2+ yr=r? .. (3
r-a3 Rfew S et o siffaicas fon fon s «ifE, Srigaersga  +)2 = 1, % +)7
=4, x>+ y* =9 Zwifr (fo@ 9.1 Tall) | @2es, (3) 7
AT G T JeTC2F ARRIACE dF I,

A (@ Ja1Y 93k fom fem g e | o,
S G S AR el FACS A % ﬁe\\v S
SRR 2Ty 77 Al 577 2 | 9 ST AT v fo\ Y >X
SRR T 0, T AR o o ST g &y

fafen 27 | @2 AT (3) TR ATFATF x @ ACATF

el I AN TN, T

dy dy
22y - =0ty - = G g 9.1

) 24WG (3) 7 ANFACIT AACFLIT JSTLER AR S FCH | S A AN
[SI6LRIEZE)

y=mx+c .. (5
1551 m G ¢ 31 e e ey S @2 AR [Kifen Menme g, Sniegerwg,
y=x m=1, ¢=0)
y=13x (m= 3, c=0)
y=x+1 m=1, c=1)
y=—Xx (m=-1, c=0)
y=—x-1 (m=-1, c=-1)3m| (9 9.2 ¢rrat) |

GO T (5) ARG TR ARRIICE 2P I, AT m 'S ¢ 29 AGe |

QLU I G5 SR AN ol ST WD T wifiaite 2t e e Pz
G, G2 TN S Z 7 °€ ¢ T[T 20O 2, IR 2N ot foq Mo (Feam e ¢



RfGT 21 (5) T AN x G FANCATH SN SR

(a)

(b)

dy d? y
—=m o
dx R dx*

(6) 72 AMFT, &G (5) 72 FANFICT FAFeTC2A
IS AR AT |

T I @ (3) TR 8 (5) N TNF7 7o 2o TAF
(4) 7R € (6) TR AN FLIF TN |

=0 .. (6)

@ 9.2
9.4.1 2ine GG IF [T eI FAIF ST FTIwA9 49 ARG (Procedure to

form a differential equation that will represent a given family of curves)

3 e 3 AR F | (FRETIg G35 2GR S forda 303 o «ff fasfarfs il
A A 1 2

F, (x,»,a)=0 (D)
TARRFL?], )7 = ax SAATSTRF AR 2P S AT SN 2 f(x,
a) :y*=ax

(1) TR ANFIACE x AT ACATT ST FCI S ), y, x '8 g AT G0 ATFa

9“3, WQﬁQ, gxy,y,a)=0 .. (2)
(1) @32 (2) T AN (ATF @ A T T S@pet ANl 2s7 AT
F(x,»,5)=0 .. (3)

W 2ve A0 #IRFKR F, @61 a, b (@) 97 Toia fToaiie =1 o aft fRefrie
SRR AN B 2P T2 2

F,(x,y,a,0)=0 .. (4)
(4) TR AT x G ANTATT SR S SN Y, x, ¥, a, b, AACTS G5 AR
g, Tifle,

g(x,»),a,b)=0 .. (5)
g gfb a2 6 A6 ¢ @R b (& AR F MBI 7 G ©I2 W
ARG GO AT | G2 AN 2N AT (5) T ANSICE x GF AT

h(x,»,),y", a,b)=0 .. (6)
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(4), (5) 9% (6) TR FANFI (AT ¢ '@ b AN FC [NCHT ATAGA SR AN
ASTIT Fx,,),y)=0 (7

| w5 | T 3 AT 2fSfafieeiR orRees AT W, SR 9 AR
FTFACH AYLF (TR YR AL T 27 |

THIzael 4 y = mx I8 AR AfSHATRR S FARw7e! ol S, @A m 257 (72
<

I SR e
y =mx .. (1)
x G ACATE (1) 72 AN SR SO S AP
dy _
dx -
d
m G T (1) TR ANFACT 2Af STl T S A2, y=d—y-x
X
dy
: — —y=0
a xdx %

Tl &A15eT m TT @R ©12 @b 267 el srmet et |

Twizael 5 3F SAfRRIT y = a sin (x + b), @A a, b (TR 375, @7 AfSHaTHIR S=eT
AR 510 I |

g SR St
y=asin(x + b) . ()
(1) R FANTAER TS 210F x G ANTHTE A A7 ST I SN A3,
dy
PR cos (x + b) .. (2)
d’y .
y =—asin(x + b) .. (3
(1), (2) G3% (3) TR AT (ATF 0 '@ b TR FC SN AR
dzy
E+ y=0 .. @

T CF0Z IS ¢ IR b [T R 9+ «fb 267 el s=set ATl |



Trizacl 6 @i @3 THFe AT afeffreal
SR FANF 5107 ICA I NO x-S THAF
SRS YR (P I |

X< >X

R S Gl @ Rge Seige wifEaiEE A Q__-///
(5@ 9.3 oreat) ==

52 yz g},

a_2+b_2 =1 .. (D) 5993
(1) 7R AN x G FACATT SLaT] S S 211, 2—f+z_f?=o

a X
y(dy —b*

Al ;(Ejz el )

(2) T AN TS 21 x G ANCATT ST A 23

D
Az
x ) Udx? X2 dx

d*y (dy)z dy
. Y dx? T dx _ydx =0
«f% == el STt R |

THIZAC! 7 x- ST AR 2 0 G391 e AR
S[AFE AT o FCA |

T 4, C 23 x- S R = 303 9F71 J€
A1 4031 (0, @) =5 2R - TS (&R
(5@ 9.4 (T2 1 5793R, C AfRAIET FARFFe 2o

S e
=<

. (3)

X+ -—ay=a q, x*+y*=2ay . (1) X%
@A, a T G0 (FREIF | (1) RN SO 7T
X G ATATT SR L ! AR,
2x+2yﬂ = ZaQ
dx dx
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x+yﬂ
dy dy dx
+y—=a— =
4, Xty -=a—-da & . (2)
dx
(2) 72 AN (ATF @ 47 T (1) 7 AN A <=1 o413
]
x2+ 2 — 2y—dx
g dy
dx
d d
a, (P 4y?) = 242> 2
dx dx
dy 2xy
- dc X% P
«ft 2e1 eve g€ wAfFaras e sRe Ao |

Tz § AN TEARTCS @R x- WORT 4RSS 7 I o, @37l wfige HAfRaiEw
Afsfafagaiat saae Awel e e |

S «Cdl, P 2e At 3 wifage sifqaw (5@ 9.5 @rat) @3k 4@, (a4, 0) 261 2awe
AT G0 MMETR S, @I a 26 (762 76 | TSR P AR 3015201 251

V? =4ax (D)
(1) T AT SOTATFCE x AT ACATE SR FCI SN AZ,

dy
2y o "4 () Y
(2) T AN (ATF 4a @ T (1) 7L AN
X'¢ . >X
(0]
= (22w @)
dx

al, y: = 2xy d \

dx Y’

GG 2o 2vre SRS AR ST a0 | f5a 9.5
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| wtes 9.3 |
1 (AT 5 R 2T ATSFOF (ORLIF '€ b (F ST I (0N 26 I 2IfFAIEa Afefwfzei
S AR 5 TR
X,y
1. Z+E:1 2. y»=a (b*-x% J.y=aeé¥t+be™
4. y=e*(a+ bx) 5. y=e*(acos x+ b sin x)
6. y-STRCS EIRCS o T G791 J€ AR 73 TN 919 A |
7. @FSfEge AARRIET SRF FARF o I, AT AL TARHLS G2 OF LT
Y- JHIRA |
8. 97 ToRS 2RI IR TN 9101 AN, A SR y- S @97 SRS =%
& A |
9. G RIS 2RI ST SN 9157 AN, TR /= x-S @77 SRS G
& A |
10. 937 IS AARRITH ST A 901 A1, T AN 3 G55 I3 (FH y-SCH @AT

11.

12.

9.5.

S[R |
TARTeTT® SReet ARPRAYCEAIR RN AL AL y=c, e +c,e™?

A d—2y+ =0 (B d—zy— =0 (C d—2y+1—0 D d—2y—1—0
(A) —5+y=0 (B) —5-y=0 () —3 (D) —3

1S St AP TR S (0T G0 [T AN = x 2

d’y  dy d’y dy
(A) E—xza+xy=x (B) ?4‘)654‘)07:)6
d’y  ,dy d’y dy
— —x < 4+xy=0 —+x—+xy=0
© dx? * dx v (D) dx? xdx v

S SN @ A AAF SEFe AT INLTTF 2% 7R (Methods of

Solving First Order, First Degree Differential Equations)
2 SR SNSRI 2L/ € LI NG SRR AR FACTR o6 A7 oV S 2 |

9.5.1 GeTaAIF YARIPIACAY ST ANFA (Differential equations with variables
separable)
GG 2203 3 S AL TN ST FN P Sl 2T

d
d—)yc ~F(x, ) ()
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W F (x, ) -G g (x) h(y) STRFICIS oJel2reT 0o 2P| <51 20, G gi(x) T x I G5
AT AR h(y) T y AT G0 SCoFF, SIRCE (1) TR SR ARNBFIACE 6 2 5o
LI SBICI SRIT ANB! | OIZCE ( 1) 7L S AR SN 2

d
=h() g0 )
T 7 () # 0 2T, O3 5ol 9f5 5j20F 07 (2) TR FANFIACE ST @7

1
Fy) dy = g(x) dx .. (3)

(3) TR G TOAATH(S AN S S AZ,
1

ry)dyz _[g(x) dx .. (4)

O[T (4) TR AN, AVG S AN TN RS SN o
H(y) =G(x) +C

1
I, H () @K G (x) T TS 705 48 g (x) @3 3o SFeTs @3 C 25 (TR

I |

Twrzaet o st e D= XL, 0) qa el s et <)

dx 2-y
ERIEIC IR BEIRC IO
dy x+1
2y . (D)
(1) TR AN HETANTZ 2T I SN 9472
Q2-y)dy=@x+1)dx .. (2)

(2) TR AN TGHFHE AN I S A1,
[@-ydy=[(x+1)ax

2 2
y X
2y-2 =X 4x+C
qt y 2 2 X 1
4, ¥+yP+2x—-4y+2C =0
4, ¥ +yP+2x -4y + C=0, @ C=2C,

@f6 =57 (1) 7R ARSI AL T |
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2
Trizdel 10 STae AN §= 1+ Y e St el <o |
X +Xx

YA @R 1+ )72 # 0, TR, GERIMRETE! 2)2F I 26 S AN T
(GRIRIES
dy _ dx
1+y> 1+
(1) R AN ST AN SN A1,

(1)

_[ dy [ dx
1+y? 1+ x?
al, tan”' y =tan'x + C
F12eT (1) 7R ATFHCR AL A4 |

Trigael 11 SR AR %= —4xy? @3 RemAmge s, ey =1, 729x =01
X

T AWy #~ 0 T O ANE SI[Pe AP (&7 AT

dy
7 =—4x dx (1)
(1) TRATSACR TSTATH(E T[T S0 S AR
dy
J.F = —4_[xdx
1
aT, _—— = = 2x2 + C
y
1
o , )

N 2x° -C
(2) RANVFAE y = 1 @R x = 0 AT A 21, C=—1 |
G C G I (2) 72 ANFAC 0T S 27 ST FANFHCE (@ R sy =412

Trtzae 12 (1, 1) o a5l [efa 31, 919 s1<et A9 260 x dy = (22 + 1)
dx (x # 0)|



410  ofde
TN : ATE SIS AN T T

2
it = (Zx +1)dx*
X

1
. iy - (2x+;jdx ()
(1) TRATSACR TSTATH(E T[T S0 S AR

jdy = I(2x+1)dx
4l y=x"+log|x|+C - (2
(2) T AT WWWWW@WWW%@W@
AR G RO 0 ANERe! el sare =y, @t (1, 1) e Joai, (2) -
T x = 1, y = 1 I ==t 941, C =01
@4, (2) TR PP C @F T I S [T AT @ ANw9 AR, o 74

y=x*+log |x|I

Trizaet 13 (-2, 3) Kol gt @6 7 Awaet e 0, T @I [{Y (v, p)-co

(e If® 2o 2—’; |
y
Sl SN S @ - I T R At ? R e T |
X
dy 2x

e, e (D)
(1) TR AR HeTIRI9ITE 720 I @141 I

v dy =2x dx .. (2)

(2) T AN SOAATH(B TN I SN #AfB,

_[yzdy = _[2x dx

3

A, y? -2+ C - 03)

a
* fefee (Leibnitz) @& (a3l AF© d_y O TR IR AT o] ¢ RiTre gereEw aft
TATNR, @A AL dx € dy 2B TR AFFSIT IS FACS AR T Q) FHeqiel ARG T 2 | dx
€ dy (3 7|2 52T TS| A0 SR S TR 515 1471 F00 A |

A9 : Introduction to Calculus and Analysis, volume-I page 172, By Richard Courant,
Fritz John Spinger — Verlog New York.
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(3) R ANFACE x =2, y =3 IPMT SN 21F, C =51
C G I (3) 7 AN IR Sl el aea Fae 713,
3 1
y

?=x2+5 A, y=Gx?+15)
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+ [(bey +ac)) cosbx+(ac, —bc,) sinbx] e .a
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(1)

. )

= ¢“[(a’ ¢, —2abc, —b’c,) sinbx + (a® ¢, + 2abc, — b*c,) cos bx]

d*y d
sz,d—)yc GRR y T TTYTE 27G SRFe FRFACe 2SI AT S =TT 9172

ANAF = ¢“[a’c, —2abc, —b’c,)sinbx+(a’c, +2abc, —b*c,) cos bx]
—2ae™ [(bc, +ac,)cosbx +(ac, —bc,)sin bx]

+(@*+b*)e™ [¢c, cosbx+c, sinbx]

(c12c2 —2abe, —b*c, —2a’c, +2abc, +a’c, +b’c, )sin bx
e(lX

+(a’c, +2abc, —b*c,—2abc, —2a*c, +a’c, +b*c, ) cosbx

= e”[0xsinbx+0cosbx] =e“ x 0 =0 =VCqF
GG, ATG BTG 26T 2MS S AP G0 NN |

Trizact 25 TSI At SRS G RIS SRS o I3 9F7 FOT[RA RIS

TS ARG 51 FCA |

TN 4T, C 2o Aol oiiTn SRS 3R TR SFraa( o F03 Gg7 FeTRd AR |

(Gl (—a, a) 26 J€ ARANET @ eTa & (57 9.6 (rrall) |
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>X

C R efoffaems w50 251 v
xta)+t@y-—aP=a .. (D) 1
ql, xX*+y*+2ax—2ay+a*>=0 .. (2) ( )
—d, a
(2) TR ATNFAE x-4 ACATT SR I I A,
X<
2x+2yﬂ+2a—2aﬂ =0 0
dx dx
d
al, X+ y? = a(d—y— J |
X by v
x+yy
al, a="75 5@ 9.6

(1) T AN q-4F T AT 07 S A,

I2 /2 /2
+ + +
x+x,yy +y_x,yy _ x’yy
y -1 y -1 y -1

al, [y —x+x+yyP+py -—y-—x-yyP=kx+yyP
2, x+y)Py*+x+yP=[x+yyP
al, x+yP [0+ 1 =[x+yyT

G 2o 2ve 02 ARITCS LI T 7561 AN |

d
Trizael 26 S AN log(d—)yc)=3X+4y, AE y = 0 T4 x = 0 | 9F [{OT 4

R
T G SR ANFA TP (W HFCo T I
dy
L ,(3x+4y)
dx ¢
ﬂ — 3 4y
aT’ dx = e e
BETRIT9JTET 7j2i% S S 413,
d
eT);: e dx

o9, J.e*4ydy = J.eSde

(1)
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€_4y e3x c
a, -5
a, 4" +3ev+12C=0 Q)

(2) R AN x = 0 =R y = 0 I AZ,
—7
+3+ = = —
4+3+412C=03,C=

(2) T2 NI C-a3 S+ AT/ T st 413,
e+ 3% -7=0,

«ff o7 2GS ANFAER [T A4 |
Trtzael 27 fasfiie sk A6t A st

(x dy —y dx) y sin (%) =(ydx + xdy) x cos (%)
TR AN SR PG THGCA T A

{xy sin (zj— x° cos(zﬂ dy = {xy cos (Xj+ y*sin (X ﬂ dx
x x x x
xycos(y}L y2 sin(y)
@ B X X
. dx xysin(y)— x? cos(y)
x x
T 719 S TACE 1231 Ol I Sl 21E,
2
2 cos (y]+(yz)sin (y)
dy X X X X
dx ysin[yJ_cos(y) ()
x x x

9503, (1) R AN 2o %=g(y)WWWﬂ§ﬁwm

X

Gt AN K & ST A SR T
y=vx .. (2)
dy dv

BIR E=v+xa
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dv  Veosv+v’siny

al, v+xa = T siny—cosy (1) (2)IRIE)
dv 2v cosv
q, —_—=
dx vsinv—cosv
(vsinv—cosv) 2 dx
2, — |dv = —
VCosv x
vsinv —cosv 1
AR ——— ldv = 2| —dx
A I( veosy ) jx
A, Jtanvdv—Jldv = 2fldx
1% X
4, loglsecvl—loglvl = 2loglxI+log|C, |
log | 3€€Y
a, g 2| = logIC|
secv
4, > =+ C, .. (3
VX

(3) TR AN v G T % I A,

Y
x

= C @A, C=+C,
(z)(xz)

SecC

R
a]" SCC(XJ C Xy
«ff 2&T 2AMG SRS HANNFACE AL AN |
Trizac 28 N ST AN FANLN !
(tan''y —x) dy = (1 +)?) dx.
T 2l O] AABABCR Twgeet el

dx X tan"'y

= .. (1
dy 1+y2 1+y2 (M




TR AN

d
G (1) «R AN d—;c”’l X = Q, SIFIC GG (R et AN,

1

Q _tan 'y
W, P]— 1+y2 GR 1 1+y2 |
bkl [l
\O< ‘{, I.F:e ler2 y:etan"y

TG, 2NG ST NPT AL 267

tan_ly tan”y
tan"'y — —F |€ dy+C
xe I[ 1+ yz }

tanfly an”!

1+y

1
tan! y = r afeRAY Wﬁlﬂw ‘{,[ zjdy:dt;wwoﬁ,

I=J-t€tdt=te’ff1.e’dt=te’fe’=e’(t71)

al, [= o'y (tan"'y —1)
[0 I (2) 7R AT 0T S AT,
x. e Y =y (tan”'y 1)+ C
al, X = (tan”ly 4)+Ce™”
X 25 AVE SR AANFACIF AL T |
17 9 @7 (3% Sert

1. ey ave 2fsit sae ARFIET 9 8 WA (3 7eee 23) T I |

dx dx dx

Lodly [y
(i) F—SIH(F =0

435

. Q)

2 2 3 2
@ d—f+SX(@) —6y=logx (ii) (?) —4(@j +7y=sinx
X
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sifre

2. 0 2ve Al 2R (FTa, 2Ve ST (25 A1 SI2OrT) Sies SRTe] AT

10.
11.

(G TN 5 771 IR A |
d’y . dy 2
i = +be*+x? D X—+2—=—-xy+x"-2=0
(i) xy=aetbe*+x ’xdx2 dx Xyt X
i) y=e + b si : d—zy—zﬂ+2 =0
(i) y=e"(acosx sinx) 2 Ix y
d’y
(i) y = x sin 3x : 7+9y—6cos3x=0
X
d
(iv) ¥ =2 log y : (x2+y2)d—z—xy=0

(x — a)? + 2)* = >3 ARG I AR e ANFK 19 S, @A @ 5
9B (TR LI |

O I, 22— )P = ¢ (2 + )P) T SRGE AN (3 — 3x)2) dx = (VP — 3x%y) dy

- I I, @RI C G5 2T |
2N N SRS g7 I8 AR ST TN 9o I, T TR STFF S
o T |

1-y?

d
. o e d—z+ 2 =0 o s e |

1—-x

dy y +y+1
RIS (4, T TR o+ 2= 0 @ e S

dx x"+x+1

x+y+1H)=A0—-—x—y—2xy), T A2 A |

(0, g) RN IR AT o3 S, T ST 704 sin x cos y dx + cos

xsinydy=01

. Nooa ST AN R e el et

I+teM)dy+(1+y)erde=0,2mey=1,T47x =01

Rwa et Aw=ellB T Sl yeydx=(x e+’ )dy (y#0) |
(x —y) (dx + dy) = dx — dy TR ANSACR G0 [o At el e, ene
y=1,3 x =0 B : x — y = M)
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17.

18.
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- {ezﬁ —l}@ﬂ(wm ot st
G5 9 \/; \/; dy T AN 2 1|

d
SRS AN d—)yc+ ycotx =4y cosec x (x # 0), 4GB RO Fsiaie] fovefzr e,

are y=03F4q X =

N|FI

SR AR (x + 1) % =27 — 1, 93 G o e el e,

A @A y=04Tx =01

CPITAT! &35 7SI TG 2T SeAR e (11 2197 92 2T AR SR
AT TS | 77 1999 AT AT G171 20000 €3- 2004 FATE Gz 25000
0 AP, ST 2009 FIE 2N G| T 204 7

vdx—xdy
S TN TZO G Y AL 2T

(A) xy=C (B) x =0y (€) y=Cx (D) y=Cx?
dx
d—y+P1x=Q1 IR SR ANFACIT AL A 267
@)y = [(Qel"*)ay+c
(B) y.eIP'dx:J.(QleIP'dx)dxﬁLC
xed" = I(Q 29) gy +

dex J-( jP,dx)dx_'_C

SRS FANFA & dy + (v e + 2x) dx = 0 GF AL AN 2o
(A) xe+x*=C (B) xe+)y*=C
C) yer+x2=C D) yer+xr=C
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sifre

AT

G5 AN A I beT (5ePTR) G AICATF S bLeTa SIS I 2 OIS
TN T G SRPe AN |

SRS AN S 26 63 ANFAC! TS A S IS F |
SR AAFCCIR @l A <8l 22 At f Sl STaaeTer A2 7g7W AT
TR 2T |

SR ANFICI NG (T LGNS Zo7 63 AR T A6 SO SIS
Q! A IS ((FIETIG LGF TG FARA) |

GIT AT Tl 2GS S AP P I OIS 82 ANFACIR N Il
o | (AT SR AT FRANT PRSI0 LIF IS AT OIS el
I AN AL G (@ TG (R I T 2 OIS I = ([0 AN |
G5 ATE STATE (AT G SR AN I FAIL Gelj S SCAFFOTS
TE AT (FR LT (7 OO SCAFIOCE QRNRFOI SR P %
SR (02 GIFY NP S 211 52 |

BT SRl #ife 219 T G G5 AJ=el TN S AR AR bt

TS T 52T T AT | wLfie, y T AR dy GF A R x TF
AMITIZ dx G AR 7] A |

d dx
GHH T TN A d—}yc = f(x, y) S d_y=g(x,y)WWWW,
@A £(x, y) G g(x, ) 2 =+ N@q! RS 7G ST, SIS HNG ST
AN I 27 |
d
GEa d—)yC+Py=Q SR IS Seet TR0, @I P @R Q 26 43 912l
(FAETIG x GF S, OIS T67 T G0 2L SO (AP SAFe] AN |

SfeRFF carmefs
RS Y2 SRS W& G0 261 S[Te AN | TG [T 28 &[5

ANFACT Sfwe (BT 4 T 0o 11,1675 S, T4 Gottfried Wilthelm

p 1
Freiherr Leibnitz (1646 - 1716), sreieeicen [ y dy = % Y - RS Bz

3, Ao ol Tex 5% [ € dy @7 AT S | 7702 Leibnitz $2 35 38 feftza



TP AR 439

SR T2 Tt Qi Tz fee 7 | «fb2 S 1691 A1t Toromied i
AR SR TR I | G T2 217 Of A SO TG ST AP TN
ARIS” 2o I | YT 3 IR N TS ST SRHT I ‘2l FEE (F AT
SR AR T 2 | K owre R afb @, @ sifeTtes TR G
G T (AT 3% ST AN 0 2.5 TRCI 2 |

G SR} AN SR AN “solution” (TN e, ST AlBIwICe ST
FARFAEE “integral’ ("'1"’91‘1/) A RS T T A TEIR 1690 A James Bernoulli
(1654 - 1705) FCAMRCE | “solution’ *[b 23 (IR FCARCE Joseph Louis
Lagrange (1736 - 1813) 1774 e, Tl 261 SR ANPACII 07 AT G+ I28
?19 | Jules Henri Poincare (1854 - 1912)

20 (18 1 R, “solution” =<6 RIS &) (SGITE! T (A G O
“solution” * {5 SN[ AT IR %0 T #A1 | BT 2PFae 2life’ waparei
2R John Bernoulli (1667 - 1748) &3 &=y, R« f2te19 James Bernoulli 93 (=5
o3|

SIS TP G 2N TN | 9IS SR John Bernoulli R S@awet
NPT GO 5190 AL STHRBANS S | 1715 AT 20 ¢4 (T ©IfFTL Leibnitz
& T BT (6 BT fof fmfefe sreeet A= e e w0

xX1y" =2y,

I For 2 9 A2, SR, 2178 IR I P02 G0 (el gl
IR | @b (TR (@, G RS Ao S AN FANLI TS el o L1 B |
et * o1 TSI (TS SIRREeT FAFACHR T 2 SO (ARTH TP
AT ST (e 23 T A (et Sra<ret AMEACeIR Jeiore frame | seriet e
afelb oNRFIT GibT ArIEe! G0 4 IR SRHF FECR |
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(©24 AGaAfre (VECTOR ALGEBRA)

«* In most sciences one generation tears down what another has built and what
one has established another undoes. In Mathematics alone each generation
builds a new story to the old structure. — HERMAN HANKEL <+

10.1 gi=t

SR TSI SR, SNl S|t 2 T2 23, §
T — (ST TSl F© ? (A FHIeT (TARIT FreI@ O
VA o CATARITGCE I 217 (RETF Tolf I&A10 SIS 0O
AT 2 75 AT ([ AL AT G ABY e 200 A 1.6
o1, @3 @ i Tt (TG @ AT ARG T | @3
SR AT FAR (scalars) TN 1 9B @, faoim oo
@35 Teq 7o @36 A (AF 71 791 27) [ oI (i)
@I s (I S AT SRR (R GF AR TS | 93
GreI AT (SF7 (vectors) I 27 | aifel, RISENIGER :
Bfgfemif Tl cwea, ol 2ReiE Tow dot iR ey e
(ST, TRl CHRAR IR - <t o, 7031, ¥R, 51, Crareeer, V‘;golg‘;‘;‘;‘;’“
TS, Sl T, 5, (SIT6%:, Ty, (14 Tojif7 422 (@37
AR @- 3179l o091, G2, <91, S, SR, SO E Ol T |

G SGI, S (T, (SRS [ JFigeiet (operations) G SIwE Aeraiifolfes €
TS «afiaet ot 5y 2NMefiiF Qigell Sz 99 | T4 @3 W3 Q0 (@RS S
G RGN FF 02 (SFET AT 9F6 219}l @orrot 2Nl 27 9= T Srafis
fRifem eraeferte aom@ Sgel eI im0 |

10.2 {53 2SS 4136t (Some Basic Concepts)

GRANARF, I T (@I o At {GeNfEss oot 96 el 181 forza e «2 seraaia
26 frfariiie a1 T | 2 y3fb facea s fdifae @i facss o6l seaics s foire
TG e =2 (5@ 10.1 (i), (i) |
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1 1
B
A
A

) (i) (i

@ 10.1

QL T AT (@ ISR TR (F AB (@10%1 918% A 3, O Aaeriioa
Ttz 736 e @ @Il @3 @l e fAeife 27, @@ s o3 (o efamre
I AR (T5F 10.1(iil)) | S04, RS @RISR @3 siiisiif frme itz |
g 1 90 A T A @3 A=A e Sy, O (87 0 |

% I (@, 93 e @it 251 93 (33 (5@ 10.1(iii)), T AB 1 92&reI@
d 7 A 1 T R I ((TFT AB’ 1 (939 @ RO Hiwl 77 |
3 7 A (@419 (A7F (937 AB *[F 20 ©IF @3 215fSF 7% (initial point) I0eT, @) B g
@I (SFAD T, OIS I I8 {9 (terminal point) 6T | (SFCAT AT G S

& RO (R9C (SFA0F A (A ) I67 27, T [AB| At || A 0 O MG & 41
o7 | S Eb (SR s o S |

(AT T TN Y 2 11, ©fF || < 0 9B &SI w2 |
S (€34 (Position Vector)

a3 @if (2, fafas wfHeias! sy i s wae st (Ba 10.2(1)) | 431 0=,
&R O(0, 0, 0) G ACATH fqetifass @ @b 7 P @31 =S (x, y, 2) |9G&, OP
(SFACE O RWT ACHTF P R SRR (SF Ie7 2, @AH O @R P 26 IANFH «F
AP G G (77 | g I 2T (4] @ACRIT), OP (A1 7 ) G Wi e avs |

|OP|= 2 +yr+ 22
IRRRFCIE, TR O-9F ATATT A, B, C Tonifit [ims)fer so2lie (239 790 a, b, ¢,
Fepifnr geot e vt aw (B@ -10.2 (i) ) |
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V4 Z
A B
P(x,,2) 7 B
- 2 7C
r
0(0,0,0) Y 0 Y
X (H X (i)
@ 10.2

W%- (@A (Direction Cosines)

AT, 5@ 10.3-9 WS P(x, y, z) 7 SRIT (857267 OP (Al 7) | 7 (ST 4T x,
V GR% z ST AT TR 1, B, 'y (Il GAM FCEH, (AN 7 @7 WS- (direction
angles) I8 T | @2 (@FATAIT (PR M w1<fie cos o, cos P €3k cosy (F 7 (TFE
- (PPTIEA T6T 2 G TAFC £, m @R n, B! AR 21 T 27 |

V4

Cl o,
R R .---';
. z - z
. r—".-
o) —." y
. o/ -
] x ""
A

X
ba 10.3 T

X
59 10.3 (ATF, W1 512 @ OAP 25 @36 TN Ggs @R @7 (AT AR
X — fa
cos 0= (@@ r=|7|) | 3ZeIE, OBP €<k OCP AN fags (At SiEl Feire

&
SAifr cos B = f 4 cosy =~ | GBOITR, P TR SRS (1, mr,nr) JCAS S50 501 A0 |

725 - IR el TGN, I, - G TN RO 7 (ST Trs-Segite( direction
ratios) &7 BT GR INFW ¢, b G3R ¢ QA AFH 71 27 |
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(757 | TRIEQTL+m?+n?= | RYARIS 2 + >+ 2 # 1.

10.3 s394 fafew @< (Types of Vectors)

*+ (©34 (Zero Vector) (I (ST AREP @3 W@ 7 7isifow 20, St ¥«
(37 (I ST (TF) o1 27 3% «Afb 0 B 261 01 27 147 (ST (@t S s
A 1 T T e G T %[+ | L3 {Farei® s «fb @i fne-Rotie e
RTab© 200 AT | AA, BB (SF9% *[7) (SFAF SoPRIf5® (|

GF%F (239 (Unit Vector) 431 (T3 TF W &5 (T | 43), OIF G5 (T3 I61 2T |
AME (ST d OF S TRT 4FF (SFF (F 4 AT @I 21 F1 27 |

T-2lfSF (@34 (Coinitial Vectors) 72 Il STOIRT (TIET @38 ARET [ A&
IR - AR (93 &1 27 |

IR ($34 (Collinear Vectors) 12 I STOIfKF (SFACH HI(H I 203, T N @38
RIITa SIR1 G52 AT FTN@ANE &7 |

T (237 (Equal Vectors) 16 (3 d < b (F F1e <T@l 201, AW ©IAE e T3/
3R TR (T O 2T R Sroile] wieliey 1 28 3R O @ = b 0 (T 27 |
4egF (234 (Negative of a Vector) 45 (937 T W 2n€ ($3CF (441 T, AB )
A 5 G s 2We (SFCH 2171, OIS AMG (ST AN (ST e 2 | ST,
(39 BA T AB (S3CAF 49T (93T 438 BA = — AB J071 (5141 I |

TG SATES TR (TSI A9 (T, G (T - (I GF76 ©IF e G2 76 AfGaser =t
F( G 7 20O AT | G2 SO (SFACE TS (S5 (free vector) TN T | @ ST
GLT, SR ¥LE [ (I N0 SN 21 |

Trizae 1 fRe-21ow s 30° @R 40 R F=eE
@efog Soplivm Sl | W< >E

I OP ($3A0 ARG FNE SRR (Pd e
| |

10.4). S &

EAEECIPACE & ok Enie b e e I Aeh 2o ¥
ifdfeis ! |
(i) 50TFT p S
(i) 1000 A3

\.
7

<

@104
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(iii) 10 f=Tow (iv) 30 f/=0! (v) 10 a/@fs

(vi) &R e 20 &/ @1
G

(i) SR-CFAT (i) SIRO-CFAT (iii) IH-CSFT

(iv) gro-cFemR GURECEESIE (vi) aifeEal-ce3a
Twizad 3 5d 10.5 -9, PN (ST ¢

(i) =L (i) I (iii) -2
TG

(i) AN (SF9 @, ¢ G d.

(i) TN (SFF: @ IR ¢ I

. . 1495
(iii) I-2=fEF (€F7 : b, ¢ =R d.

@ 10.5

| ot 101 |

1. Tea-71F e 30° FITel 40 RS =010 @Tifota Sopitsi 3 |
2. fAElerRe ofieieTeiee (e 3 (o3 qee el S |

(i) 10 & (i) 2FoRCeR-AFeNE (i) 40°
(iv) 40ea% (v) 10" =1y (vi) 20 fi/crEe?
3. RS9I (FeF 938 (937 A1 ool ifafeis Sl |
(i) 0T <Pl (i) T
(iii) <=1 7
(iv) afstaat V) FoIT
4. 310.6 (3B 3e(wa) FERS (39T g I | N .
(i) w-2EfEs (i) = d b
(iii) TG g T 7
5. st ooy a1 M ol Texvie |

(i) G 9% —a &&1 A | e
(ii) 5 A (SFC e F) A = | f5@ 10.6

(i) 70 (SFRT G352 I AR SR FNHL 2T |
(iv) 70 AL (TFCAT G2 T+ A SR I 27 |
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10.4 (=377 A% (Addition of Vectors) C

G (TTT AB AARe® A 7 (AT B KT 71200 @RI |
92w g3 AR [ras w6 @, % A A (I B
(© IR O B (2ATF C (o =25a 24 (6@ 10.7 ) | Aifermifo
A1 A (A0 C R @IS 79 261 AC (937 R @bt .. B

[CEEG S U Rl 107
AC = AB +BC
«ft (TFF @R a9 749 (triangle law of vector addition) T #ifdfbe |

Aliere, AW SR a@ 932 b 70 (S5 (6@ 10.8 (i) ANTF, O O (il I S5,
G SRR N0 il 27 (@ @S o7 Alafes g wibe sifes g o1 snsifes 23
(5@ 10.8(ii)) |

C
\,? ¢
3
<% B it
: 2
A 71) B A 2B

@) (ii) (iii) s

5@ 10.8

Trzzersgel, 5@ 10.8 (ii)-9, SEl 5 (53307 W ¢ 75 Siffade 71 I @sreiE
RN TR @ 99 AT [ @ -7 @ [ AR AN 0© 27 197, @ + b (ST,
faget ABC 4390 A1g AC BRI TR 1 2, A d I3 b (ST (1912 (1 oAzt )
o |oidfe, fager ABC (59 10.8 (i) T SIsi<l A3,

AB+BC = AC
N @2, AC = —CA, SHE TR0l (AT Sl 2113,
AB+BC+CA=AA=0

@ (A0 @b @RI @, T4 @I {Tgred AZYENT 992 F0 16T 2, O 46 [+

TR MG bifeTe 27, (AT ARTEF G i [Rpax selivifos 27 (6@ 10.8(ii)) |
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@3, (837 BC' @ Sl 3754w «3f5 (€% BC' 216 31, [5g @7 s BC (o303
oo 202 (5@ 10.8 (iii) ), wrefie
BC' = -BC
o, g a7 2 5 10.8 (iii) I S #4172,

A_C7=X]§+B—Cq':@+(—ﬁj)=a”—b
(933, AC' d 9R b 9T TP 2P T |

QU (I T G O (ATF S+ ST i (FISF AT eI 9 &Ret @6 ¢TIl
fRTD S 1001, @6 Ttz gfb sifStael (eF9 T Z0R— IF5 267 (NII0A 2 o
SIS 9ifotaal @3k S 2o T STt (FIted aifetant | @2 gfb S @rim «F @it eEa
T, (TI AFOHTF G for sifore betre 2y
F(E | (T T oM @R T fqomt (@weT-
TETF (@) AT G RS 4ol (olrs,
SISIHE ACEF (ST NG 3751 3@ A0 |

W9l (o3 & Gk b G AN R4
AR A =R T @ e (o 10.9) 2w =1
o | AR A 77y e ifeme s
o (SR NG d + b G el @ s ol a
sl a5 (eFT @CIT MWETF AT foa 10.9
(parallelogram law of vector addition) R 27w |

59 10.9 (AT, fage 714 AT, 7% 1 T @,

OA +AC = OC
il OA +0B =0C (@=g, AC =0B)
| 2o AN 7 | SO, SR TET00 A1 @ (SFF @A {6 74 #7717 e |

(S34 (AT 9i=en (Properties of vector addition)
1 1 (@ (@6 (93 d 9% b, G &

i+b=b+a (it &)



[s7isl ABCD @fb AR [Kieasal el
(5@ 10.10 ) | 421 A, AB = G 9% BC = b, ©
farger 79 AT, fage ABC (A0 Sl #A13,
AC=d+b
Q4 (2P AMBRCER [ e A5l 7
@R AABIIE, B9 10.10 (ATF 9T 41T,
AD=BC=b 43 DC = AB = a. 9IAI< fags 71a
AT, fage ADC (A0 SR IfE,

AC =AD+DC=b+ad
TeUd, i+b=>b+a

457 2 @, (I oIS (039 @, b @R ¢ G T
(G+b)+c=ad+(b+7) (T 47)

efsTiel 4@l A, 5 10.11(1) €% (ii) @ (9394, b @R ¢ @ IAF PQ, QR 98 RS ¢+
o] 1 ZATE |

&
PER b+¢=QR +RS=QS

SRl (G+b)+¢=PR+RS=PS
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] d+(b+¢)=PQ+QS=PS
otard (@a+b)y+c=a+({b+¢)

T (LB QAR AN 4 See Foafs (39 @, b, & G (S XN RSl G+ b + ¢
07 foTITe 112y |
T I @ (I (53K d GF Ty, S 2AZ
i+0=0+d=a
QLT % (857 0 (F (ST (@NTIF (T ([N91%T SCew (additive identity) &1 2T |
10.5 (T (STACE GFB (FeT WCH 9= (Multiplication of a vector by a Scalar)

AT, @ 261 G0 AW (TFF G2 A G0 (FAI | T (SFF d -9F AT (FoT A-97
YT CFET A MG (239 d (3 5= 91 o1 27, Al Ad o1 A 1 2 | 75 Al (J, Ad 28
@b (SFF, T (TTH d -G G | A G S LGS (I A1) SR (8F7 Ad 97 [,
(O3 d 97 €32 T (A1 AN T 1 ORI, (SFT NG GI W, (857 @ 4T N | A | 95
=7, uidffe,
|Aal =|A]|a]
5@ 10.12-9 ¢ (F=1F T @FICA (ST Yo Sifilfos foa (e ze |

S
~ 7
9 10.12

AT A =—1,949 Ad=—a, T (ST G 97 T T €K 97 15 (857 d @7 {7l |
(O3 —d (F, (T d O AT (I (@I91e [FATS) I 27 @3 St 37471 A1,

i+(—d)y=(-ay+da=0

oI, 1 A= L, @I d # 0 Wi A (9 I, O

|a]

_ ~ |
[Ad| =[Al|d] = —]d|=1
|
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HOAR, A d (9FF, d G (P G GBS (SFAS AP B | SI=1 Gioess forare 17 @,

10.5.1 @3 (SFCA7 TNt (Components of a vector)

BT N X-90F, y-9F R z-B(0%S 82 ISP A(1, 0, 0),

B(0, 1, 0) &3 C(0, 0, 1) Raytatt (72 | =753,
|OA|=1,|OB|=1 &2 |OC|= 1

< T [{ES (@37 0A, OB R OC (S TS OX, OY &R

OZ ST IR 55 (ST 6T 7 IR TS £, J % k 70T erom)

T e (b@ 10.13) |

@2, 59 10.14-9 @36 % P (x, y, z) 97 SR (37 OP

fo@ 10.13
feae 1 4 T, P, 2w P R (A0 XOY FANSTE € #{« #0HT AWM |

P (x,,2)

X @ 10.14
GBI, (14T A (@ P, P 2o 2-S031 @A | (R 1, ] IR & ZeT, T x,
Y €RR z-B7F I G (ST R P {7 FRAICRsS 71T (A0 @il 212, PP = OR = zk

Wﬂwl(ﬁ,@=6$=y}ﬂ?i§=@=xf.
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o, «ff @RIT @ OP,=0Q+QP, = xi +yj
PER OP =OP, + PP=xi +yj + 7k

AR, O @ AT P R Sl (o33 fsfeieeita @l T
OP (31 F) = xi + ] + 2k
G2 SR @ (CFAE 97 T FIPIF (component form)IC | QLI x, y G3%
z (F (S 7, OF (FIT &l (scalar components ) e T G xi, yj @R zk (& TAFT
SRR S QR 7 G (OFF G (vector components ) IEN T | S I x, Y GRR 2
@€ &9 ©AIH (rectangular components) I 2T |

@ @I (83 7= X + Y] + 2k G2 70, AT BAA 2R 219! T 720
fajefzr st R | =R AR frger OQP, (o 10.14) @ a7 IR @

0P, 1= /| OQI™+|QR]" ="+
3R AT fags OP P (AF S #47E,

OP = |OP [ +|BP[ =’ + %)+ 2
SO, (@ (I (ST F = xi + yj +zk 47 Oy TmleRiweica i I
|7 | :|xf+yj+zl€|=\/x2+y2+z2

A G G b ($F9 A T ORI TS a,7 +a, [ +ayk R b7+b, ]+ bik, T
@

() (39 ad 9 b 97 I (3l ) T

G+b =(a +b)i+(a,+b)j+(as+b)k
(i) (®FTd 99K b 9T o 5

d—b = (a,—b)i+(a,—b,) j+(as—b)k
(iii) C®Fd G b A =< AW G (PTG A

a =b,a,=b, 4R a,=b,
(iv) QI CFT A BIRN (SFF d GF 9JeIpe] 267

Ad = (ha)i + (Aay) ]+ (Aay )k
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(SRR (@19 G (FEN AN (SFCAR 5[0 GG I (o013 ST L @10 -
@A, d 9% b 2 G (S, k G m 2 -] CRAR | $@—
(1) kd+mad=(k+m)i
(i) k(ma)=(km)a
(i) k(G +b)=ka+kb
TG

(i) <5 T @, A G AN IR @F N @, (ST G T ($FF d G AN LA |
IS, 76 (SFT @ 3% b AN TR M GR (TG A7 G Sy (FARF A 93
SfEY AF ACS b =Ad 1M (ST d GR b TAX SPIEF (ST AE w2,
G=d=aji+a,]+ak SR b=bi+b,j+bk O YH (ST AN 2 I AR

(FRETE I
bi+b,j+bk = Mayi +a,j + f*';’;}
o bi +byj + bk = (Aay)i +(Aay) j + (Aay Yk
- by=May, b, = \a,, b, = Aa,
B h_ b _b_,

a a, a

(i) Ta=ai+a,j+ak, S@a,a,a, &8daq Fs e =1 27|

iy 7% @B (oFtaT W @ONEN 1, m, n (T T, ©TK li +mj +nk =
(cosa)i + (cosPB)j + (cos )k ==t 2ive (oFaba s 9a19a G5 (939, LI o, B
@R 7 TF TP x, y €3 z-SICFF A (SFCAT TIAT (el |

TAEAN 4 G=xi +2] + 2k R b =21 + y] + k (ST AT 20 x, y GR z G W ool
el

T T SCAI (@, GO (ST I 203 AW 3R ([T AW O g =1 Sofl<=1 o[ e ol
o | (O3, &S (I d@ 3% b I 203 I QR (o9 AW

x=2,y=2,z=1%7|
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ThEEd St a =1 +2] @R b =2i + ] ||G|=| b|ZR R ? G 4R b (ST [F 7 2
S ST AR [d] = VI + 27 =45 @R B =27+ 1P =45

o, || =| b 17, CoF L I T (AR I S el Gefieefre o |
Twigal 6 =21 +3]+k (SIS I G55 (93 [T I |

| =

TG @ (SHEF T IART GFF (TSI 20N 4 =

jal”
G ld|=v2>+3*+1> =14
s U o ason B 0 B 1
NICtE) azﬁ(2f+3,;+k}—\/ﬁ e

THEAN T d=i-2] (SHERF WGYR AR I (ST 7 S0 T 7 455 |
TG AVE 4 (SHEF U IS GFF (T3 T

1 1 a ~ | B
hf=—g=—""r(—-2))=—Fi
a5 NG

edd, d ¢ < IAF AR IF N 7 (O30 T

_ 2
Nl
A I A 2 A ? o 14 ]
Ta=1-=1-=3|=—7i-—=J
‘ [J§’ ﬁ’] NN
Twiad 8§ @ =20 +2]— 5k G2 b =20 + ] + 3k (SFAYHA AR [ TR 9T (O T
[EREE&I
ST 2ie (o3 9T5e S 2
a+b (=C, g ) =4i +3] -2k

GR 1€l={4+32+(-2)’ =
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GBI, ek o3 (eFalb =
S N e -
C=EC=E(4E+3J—21{)=E.€+mj—mk
TAEAN9 G =1+ ] — 2k (ST OATGYE (FT0 IR I (AT (S FAA 7 (ArRayaen
ezt
S ST AN (@, (SFA 7 = X1 + 3] + 2k G 4w SIS a1, b, ¢ 0T 2 IS (O
X, y 93 z CHAIH | SN, AW (SFCI &) S 5418, a = 1, b= 1 9% ¢ = -2 | TG, AM
I,mﬂ?inmm%@mﬁﬂﬂ,w

a 1 b 1 ¢ -2
—=—, m=—=—f4F, h=—=—1% @RS |F =6
R TR AT Sl

CIOtES WWWW(

J_ff]

10.5.2 7fo f9%7 3T (S5 (Vector joining two points)

g P (x,y,z) 9RP(x,, y,, z,) @-(SICA E\% z
{2 =2, O3 P, 4<% P-4 FLCA9IPIRN (S0 =CwAl
PP, (5@10.15)

K P, (x3,2,25)

P, &% P, R 31 7 O &9 10wl et Al
3% fage 77 Al 36, fage OP P, (Al T Rz
Oﬁ’ /l\ d ;‘;.\ —>Y

OP, + PP, = OP,
X

(S @I 4 2T, TARI AN (A @ 10.15

3,
PP, = OP, - OP,

w1ffe —Pz(w+;r ;+_J() (r,:+}1;+¢,k)

=(x, —x )f +(¥s — ¥ )_;‘+ (z3—2 )!;
PP, (S04 1< 24

|ﬁ| = \/().'3 —X ) + =y ) + (z, =z )3
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Trtzacl 10 P(2,3,0) 9 Q(— 1, -2, — 4) @ Aieidt (o3t e s, g wifey2
P (AT Q €3 = |
TG (@TY (ST WfeqL P (A Q & T, =592 P 2o aARfes /g @R Q =5
e R | AR P @3 Q ARSI e (837 pQ =& gt

PQ = (—1-2)i +(-2-3)j + (-4 —0)k
weffe, PQ=-3i—5) -4k
10.5.3 fefesad A4 (Section formula)
R AF R O GFATATTF P 932 Q K@ SRl (SFAE IS OP 4R 0Q A7l
21 91 2T, OE P @R Q TR (TR,
PO G [, 01 R =l 12 It RS 91 @09
AN, - BT (internally) (Ba 10.16) @3
AffEeE (externally) (5@ 10.17) | 92T, S SF Y
O G ATATE R {9z w2 (939 OR fefar sace
512 | SR 4T 95 I 96 (FG2 B 94 |

@ 10.16

wa | IR FMPQ -Foeffes @ (5@ 10.16) |
3 R R PQ, -(F G5l RS FE @ mRQ = n PR » R m 3% 1 2 4RGP (A,
SR S 7919 @ R R PQ -G m 2 n ST S@fes F0a0% | 94+ fdge ORQ @3 OPR
(T S AR,

RQ=0Q-OR=h-r

@R PR=OR-OP=r-q,

oI S AR, m(b-F)=n(F-d) (?)
I; -

4l FoTorna (TR )
m+n

Ted, R 3 SR (837 T P 3% Q -(F m : n SPITS SRBRCT I, ©f 2o

——  mb+nad

OR =

m+n



@@ 11 744 R 7 PQ & afZfes v (59 10.17) |
SR R RYE SRR (S31 A6 T8 &y o A
JICE ST &) (@R, T2 PQ @RI m - n

PR
Sy AT [W?ﬁ@ Q_R:%) qf3 %\v@%‘@,mial
—— mb-nd
OR =
m=n @ 10.17

@ AW R ™ PQ @7 WM 2, $@ m =n 2|
SO, (F9 [ (ATF, PQ 99 FGRM R 97 SR (8F 261
i+b
2
Ttz 1195 7 P9k Q @3 SRR (83T OP = 3G — 2b €AR0Q =d +b A5+ Al |
@35 7 R @7 o= (57 16T 01 A P @3R Q IR @LIRHATE 2:1 AT (i)
TEifes 4k (i) IRFes FE |
AL

(i) P @R Q TR @AXF 2:1 TS TBTETH @Il 79 R @7 ol
(ST
of  Nd+b)+(a-2) _5a
2+1 3
(i) P @=R Q FCAFIR @ARHATE 2:1 WA IRFETH @I [T R 97 2w
(ST

OR - 2(a +b)2— (13a —2b) _

Twizadl 12 7ale @ A2 — j+ k), B(i —3] - 5k), C(3i -4 —4k) Regeyrent =1 @<l
TN frg e AR |
TG S AT,
AB=(1-2)i +(=3+1)j+(-5-Dk =—i -2} -6k
BC=(3-1)i +(—4+3)j+(~4+5k =2/ - j+£
@R CA=(2-3)i+(-1+4)J+(0+ 4k = -} +3]+5k

OR =

4b - a
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QIES

TG, o 6

|AB[ =41=6+35=|BC[* +|CA[

o, fagelt 2e1  36(G I fage |

nh & W N

10.
11.

12.
13.

14.
15.

| we10.2 |

T 4o fom (o33 1ol |

G3g S 179 90 foF (93 (1020 |

20 +3] GR X + j (SFA O AN ZCeA, x GR y G e el et |

AT % (2, 1) @R = 75 (— 5, 7) /S @I (SFERT (T GR (T3 SoAlR
et

G=i—2]+k b=-20+4]+5k qRi=1—6] — Tk CSFASCNT TG el AN |

L d=d=i+ )+ 2k (ST O KT G55 (ST el el 2

PQ (S3EF IfSy< I €36 (T340 1T IR, @A P @R Q g s
TS (1, 2, 3) €< (4, 5,6)]

. oW (93N ad =20 — ) + 2k @R b=—i + ] —k @&, i + b (ST WG THE

93 (e e Fa |
5i — ] + 2k (SR SO0 GG (9T el 01 T AT § G555 |
(TANE (@ 2 —3 ] + 4k =R ~4i + 6] — 8k (T2 {5 AN |
[ +2] 4+ 3k (o30S i (PR e e |
A (Q7F B SfSq™, A (1, 2, -3) @& B(-1, -2, 1) R 767 scaioi it (o33 fne
PR e 3t |
NS @, + ] + k (2% OX, OY ¢8R OZ S ARSI @ (equally inclined) |
P 9 Q = SRR TP | +2 ] — k G- i + ] + k 20T R R ool (o3
T 301, T P 3R Q RTINS @RI 2 : 1 SATS

() wefies (i) ARRFeTIE



16.

17.

18.

19.

(37 Jeeifde 457

P(2,3,4) 43R Q(4, 1,-2) @ stiiRt (T30 TR SRl (934 fef et |
A, B g3 C Ro(eia SRo=iA (937 I d = 37 — 4 — 4k, b=2] — j + f 9%
¢=1i-3] -5k 2, (rale (@ 7 foaf «aofB e fag e A |

fager ABC (6@ 10.18) =1 ¢5ta, fferis (mieejtet 1oy 77 :

(A) AB+BC+CA=0 C

(B) AB+BC-AC=0

©) ﬁ-*‘ﬁ:"c_f\:ﬁ A B
(D) AB—-CB+CA =0 a10.18
T g @R b 76 IR (99 2, O WHEARS (et opw :

(A) b =\, GRIC CFL LG T

(B) d=+b

(C) @ 9% b 9SG TARHYTA AN AIfSF 77 |
(D) @ 9 b TORE 4L Sy, 5% for AwRES |

10.6 %% =374 99 (Product of Two Vectors)

Qe 2RIG ST (ST (ot 43R TN AT ST FCAMR | Q4T SR STy 267 (837
Trife Gfb e Aferalififes aife STeDa w1, T2 (ST 9 | S e 799 (@, 7o
IR 9joreeT 251 35 A, 9 G et W @t i, g SrorwE owg
SIS SR 42O 9ol I A1, T2, 4o o [ Sl 9o @3 96 S ea
FANGH | SN, G6 (ST 908 2 ARNOTS ALl 2, I, (F (1 ©6) 9, @A
9J61Fe 21 G5 (TR 3R (ST (1 F) el AT 9JoFe 261 GF0 (OFF | (SFAT U2 42
AP I TR e 07, oiF Sififs, 79 Rwe @3 et R [Rfen awms 4re
(AT | 2 SO, SR 3 12 R0 0 0 SeAise 71 |

10.6.1 76 (SFCF (FF (31 ©5) 99 (Scalar (or dot) product of two vectors)

@ 2 Yo S (ST G G b 9T (FSN YT d - b AR ST ] 7Y G
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afSw . b =|a||b]cosd, gl vicesifire w1 =, <

@A 0 26 g 932 b Se! (@i -3 (5 10.19) 0
T G=0 WA p=0 2 O 0 TS 77 @R 3 (FCE, Sl “
g 10.19

@-b =0 g SR T |
el
. d- b e G AW A |
2. @ a G3R b 46 S ($FF, O@ G- b =07(F A IR &G I a GR b
AT o1 2 | e,

i-b=0& alb
3. IMO=0%,9 a-b=|d|lb|
RORCHCE, a-a=|al’, @R 92 CFCG O 9 I *+7 (0) 2T |
4. AMO=n=, 9@ G-b=—|al|b|
ROCwa, a-b=—|d||b|, ARG 92 CFE 0 9T I T 2T |
5. 2GR 3 AR NI, 24 77 (610 G5 (9394, | GR A (AT SNl AR,

A oA

—k-k=1,

b ]
~
Il
~.

6. 7o ST (ST @ R b G TS (FIeT O 20,

cosO = fli 4, 0 =cos'( aa.bq J
lallb] lallb]

& 99, RIS (commutative) 45 (T 5Ta, wiefie
a-b=b-a (&1?)
CFAIR 970 46 g9 45 (Two important properties of scalar product)

=~

A5 1 G ANTATE (TSI ST A6 7 4 A6 a@, b @R T 2o @-(IeNl fonl (939,
o
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$ 2 @ AT d R b @A G5 (BT G A 2T @~ (I (BT | O
(A@)-b=Ma-b)=a-(\b)
TG ($Fqa IR b - ayf +ay ] +ask R + b, ]+ by TAK SBIE (T,
O ST (R 9Je12FeT 251
i b= (ai+a,]+ak)-(bi+b,]+bk)
= ai-(bi +b,]+bk)+ay]-(bi +by] +bk) + ask-(bi +b,] +bk)
= ab (D) +ab,(i-J)+ab,G-k)+ab (j-1)+ab,(j- ))+ab(j-k)
+ ayby (k- 1) + asby (k- )+ ashy (k- k) (TP 1 43R 2 430 2IcaTeol)
ab, + ab, + ab, (~RICel 5 2T
GBI, b= ab +a,b,+ab,
10.6.2 (FITA FIACILNT ©oF GF0 (SFCAF ATSTH7! (Projection of a vector on a line)
42 T 93 (5T AR WEa FI51 Ridre e (5@ 10.20) @ aiwe frss fmi*e it 7
(4T G AT O (I TeAT (1S4 [ G T AB g WS T 2a1 G6(5 (939 D (4G

I | AB| |cos 0|93 p 6 TR | 47 WG €33 firess (A o) @
fT$7 T cosh «F W 4¥T a1 F AAF | (37 p (T 90 & WSl (37

B
B
;& . . N
o N : v
> 7 ->
AP C c 7 A
(0'<6 < 90" (90°< 6 < 180"
() (i)
—-> 0 0 —->
- A &5 :
;é N .
B B
(180°< 6 < 270" (270'< 6 < 360")
(iif) (iv)

5@ 10.20
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(projection vector) €3 G |p| (F AS MFACIHS @4l [ 97 TA4T (939 AB @
ST 7 27 |

TriegerTgel, Boiaa 2ifsf ooa (5@ 10.20 (i) (T (iv)), | @ITARE AB G Sfer=a!
(939 2 (937 AC |

7

T
1. W @RI p 96 G (SF9 2, O0 | U CHF d (DI ST 28 . fy
2. b(SIFATHTa (SIHF ST
. b 1 .
a-ba a|—|, a —(@-b)
{I»‘JI] |5
3. A 0=02, O AB 7 SIfeT#7l (937 2 AB fite® @k 3 = 1 27, ©7 AB
G SSTHA (ST 2T BA |
4, ﬂﬁe=gm9=%®,wﬁﬁamﬁc@aw*ﬂ@m
& WMo, P GRYCSIAG = a,i +a, | + ak G - (@IPTR T, OF G - @R
o1 2Ne @S #{1e |

a-i a a, a,
———=——, cosPp=—", «F% cosy=—
lalli] |al |a|

COSOL =

|a|
RS, TF I @, 0X, OY 3R OZ T AT d 7 SSTHoTa 2o A
|d|cosa, |d|cosP «@ae |d|cosy wEfle, (O3 d IR (FAR GARK a,, a, GR @, T TARTH
X-ST5F, - G3R z- O JARE 4 GF GG SSTH7] | ARG, AM d GI6 GFF (93 2T,
SR GTOC SIF s (IR SBICH ST 2] w1 (TS It
d = cos i + cospj + cos vk

Trzact 13 4 (539 a 9% b @AW IAFT 1 G3R 2 ZE O NLS! (I foofdr ST @3
@AAa - b =1.
T PSR, d-b=1,|d|=14%|b|=2

o AR,
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Twigad 14 =i+ )—k 9% b=i— j+k (STEA NG| (el ‘0 Tl
TR G 93 b G (ST NLGTS! (P O 2

ab
cosf = ——
lallb]
e G.b=(+]-k)(-j+R=1-1-1=-1
-1
oG, S A, cos = —
_ 1
RN %ﬁt‘ﬁ.f@‘ﬁw 9= cos 1(_5)

T 153 G=5i — j—3k 99 b=1+3] -5k T, SR AN @ G+h @3¢ G—b
(OFTER 7T |
LA SR S @90 S (S35 Y 20, TSI (RN eI %[+ 27X |

QT G+b=(51—]j—=3k)+(i+3]j-5k)=6i +2]—8k
@GR G-b=(5i—j-3k)—(i+3j-5k)=4i —4]+2k
o, (@+b).(@=b)=(6i+2]-8k) (4 — 4] +2k)=24—-8-16=0.

Seqd,  d+b IR G-b (ST
THIZAN 16 b=1+2]+k (CTEI T d@ = 2i +3 ] + 2k (SIS AT efy I |
U b (SRR CHT @ (SFCAT ST ge

L (2x1+3x2+2x1):£:§\/g
50T Jarrerray V63

Twizael 17 W gl (039 G Wk b @7 @ |d|=2, |b|=3 @R a-b=4 =W, O
|G ~b| fef e |

I S A3,

I
Ql
QY
|
Q)
>~
|
S
Qy
+
Sy
S
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= |al> -2(@ b)+|b
=2 -2(4)+(3)
oG] li-b| =4[5

Trizae 18 A d G G (I IR (¥ —d)- (¥ +ad)=8 2, o | X | el ea |
TR @R 4 T G0 GFF (839, O |d|=1 . OI=iel,

(X—a)-(X+d)=8
4, X-X+X¥-d-a-xX—d-a =8

al, |EP-1=8 uefle, |¥* =9

AL, |¥|=3 (XY (SFCE TN SAGF)

Trigadl 19 @ @INY0 (39 G 99 b GF S, SN AW AR (G- b |<|d||b]| (TP

W ATe SETel’ FEERLe TG 2@, W a=0 A b =01 AFEATH, G2 R
AfaPAfero SNl 21, |G- b |=0=|d||b | TR STt SN S 1 7| | # 0| b |

ib
A I AT, ||5”5|| =|cosO|<1
T, la-b|<|al|b|
Trtzae 20 @, QG0 (8FT G 9 b 9T S, SN c
7
W AR |a+b|<|d|+|b]| (agesrme) 7 x b 4
~ b
TR AT SNIG FREHC? TG =S, I a=0q A > B
h =0T (IeR?2) IO, 4 F |d|=0#|b | O,
|G+b P =(G+b)* =(a+b)-(a+b) B 10.21
—d-a+d-b+b-a+b-b
= |af +2a-b+|b| (et et faferara fovarcan)
< |af+2]@-b|+|bf (FRY x<|x| VxeR)
< |@f +2|a|lb|+|b[ (TwiEE 19 (2ATF)

(lal+|b])
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Teq, la+b|<|d|+|b|

TEy A fage STTeR (g e TS 27 (ToIFTT Snzad 20 (AwF) S,
la+b| = |d|+|b],

& |AC| = |AB|+|BC|

T @ET @A, B3R C oy tetl s |
Twizacl 21 (e @ A (=21 +3 ]+ 5k), B( 1 +2] +3k) 9= C(77 — k) FRmgsyeant sieae |

S S AT,
AB = (1+2)i +(2-3)j + 3-S5k =3i — j -2k,
BC = (7-1)i +(0-2)j+(-1-3)k=6i —2] — 4k,
AC = (7+2)i+(0-3)j+(-1-5)k=9i -3] -6k
|AB|= V14, |BC|=214 = |AC|=3V14
ok, |AC|=|AB|+|BC|

Tod, A, B 3% C ot ead |

| w57 | Tnizgel 21-9, afbe TH R AR (7, 3 AB+BC+CA=0 FgA, B4R
C Rt fagre Mg stom S |

| et 10.3 |

G 47 b (SO A A /3 G922, A G- 5 = /6 2 (ST B N6
el fefr e |

[ —2] +3k @237 — 2] + £ (ST 9foa W<l (el el vt |

[+ ] (SIEATAA | — | (ST ST ffgaat |

7i — j + 8k (SEERGoR] +3 ] + Th (SIS ez a1 |

@28 @, gwe foxlb (3T 2felb ualt s (o372

%(2f‘+3}+6i£), %(3?—6}‘4—2!2), %(65-&—2}‘—3;’2)

OIRT, (T8 (@ (ST AT/ T |

S
.

nh & W N
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=)

10.

11.

12.
13.

14.

15.

16.

17.

18.

QIES

AW (G+b)-(G-b)=8 93 | d|=8|b| =&, %@ |d| 93 |b| @ FG@l |
(3d —5b)-(2d+7b) -4 SjeITa el I |

; 1
. e RS (% G @I b GI NGRS (@I 60° G O G 241 - 20T,

(e Yfoa A= fefr 3t |

. T G 9T (I G G, (P —ad)-(F+ad)=12 T, 9| X |t

Ama=2+2j+3k, b=—i+2]+k @3¢ ¢=3i+] G @a+\b (9T ¢ T
Tl 7% O A A I el S0 |

Q- 6 S (95 G 9% b GG, (TS @ |G |b+|b|d 3R |d|b—|b|ad
(ST YL AT T |

M a-a=0 93 a-b =0 27, S0 (T b 70X Il F=ITE Toire zre iif 2
% 6, b, ¢ Foals o (93T 9971 @ G+ b+c=020, W@ G b+b-¢+¢-a &
I fefr e |

MW (e3q a=0 I b=0 20, W a-b =07 g @7 {4 7oy 718 zre
AN | G0 SUIRHCR AR (O e 512 T |

7t @5 fage A BC @3 =ik A, B, C @3 R=1&s I (1, 2, 3), (-1, 0, 0),
(0, 1, 2) TS LABC s 01 [ZABC %1 (939 BA 998 BC-«3 138! (el

@8 @, A(1,2,7), B2, 6,3) 93 C(3, 10, —1) Ratet A= |

e @, 20 — j+k, | —3] -5k 99837 — 4] — 4k (ST G IR fargrers
A |

M G S ($FH d G W ‘@ G A G0 S (FAIF 23, O Ad G GF6
S3TIIM

(A) A=1 (B) A=—1 (C) a=|A] (D) a=1/Al

10.6.3 lﬂ% (SFFT (©37 (I ) 9¢ (Vector (or cross) product of two vectors)

SEIChRY 10.2-9, ST fasfEss w3t (right handed) 575 RIS 91 SCaH= SR |
@3 2RIETS, T 4T x-SFF(S GGT FI0E 2T S 48 -0 e g =,
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S G I RITSH F (screw) LRI z- S0 M 27 = (5@ 10.22(1)) |
VRS RIS ATETS, T4 S| THANE (ITF x-S (ATF {AS y-SCH T

RN 23 S0 O Q0T RN 418 2 S0 SIfeaRl o 302 (59 10.22(ii)) |
zZ

4 10.22 (i), (i)
sieeal 3 o S (8FF G 93¢ b O (OFF Y (F dx b AR AP FA 2T 4R et
eI T AT

Gxb=|dl|b|sin®n,
@A, 6 6 G 93¢ b 9T TGS @I, 0<O< TR /2 21 i

G 932 b ToA ToF 1Y @I @FF (T, 9IA @ 4, b G 7 ,
S i oo st (15 10.23) | wiefie, Wil @i a (A b

47 AT I 20T ©1 /2 49 S bifeTe 77 | o

M =0 h = (O 0 ARG 77 IR €3 CFTI G x b =0 @ 10.23
LGRS |
ofFrawe

1. axbzd @ (o34
2. €T, G 93¢ b 6 SN (SFT| W@ axb=0 2(J M @R &FIeT@ M

G 93¢ b AT ANGAN (IR &, wfe,

ixb= 0sidlb



466 sifr

RORTHE, Gxa=0 9R ax(-d)=0, [Ty AL CFg 0 = 0 9K 2SIy F1a0
=, q (ICF sin O G N« 0 2N I |
T ~ - I
3. IMO=—2W, 9@ axb=|alb|zTI

A
k
4. 2GR 3 SR (R AR @, |, 9<% & (239 FonG ofriar a7y
(54 10.24) 45 (SFHT Sely S A3,
A A
l\>—/J

ixj=Jxj=kxk=0
ixj=k, jxk=i, kxi=]
G @ 10.24
5. (SFF TR SN, 9 (9FF a 93¢ b 9T NGIS! (el fwgeot
TN
e |@xb|
Smmo= -
ldl|lb]

6. aft 7wl Aoy @ (B oo RfwmeRiay w7, @5 dxb = —bxd AFCITH,
axb=|d|lb|sin0n , @AW &,bGI% A TEFIE! ©F 5o 07, wIdie 0, G crwh
Ga g, 5@ 10.25 () S_E, bxd=|a||b|sin04, , AAEb, G G5 A, THEFIRS!
©F NI I, @Amﬁﬁ 0, b (A a @3 faE 7, 5@ 10.25(ii).

n

2y

-
b

(@ (i)
@ 10.25 (i), (ii)
GBI, A0 SR ST IE @ G 93¢ b (ST PSS AR, O /2GR
7, SO ISR AT o717 2 | [5G, 72 9T T TTE @A 7 PlaiTea
oz vt e s 1oidlie, 7, =—n |
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SICTER axb=|d|b|sin0n
— —|a|b|sin®a, =—bxa
4 @R 62RITE, S #AfE,
Jxi=—k, kxj=—i @Rixk=-]
. AW a 93¢ b 93 Tgted e AZ0E A I O [qee it g 2o

1 -
—laxb]|.
2| | C

TRGIPAIE G0 [ rerd (Fazeet], =l 5@ 10.26 (AT A
g,

1 C
fage ABC«NW:EAB-CD. A D 7 B
5% AB=|5| (31 &78), 93 CD =|a | sin6. 59 10.26

|5||6|sin6=%|5><5|.

N | =

eI, fTge ABC 991 (Fgzre =

o

. AW G 9 b @ AMSRET A AZCEF AFH I, O AN TF0

CFQTAT | a x b | A @A AT C
5@ 10.27 (AT SIS A3,
ANERTE ABCD = AB. DE U9 CFqFe]

&9 AB=|b| (2We) 938

B
DE =|a|sin®

GBI,

ez ABCD @7 ceera = | b || |sin®=]a x b |.

SR @2 (939 AR g gl o Rgo 347 |

5 3 (IR ANCATT (S 9T IB0Ia! (Distributivity of vector product over
addition): I @, b 977 ¢ @-@IEN fo (239 @R A ¢ (Fe, O
() ax(b+é)=axb+axc

(i) AMdxb)=(Ad)xb=ax(\b)
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G AT G 97 b qS ewe (SICAT T AN SIPE IAFTH a4 +a, ) +ak @8
bi+b,j+ bgi;, OIRCE OITHd S 9IFECF (cross product) (11 =3I

i ]k
axb=la a, a
b b, b

[ SIE AR,
axb=(ai+a,]+ak)x (B +by]+bk)
= a,b,(i X i)+ ab, (i X J)+ aby (i X k) + a,b,(j x1)
+a,b,(j X J) + a,by (] X k)
T by (ki) + ashy (k x ) +asb; (kx k) (1 1 1)
= ayb, (1 X J) = ayby (k x i) — asby (i x )
+ azbs(}x"’;)'*'asbl(‘fth_asbz(jxh
(ARQIxi=jxj=hkxk=04Rixk=-kxi, jxi=—ix jaRkx j=-]xk
= ab,k — ayb, ] — a,bk + a,byi + ash, j — asb,i
(ARYix j=k, jxk=ia®Rkxj=—]xk)
= (a,b, — asb,)i — (ab, —ash)j + (ab, —a,b)k

-

i ]k
=\|d 1 az a x)
bl b2 b3

Tz 22 Awd =21 + j+3k @b =3i +5] — 2k =¥, ©0|axb | @
e S A,

~

I
axb=|2
3

h = s
W

-2
=1(-2-15)—(=4-9)] + (10~ 3)k=—17] +13] + 7k
oO9d,  |dxb| =\/(_17)2+(13)2+(?)2 - 507
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Twigad 23 (G+b) G2 (G —b) TS (ST oA o1 A6 UGS (93 7o TN, @A

G=i+j+k, b=i+2j+3k.

TG NN AR, G+b =20 +3)+4k 9% a-b
d+b G3R G —b TN (SIET ST F (SIA0 24T |

=-]-2k

i j Kk
@G+b)yx(a-b) = [2 3 4|==2+4j-2k (=¢,u)
B -1 2
G, 1€1=Ja+16+4=24=26

TR, T @ (3 =3

—1/\ A 1 ~

EHRG T NG
m—@mwﬁmwﬁaﬂwmw, d+b @R d—b ($IET
k. g o (@-b)x (a+b) @7

o~

et}

1 2
e . o3 T ——=i-— j+
N T TNT I (S N AR \/_

AT |
Tmizael 24 A(1, 1, 1), B(1, 2, 3) @& C(2, 3, 1) T IS @t fagres crams
ool e |

SEYE SN SN2, AB=j+2k @3¢ AC=i+2] | @ve fagwloa cvawe 2o

1 — —
—|ABxAC] .
2
ik
G2, ABXAC =0 1 2|=—4i+27-k
1 20
ISR, |ABXAC| = 16+4+1=121

1
o, Pl Crast 21 5\/5 35 @35
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QIES

TR 25 G=3i+ ]+ 4k G b =i j+k (STIRW I AR o H<eTel g 2
G (T el T |

TR G TSR 76 AT g G 47 b T G CRARACE | x b | 04 T A

Pk

G2 ixb=1[3 1 4|=5i+j-4k
1 -1 1

FeAlE, laxb| = \25+1+16=+42

oo, [Tl CFaEe 2o /42 75 G5

. I G ¢ (o3 a, 9T AR

| = 104 |

;M a=i-7]+7k9Rb =3 — 2]+ 2k =¥, o0 | d xb | FeR |

G+b 7% G—b T (SIET TAT o7 A0 GFF ($IF W7 A, @A
G=31+2]j+2k97¢ b=i+2]-2k.

T T
3 4
Tl B0, ©F 0 G @2/ d g Sofles] felelr ol |
me @,

, JERATY — R kT AL O T

(G-b)x(d+b)=2(dxb)

MW (27 +6]+27k)x (F + A + k) = 0 &7, T3 A @32 p e el |

eT SR @, d-b=04aR axb=0 | R G 4% b TH4 oW F Hrencg
Tolaire 2o AR 2

. qAIANS G, b, ¢ (OFANG ay i+a, j+ask, by i+b, j+bk, ¢, i+c, ek |

©IRE (TS @, Gx(b+c)=axb+adxc |

. ey a=092h =0, W@ axb =0 |7 Koo 71y 2@ ? 96 Sz

T (o Teraa <l 51T T |

. A(1,1,2),B(2,3,5) 9 C(1, 5, 5) Al {5 fagrem cwraws Mo s |
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10. G=7—j+3k @R b=2/-7]+k (ST GO AR AN 712 gy i
(e G CFATS (o A |

. . A3
1. &3P, G 975 b (S9N 9 @|d |=3 9% |b1=4
(ST, IM G 97¢ b (SIET NGO (el

(A) /6 (B) m/4 (C) m/3 (D) /2

12. @35 STeTHT@T A, B, C 93k D ATRMTERT ST (€57 IAFTH

, ©(F d xb G G

R IR T S I s LA p
l+51+4k, z+51+4k, i—5j+4k GEN 1—51+4k (A, G (FITeT 207

(A) % (B) 1
©) 2 (D) 4
fafas Tz

Trigad 26 XY-5TIeH 7he] G (SFAC (1041 |
TG 6 A XY-7900e (5d 10.28) F=xi+y ] @6 95¢ (939 | O B (AF
ISR 212, x = cos B @I y = sin B (ARG || = 1) | TAR, AR 7 (SFACH 14T Al

#(=0P) = cos® i+sin® j .. (1)
R, [71= \cos?0+sin* 0 =1
Y
N P(cos0, sin0)
27 —>
G\/ : OP’ = cos0?
, 0 '?y %,_ . e'.\
X 5 = ll" X P'P=sin0J
YI
@ 10.28

RIE, @EY 0 9 T 0 (A0 21 @ +if73fEe =7, P [{eyfo (fba 10.28) wfex Fiow
RS TRy 7FeT 0 T X2 + y2 =1 @ 9109 (R | S0, (1) TR A4 (ATF X Y-
IS e T (ST 21 I |
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Twzad 27 AW A, B, C 938 D Raftend S (37 I@TH i+ j+ k.
2i+57, 3i+2j-3k @R [—6 j—k T, O@AB 9% CD G TS (et fef e |
(T8 (@, AB 93 CD (4 |

TG o7 I (@, T AB @2 CD 7 TGT! (19 0 5, O AB 8 CD & Sie!
@lle 0 [ |

GECH AB = B O3 9[3RI9 (S37 — A O S ($FF

:(2f+5f)—(3+f+£)=f+4f—£

TR, [AB| = ()2 + (@)% +(-1)* =32

S, CD = —2i-8j+2k @ |CD |= 6v2
AB-CD

GER) (SN cosO = |A—B||C—D]

D)+ (DR 36
- (3v2)(6+2) 36
@Y 0 <0 < 7, afb (ATF SIS AT O = 101 T & F(T AB 93 CD AR |

. | — . _
W@m,AB:—ECDchWWABm<CDWW|

Trizae 28 (AT 4, b 9K ¢ (SFATOAG GIA @ |G |=3,|b |=4,|¢|=5 R AT
ol qiba G ST e 2w, |d+b + ¢ | Mo e |

T QAN 2WE G- (b +8)=0, b-(G+d)=0, ¢-(a@+b)=0.
+ +

@4, |d+b+¢*=(a+

Sy

= |al +|b]" +|ef
=9+16+25=50
e, |a+b+c| =50 =52
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TwiEad 29 4, b w3t ¢ Tods (8Fq d+b+¢ =0 =6 P e 1 aW |d =3, | b |=4 @3¢
1Gl=2 T, SW@N=a-b+b ¢+ @i fNef e |
T @CRG d+b+¢=0 ,oa o

A, d-d+ab+ic —

ek, i-b+a-c=-|al’=-9 ()
R, b-G+b+¢) =0

a, G-b+b-i=-|b] =-16 )
SR, Q-c+b-¢ =4, - 3)

(1), (2) €% (3) 7R o T ST AR,

al, 2u=—29, 9igffe, = EN

Twizad 30 M oF~AT T GFF (OF i, | 97¢ k -9F GHANTS] OTFI ACATE

0=3—j, P=20+] -3k =, S@P & p=, + P, S AP FC; @E B, , 6. 97
AR AN 9. f, wae 6 97 G2 77 |
IR 4T, B, = A6 @R, @6 (o1, wefle B, =307 — ).
G, B, =B = Q=30 i+(+A)j-3k
G4, AP B,, ¢ 9T AT, SR AR G-, = 0, efie
32-30)—(1+1) =0

TOT, B, =
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10.

11.

12.

13.

14.

QIO
1% 10 93 @44 Sgierai

. X Y-S0 x-S0FE S M AT 30° (@I 70 G0 G355 (83K @0 |
. P,y z) GRQ(xy, p,, z,) R AT (ST (A THAIH @R Tl

IGREEe

. (5 AIfert sif*pe s 4 5151 2i5eT, o 30° @it Teg-oj3fues 3 [t ez

HGIeT | ARG 2RIt 2AfEs [ (2t s Fefr et |

. qfi a=b +¢ 7w, et |a]=1b |+ | € | srey 2w R ot Serem woATE S S |
X G R IR TG x(i+ j+ k) G G (ST

G=20+3]—k G b=i-2]+k AT (SFEIACH AN G0 (&3 efT
N, T 5 G55 |

WM a=i+ j+k, b=20—j+3k 9F F=i-2]+k WO@2 — b +3¢(SIEA

T G0 GFF (@7 et |
@S @ A(1,-2,-8),B(5,0,-2)9R C (11, 3,7) Ry feafb omcad «e B @
SATSAC & e T o e e |

. PR Q T SR (O RS (24 + ) 7% (i — 35) | Rgawa AR

AT R 7 1 : 2 Sepeiits 3fefFes w90, R R sowli| (o3 a3t | oiss
@48 @ RQ @A NGRM A P |

21— 47+5k @@ -2 -3k 2o O AR 0l e Vg | 47 I G
@35 G (@37 e et | R0 crawere Rt |
al8 @OX, OY @R OZ ST 0| G2 (I TS G (SRR 5 (PRIl

W[L 1 LJl

W3V33

G G=i+4]+2k b=3-2]j+7k 93¢ ¢ =2i — j + 4k 1«7 (o3 d Ffa
qd GR b TS (CIET TATTT AR &.d =15 |

274475k GR A i+ 2 )+ 3k OIS e TR GG G (I AL
P4 o COTURA CHRTIR oI I - a0l 20T, G I fovefey ot |

- o -

T a, b, ¢ AN RS 79 579 (937 27, O@ A8 @ (a+ b+ c) (€30
d, b 93 ¢ €T AZE U3 (FITH S |
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15. ami @ @ (@+b)-(@+b)=lal +b |’ 2= 3t @) @<eTg I 4, 5 =19 =,
SR G#0,b#0 |

16 (ATF 19 72 2T A3 T’ 2B I |

16. IWM G 93¢ b (SITAE NLGIS! (Il 0 T, O (FAETNG B b =0 T4

(A) 0<B<Z (B) 0<@<t
2 2
(C) 0<0<m (D) 0<0<T
17. QI G 93¢ b 76 G (SIT TR O NS (@19 0 |9 d +b G35 45
(SFIT[AM

o o o 27
A 6=— B 6=— C 6=— D e:—
(A) i (B) 3 © 5 (D) 3
18. 1.0 k) + J-(Ix k) + k- (ix j)ea s za
(A) 0 (B) -1 © 1 (D) 3
19. WM @-@IE 0 537 G 93¢ b GATAAS! (@I 0T, O |- b =] d xb | T4 0 G
BiCE
A) 0 B) = o X D
(A) ®) 5 © 5 (D) ©
7 AT

& P(x,y,z) RYT SRR (S GTAZT OP(=7) = xi + yj + zk 0 RGN
oo (X% + y2 +72 |

& G (ST CFN ToA18¥] 2o O S #11S G S| o IR O ST
oA 1 2T |

¢ @@ TR (7), MF-SGATS (a1, b, ¢) 932 - R (7, m, n) F=ICA
EERE

b

r b

C
n=-—
r
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QIES

@ TS S 920 9 fagres foaf a1g7 (o337 @wa 2= 0 |

o - 2SS (ST 9 (ST (@I AT R0 34 TG AP F1 27 @A
%1%l 1gE 2e A8 (ST |

(T LA (6 2AME (SFACE 9J°f (ST M | A | )¢t +if7afFe 20 @@ A @qr 0w

LIS (I AT TP @62 s (A i face) Ier e |

ATe (S39 d aaw,&:% (SFAM a 9T s 9T 90 «FF (ST 2P
a

IE |

P R Q AT SR (ST G d G b |63 Raaa ARSIl @I

R &G m : n SIS ST S0 OF SRR (3 203 €3¢

i) n(3+mb’${@g_%M 3 G0 |

m+n

(i) MP=nd fRefe o |

m-—n
b &e (939 d Gk b G NS (@I © 70 GO (FAIR SIS el eere
SRR

d-b=|dl|lb|cosh .

IRIG, T4 -5 TG T I (9FH @ <R b G TG (el “0° (< et fefe
1|

Q
Sy

cosO =

Sy

Ql

o AWYH (OFTd GR b G (P O T O O T 9JeTReT Lol (T A |

axb=|d|b|sin6A
@A 7 29 4 G b AR TOETE To 7T G5 G (93T GA (@
G, b, n AN SCF AEFTS] ©F 510 I |

o 3 wTHE S0 4 (83T d 932 b ATHT © AN ST IAF TN

d=ai+a,]+ak 9Rb =bi +b, ] + bk TR @~ FA A AE |
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©@  d+b = (a,+b)i+(a,+by) j+ (a;+by)k
Ad = (Aay)i+(hay) j+ (hay)k ;

a-b= ab +a,b, +asby;

GfeIfHe carwiols

(S3T ¥ I *1% (S3™ (vectus) (AT GEICE, T oL 2 341” | STifer
(ST OUGH (A& (germinal) AIFEAITET 1800 AT HAJBIE (TH %3 2, T4 Caspar
Wessel (1745-1818) @3 Jean Robert Argand (1768-1822) 35 SRR @ FreI@
G TS Ot Gl fre-fmre GRITIRT RN (6 &ioe W4l a + ib &
eIt A1 <=1l AR | ge Irish sifeefq William Rowen Hamilton (1805-
1865) SI7 &= Lectures on Quaternions (1853)-4 f\@‘-ﬁtﬁﬁ@ GRS Gy ALAY
(S3F *F (b JIT IR | Hamilton 47 5903 (Quaternions) (st S

eNfafes T AT @ a+bi+c j+dk, i, j, k 9071 B AT TR Fhre
C15) 2o famifas (reet (ST eI TP T A= | e ST @it SR=2
ST A 2R (@ A (ST LA G SR LSS (K51 ST ST (AT
Plato (427-348 B.C.)-9 &3 B/@ 315 i+ Aristotle (384-322 B.C.)-43 A%
(AR I e | (1 ANCH Srlell 2T 92 1 Srifeiss e ffere fhan s 71g
SR SR T ST e 51 T | 579 TR0 (3G FRCISTCR A1 gl
R FEPTCRF AL (ST 07 1 [, O SHE FERMRCE Stevin-Simon
(1548-1620) | 1586 ACsT ©fF TS &= DeBeghinselen der Weeghconst
(“Principles of the Art of Weighing”)— (® It=1a eplififes AT Ao [
PR, T ARSI KR (709 T S(fS G017 | fFg G101 (ST ol
RN ST S 200 2 (0 T |

1880 T, G STl 7wl % 43R 9lfekeez Josaih Willard Gibbs (1839-
1903) 3R G BT ATE I Oliver Heaviside (1850-1925) S[oTS boHEE A%
(CFRIR) ST G ORI (ST S (T SNl S, T G2 S| (SF ([esiel




478 sifr

(vector analysis) RETA I | 1881 €% 1884 AT, Gibbs printed a treatise entitled
Element of Vector Analysis TS SIF @b &= J@el TR | €2 &= (SFEF 9T
e G2 R R (R | 0T, (SR AR 2 R oI $fog D.
Heaviside €% P.G. Tait (1831-1901) (& (7% 23, F1 €2 [ oggsyel wamie
TR |

— % —
L4



-
( i&‘-lsl | ié:l?lS L) iEI o (Three Dimensional Geometry) )

% The moving power of mathematical invention is not
reasoning but imagination. — A. DEMORGAN <%

11.1 it

qv cfeits, T3 ol fa-wifass e fReseere eifife
@%@ Spifeilen @i SR FCAREAN O SRl X4
FITEAT AwifoTos Smm feet | @2 I3 28! S0, Sl
(ST g AT a7 TR FCAR | 947 SN (ST
Frersifdves e fquifes enfifors st | famfes epfifors
@b 2o T ST 25 82 SN SFCS T2 € FA*
TAE |

G I, SR g6 R AT TR - AR
8 MF-SI#ie SR FACA1 G2 qviel [Kfew sfhefers @
f@f@s o™ (space)-a SRS FRERL S FASER AN T,
b FEARAT TSt (el 76 ATSCHT NS (Fel, @6
AR S 4B FATSCER 6! (Flel, Gfb SISl FeTcaia
(skew lines) 7S ooy A9 (shortest distance) IR (FICAl
A (ATF (@I R FHG ITIE SIS F96a1 | ST
ARSI TR (ST IR Al | T8 ST 3 FEAFATANS FITSAT 21 27 Tl
@R QoEN SR SR I sifFF=ion wififes ¢ R 2R Sime Rl TopisH 3 |

11.2 @& Faecasa we-@migs g3 we-smsire

(Direction Cosines and Direction Ratios of a Line)

ST - 10 (AT, AT 0 FCF @0 @, AR (@I (e @4t (directed line)
L 3 x, y @ z S0 A TAPT o1, B € y (ol ST I, WA 06-iet (direction
angle) T T, ©(F O (P2, T2 cos o, cos P& cos y (F 93 e @4l L-
@7 fag-@AEA (direction cosines) J&l 2 |

Tfr Sl L-a3 wsfors Sfowa 2, ota fugs-idefien sivns o5, widie, 7-«,
n—pB 9R w—7y 77l 2dfeifoe 2ea | o, M- @R bEajren SFoe AR |

* famifes sififon fifen FTACHT o), (ol 36 ST “AA— “4 Hand Book for designing
Mathematics Laboratory in Schools”, NCERT, 2005

Leonhard Euler
(1707-1783)
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g 11.1

& I @ @I fGfes oo safes 3 (6 ave seEics gt [edte s afie st
=R O3 T - PRIRTR 1o ¢ witg | @ ita fawifas oreet wfere «sfh e sReeei
- PR (FeTIg @3 (T @7 & Sl SiE (@Ifbes @it fnie @t fBrTa @t |
@ S (unique) T-@EPIRAYEIE [, m e n 731 sfoe 1 27|

e a1 Ty SR, et @3 TR, A AV FIACRIF AT TGN, S FAC |
@EY 1o TS AL - @R 6 @33, ©fF Sl ERY (A0S Sfers e
RISITER ST (J- (AT G5 (AT IR @7 - (It ma et el ca |

@-@Iea foaf A @I @36 AR - @R A T, oiwe 92
TARI 75-Sois (direction ratios) 381 27 | 7 (@I G T - (AR
[, m, n s MF-SAYE1 a, b, ¢ T, O@ a = A, b=hm €3 ¢ = An 2@ | @~ S-¥[=]
MR A € R 97 Ty |

g g ETCa1 WS- (@PIRACS s-sR4Ne (direction numbers) T |

R T GG FFEARLI M-S AN 20 g, b, ¢ 932 232K M- @R (d.c’s)
30 1, m, n | O,

l m n

o= T =k (), @ k20 63 43|

a b
TSANR, l=ak, m= bk, n=ck .. (1)
% P+m*+n*=1
o, BP@+br+c)=1

1

al, =t ——
\/az+bz+c2
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AR, (1) (T, FRARIDT 7p- @z 2=t
a

=+ ¢

b

—  om=t n=t
\/az+bz+c2 \/az+bz+c2 \/az+bz+c2
@A, k 97 Fifers Hrzd Tog ST I 1, m ¢ n 97 ©F 270! A 4 LT AATE
e A |

Q- FARR &, W @, b, ¢ G0 TR TS-SGAS 27, O ka, kb, ke-@
M-S ITeT 96 (16 TR, AT k # 0 JOAR, G0 TR MG 20T @~ 9o
16 A ITET 27 | GRITH, (@ - @] TR Gl G S FRAF - SgrAites (16 Iz |

11.2.1 9B AFETCAAE f\W\- WW T ToIE (Relation between the direction
cosines of a line)

GG IR RS R 6 A - RIRAEN 2 L, € n | AR G5 Rl
& IR @D ATS AT (T AATAA @R 93 ([T @947 G0 9 P(x, y, 2) € |
P 13 (A x-S TR G0 o7 PA o1& 31 (6 11.2) | z

X

€1 W= OP = r| 92« cosa:%:—l

’
[ QA AR x = I

g0, y=mr &R z = nr
Ao, xX+yr+ 2= (P+m*+n?)

&g, X+ 2=t A
TOANR, P+m*+ni=1 X 0 A
x

11.2.2 Wb oS (TN TR T0%- (P (Direction cosines of foa 112

a line passing through two points)

@Ry 9 2ve v M «3(6 @32 (TG G0 FAFEACRIL S&he] 311 I, i SNl 716

2@ I T P(x,, v, 2,) @ Q(x,, ¥y, 2,) A I FREICHIR 75- AR fofr Fa09

Nifs, Tl 557l (o@ 11.3 (a)) |
zZ
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431 6, PQ FRARI - AR 2 1, m, n @R 22 x, ¥ '@ z SCHI A IS
o, B8y & T A

@I, P @32 Q Y (ATF XY AT Co 4G o171 S0l @9CeN R @ S [qre
filfeTe 23| P & (A0F QS @7 T @b ¥ W& A @6 N-9 fifers =37
@, TGN fagsr PNQ-4, PQN= v (5@ 11.3 (b)) |

NQ 22—21
oA, =—==-
CEIN cosy PO PO
X, — X, V2= N
S, cosou = 2L &g cosP= ———
PQ ’ PQ

TR, P(x, ,, z,) G Q(x,, ,, 2,) RMERE ACRAGF @RI - AR 20,

X, = X% =N LT %

PQ ° PQ ° PQ

CZIW PQ = \/(-xz - x1)2 + (y2 - yl)2 + (ZZ - Zl)2

P(x,, ¥, 2,) 9 Q(x,, ,, 2,) AR ARG GRIKCHR rp-Seg2ires|tatl
“HIC! (ST @O AN x,—x,9,~y,2,— 2, 9@ x, = x,, y, - ¥,, 2,— 2,

Trizacl | I 90 TRACT x, y @ 2 TCHT 4NGF M AT TAFH 90°, 60° 8 30° (it
T I, O0F G217 - AR e e |

TR 4= A TR - (AT =CeT L, m, 1 SIRCE [ = cos 90° =0,
V3

1
m=cos 60°= =, n=cos 30°= — |
2 2

Twtzact 2 7 @36 TR TF-SIgeATeaTa 2, -1, -2, W, O B2 - AR
et

TR - AR CeTl 2l
2 -1 )
S22+ D (2 2 (2 2+ () 2
o, 2,21 2
* 3733

TrlEadl 3 (- 2, 4,— 5) @R (1, 2, 3) RSt Ser=F - eeiRaeen e <t |



afesenfifs 483

S SRS, P(x,, v, 2,) '8 Q(x,, v, 2,) RGNS FRAC= M- FRTRA9ITaT! fmzeat
(T4l A,

X=X N _)’1, I
9

PQ PQ PQ

SAlS PQ = \/(xz - xl)z + (y, — y1)2 + (Zz - Zl)2
GACH P 20T (- 2, 4, — 5) @R Q =G (1, 2, 3) |

TR, PQ = (- (-2)) + 2 - 4* + 3= (=5)° =TT
wiefie, wfb Rz A<cares Feraifoa frs-@riiEaee 2o

3 2 8
J11 1T

TAEA 4 x, y GRR 2 SCHS - PRIRe e e St |
I x-S0 x, '@ 2 S AN TAFC 0°, 90°'8 90° (Flo T2 F(H | TR, x-SICH
- CPIBA9TEN 20! cos 0°, cos 90°, cos 90° TR 1,0,0 | SFLA, y-S1F € z-SICHT
- PIRYTET 20 TP 0, 1,0€ 0, 0, 11
TwiEad 5 (TS (@, A (2, 3,—4), B(1,-2,3) 9. C (3, 8, — 11) Tws]Te0 3774 (collinear) |
T A8 B RaRe AR He LI We-Seoihos)tetl 2eel

1-2,-2-3,3+49fe, —1,-5,7.

SeFCA, B 8 C R@QE ACRIGs Feiiaie M-S =ires|csil 2

3-1,8+2, — 11 -3, 9idfie, 2, 10, — 14.

22 ™IS (@, AB @ BC @7 M-S 2Iie9 (&1l 21f$F (proportional ), STe27F AB 2
BC-4% %315 | f5g AB '@ BC & Al 7y 20e1l B | 979711, A, B, C Req@3 a4 |

| SR 111 |
1. M G0 TR0 x, y @R 2 SCFF AT TAFE 90°, 135°, 45° (Flo TeoAF I, O
Tz - PR e st |

2. (ITREICHR RIS SR AR A (el oA T, U2 TR -Segoiioajiati
et

Tt 4% TR - ST oAeaTal - 18, 12, — 4 2, O 321 - FPIRa9 et 9 2
@S @ (2,3,4), (- 1,-2, 1), (5, 8, 7) Rqaet =2 |

@ fagtes M REs]teta J=AeF (3, 5,— 4), (- 1, 1, 2) @R (— 5, - 5, - 2), T«
AZAYTER - (IR gz el =vea |

n A W
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11.3 famifas o=t @ % AqeTradi@ ANFas (Equation of a Line in Space)
G| (EifTe SIS fR- @ R AR S AR | G =l fasfass omi-«
I @I TR (TFF QR TSR ANl 0 53 FACA |
@3> TR Toggre fNdfae w1 w fw,

() 22 @ awve et «3k 227 @3 2ve frs A, w2t

(i) 22 ereui RSz |
11.3.1 @3 owe Mot @3 «Fh e (34 b 9F TFAE FAEILR ANFA
(Equation of a line through a given point and parallel to a given vector b )
W AN SRR &S ARG, el R
O~ AITT G(b 20G [ A~ SR (034 X _

(position vector) TEN 4 | &I T, A [qallsh p__>l

_ A
G AME (SFF b T AN FAIARND =&l
1| SR 4T, TR @941 SRS @-(PICA!
@3 7 P 97 S=IE (o372 7 (Bg 11.4) 1
O, (937 b GF AN (93 0 AP
wiefle, AP=Ab, @I A 20N g AW Ry X fo@ 11.4
529 AP = OP - OA
wiefie, Ab = F—d
RPASIOF, 2B (parameter) A GF 2fSH MR Ty, @2 AN €3 (@A @9/ SRS
@35 9 P @7 SRR (OFACH @I | o, Fecalba (oFw ANl 7Ce

F=da+Ab (D)

TEGAW b= i+ bji+ck 2, O (@B -SRI 20T a, b, ¢ €<% Roifrowe), 7
a, b, ¢ (P G SR FE-SAS &, ST = i 4+ bj + ck ‘92 @B Fr@antet
2R 19N b (F |} | 9T AR ST et =0 |
(S39 37 (ATF FTOAT 1717 Teoife (Derivation of cartesian form from vector form)
2 e 47e 77 A 9 RN 26 (x,, y,, z,) GR AR Mp-Segoiesjtet 2 q,
b, ¢| @-(ICN «FH [ P-97 RIS (x, y, z) RI6N I | OZCA

A

7=xf+y}+zl€;d=xlf+y1}+zlk
R 5:a?+b3’+cl€
(1)-9 €& T ST 0T GR [, j GR f 99 ARACE ol SO SN A,
x=x +tAa, y=y +Ab, z=2z+ A .. (2)

]y
=y
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QaITE AN ARG A (parametric) FMFI | (2) (ATF 2ABE A ST FCF
Sl #A7E,
X-X Y h_Z2°%4

b
«fb ZeeT FREeIGe m%ﬁ?r AR | ‘
| =5 | R FREACI - (PR £, m, 1 T, ST ARG bl 20

X—X% _ Y- DNh_Z2-%
l m n

Trizael 6 @A (5, 2, — 4) RN @R (839 37 + 2 j— 8 k G AN FATAA, O

(SFF R FITSAR AN el et |
g SR i

. (3)

G =5i+2 4k € b=3i+2 -8 k
Teqk, @HIGT (eF7 AT ZeN

F=5i+2 j—dk+ A(3i+2j—8K)
QT 7 20 (TR €2 SRS @-(E G0 {79 P(x, y, 2)-93 SRR (S5 |
BRI ity bk = 5i42j—4k+ A (3i+ 27— 8K)
(5+37L)?+(2+27L);'+(—4—87L)12

A SR T, SN A
x=5 y-2 z+4

22 20| FICSIHR oA wam%*anﬁzr ﬂzﬁmm | °
11.3.2 E(ﬁ)h ane ﬁ*ﬁsﬁﬁ GG FAFTCALT ANFI9 (Equation of a line passing through
two given points)

1 AT, G AT 82l WA= 16 & A(x, y,, 2,) 998 B(x,, p,, 2,) G R
(937 20 IS g € j; (Ba 11.5)1 z N

@1 TIF, - G & P, v, 2) @ ' o Y2

SRR (ST 7 , O P Rgfb €2 et ("’yl;ﬂ
T AT SR a7 @I (@G I e Iy
AP=7F-G 93% AB=b-a (94 T |
ek, P (G @ifoa Torerfere g ait g
(TG T

F—d=Ab-ad) X foa 11.5

7))
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w2, F=d+AMb-d), he R (1)
@6 =57 FRETRIGT (oF7 ANTA |

34 I (ATF FCEAT G (&4E| Teoif@ (Derivation of cartesian form from vector form)
SR S,

r=xi+yj+zk,a=xi+y j+z, k9K I;:x2 i+y, j+z,k,
a?ww(l)ﬂ\ﬁwaﬁwnmwﬂﬁ

xz+yj+zk xlz+ylj+zlk+7»[(x2—xl)z+(y2 y)Jjt+(z,—z)k]

AN AN

i), k TSI el Tl P A,

X=x FAC,-x)y=y,t A0, -y )z=z+A(z-2)
A ST T SR A,

X=X _ YN 7%

N7X% NTh L 4

| 2 FICSIA Foot TeTeaba el |
Twiza 7 (<1, 0, 2) 93 (3, 4, 6) Tqamal S sezifa cega A e Fet |

TG GRAF A(- 1,0, 2) 2«13(3 4, 6) AR SR (ST 2 AT G S ) |

IR G=—i+ 2k
R 5=3i+4j+6k
AR, b—d=4i +4 j+4k

S IR, TR €27 SRS [@- (R @0 [Tog SR (SFF 26 7 ISR
FTRARIGR (ST N 2@
Fe—i 42k M40 +4)+4k)
Trizac 8 G AR FICSA TNel
x+3 y-5 z+6

2 4 2
0, T (o039 AN T Tl |
IRl : TG ARSI S Sipi

X—X5_ YN _Z7%
a b c
G O] Qe B S TF B @, x, =—3,),=5,2,=-6;a=2,b=4,c=2 |

>l
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TR, N AR (- 3, 5, - 6) RN R (T 27 4442k -7 TG | 47
I, ARG €947 @~ (I R SR (SFA2E 7 , O FRENCRRIDA (ST 73017e1 =@

Fe(=3i4+5j—6k)+ A (2i+4j+2k)
11.4 Z%WW TGS (el (Angle between Two Lines)
&1 A, eI 96 FETC = L, 6 L, G Ot z
ﬁ\ﬁf-@lﬂ"f@m 20 INS, a, by, ¢, 9R a,, b,, c, |
I TN L, € L, 99 8941 SR g6 7 2061 I
P ¢ QI 4t e @t OP 8 0Q Rwv= T, A

5@ 11.6-9 28| 4T OP G398 OQ €T VLTS 77 Q LzL
GRIcIT 2T 6 | R SR WA T (70l (@ TS o o —5
@ OP @ 0Q TN I a,, b, ¢, 9 a,, b, Y
¢, Toice /G it (237 | ok, O ! (el 5 116
6 fCy ene X
a,a, +bb, +c,c,
cosH = . (1
Javbiect Jal vhiect M
sin 0 I SFICT T GOF ! (el e ave
sin®= /1 —cos>0
_ e (aya, +bb, +cic,)°
(al2 +b12 "‘012 )(a22 +I)22 +c§)
\/(al2 +b12 +c12)(a22 +I)22 +c§ )—(ala2 +b,b, +cc, )2
Jla? +b2+) (a2 +b2 +c3)
_ \/ (a, b, — a, b1)2 + (b c, - b )2 +(c,a, — ¢, q )2 @

2 2 2 2 2 2
\/al + b + ¢ \/az+b2 +c;

i L, @ L ST i SEicegsli Al 2 (IO, S L, 6 L, @ et
FRETCNE IAFCH L@ L, 0 #ATf 3ttt 37 it |
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L,'€ L, FeiCariRcas M-S »iies{teiia #{fes 3w - pimigasieat, 72 L, a5 7,
m,, n GRL, GCw L, my, n, AT, O (1) € (2) (& e gost i

cosO=|[L,+mm,+nn| (AR 112+m12+n12=1 = 122+m22+n22) .. (3)

R sin § = \/(ll my =Ly ) +myny=my ) +(my L=, 1)’ - (4)

a,b,c 9Ra, b, c, %-@ﬂ%ﬁ%ﬁw
(i) o1 2@ wiefie, T 0 = 90° 2T A (1) 2@ 2

aa, + b1b2 +ce,=0
(ii) ST ZF wLfie, T 6 = 0 T O (2) T0© i3,

a
4 b _¢

@ b, c
QL ST Ff5 AL TGS (Flel o767 527, T4 SIw Tl (Rt A |

F=a+\b ¢ F = d,+ub,

AR foq TGS TR 0 7T,
- o bi.b>
COSO = | 7= 71=7
[61][b2|
=8 YN _iTy
" b1 Cl (1)
X—X - -
e 2 _ YT 270 ()

G TS (Il O T, @AW a,, b, ¢, GR a,, b, ¢, T INFCH (1) 8 (2) TR @7
- oIieaE, ©d
a,a, +bb, +cc,

2,22, 2 [2.,,2, 2
\/al +b +c \/a2 +b; +c;

cos O =

Twizact 9 (0N e FReeadl 3o
F o= 3042 j—dk+A(i 42 j42K)
@R F =502 j4u(3i+2 j+6k) G TGIS! (Plel e v |
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AL QAT by, = 14242k GR b, = 31 +2j+6k TR 0 TGS (It H 20T,

_ | b,.b, (?+2}+21§).(3?+2}+61§)
cosO= |12 |=
I6,|[6, ] J1+4+4 \J9+4+36
- 3+4+12‘_g
| 3x7 21
\IUUE) 0 =cos! L
5 = COS 21
x+3 y=1 z+3
Twizae 10 = =
‘ 3 5 4
x+1 y=4 z-5
@R T T T FFEACHN YOI TG!St efF STt |

TR YA TR S 2SR B 3, 5, 4 I3 TSI TR p-Sey 2otz
20 1, 1, 2 | 7 Ol T (e 0 =, O

o 3.1+5.1+4.2 16 16 83
R N N el INCON NN E
8 /3
Sroqd, T Gl 7@ cosl(l—[]l

11.5 ﬁWWﬂWWW (Shortest Distance between Two Lines)
fauifas oreet wfb siweTcal A @St [mre (2 0, O Ot TR Faes 1He 4+ 23 |
«RIet, 7 7o TR S (T NS 2T,
ST OITHR ) U 7 20 YRS, e 7
OB TR Sl SRS GFTs 7Y (AT \
T Sl wfere o 0aa e |

iy, faafes @ guw by e
SR (@I 21 (R S A EAET— G0 N
IR T | 2FOATH, G A afe1 D E
SAINCLF (non coplanar) T G3R GHACE
SIS ferE FIACT (skew lines) I& T | C
riRRerTge, B S 466 5 (room) RS A B
T x5, -9 @ 29 <R A B 117
T TS 1, 36 2 @5 (5a 11.7) |
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AR GE (PN 903 = I-199 IR 43R DB (@4 A-47 5 S Rivd (o
el e STfeaesl S G3R (PONCRITSIE (FSTNTETR Ao T I | 43 @190 2 SPTsTe e,
IR G AMBAI 7 G P8 Wfero 241 |

VI FRETRLIR TR FOoH 18g I6T00 S I @, G0 AR 77 SIS 9T 1o
TR 0] S2/F IR 7 SRS SHHG K GO I TAC 20 Ao 2
TR (el Foros! 23 |

AT o7 HAEACTI (0, FaoN TGS (TG T3 AT Gl o750 |

11.5.1 75 SPIveiere FFETCINT V04 7% (Distance between two skew lines)
Sl 92 15 ST ot (@4E e Frew vy e e et
&1 A 1, 978 1, B 16 ST lers il (od 11.8) ATHa Ae1el I
F=a+\b (D
— G, +ub, Q)

1, T @A (F-(PIC] G 7 S (S7 267 SRR (9T G, =R [, AL
ST ST GG [ T (S 281 IR SR (SFF T

a2 |—1§@r VRGNS (SRR M 20, Faos L
W ST-GF o1 SSTHCAT N

W(WCW 10.6.2 (M) |

W [, R 1, W0 FAO 99 (93 PQ T, I
S 32 b, S b, TORE B9 7T 263K Tl), PQ Baiis
TR 9FF (39 n TA|

~)

R

X
— = . (3)
X
SR PQ =d
@A d ZE FUOT 7Y (ST N | 50 S, ST @R PQ I SIS (1ol 6, OF
PQ = ST |cos 0]
PQ-ST
&g cos 0 = |P—Q~||S—T|

dii-(a, — d)
d ST

(b, % by)-(d, — d)
ST |, x b, |

(C]CQQ ﬁ = 52 _dl)

[(3) TR 2]
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TR, e Forew yag 2ee
d=PQ = ST |cos 0]
|b, x b,
FTSAT SFE (Cartesian form)
'.x—xl_y_ylzz_zl
Voq b €
X— x - 2— 2
=R L 2 _ 1o h o :

: a, b, )
AR GIOF N FO™ 3G 20T
7% V27N 2274

a, b, 51

a, b, c,

\/(blc2 —bzcl)2 +(c,a, —czal)2 +(a,b, —azbl)2

11.5.2 TG AN AFSCINR WY 19 (Distance between parallel lines)
W 76 AFEACTN 1, =R [, G 2, O IR AT RO | LN, ALACTLGC HAed
ool 2ve -

F=d +Ab (D
GR  F=a,+ub .
QANC, G, 2N [ ([ @2 TRPS G 7 S-451 SR (939 @R d, =l [, ([
ST SIS G0 7Y T-47 o= (939 (59 11.9) | P
Q@RY [, [, AT ©iF, T T 77 (A0 [ AT o L
Tl &R FCH AMY P 2, O /'€ [, (9 7iod [0y
=2 (TP i p .
AHATE ST G b -97 TGS (el 2= 0 | IR, S(a) %3 11.9
b x ST = (| b || ST|sin ©) A . (3)

QA 7, 20 G (939, @M 1,8 1, TR 456 O Gof o7 |

ﬁ@ ﬁ:aZ_dl
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SRR, (3) 7 (AT ST AT,
b x(@~d) = |5|PTh ( @Y PT = ST sin 6)
AR, GG AT AR T TG 2N

Twzael 11 1, 9R [, FRECIRCE 0K Faow UG o2 S0, AR (03 009 2l

Pt j+AQRi-j+k) - (1)
GR =20+ j—k+ W 3i-5j+2k) - (2)

T (1) GR (2) FAAPE 7 = G, + A b 9R 7 = @, + p b, 9 A0 9ol I

ST AT, a = j+j,. b=2i-j+k
Gy =27 +j—k @ by =37 —5] +2k
1o, ay = = j—k
@GR b xby= Qi -j+k)yx(3i-5]+2k)
iJok
—|2 -1 1|=3i-j-7k
3 -5 2
GCEIN b, Xb,| = JO+1+49 = /59
SO, ANE ATETRAES JC) FUOH GG 2
(b xb) . (a-a) _13-0+7] _ 10
d = -~ = = G |
| b xb, | | 59 J59

TwEAel 12 1, GR 1, AT AT N Fuos| 7 el S0, A0 (ST ANwael fics 2ine:
F=i42]—4k+AQi+3]+6k)

R F=3i+3-5k+nQi+3)+6k)
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S AVE AR GG BT (e 2) | QT

G, = i+2)—4k, Gy = 3i+3 -5k @R b = 2i+3 j+6k

SO, AR o N FaoN 779 Wi 27e

i ]k
| bx(d,-ay 2 3 6
B |b] B 2 1 -1
J4+9+36
_|-9i+14j-4k|_293 _ 293 |
J49 Jao 7
et 11.2
. S @,
12 -3 -4 4 12 3 3 -4 12
E, E, E, B, E, B, B, E’ ET\W\?-@W{@! IS e o
AT T |

@S @, (1, — 1, 2) € (3, 4, — 2) RewaiSt seez2if (0, 3, 2) € (3, 5, 6) [wais
TR T T |

. e @, (4,7, 8) 8 (2, 3, 4) Tl s@eteaifs (— 1, -2, 1) ¢ (1, 2, 5) ol

SFRTCIE A |
(1,2,3) RN G 3 7 42§ —2 k (COFCRR A0 FAE HeeCar i e fiefzy
|

. AR SRR (93T 2 -+ 4k CREMANGR (12 7k (IR wfeqrd

TR (T3 8 FICSAR AR AT@=el 77T T |

@ T (2, 4, — 5) Rl @ x;3=y;4=228 SR TG
T2 ITRECTAT FICSHA el fefar S |

@I G TR FICSR Rl 2 x;5=y;“4=2;6 3219 (O3
R Tt |

. AR € (5, -2, 3) Rl FRETLIR (83 8 FITSAT el flefzr 0t |
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10.

11.

12.

13.

14.

15.

16.

17.

sffere
(3,-2,-5)8 (3,2, 6) N AT (ST 8 FITSAIT SN AN Fofy
T |
ferferfe sTeTcal Yorte =!Gt e eat

() F=2i-5]+k+AGBi+t2j+6k) 9
F=T7i—6k+W(i+2j+2k)
(i) 7=3i+ j—2k+A(im j—2Kk) IR

F=2i— j—56k+n(3i—5j—4k)
ferferfe seTcal Yorte w4 (it e eat
x=2 _ y—1 _ z+3 o x+2 _ y—4 _ z-5

2 5 -3 -1 8 4

(M)

XY z x=5 y-2 z-3
—==—y¢<R = =
@ 575779 1 8

1—x:7y—14:z—3 42 7—7x:y—5:6—z
3 2p 2 3p 1 5
R, p G NN e e |

x—=5 +2 z X

T 1™ T
Fe(T 42+t MG —j+h) SR po2f _ @i+ j+2k) e
o Iy FFurew g e et |

x+1 _ y+1 z+1 _ x-3 y-5 z-
7 6 1 1 2
et

b SRR SR FEo™ 7 o1 FCA AR (ST AN 2
Fe(i+2 743k + A -3]+2Kk)

R F=4i457+6k+n(2i+3]+k)

i ARSI G oo 72 e S Qe (37 AN 20!
F=(-0)i+0—-2)j+3B-21k 9N
F=(s+Di+Q2s—1)j—Q2s+Dk

TR G5 NI T

| 2

maAe @ AFETCIRIR AT &TF |

7 -
AIETCIN Y0 TR Faos 19

I
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11.6 e (Plane)

aﬁwwﬂ (uniquely) ﬁcﬁwwﬁﬁﬁ%@@mmw @-F G
el A -
() TR SIfGeTy GR eI (ATF 22 TG (13 AT, S, AT Sfwers
SPIC ANF |
(i) 32 930 Tl @3k 9% ave SIfSs T sTret &15 |
(iii) 32! TowT eme spTsae fRmgansh |
QL ST TS (ST IR FITSHA AN oefzr S0 |
11.6.1 SfSeTs QACH (T VO 77 (Equation of a plane in normal form)
@G Iree B FC1 A Y (A0 77 779 26 d (d # 0) (ba 11.10) |
W YR (AT TS TAT ST ON 9% ON I A5 O ety (934 1 T,
S&@ ON =d 7 | 01 IR TSR A7 SRS (- (I G0 7% Z0eT1 P 157ek, NP,
ON 43 o7 7% | z
ek, NP-ON =0 . ()
431 qF P i oa SR (ST 20N 7, OiRtA
NP=7 — 4 n (@29 ON+NP=O0P)
FeAR (1) TR (AT AT,
(F—dn)-dn =0
al, (F—dn)-n=0 (d#0)

al, Fen—dn-n=0

X o 11,10

weffe, Fon=d (@2 n-n=1) (2
9 ZCET AN (OFF SFICT AN |

FCSAT S

(2) AN G0 ATSETH (ST ANTANCE AT FCH, (@A ANGH 67 ST G

(T30 ZCEA 5, | 430 T AAGHAGF B4 SRS (F- (TN I 1 7% 20T P, y, 2) | IR,

OP = f:x?+y?+zlg
A SR 5y 97 - AR = 1, m, n | =T,

A A

”:li+m?+nlg
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AR, (2) TR (ACF e T

(xit+yj+zk)(i+mj+nk)=d
weffe, Ix+my+nz=d . (3)
«ft 20eN SIfSeT SPIE AN FICSHT AT |

(3) T ANTIY (AT (A R (@, W 46 ATOETT (S AN
F-(a?+b}+c£)=dﬂ,wmmﬂwmax+by+cz=d,
A a, b8 ¢ FCE A0 ST MF-STATSTIR |

Trzad 13 @ ITToA07 IERAY (A0 179 % G QIR AR (ATF 227 AT (837

27 -3 + 4k T, O T (OF el 7 A1 | TR Z2IT AN BISH SBICT
=t
TR FNAF, i = 27 -3+ 4 k O

A_ i _20-3j+4k _2i-3j+4k

Al faro+16 V29
TR, ANGAGH e 7wl 2o

( /\ -3 /\ 4 /\j 6

NIRRT BN

Trza 14 FERAEN @ @3 (SFT @D 7. (67 -3 — 2 k) + 1 =0 SR ST,
O - CAERe e e e |

TR e NN FTHFCet @l T
F(—6i+3j+2k)=1 (D)
e |-6i+3 j+2k|=36+9+4=

FEAR, (1) TR ITNFACIR SSTATH 7 T il S0 <1 473,

AR 7. = g SBIC ATSTAO HTe |
@ft (AT @ THRHENET G 975 (SF7 @ ITIOCeTa G2l 7% ©f 2l
~ 612 34

n=—71+7J+—kIﬁ\ﬂ\,nkﬂ?%@sﬂaﬂwm —6 § z
77777
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Trtzael 15 SERA (AT 20 — 3y + 4z — 6 = 0 TGS YA oozt Tl |
T (@R AT G0 Sfeead - siiesta 2oe, 2, -3, 4 ©f3, 339
Tugp-CRIIZA9CeT 7teT gt
2 -3 4 2 -3 4
S22+ (32447 2432 442 22 (-3 + 42 SR S TN TRV
FEAR, 2x — 3y + 4z — 6 = 0 Ffie 2x — 3y + 4z = 6 AN WG 29 T Ol

2 -3 4 6

x + + 7=
N RN RN TN T
@S Ix + my + nz = d NP 2, @G AR (ATF FAOe07 789 20 d | TR,

PSRRI ESEITERECEG % G |

Twizac 16 IERY (AT 2x — 3y + 4z — 6 = 0 IO ST SIfeFo AR AMRYT A
e e |

TR &R AP YR, (TP AT G SR FCH MY, P G SN = (x , s
z)(Pa111)|

©IR(ET, OP FLEIC I M-Sy Ao Tl 20 x,, Z
Yz,
FNGHF TR ST SFIT A P(x,,p1,2))
2 3 4 6
NN RN T RN T 9 VARt
2 -3 4
T By ey T O x o 11.11
|

m@ G @A - PR @ M-Sy siios|tet Tigsiifes o2 st i3,

D, B |

2 T3 T4 Tk
V29 V29 V29
ok 3k 4k

wfie, e A
RN T R RN T R RN T
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@ YT ATSNF ANFACT I, S AR k= %|
12 —18 24

O, FCIH AWML IR 2l [— - —j

29" 29 29
T SR, (ATF GG o IR Jeo N AT ST ST - (PTGt
I, m, n T O3, ACIR AWMV RN 20N (Id, md, nd) |

11.6.2 93> 2ng (©FCI7 T o719 G G5 &re z
Aol Fwerara ANFIe (Equation of a plane

perpendicular to a given vector and passing
through a given point)

P(xvyu zl)
fanfes oo, @t ewe (SFET TAT 7T @5 o) Y
S T S A, 5% 6l &me [ P(x /
¥, 2,) MM, (TG G G FOCeTa OfFg ©R X oz 11.12
(5@ 11.12 @ra) |
420! T, G 0 A RS i SR (939 a @R 3 (93T N G ol o7 |
S ! G2 IO (- R P, v, z) 97 SR 7

coga e ¢ (ba11.13)1
12, P 0 Atet SRS 203 M G3R (e

T AP, N @3 Tiq 17 27, widie AP.N= 0| g <
AP=7—d | ek (F—d)-N=0 o
«ft 20T AMOHATT (ST AN | X

FTSAT A foa 11.13

=1 AT 26 K@ 26T A (v, ), 2,) @ P (x, ,2) 9% N &7 fi-SRATe9)Tet =1 A, B
8 C | o1,

a=x ?"'}’1}4'21//(\, 7=x;'\+y?+zl/c\ R N=A?+B}+CI/<\
G (F—ad)-N=0
IO, [(x—xl)?+(y—y1)}+(z—z1)13}-(A?+B}+c1€)=o

wefie, A(x-x)+B@p-y)+C@-z)=0
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Trizacl 17 @ (5, 2, — 4) Tgalft @3 frs-orgsire 2, 3, — 1 RS @i seeaas
T 7, (I3 (T39S FTSAIT T ool wea |
T S (5, 2, — 4) RO SR (OFNF 55742 j-4k G TAOCETH TAT o7
SfGTT (939 N (& N=2i+3j—k RO o120 #if |
SRR, HACENH (TFH AP 20 (7 — ). N =0
4, [F—(5i+2j—4k)]-(2i+3 - k)=0 — (D)
(1) T ATFIAE IITSAT TP AT I, SN AR

[(x=5)i+(y=2) j+(z+4)k]- (2 i +3 j-k)=0

4, 2(x=5)+3(y-2)-1(z+4)=0
wiefle, 2x+3y—-z=20
«ft ZCeT AT FITSHAT TN |

11.6.3 o> SPeas At (Pieat seocers a9 (Equation of a plane passing
through three non collinear points)

31 A (I TSR €27 SRS fonib SR [ 26 R, S @ T e SRR (93
I d,b e ¢ (Bg11.14) |

foa 11.14

RS @ RT (239746 w6 ATe(s Sahe® | oAl RS xRT (930 R, S'¢ T Rz
LRI FTASHLT SR T | N0 SR AT SRS (- 7 P 97 SRR (839 7 |

TSR, R T @3 RS xRT (ST G 77 TG0 AN 2ol
(f—ad) - (RSXRT) = 0
a, (F—a@).[(b—-a)x E~@)] = 0 (D
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@5 2@ (ST AR ool ST Rl o tea A= |

(o 321 e 7 Fes g W 20w 20 A
3t G FRECIRIR @ f1 foafb Ky SrafPere 2, wi Repa[eencs
HIETPIT GTFN SRR Aoe] ARG | (B 11.15) |

3 TS 6 TR DT St (ST T (@I
R, S8 T KPR Qe A=ereaiiG 22w i (binding)-4
SRR |

DN foa 11.15
g1 3, R, S'¢ T Rpmjees SIS 2ell IS (x,, V), 2,), (X ¥y 2,) € (X, Vs, 2) |
LA MO SRS (T, (FIC 7 P-9q RS 20T (x, p, 2), TSR (937 7 10120,
RP=(-x)} +(v=»)j+E-2)}
RS =(,-x)7 +0,-»)jt@E-2)}
RT =0, —x)}+ 0 —y)j+(—2)
O3 MHYEIE (3T RS AN (1)-9 2fernaiq I @ 37T @i Feffms
(determinant) JC? &P FC, S i3,

x—xl y—yl Z—Zl

X=Xy Y=Y Z,-%|=0

X3=X V3=V 7%
32 2@l foa1f6 SO (x,, 1), 2,), (6,0 Vs 2,) 8 (X, py, 2,) RGNS STTeteT FICSTR
P AN |

Trtzac 18 R(2, 5,—3), S(—2,—-3, 5) € T(5, 3, 3) Kot siwete (o3 7iwae ez
JEN

TR RNAF G=07+57-3k» b=—2i-3j+5k> ¢=5i+3 -3k
SR G, b '€ ¢ (SN O (037 AN 0 o,
(F—ad)-(RSXRT) =0  (G34?)
T, (F=a)-[(b-a)x(E=a)] =0

e, [F—(2i+5j-3k)]-[(~4i -8 j+8k)x(3i -2 )] =0
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11.6.4 (T FTSTETH TANEACENT (Rwe1®t ST (Intercept form of the equation of a plane)
@3 SR, SR (I TSR QIR SRS SFEF9TAR $oiF SRof (RO St
IR AN 216l FHCN | =1 A, ATSSOH AN 20!
Ax+By+Cz+D=0 (D=#0) . (1)
TG L, ANGHAG x OF, p O 8 z S o TN a, b 8 ¢ (Rl Teo w1
(Ba11.16)1
SRR TS x TF, ) O G z ST A NG (a, 0, 0), (0, b, 0)€ (0, 0, c) "o

[RIESES z
oG, Aa+D=0 WWA=_7
Bb+D=0 9B = ?
-D Q(0,b,0)Y

Cc+D=0 9 C= S
GRS AT (1) 7R AN ASHRAT GG 4

P (2,0,0)

foa 11.16
I A3, i
£+%+£:1 (1)
a C
T 20 AT (RI SFICS e A |

Twizael 19 x, y 8 z-SCHd Gl TR 2, 3 @ 4 (Ziroies [IfFS Aresiig Fueae [y
T |

IR 4 A, AN AN 2l

X
Zelilog (1)
a b ¢

GRI[CR a=2,b=3,c=4.

a, b8 ¢ 97 B AT (1) 7R FTAFACH AST=94w FC, SN AT Ve w2l
43 §+§+§=1 2l 6x + 4y + 3z = 12|

11.6.5 %0 &I7E TOTeTT (RiF-STFeTCAN AN STSTeT e
r

Seaet (Plane passing through the intersection |

of two given planes) |

&1 A, 76 NG 70, G 70, G AN 20| FNGCH
Fom=d @R 7.5, = d)| (@S AGELAT @T -
SRS (- (@I R9E SRR (S35 SO AAFIACH

R P (5@ 11.17) | o 11.17
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T G2 AR @i TS Gl R SRR (039 7 2, O 7., = d, @R

-

I'I/%zz d
TR, x—;awwwww g,
f'(iA11+7»IA12) = d,+ M,
@R, { 20 - KT SR (939, TR AN AL S (@~
&y P 2 |
OGS, 7 - (7, +Aii, ) =d, +Ad, TN 7, FAGHA A B0, A G757 (@, ;M 7 (S5
T, 938 T, 9% TeF AN Bt a1, I BRI 70,49 ANecpe Fe e, wiefie
Fofly = d @R Fiiy=d, ATETREE (P AN
- (T AR AN Bl 7 - (7, + Mid,) = d, + Ad, (D)

m = Ai+B, j+Ck

= A,i+B, j+C,k

GEN F=xi +y;'+zlg
iz (1) 7 (A0 g,
X(A,+ M) +y (B, + AB) +z(C,+ AC) =d, + Ad,
4l Ax+By+Cz-d)+ AMAx+B,y+C,z—-d)=0 . (2)

Tl %] A~ AT T o) A0S FTOTRES (UF FKECHRN (Al TS FICSAT
IiIca el A= |

THEAD 20 7 (T4 G+ k)=6 GR 7. (2743 j+4Rk)=— 5 TIOTAH (IS AL
@GR (1, 1, 1) Kol sires1og (o3 Aaeaet el s |

T G, =G4 +k S 7y = 27 43 +4k

aR d=68d=-5

SRR, 7 - (7, +Miy ) =d, +\d, , T T2 I S AR,
Foli+j+k+AQ2i+3]+4k) = 6-51

4, FIA+20) i+ (1+30) j+(1+40) k] = 6—5A (D)

AT, A 20! I A 747 |
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F=xi+yj+zk fercer oS #1i2,

(i +y j+20)TA420) 7 +(1+30) ] +(1+42)k1=6-5)
2, (1+20)x+ (1 +30) y+(1+40) z=6— 5\
4, (x+y+z—6)+A 2x+3y+4z+5)=0 . (2)

(e SR @, Ao (1,1, 1) Rgansh, ©rzcs 321 (2) 7 AT S+012 1 F207, mﬁ&
(1+1+1-6)+A(2+3+4+5)=0

o 3
’ 14
(1) TR AN A ey I =t 473,
F. (1+§)§+(1+3)}+(1+§)l§ - 6—E
7 14 7 14
10~ 23~ 134 69
al, —it—j+—k
(7’ TS j 14
2, 7~(20?+233‘+2612) =69
B0 TG Wl (9T AN |

11.7 E%WWW?Z@W% (Coplanarity of Two Lines)
z = 51+7J;1 .. (1)

@GR F = d,+ub, - (2

(1) 7 el @ Rewai Gif 2 A (30,3 SR (839 6, 9 B by, 9T
ST | SR, (2) R TG @ [alSt Gt 26 B (403, I SR (9%
G, 9R B2 b, T TG |
oAk, AB = 4,—ad,
28 (I AN J( AN GR (G AW fy xb, 99 T AB 7% 2 |
wefle, AB.(bx by) =03l (4,— @) (bxb,) =0
FTST P
€@ AT A ¢ B Rae R=IIss T (x,, 1), 2,) 8 (x,, ), 2,) |
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4Gl b, 8 b, O M-S A INSF W™ a,, b, ¢, 8 a,, b,, ¢, | SR
@=(x2—x1)i (=) Jj+H (5 —z)k

I;1=a1?+b13'+cllg*ﬂag 152=a2?+b2 3’+c212
oG (9T TSR 203 A7 IR FIA@ W AB- (b xb, ) = 0 T | FITSAR SR,

2200 el e s 2w
X=X ™0 T4
a b q =0 ()
a, b, )

Twiza 21 @S @

“33: y1‘1=1;5 e x+11=y;2=2;5 TG 4[5 T |

I @AM, x, =-3,y, =1,z =5,a,=-3,b,=1,¢,=5
R x,==1,y,=2,z,=5a,=-1,b,=2,¢,=5
@2, fewg Ao R s

X, =X, Y=V ZL—% 210

a, b, ¢ |[=|-3 1 5|=0
a, b, C, -1 2 5
SR, T G Aot |

11.8 zl%mwaam%‘? (Flel (Angle between Two Planes)

FeEal 2 b ANSER NS (e} IS Ol SSHCH TGS (eI @RI (BF 11.18 (a)) |
ST @, I AT TR G (Pl B TS SR 2 180 —6 (5@ 11.18 (b)) 1=t
i TSR TR (et R TR beE (I |

STy 4o IS (Fet

2

9o 1 A =190 — (90 —0)]
X @
0 n,
/ 90— h ‘»,
0 Ao 2 ' 180 -0

TS G6d
TS (FHet )

(a)
o 11.18
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AW Fof, = d SR T, = d, TR G6d SCET 7, @ ji, G NI (Il 0 2,
SR AT Fod (@I e {7 (A0 Troat yfore wifese wfesty 5o e ol 0
2|

ﬁ1 'ﬁz
ICUER cos 6 =

”1| |"1|

| w554 |FTnee gf S o19 203 AW 74, . 71, = 0 T GR IS & AW 7, € i,
TG 2T |

FTEA P 47 A5, A, x+ B,y +Cz+D =08 Ax+B,y+C,z+D, =
0 e Yoa NG (el O | Feet Yiox Sfweiraa Mp-Seaie Mg IAFW A, B, C,
GR A, B, C,|

AA,+B, B, +C, C,
T cos 0= a2 B2 4 2 [ AZ+BI+CE

1. 3wt s7res 9o AT T 2T, 7 0 = 90° G B cos 0 =0 |
[eqk, Cos® = A A, + BB, + C.C, = 0]
B

2. fv 37ree ¥it @I 27, O A_BL_G
A2 B2 C2

Trtzael 22 (OFF ATET AR 2x + y— 22 =58 3x — 6y — 2z =7 TG YioA NS (el
e e |

S Y0 HTSE TS (el FETCS ([N SN G S0 (el | TG
TN (AT, WG (ST TN 2

Ni=2i+j-2k &R N2:3?_6;‘_21A¢

NN, | (2?+}—2/€)-(3§—6}—2/§)‘ 4
ESEl cos 6 = N[V | Vari4 Jo+36+4 ‘: (EJ

4
= 1 —
O 0 =cos ( 3 )
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Twigae 23 3x — 6y + 2z = 7 @R 2x + 2y — 2z =5 AAGH Hog NS (el el e |

TN 2WG IO Yo ANPACET A A, x + B, y+C, z+ D, = 0 G A9
A, x+B,y+C,z+D,= 09 qf el T S AfE,
A =3B=-6C =2
A,=2,B,=2,C,=-2

3x2 +(=6) (2) +(2) (-2)
cos 0 =
\/(32 + (=6 +(=2)°) (22 + 27 +(-2))

| -0 |- 5 53
C|7x23| 321

]
21
11.9 (FTA! ATee (ATF @b 7 vaq (Distance of a Point from a Plane)
(©39 AFF (Vector form)

SR (@39 g RS g6 [ P @z 7.7, = d A€l [R¥S (6 swsree , RKieapa

IO, 0 = cos’! [

w1 (@ 11.19)
z
T, T,
T,
Q P
P @
- N'
a N’ N Y
0 T > 0 -
-ttt u ]
X @ X ®)
g 11.19

T, ST AEI 4% P Regalish qop(G s1ret v, Reasal el | o, G St 95
(O 5 10K, BRI ANSA LG (7 — 5).7 =0
wieffe, Foh=adn

AR, Y (A0 € FTEEAC 77 ON' 20 | 5. 3| |7TSHAR, T, FS (A GE PQ
2Tl (5@ 11.21 (a))
wieffle, ON - ON'=|d - 7.p
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T ZCEA @I R (AT @I 276 AN ST ACFT (e |
5@ 11.19 (b) 97 T ST Sefgol Foiizee] 2ifew! Fare AR |

[=w5 |
1. 3, TS AT SN 7 - N = d 2, @RI AN ofeerd N, $0d
g LA N =41

. . d
2. ERYO @R 7N = d ISR G231 eI0FF ) 20l ﬁ (A9 d =0)

JCOAT S

& AF P(x, y,, z,) TET G0 2awe [ A9 SR (239 4 9%
Ax+By+Cz=D

20 AVG ANOEABT FITSART ANFA | O,

—

A A A
Txity jtzgk

N = Ai+Bj+Ck
Ao, 1 R T (A, P Y (AT O™ 8o o197 139 20l

‘(xliA+y1]A'+zll€)-(AiA+BJA'+CI€)—D
J A*+ B +C

Axl+Byl+Czl—D|
JA? + B> +C ‘

THIZA 24 5o (67 —3F + 2 k) =4I (P (2, 5, - 3) Reqgfo g Fefr e

LT @A, G=27+57-3k, N=6i-3] +2k SRd=4
AR, AWE TS (AT (2, 5, — 3) 7 @ =@

|2i+5j-3k)(61=3j+2k) -4 |12-15-6-4] 13 -
167 -3j+2k]| J36+9+4 7
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11.10 @< AFETCaA @ GF6 FATOCeTd NG| (Fle (Angle between a Line and a Plane)

7@ 3 G5 AL 8 GHo AMOETd NS (T 2 €3 AL @ FNe o7 ST
TSR NTS! (e AT 7/dF (complement) (@ 11.20) 1

(ST M IEERABT AN 7 =G + A b
G2 AT AN 7-7i = d 2T O AT 8 I Aﬂm

ANGHA 0T SGHACET TG (Il 0 ZCe,
i / 50 -6 // )

. ‘ b-ii ’
cosO= |77, =,
|b][7] *
O
€32 012 (T4l TS A (el ) (F T T 90 — 9,
- 5@ 11.20
sin (90 — 0) = cos 0
weffe in o b w24l ¢ = sin”! i
s Sm o= = - = =
|b] || |b1|7]
x+1 'y z-3
Twizad 25 S 37 AN G 10 x + 2y — 11 z = 3 FAS(ETF TS| T
e e |

TR 4R TR HIACTRN IR TS SIS TS (el ZCAL 6 | 2@ ARSI AT

=(—i+3k)+A(2i +3j +6k)

=)

R F.(10i+2 j—11k) =3

G b=2i+3j+6k SRi=10;+2j-11k
(2i +3j+6k)-(107 +2j —11k)

©(q, sin ¢ =

J2+ F+68 107 + 22 + 11

__40 _‘__S_iqf_'—lg
“17x15| " 121] "1 Wo=sin 5
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11.

afasenffe 509

| e 1.3 |
. fsferfie afef cwea, sreefba sifestes - @hies @3 SERmY (A0 T2 vag
[CREE&
(a) z=2 (b) x+y+tz=1
(¢) 2x+3y—z=5 (d 5p+8=0

. G0 AT (ST TN T I A THARY, (ATF TG 7 GFF GR (93

3i+5 -6k Toene oIfesT |
feferfie sTresotea FITSHAT AN el 1
@ F.(3+)=k)=2 (b) 7.2i+3)-4k)=1

(©) Fl(s=20)i+@B=1)j+Q2s+1)k]=15
fferfie afef cwra, Tolkm (A Sfess w it smfawg =iiss e St |

(a) 2x+3y+4z-12=0 (b) 3y+4z-6=0
(c) x+y+z=1 (d 5p+8=0
. ATSHTERT (ST € FITSAT AN folefTr 0

(2) @ (1,0, 2) R @< Sar oifem (o34 | + j—k |
(b) @M (1,4, 6) Regair < B2 wifoer (o3 | 2/ +k |
SR AT e Tt @ajeat fferfe foafb Kmgandi
@ (1,1,-1), (6,4,-5),(—4,-2,3)

() (1,1,0),(1,2,1),(-2,2,— 1)

2x +y —z =5 FACHRARA SFATART (Rl el Tt |

. ASHGF AN el SN, TRy -0 @i 3 @35 G TZ ZOX AASETI

HAFLIeT |

@IS (2, 2, 1) ot @@ 3x —y + 22— 4=0€ x + y + z — 2 = 0 VST
(2 FREC AN, O 3=l el et |

@ A (2, 1, 3) Rl @ 72742 —3k)=7 € 7-(271+57 +3k)=9
ANSHREL (ZHF AN, O A9l el et |

@ATGHAD x + y +z =18 2x + 3y + 4z = 5 HOoTACT (AP FIINNT G

X =y +z =0 ANOH T 7%, O ANl felz i |




510 QIDIS

12, F-(2i+2] -3k)=54qac 7-(3i -3 +5k)=3 (T3 Twal RIS ez
TS (il el et |

13. st St cwta, ave Tros ol Taeaie o[l o3 19 el A et aar
@ATFG O FAFAIET LN AN -G N (AR 77, FIEFCE SItid e
@l el et |

(@) 7Tx+5y+6z2+30=0 a@R 3x—y—-10z+4=0
b) 2x+y+3z-2=0 AR x-2y+5=0
() 2x=2y+4z+5=0 ER3x-3y+6z—-1=0
d 2x—y+3z-1=0 @R 2x—y+3z+3=0
(e) 4x+8y+z—-8=0 R y+z-4=0
14.  f=friie ofsf @, eve et srg7l afet ee R (3t 7 M e |

IERA o
(a) (0,0,0) 3x—dy+12z=3
b 3,-2,1) 2Xx—y+22+3=0
(c) (2,3,-5) x+2y—-2z=9
d) (-6,0,0) -3y +6z-2=0
fafas Srrzgamen
Trrzat 26 G0 THCH TR A G0 I 0, B, 7' & (I TofE T | A
4
IR coszoc+cos2B+coszy+cos26=g

SEYE TS TN GO AT TGOS T ) 2% € Tl HITA W | 4T
OADBFEGC (=1 «3f5 91, 715 afSfs arga o o @5

Z

(@ 11.21) I 9714 5171 = =1 OF, AF, BG ¢ CD | A
0 3% E i@ SRiesaial siercaat wigfie, 3 OF CO. 0, D 0. 4, 0)
G - (PRl = (@,0,a) G -
a—0 a-0 a—0 oy
\/a2+a2+a2,\/a2+a2+a2,\/a2+a2+a2 o B(0, 4, 0)
1 1 1 X A(a, 0,0) D(a, a,0)

s NERERRNG] oa 11.21
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1

3;E,

-

-1 1
SFCA, AF, BG @R CD I 15-@IZ9Ta 20em e N
B L N
\/5,\/5 u‘]?\\/g,\/g,ﬁl
R AP, 2AVE FRECHITR - AR 20 £, m, n @3 (@I OE, AF, BG, CD @3
A TAFC 0, B, 7y, & (@Flel oA I | O,

1 1
cosa = 73 (Z+m+n);cos[3:ﬁ(—l+m+n);

1
cosy = %(Z—mﬂLn);cosS— ﬁ(Zer—n) (&=?)

ST I91 G- (9 L, S A%

cos’a + cos? B + cos? Y + cos® &
1
=3 [((+m+n P+ +m+n?+(—m+n)+(+m-n)]

—%[4(F+m2+n2)]—g (AR P+ m*+n*=1)
Twigael 27 @ WeE (1, — 1, 2) % 47 @ 20 + 3y — 22 =5 @R x + 2y — 3z =8
TS AT Sofg o7, O e fefTr e |
T 2V R QRO AT AN 20l
Ax-D+Br+1)+CEz-2)=0 (D)
G, 2x + 3y — 22 =58 x + 2y — 3z = § AO(1F ATSHF ACH (1) 7L TS CH OIS
(perpendicularly) *I$ 2G5 ¥, SN #4118 2A +3B - 2C =09 A+ 2B -3C =0
@2 FAFFEITHA AN T, SEl 2 A = — 5C @€ B = 4C |
ok, el A Zoa
—5C(x—-1)+4C(H+1)+Cz-2)=0
WQﬁQ, S5x -4y —z=17
Twiad 28 A (3,-1,2), B (5,2,4) 9 C(- 1, — 1, 6) M@y a1 7o @38
P(6, 5, 9) fmwz SIC g el Sca |
T 4R AT A SRS foait 7 2@ A, B, C | @3(6 7Y P (A0 oo™ 8o
S S10RS 2y 2051 D | e gz, PD M 3aro 23, 712l AB x AC 99821 AP
G T ST |




512 sifere

oK, PD = AP @3 AR AB x AC IR GFF (I ©F 9ofa1 |
i3, AP = 3 +6j+7k

=121 -16] + 12k

N o~
S W >
L S ER

ax, AB x AC = L
AB x AC ®RT s (o8q = S 4/+3k
34
il PD = (3i+6j+7k). 3i=4j+3k
34
_ 3V
17

fegeta, A, B ¢ C ReyaliSit siresifog s1iiieet fefar 01 @R S 93 Aed (AT
P ios g oleiel A |
Trizad 29 (S @,
x—a+d y-a z-a-d
o—90 o o+ 9

x—b+c -b z-b-c
GER - X7 - AIEACTL G0 O |

B-vy B B+vy

AL
G [CR x, =a-d x,=b-c
y,=a y,=b
z,=at+d z,= b+c
a, = o-9 a,= B-
b = a b,= B
c,= o+o c,= B+y
@47 e Mol R &
X=X Y=Y L7 b-c—a+d b-a b+c—-a-d
a, b, q | _ o—9 o o+9d

a, b, G B-vy B B+



e e 513

AL VBT A TOR W (@9 I, Sl i,
b-—a b-a b+c—a-d
)| @ o o +9 ~0

p p P+v
[y 22 ¢ TOR ey Siod || oA, AWe TR 4o o |

Twrzaci 30 A (3,4, 1)€ B(5, 1, 6) Rva MRS 721 (@ Rt X Y-S S 3,
9% g Sates el eat |

LA A€ B Raisl 7Re@did (833 3eae 20
F=3i+4j+k+0M[G=-3)i+1-4)j+6-1)k]

efie F=3i+4j+k+A(2i-37+5k) (1)
4 5 @ T AB FFa0L XY-961(F Sfoaw FF (I 20eM P | o1z P {54
SRR (STEAAPTLA 7 4y |

«3 o s (1) M AT P s (&@2)

iefe, Xi4y ] = G20 i +(4=30) j+(1+50)k
TORATE |, J € k Ga RS el O, Wi #41%
x=3+2A
y=4-3A
0=1+5A
TR HAFATHA S I, SN 9412
13 23
xX=— @Ry=—
5 5

13 23
ek, frefa Ry =imies 2z [g, 35 0)|

1213 11-97 (3f3% Sl
1. o€ @ERM € (2, 1, )-8 FRES 712 (3, 5, - 1)'8 (4, 3, — 1) gz =iz
I AT o T |
2. MO oAl 5T AL M- (PRGN [, m, n, &R [, m,, n, T, (A @

mon, —myn, mh—nyl, Lmy =1 m
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QIES

. Z%WWT\WE-WWWQ b,c8b—c,c—a,a— bW NGIS! el

IGREEe

4. x-SR AT G JERANN FIARLIR FNw=e fefg et |

10.

11.

12.

13.

14.

15.

16.

17.

. M A, B, C, D R ®RIAss 3980 (1, 2, 3), (4, 5,7), (-4, 3,— 6) 9. (2,9, 2)

T, O AB € CD FREEIRE V4o @i e s |

x-1_y=-2_z-3 PER x‘1=y‘1=1_6wwwmm
-3 2k 2 3k 1 -5

O k @7 I el |
(1,2, ) RN ER 7 (7 42 F = 5£) + 9 = 0 T G oTF AR (03T
SN e et |

. @I (a, b, ) RGN GR 7. (7454 §)=2 TS NG OIF AT
fefer et |
Fe 642 2kt A (=27 +2k) ST =—4i—k+pGi-2)-2k
TR NS Faos A (el S |
(5,1, 6) € (3, 4,1) TEEE FETF TR @ RYTS YZ-9610F (@ 701 G2
R s=ites e e |
(5,1, 6) € (3, 4,1) TEE FKETF TR @ RYTS ZX-9a0F (@ I G2
R s=ites e < |
(3,—4,-5 9 (@2, -3, 1) R KEEF @@ @R 20 +y +z2=7

ANSHDLE (N FCAR €3 [ R Fofar e |

@I (— 1, 3, 2) Tl @@ x + 2y + 32=5 8 3x + 3y + z = 0 TSF ANSEH
T o9 OIF e el S |

(1,1,p) G (— 3,0, 1) Fgazrafi 7.3 i+4 j—12 k) + 13 = 0 970 (A TN
2, O  p & A fefa eat |

@ IMGAT 7. (PG k=1 € F-Q2i+3j—k)+4=0 TIOTAIT (T
TSN G x-S AN, O AN o7 S |

T AR O 932 P 97 RIS (1, 2, — 3) 2T, OCd P [qalist @3 OP @7 T o7
FASHATGT AN T Bt |

@ AT 7. (j4243k)—4=0 8 7-(2i+ j—k)+5=0 T (S
SRIAC AP R 7. (5743 j— 6k )+ 8 = 0 TGO Goit a7, i AT<ere]
[CREE&
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19.

20.

21.

22.

23.
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F=2i— j+2k+AGi+d +2k) TERNGER 7. (1= 4 k) = 5 TS
R A (— 1, - 5, - 10) Regfoa wag fef vt |
(1,2,3) ROIRGR 7. (1= 14+ 2k)=5 @ F.(3i + j+ k) = 6 TTSTALR TG

X

@ T (1, 2, — 4) RwanSt @3z 3 I e
-29 z-5
yT=Z_5 FIERAGCI ol o7, O (837 ANl el e |
I G IO RO a, b, ¢ IR 22 FERY, (AT P G376 FACY SRS T,

1 1 1 1
wmchN—zﬂL;ﬂL—z:—z

a c p
AR 22 '€ 23 7 AT 2w ey e Teafs Az s |
Vio A : 2x + 3y + 4z = 4 GIR dx + 6y + 8z = 12 GF TR A 2T

-8 y+19 z-10 x—15

2

(A) 2 9% (B) 4 &% (C) 8 4= (D) N G

96 TN : 2x — y + 4z =5 G 5x — 2.5y + 10z = 6 2N

(A) =¥ (B) AN

(C) y-SIC% (=4 FF (D) [o,o,gJﬁﬁ‘fnﬁ’n
TTACTF

CRRITA FREACH BRI PRI SR I MG AN TRl (TS PR
92 (34 - A i = |

It GG AT - R L, m, n 2, O P+ m? + > = 1 T |
P(x,,¥,,2,) SR Q(x,, y,, z,) RRGRR FCAIE FACTIR - CRIAZAY = =M
~h 2= N 7%

] ]

PQ ' PQ ' PQ

@RS PQ = \/(xz - x1)2 + (O, - y1)2 + (Zz - 21)2

G TR M-S AT TeN =CeT G2 TN @oYCenl 88 @RI
- @AIEA 9T AN |

I G TR 05PN 1, 1, n GR TR M-S o9 =M a, b, ¢ T
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O]

*

*

QIES

a b c

=T m= in=
Jat + b’ + ¢ \/az +b%+ 2 \/az +b*+c?

@I fafas (el SPiTefers FRertadl 26 G2 TR @9 @frs
A} A G (IR 77 | ot fo7 foa sarete wafers |
TS (@A TGS (el 20 2l SPTelers @2 TSN AT
8T SRS (-@I 7 (Rt seifiein) @ siese gt @re
TG TS (e |

% 6 AN T-SrgArSestt IS [, m, n, 8 L, m, n, &R O
TGS] T 0 =W, 6 cos® = |/ +mm, +nn,)

7 76 AR TG-S AN TS a,, b, ¢, 8 a,, b,, ¢, 9RO

a a, +b b, +¢ c

S!S O 2, O cosO = \/

a12+b12+cl2 \/a22+b22+c§
@ SRR @ 2ve Regaiish 9 SR (939 @ 93k B G e (937
OF ANEH, OIF (ST AN & F =G+ A b |
(x,, v, z,) RN @=% 1, m, 1 Tg-CPAEs RS @b FReieaia ATl 7eetl
X4 _Y= N _27%

[ m n
i RS T N SR (93 G @ b , (i3 ([ (T3 AN 2
F=d+A(b-a)l
@ AT (x,, v, 2,) € (x,, Y, zz)z%ﬁqﬁ,wmﬁﬁwqm
X4 _ VTN _ 274

N0 N LT

AW F=a, +Ab'S 7 =d, + Wb, 9T TGTS! SFHHIY O T, O

cosf= abl.bi
1|0, |
wﬁzﬁw&lﬁﬁwﬁ;“ =X T4 g
1 m n

X=X _ YTV Z;ZZ T ST, I SIS RPN et (o1 a0

L, m, 2

cos O =/ [, +mm,+nmn]
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& T SPITSfoTE TR TS s YR 20! G0 (@I (@6 T T
TR |

& F=a +Ab 7 =3, + Wb, 9T WIS FUOH T (A

(b, X by)-(d, —a,)

| by X b, |
X — X — — X—X — Z—Z
. Lo X0 274 g 2= 270 20 smmmarfen
ag bl (&8 a, bZ ()
TS TG A ZCE
X=X Y=V L%
a9 b G
a, b, )

\/(blc2 —bzcl)2 +(c,a, —czal)2 +(a,b, — azbl)2
& TGRS F =, +Ab SR F =, + b G TN G 2
b x(d, — d,)
|5 |
¢ (OTAHDIE, @ INGED FARY, (AT d G5 TG SRR G o1 (64 SO
GTF (ST n AW AN 2 (T, 68 TGN AN T 7.7 = d |
& IV eI (AT d G35 YH0G SRPS R TR S0 - (RARAoteT
2 [, m, n T O, ANGHA0T ANSA 2 Ix + my + nz =d.
& AN G R T SR (839 @ R T (93 N I ST 77, O
TN LA (F—d ). N=0 |
¢ @IS, A, B, C M-Srsite RS @35(b 2re FReTeadid $oid o1 G <6
2e Y (x,, 3, z,)-511S, O AN 20T
Ax-x)+B@y-y)+C(z-2z)=0
& foafb s ey a2 — ,,2,), (6, 1,,2,) 8 (X, V5, Z,) -ol1S Gf0 ot
P 2l
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QIES

X=X y=—n =%
=% =N L4

5

G, p ¢ TR (937 RS fonib Spmeae 7 aiFeiis @pib oo (o34
ANFAAZEN (F—d) . [(b—-a)x(c—d)]=0

(T IS RIS SFFAYTEHAIE (a, 0, 0), (0, b, 0)€ (0, 0, ¢) [FUTe = T, ©F
e 2 —

X Vs LT g

£+X+£:1

a b ¢
Foil, =d, 9RF - 7i, = d, TSR (S -TAAFINT G0 AT (@37
TN B F - (7, + Aiiy) = dy + Ad,, R A TN @ @A 40 S-#75
433 A |
{6 awg e A A, x + B,y +C,z+D, =0 9R A, x +B,y+C,z+D, =
0 G (RAP-ATETCA AN G ST FITSAR AN BT —
(A, x+B,y+C z+D)+A(A x+B,y+C,z+D)=0.

qfs T F =G, +Ab, 9% F =ad, +ub, ANOTS 7 M

(@, —a)- (b xb,) =0 2|

X=X _ Y= _27% ) Y=Y, 7%
£ = = @R = =
FITS AT HFICH,
] b G a, b2 (&}
AT 9 AT fors 203 T
X=X =N L%
a, b G =037
a, b, G

(ST NI, A GO TG 7 -7, = d, GR 7 - i, = d, ST TGS (ol § T, O
1 | ﬁl 'ﬁZ |

0 =cos! —.
|73, ||, |
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& AR F=d, + Ab GRINEHA Fop=d G IGI6 Pl ¢ T

: b-n
sin ¢ = n
o] 17|
¢ Ax+By+Cz+D =04RA, x+B,y+C,z+ D, =0 NTREI TG0

Gl -8 e el A

A A, +B, B, +C, C,
JA? + B2+ C A2+ B2+ C
& Fon=d e (A SRR (939 @ RS Gl Rega g 2l [d —d -l
® (x,y,z) ¥ A Ax + By + Cz + D = 0 70011 759 20T

cos 0 =

Ax, + By, +Cz +D
JA?+B*+C

— % —
L4
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e calamfaty

(Linear Programming)

#* The mathematical experience of the student is incomplete if he never had
the opportunity to solve a problem invented by himself. — G. POLYA +¥

12.1 i

[ CelfeleJCTICS, el G el g e T T S e
SR T S SR | G ifelte, SisEl HRs eprrel &
@3 fapet A RS Cafds Sphrel o7 «3k Gide swifsre
SITHE AN ST FCA17 | SfqTes wtas araa
SPTTS! /FNFITOCET 0] TF | A2 I, ST A SRS
TP ST AT STy (AT ST /ANl ©F A9 2,
0w (el =0

GG SRR AN %G 76 TG — (BT 93 (GRER
RN IR | O IR RITRITE &= 50,000 BRA TR @3
e 60 6 a7 AR Sl =itz | @6 GRTER =T 2500
BIRAl 3% (BRI 0 500 I | (T SHefall=) S0 (F, 9h{6 (BFeT L. Kantorovich
R 30 (1250 Bl 11 FACO AN G G516 IR 6 6 75 Biel 711 0 | (1 &0 b1
@ ©IF #1% il (AT Fo9EN (BfReT U3k (53 &9 41 Bfow AITe ol (G wces Aifstie
12 =7, AR A (@ (7 O 9 1 9T 52 RS S0 A |

QR FPTI ST TR 31 (T2 o) T2 (S0 H7ew) F09 517, ©ies
2R Fad 7w (optimisation problems) J&1! 2T | GOIF AEIIT AX! 7 {4 1,
ST T SN ST Frros] 2 el ST0en! I Ao AN |

AR TR @36 Keaw g «afb 43 9379l ifd 2o tafdier cetamfafs seom
(linear programming problem) | TGS Sfafde eifediwae il 251 (@i calamfafa
TR @3 Tz | GRS (el eyl R, Jifies, el aaeRiem e cwa
Aol AR &y afS @ aggetel|

G S, S g (R IR T3] G ST LI g (=i A fors
DL T2, WS G LT HANA AN SR S AR OS Tz |
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12.2 CATS (ellasaie Tmmt @2k alifefeF @i (Linear Programming Problem

and its Mathematical Formulation)
IR SR AATT ST Swizde T ST ST %[ FCAM, i fave kS
SR Ao sares e sAfwifere 33 | 2 Trizare sisEl o Fafz
(i) GG JIAT O I (BT S (GRS FIH1R 3 T ey (AT 09 A |
T fom s =i oz oF for foq e Seiieia 701 |
(i) @A AFS S = (overriding conditions) 121 A4ITABY (constraints)
e oI RINTRITaR AAfEie AT 50,000 Bt #17 ST7 @ 3R SR A Sl fzet
& 60 63|
N0 T G RN (GFReT T IS (17 932 GIT! G |30, (3T 50000 +
2500, =i 20 5 (5iReT 7 ST 21T | I3 CF1g O TS #AfTeT (250 x 20) i, wifie
5000 S |
S IR GG (G T A% 3T QIR (I (B % | S IET 50,000 BI
@ @1 50000 + 500, =2fi« 100 5 53 2 F40S 41T | 76g G %j531@ 6016 I 14T ANH |
TR, Ol *gG 607 GHF 7 FACO A4 T T ATS GG (60 x 75)51F wiefie 4500
Bl e 27 |
QT S S TR AR | Swtzermge, &1 10 6 (6fet @ 50 © rimaa sl ogw
FACO AT, @AY @ YT 60 & IF IO T | 92 (FTQ (WG 3e 2
(10 x 250 + 50 x 75) i<l wefie 6250 TiA IR GBI BaT00 AR |
GBOI, SR & I @, IR o B [femeia R Face #itg @3k foF
el wifssm e <t fon fom e Solieia Fare A |
@3 I 2o : I A1 e T ey RFeita oIz Bl Rfciel w1 Sfoe @2 avsw
Tee 0w, eeT =l G2 Fppil siifdfeweits saifie s o5 i |

12.2.1 onifoq offafes @19 (Mathematical formulation of the problem)
4, T x T GReT @32 y & a7 TN 701592 x @R y SR F- A0S, wefie
x20 . (D
y2>0 ..(2)

TR AR RINCIPR ovee Tt @1 Rl F0e A @@ (rem 261 (94t
«@ff 261 50,000 BI) 3% A AT AL Al (71 5SS FACS AR (4w «afb 27 60) |

sfefseia Rge e,

2500x + 500y < 50000 (Rfscaa )
al, 5x+y <100 . (3
@32 x+y <60 (e qid) NG

} (T-4TISE FAATADT)
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TRAR @IS [T FACS 517 TS ©F #1e A7 27, 4@ @t 23 x 8y«
SR 0o AT 1 A, [

7 =250x + 75y (A RINGP SIS o] 27) .. (5)
sifafowel, gre el goietioza :
Z =250x + 75y @7 53 Wi+ e 3=
AT JTADI
S5x +y <100

x+y<60
x>0, =20

HGAR, SAMWS (RS SCAFE Z 97 5 I, -Aefies veraif (K @b @i
SPNOIT (75 @ fFg %S 2t 0 el 09 20 | QT ! 6% I S [ S
G CART ST S I, T-AelSF 5o [RS @6 (@RS Sprreis ¢ 731 5y =16
AT R el 00 20 | G3F1 TIPS o1 27 (AR cattatsiafa s |

GBI, GFT (AT (AR TPTl 20 @37 @ «fb [ vat (@ x @R y) ”TS
(R ST (S R oS (objective function) I67) 2if@F T+ (Optimal
Valu) (535 31 9% W) (@72 AT 7=4fFe, a1 S-deiers o1 [KFS @k @ @Re
TRTTSIA (TN CARF ALITAS (linear constraints) I057) GI6GS P I | (4RF (linear)
A0 (RN -] TP LS I aNfAfeF ToF 20T (ARFAF (linear relations)
T4 c2NamfRfE #Wi @R @ [ea ceitais (programme) 3t @37 &1 sifdeaa feftaa
ARG |

TR T ST 28T ST, SR @2 S SRR 6g s1G (T T 95 2RR)
TR F9 IR Sl FEF (NNRE Toma T2 A

feaaers wtewF (Objective function) (3% SITHSF Z = ax + by, @A a, b T 43,
T 5 N O W 4T F00 2 | OIS Raag s o 960 2 |

TR SVIRAT, Z =250x + 75y T G0 (AR RIS SI0of < | 5erifl x @3 y (&
o7 2% @ BeTai™ (decision variables) |

ALITAB (Constraints) TR 2R AT sovaiig o (@R SPret we[t e
S ARSI FALTAB T T | x> 0, y > 0 SS9 el T -9 A |
TATI TVIZATE, (1) (T (4) TR 7T SPRII|TAIR (GG AUITAD T = |

eifgFFac AT (Optimisation problem) % TR T @ (3RF ST (@ x
@G3R y {6 GeTaifer) S FITBIR ACATE GG G SPTIeI (U6 52w It o i fefr
TS B, OIS 2GR T A0 | i catialisfRie swsem 2o Reie w@ea aifefieae
T | Boitad TS G NS adl (BfRet @3k (5 SR Ty [l = oea
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Ao 2T TR AN @0 @R el T 95 Srigae |

ST @2 G @R cnemiE AR A e ST T 2@, ©f wiEna
FAC! | G2 ST S HYNG GRS AR R A T |

12.2.2 (140 C2NaN=IATE S5 SFNAICTF (T4 21”41 (Graphical method of solving
linear programming problems)

G| (TS, SRl fapet x @3] y RS (@RE SpTel OiEa ((Tba Sika @3] (&1RE
AT R T e T Frafe | seet SRt SRmw 12.2 9 SieEnfve GRer 3
R RfeTcattal 1<l TPl Srar i | Qe SISl & TG CoTRFeICa Sl 57 | Bl
SR (ARF STl S Sfafie AT (w7efog sikea 7%

Sx+y < 100 ()
x+y<60 - (2
x>0 - (3
=0 .. (@

% OFF T (@IS S1ga), (1) (ATF (4) 72 SO Al Ale Fwe] SEotera
Aaizet Jgayea e aifde (ot @ 12.1) 193 S afof ey g=enfia G e GaiE
RFNCTeR oo @G FEFa 2Iww (S (feasible choice) FTM T | oK, @ TP &
G SGHAS 6T T FEFa W4T (feasible region) | €2 ST 2t Rt @3 e
@36 FIFF TG A0 (feasible solution) | GTSITT D! 413,

a5 @R (AR T W-1eeE ATB x, y > 0 A2 AT D! @ ffofe
MY TG T TF G PP AR TG (T AN w4geT) | 59 12.1-9 OABC
T (@FRNEFS) 26T G2 TG PRI ST |
TR ST O ) TGRS ToT) T SR
T¢get (infeasible region) |
FIIE TN P TG A (@ T G-
oot eRire R NS P T
o o159 12.1-9, ST S%eT OABC 490
TR G (SO T [ G2 A PRI
ST 0 0 | Sveet f211 (10, 50) Regfo
GBI G0 PRI I AR (PRSI
(0, 60), (20, 0) Toif FqaCeTS |

IFT NG AT @@ [Twes
PR AN A0 | Trzgel A, (25, 40) Y’ 5x+y=100 x+y=60
T @2 TPNIT (T SRR AN | Ba 12.1
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2T (FF2) TN (Optimal (feasible) solution) : T TLET (@~ K7 T
TSI ST G0 2AIfEE S (5 T =) (7, OIS 2 G i1 Te1) 23 |

QL SR (7R (3, OABC I SR 73T 97 2@ (1) 209 (4) R ATHIBIS
PR I, 9% (@Y ETAI SHs opiRey f9 =itg, «ft =% w3 @, [Fel@ wi@i 2=
250x + 75y, Raaes Srermba 3 [ Fefr w29 1t (6 s W o7 | @3 #1fRfs
IR T =1 e Soisivpte 27 T @9JeN @iRE @Rk e
ST G G | G2 AT 2l @2 ST TGS 17 |

TN 1 4T3, G0 (@RS (2RI TEE e R 26N S Sge (Tes 9399 @)
qC, Z = ax + by T G0 RIS SCAFHF | T4 Z 97 G0 T+ (57 A S=_) SR,
AT x @R y B RS AT @RS St 71 Afefs, @2 Al Wi =2 FiEwa
ST 9 (Fifers K+ (M) -0 “hem T |

Tololmy 2 4eal, 9o wiRe catensfEfy s @ R 20 SIS Sge «g
Z = ax + by 21 @3 [N 0o | I R F09% (bounded) 27, O [wwes
TS Z -9 BAS 3L TN TS e R G WY 0T 3R G &Afefs, R @71 a6 F i

7 (A )-co et |

@9 W R WA (unbounded) 2, O3 TN SCHH0T 53w S S A
g 8 AFCS 91T | T 227 ST 2, aft S R -93 96 (el [mre Aveat
(CAAM1ZCD) |

ot SR, St (SRIe) STt (1o fegajcant (Rfemalten) =t - 0, A, B
8 C = 37! 97 911 2% (@ a0 =S T (0, 0), (20, 0), (10, 50) @=% (0, 60) |
BT SIS G2 & RIS Z -4 i oteley] S |

I 24
IR G VACEADE |
RIRIEET T (GI1)
0 (0,0) 0
C (0,60) 4500
B (10,50) 6250 <&— B
A (20,0) 5000

* AT TG G @F IO [ 20N @ e @ [ 71 5o AN (27 77 |

(R STl OlEH I FRET TFAE AN I9 27 3 @bt @6 JreR Tey S w1 A |
SAT BT SRR T 2 | SRV A0 (@R (@ P G (@ (P T AN o125 F
3ftfe w1 AT |



@RS e 525
SR FTF SR (@ RN F 14 o1 27 R[fecast #ifdws=i (10, 50) 2o wefie 10 6
GfFeT @2 50 & G FEI T |

RS (R TR AN @2 A= I9 27 (@FifeF 7% oS (Corner
Point Method) | <2 =G fasfaifis «istawan e oifs -

1. &R conamiRiE e SR S e e @3k @6 (Fifas Regewe (RRmewe)
2 2R S SN @ T (2w 1 e e T 0 el e |

2. ofelt @fie Rre Raaes Siwss, Z = ax + by O = T 61| 4, @
REICETITS M 938 m ILAFCN J2EN G FAO N[ 2P 0 |

3. (i) TU AT LD AN 2, 024 M R 1 Z6T Z -G BI G2 O N |
(i) P SIGF SAN LS (G S AR -

4. (a) M2 Z 3 5% W, T ax + by > M @1 2l (e Sifotera e Free
ST (I AN 7 1 A0 | AR Z G77 (PICH] BT e QAR 1 |

(b) SEFASIE, m TA Z -SSR, T ax + by < m 7 2 (et Sferaa Az
PRI TG (I AN R T A | SR Z G G S 31 R |

Qe SR Fg SMiEAER Al (Rl R oe ottt qef 94
Tz 1 e FEfaEtds @ik ceiamiis sem e S

Z 3 53 S faefy e,
@R Z = dx + y ()
HEATHATT ANTD 23 -
x+y <50 Q)
3x+y < 90 e
x>0,y 20 - (4)

TG 5F 12.2 @ @ifers St 20 FIEET SGeT, T (2) Z0O (4) TR AT ©F (ATF
el a1 T | SR T FCAR (@ PR S5T OABC ZCE SAA | SRR S 42 Z
- B S o1 R & (el R oiifs e w9 |

@ 0, A, B @32 C 97 RIS 2= I (0, 0), (30, 0), (20, 30) =< (0, 50) |
Qe SR @Sl (Fifas [imre 72 -«a Wi Fefr a3 |



CFifels VACEACCE ol
e
(0,0) 0
(30,0) 120 €<— | oaw
(20,30) 110
(0,50) 50

X! 0] 10720 A\ 40 Q?o
Y AG30,0) x+y=50
foa 12.2
ey, (30, 0) TYTe Z 9= b=l S 7e=l 120 |

Trlzad 2 (ARSI MR (@iis et T e e

7 &3 oI Wi T FCH, @A Z =200 x + 500 (1)
AT D 23 -

x+2y =10 - (2

3x+4y <24 .. 3)

x>0,y >0 )

g B 12.3 @ @Rifers Sgelt 2 SR SgsT ABC, T (2) 209 (4) RN ©F
e st st 2w, @ A | i R A, B @9 C G SRI1e1es IR (0,5), (4,3) G

x s g Zqa
SRERkIG
(0,5) 2500
X 4,3) 2300 €— |Minimum
4 (0,6) 3000
3
2
1 (10,0)
X — . / X
O 12 3 45 6 7 9 =10
Y 3x+dy=24



@R iy 527

(0,6) | QT SR @2 RYATENTS Z = 200x + 500y Fefr 23|
SO, (4, 3) RMT® Z @3 ==& 514 2067 2300 |

Trizad 3 (AR ©itd fwfrie e sigw e

7 &3 SR G 5N N e S,
@I Z=3x+9y .. (1)
HEAATFAATABIZT:  x + 3y <60 " (2)
x +y =10 )
x <y .. (4)
x 20,y 20 . (5

IR AL BT S (2) 0O (5) 7R (AR SPTo] Ol PRI ST (o1 foq oy
37159 12.4-9 2o T SET0 251 ABCD | 575 S0 (T AT ST 261 AN |
@9 A, B, C @3z D & RIS Z0a1 IAF (0, 10), (5, 5), (15,15) @33 (0, 20) |

v e Ry Z=3x+9y a7
g S
A (0, 10) 90
B(,5) 60 € |
C (15, 15) 180}(_ (i
D (0, 20) 180 2fEs
)

x+3y=060

12.4

N G Z G SN 3R B W o7 59 |G (T, SN 2B (@ P G
B (5, 5) RMT® Z-43 =% N9 241 60 |

IRIFT oG 4 &1 % C (15, 15) 932 D (0, 20) (S Z-47 533 e 2o 2fSrwta
1801
TE FTF I @, B SHIZAC AT C @R D RYre @i Alfes e stz orefie
T TS 952 5 W 180 AN AR | 7 (304, 9Fl (1T 21 @, 9o (F1fefs g C =g
D FRCISP[ CD TR 3e1 [roe «3s 53w A (rF | 3 9fb [Rere «ae =/ e
TR 2T, €3 CHRAe i 7oy 2 |
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TrizAcl 4 ERFSIS R Seews
Z=—-50x+ 20y .. (1)
SEACAHTT TACAD] & -
2x—y>-5 .. (2)
3x+y>3 .. (3
2x =3y <12 .. (4)
x20,y2>0 .. (5)

TNl ALALT, ST SR (2) 0O (5) 7R S| ST FIIFA SFLA (512 O 3 | o
12.5 -4 FRfF7 S4@1(6 (@AIfEFe) (AT ZE0R | 575 FC1 (T I SIGaT 20eT SR |

ST G2 (I RN Z -9 3 el 3549 |

FfFf™ | Z=—50x+ 20y

(0,3) 100

D (0,3) 60

Z (1,0) -50
(6, 0) ~300 o o

Y- y
“A78910 X
v (6,0)
3x+ty=3
g 12.5

@3 A 200, S @R @ @F19F {9 (6, 0)-09 Z 97 Faos qH—300 | S 5
FE0S AT (@ Z @F SR_ A- 300 2 37% I (@, T SNFAH AN 2001, O Z @F @2
TN TR Z 9 O W (Tolsti-2 ) | 7Kg @A SRt (R (@, S Siget 2@
ST | SRR Z 9 S 3 — 300 20O AT S 7N Z0 A | €2 Tpid Freits
Tt o AHfeie Sprrelibe (=g w1 Fa—

—50x + 20y < — 300 (I [ siwifog divf 3 @ (ii) 71 TN
weffe, —5x+2y<-30
R BT CLIET TSI LT ST (FICA! Aol 7y it el o 251z et | 7 @5
(I Ao 7 2ANTF, O Z 97 S N300 2R 1 | SIHAR Z 4 SR T ~300 20J |
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@6z AFe 7T itz [5F 12.5 -9 (R Z0E0R | TSR *SHATHTF TS e
Z=-50x+20y 9 @I S T (=2 |

Tolta Swidc, offl 5 3610 #AItt @, (0,5) RYTS z=—50x+ 20 y @I IS 100 2
GA G — 50 x + 20 y > 100 ETbEa T S0 @I el {7 =ieg (& 71 o, 612
IEN(E?2)
Trizael 5 Z 9 SR/ Ao [l S, @A Z = 3x + 2y

AEACATT FITHBI 2 -
x+y>8 .. (1)
3x+5y<15 . (2)
x>0,y2>0 .. (3)

S BT SIS (1) 209 (3) 7R SRS 1o =i 11 (@ 12.6 (T | BTt
(I PRI ST ST 5 2 o1 2 (& 2

9 12.6 TS, (SN (TS AT @,
@ GG T AT P U,
g7l (I R oy (72 | 9geitT g
TG (I I ST (712, T3
G5 (I PIEFF T (2 |

TET 3 SR SR I Snideofal
AL FCAR, SN CHRE (e
SR g M (D) o7 Sl
() IR Sl FWIZ e wiga
(convex region) |
(i) RTART SACIHFT 5 (WL
TR T BT G A, ((F1o 777)-09 #hveat 7w 1 3 5o (i Rrs
RIS PR G52 5 (D11 I I+ AT A, O @ Ko ieia FAes
RTA FeT T8, @ O3 5 (Te] O-) T 2ihea T |

SrepeTet 12.1

Gefelta e tafs catlasfia sTsems s e -
1. Z a3 53 N 6967 01, @A Z = 3x+ 4y

SHAICIATT AATAND 2T : x+y<4,x > 0,y>0.
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2. Z SR N N, @AW Z=-3x+4y
WEHTATF x +2y <8, 3x+2y<12, x = 0,y>0.

3. Z G253 W T RN, @A Z = 5x + 3y
AEACATT 3x + 5y <15,5x+2y<10,x 20,y >0.

4. 7 &SR N 6T IR, @A Z = 3x + 5
I x+3y >3, x+y >22,x,y>0.

5. Z &I W Wl FCI, @A Z = 3x + 2y
WEATATF x +2y<10,3x+y < 15,x,y>0.

6. Z F SR T 67 S, @A Z = x + 2p
WEACATF 2x+y>3,x+2y>6,x,y>0.

I8 @, Z O3 SI7S i 12 G SfE e sl A |

7. Z &3 5AN GRS Wi el S, @A Z=5x+ 10y
WSHACHTH x + 2y < 120, x +y =60, x—2y >0, x, y > 0.

8. Z OF bR @R SIS W T SN, @A Z=x +2p
WEATATF x + 2y > 100, 2x — y < 0, 2x + y < 200; x, y > 0.

9. Z G 5a% el el S0, @R Z = — x + 2y, MEACATF QLT 20! -
x23,x+y>5x+2y>26,y>0.

10. Z 9353 T @ 3, @AW Z=x+y,
“T@/WTC"TC‘ﬁixfySfl,fx-FyS 0, x,y >0.

12.3 af¥= cenarsfafy ey &few es@ren (Different Types of Linear
Programming Problems)

g ogae (AR caamfRfa et e e = 2z

1. Tesiive 791 (Manufacturing problems) €3 51T, SN< 7T 999 @, @6
T SRl Bl RIS 2t 1401 A Sesive 1 @3k [ 41 T, 74 afel
AT Sl G0 75 7225 S 32471, (IRIC g Twrg, 599G, Tesiifrs oiteira
Tl SIC AR Gl Tepifia ol o1 TS 203 A0S ST e 27 |

2. el {359 A (Diet problems) @3 W, Sl [ifew wxta Totmia 5{fSa
sifersTiel fevefar 34/ 21 SITAR SIRG A TS TS AT AT ol FH 27, @2
s Afsfba s T A Goimie/ «/fS 2w e |

3. #ifq2e A (Transportation problems) @2 3P, SIsE! {foq e SRPRS

T R /I (A0 (S AT GG 9160y FNR PAos 0 el Af<2ed
gfefie! feiefar |
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B SN @A B R (RS (A& Ao A 3

Tz 6 Ay s et ¢ 936 A2y fNefirs T 7EeTe 4 @gereiE GRITS IR ite
et Toifoers fOBIfe S § U< febIffe A @R 10 @353 fEBIfSe C AT 1 4 T -9
#fS e 2 95 OB A W3R 1 @5 fBIfSE C =itz | 4 <11 -9 &ifs (@Ffene | @
TOBIfE A @38 2 g5 FeBifsm C otz | 4 “I"-491 &fo (wfers 3T 50 Bl 9= Ay ‘11 451
afs @0 70 51 | 92 TPTITTE G @R iR e S 2w S AT
freifbg oy T 27 |

SR TR BRI x (&l 4wy T 3R y (@S 4 11 SR | 598, x>0,y > 0 | gwe
2 (7T SR WHERe AT o 4 -

ol SiLis ARGl
[ 11
x) O
TeoiimA 2 1 8
(955 ofe
o)
feoifim C 1 2 10

(955 ofe
o)

0 (il A
%) 50 70

@AZ eI S FRATE § G5 fOBIfR A @] 10 G5 fEBIfR C T, SN
QTS 2o -

2x+y =8
x+2y>10
x (G AWy T @R y (M 4wy 11 G (6 FALET Z 20,
Z=50x + 70y
o, G2 TG Ao el 2= :
7 & SR N T St 729 Z = 50x + 70y . (1)
HEATATT ANTNDI 23 :
2x+y>8 .. (2)
x+2y>10 .. (3)
x,y>0 4)

BT SR (2) (AT (4) 7R S (7fbd Skl e | €3 o aidl [iefe Fiwa wege
59 12.7 -a (AN ZETR | G2 SR 575 I (T, PRIGS TG0 20 AN |
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ST S (1A 77 A(0,8), B(2,4) €% C(10,0)-(S Z &1 W= fsfar (5 |

3,
r+X& 10
S g i g Z =50x + 70y
(0,8) 560
Sy 24 380 & NP

(10,0) 500

Y" X

2x+y=8
oa 12.7

TS SN T R @ (2,4) TS Z 97 F@os N 380 | 90E1 [F @100 AR @ Z
T S W 380 2 WO AR (A ST ZC! SN | TSR, S forwferfie
SRTTSIBF (T ST T (A

50x + 70y < 380 wiefie, 5x + 7y <38

AT (e SIS TeTa PRI ST (I izl 7 g i =11 o 2151z F0s, g 12.7
20O R (FATS 9113 (@ 9T Tl A=l 79 (712 |

GO, (2, 4) RTe Z G oS- T+ 380 s a1 | S0, 42 fefias wfew aifes
faele] (Fe1 203 2 (G 4 “I” @3 4 (S 4 ‘117 @ el G3R G2 (F1iet 20, SReiter
S 57 203 380 Bit |

Trizact 7 a5 5t (Allocation problem) FEHT G0 TR AMNOH X @32 Y 410 7
TAMCT T 50 (23 S SR | *PY X IR Y 200 &S @I S e I
10,500 BRIl @32 9,000 BI=A | 191! Mg e &) GHib wRet SaRITHT X @32 Y =00 &y
afo @I 20 32 10 b 27 F0 70 | T2, @8 S (AT PR 1R FH G
G HFAET Mz € GOt 92T I GF9 VLN T &y 800 BoIEa @ =niaigl
TR IR 1 o w7 | e GG s s 19 Ty @Sl * 1o ooy o5 e 366+
1 Tfow 2

T QG X HOTE &) x (3T S @R Y *TF &) p (RFF S I+ 3| ZCACR |
~5%es, x>0,y>0 |

*P X -9F &S @R A0S Sif7=e = 10500 Gl

* Y -7 &fS (@ AT AR = 9000 TRFl

AR, (NG F S = (10500x + 9000y) Bt
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@2 ITPITOR AMlfelfoss arem 2 forsvgat -
7 G50 N e I, @@ Z = 10500 x + 9000 y
HSATATE D 24 :
x+y <50 (SR AT TFS AT (1
20x + 10y < 800 (IIFS Sl THITH 0ol =i AT
wrefie, 2x +y <80 .. (2)
x20,y20 (S-S TN .3

BCE SR (1) 209 (3) R SPINS! OEd (1D W S | FRGE 94 OABC B9
12.8 -4 (R (@RI&RS) 200% | 77 SR @ T S A |

@FfaF ™M 0, A, B @3 C -7 R 26 I (0, 0), (40, 0), (30, 20) @3 (0,
50) | ST SIS RAAGS SCATF Z = 10500 x + 9000y =7 e I3 Affgejative e 5,
R N G F 4 1S (7 |

\‘{ (0, 50) @ | Z=10500x + 9000y
50 0(0,0) 0
40+ A(40,0) 420000
301 B(30, 20) 495000 < | oW
207 C(0,50) 450000
10+ A (40,0
X 0 10 20 30 \5% X
Y x+y=50
@128

red, ARITS X *0F e 30 (23T G2 Y 009 & 20 (239 60T 2l FIES
4,95,000 51 S F9J |

Trizad 8 BRAMTAR APy G BRI AR GG AT g6 Ae A 938 B ARG
TR | A O 2fS(B 216l AT (fabricating) e 9 ¥W¥! (labour hours) 3R #iifem
(finishing) T S 1 #TIG! TG | B T ATSH 7o) AT Ty 12 FT] =%
AfoT= TR T 3 STB! AT | AIGHTHI Gy 2R AT 1 Sy AT TARFCH 180 A%
30 wEH! Aed T | 7R A e afefb 21t Boig 8000 B @k B et 2fef
AT T 12000 BTl 7110 I3 | 20 ABITR FOoYCel 0T A G [T B &3 7197 &g© 41
Tfbw Tite e Fifes 237 2 2fs Az W iEs e v ?
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S S AL, OGS A G 246 7240 x 6 @ S08e1 B @ 4ol 714071 y 6 1 ot
(G =11 (BRI = 8000 x + 12000 y

4l Z =8000 x + 12000 y
QL S| 2w FPTIH [HfETe ST alifdfomel et A |
7 &3 B W 6 1, @A Z = 8000 x + 12000 y (D)
AEATATE JITHD! 2T :
9x + 12y < 180 (ST 0 LTI
wefle, 3x + 4y < 60 . (2
x+3y<30  (oNfEm A aET) .. (3)
x>0,y>0 (S-S AT . (4)

AR ST (2) 209 (4) TR AR PR 94T (@2If&re) OABC Fefar st zraz At fog
12.9 @ (AT TR | 575 IR (@ PSS EAG 2671 AN |

3x+4y=60 20

X" X
v 2000) x+3y=30
a 12.9
5C SR 2fS(G (F1fs fre Reaigss sieersss, Z a3 5w fefr st a1 ey o 2z
i g Z = 8000 x + 12000 y
0(0,0) 0
A (20, 0) 160000
B (12, 6) 168000 €<— | bW
C (0, 10) 120000

I 241 @ B (12, 6) (5 Z @I 5N T 1,68,000 157043, FRAHT A NG 125 21
93 B GG 6 T #ol) ot 51 Soe T1Te 0I5 a1 277 @<k -1 s1iced A 2@
1,68,000 5= |



@< diawfdfs 535

SeRteTa 12.2

. (ISR GRCE A P @3k Q FlfRre 0w bR AT ieifbre F+iTsF 8 @< fobifsm A
@3} 11 @33 feBIfA B QT | Ao (e Ay P @3 61 60 Bissl 93 2ifs (e 4y Q 9
6T 80 BIRl | 4y P -« & (Fferce 3 qas fobifim A ¢ &fe (Ffers 5 @5 febifie
B 2, 749 AW Q -9 AfS (FEe 4 @3 fShifi A @3k &@fs (Ffets 2 @< feobifse
B 2t | fSeeifbar srifersy e faefr et |

. O 2R (R GF G 200 2 TR 3R 25 A 5RYE 21l (Fat) AT @R S5
G 2L (FF GG 100 2 M 3R 50 & BRI #mief 2t | 5 (e swmt @7
1 e R sivief F s oot (3 (ol 1 T | AT € (T (< (O PO
G T GAMIFAYTAR (Al A5 =B |

. G0 A, G @6 @R FE6 A0 0o I | G0 (BT @6 ofF FA0e
CIITH 1.5 65! 31 @3 3 9951 FIRAIEF AT A @RI G0 R0 A6 (0K FA0
GIIC 3 9B TR =% 1 1951 PIRHICR I 33! | G RN AT SR
S GG 42 961 G3R FIR9CIF 70T 24 0 (@ 200 A& 1 |

(i) FRAIG A o TR TG T FOUCEN @IS G- 16 SR (o 41
e

(ii) M <0 @F6 GR G T S INFE 20 TIA @32 10 B 27, O
BRI A o fta ier w0 A At sifme e v |

. GG AGERIFD A6 (nut) G (@176 (bolt) T R | G (AT 15 o FACS (e
A9 1 951 G (I B (S 3 9951 T FICH | 9 (AT (A5 (o F00 (IR A-(9
3 9] G A B-CO 1 9951 330 #1031 | (3T G (9T F15-9 17.50 BIAl G (2T
@175 7 DIl &7 I | AT e &S LR TN (TG (ol 1 20 O T
sAfzniel 7 20, I O oI fRmeTETTss afofe w7<(ifas 12 9651 sisy e 2

. G PR R LT F (screw) A 4R B T 0 | AfSHRCH F (OfRIC 1R 4109
I, G55 SITBICTTT YR GH(b ZEBIETS (¥ <RI Il TS | G ATIES F A
T 00 MBI ¥ 4 R[S G2 2@b1feTe (I 6 FfFHE i), @i
G F B (O 00 SHIGE Gt 6 i oz zwpifers (i 3 ffG 7
e | 2ifefb (i fsfrm 7T 4 751 7= 91 T | TAWE G 26 F A, 7
Bi<el 0o 8 4 ATES F B, 10 Giel Ice [Kfes w10 ~AIt | 407 1 (@ 07 Teelifre
FRYC G RIS 0 2N, OC SR AT G LTSI 2 FOs[C! AT F
Cofr 1 Bfbe, AT wiF Ate #ifid {2 221 2 7 {fs a1ives s ek se |

. 93 PoF HICE e Alfe G FICHT SRR (wooden shade) tofd a1 =771 21f el
oo G AR /AR (grinding/cutting) (T €3 G0 CRF IIZIT I AISH |
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10.

11.

oo

{5 551 1S TofTe 23 /TR (T 2 996t @I CRIANTE 3 996! T A | 46
SRR CofTe 213 /IR T 1 9951 @A CRIATE 2 T6! AT A3 | GF M
G IR AT 20 951 2R 23R / 6 @R AT 12 9961 IR T T |
G 571 i [iF T 5 BIF @R G0 S [iF 03 3 T e 27 | G =18
@ T, TeAlre Fwe 3651 IS Gk SNTaege [Kis F40e “ita | dte< e
TAWTR (31 SIF T [FSIL AR I TS 57 HAEE 27 2

. G35 @A 2RECET o 13 AR SIfona AT Sesiive 67 | A 4H07 &fsfb

TGP oo F @I & 5 WG @R (@ece 10 RfEE FNER Ates | B 4161
AT il coftve IR wa o=y 8 NG W3k (sere 8 NG Fcaa et | Fifb:
O A 3 9951 20 NG @R (SwTe TG 4 996! AT AeT AT | A 407 AfSB
TS 5 BiPl GR B 409 AT i 6 il oo 27 | s stited ey (il
Ao LT T AT Cofd T Thw ?

. GG AN Y2 A G0 F80IF e T A1 (17— (6 (THT e

(desktop model) 4<% S#iF CATBET 0T (portable model) IR T IAFE 25000
BiFl 932 40000 BIRF | (7 STefaie] 97 ([ FIATHICAR GNIG e Sifewt 250 oxr @iz
13 2B (TR TS 4500 BiFl @R (AT BT 5000 Bihl e 27 G2 (3
7 70,00000 775 5ip (& KT Fa0e 71 B o R ! (@ 2fs @@ F~Tom
AT SO T 41 S5 AT O 31 1125 23 |

. A STy FHATH 80 G FEHIR A @R 100 @35 4fevet #ief (minerals) ATF |73

420 A F, @38 F) #0eq IR0 | 8fS @5 F, Ama 60 4 59l @< 4fe 9% F,
AT 6 51 | &S G F, A0 3 956 Bl A 3R 4 @3 4feie 2wl =iz |
2 93 F, A0 6 955 fBIfd A ¢3 3 95 ¥feer =il =itz | 96 afs @l
(RN T SPI INCS | 42 AT T ox o foiefey ST A0 0 @2 76 Ao
firetel BT @R 93 ST JeTos! 5JfHotw TS |

YE AR AR F @R F, B2 | F, -4 10% TGS € 6% TR Shifvre @k F,
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(#1%<=l (PROBABILITY))

o The theory of probabilities is simply the Science of logic
quantitatively treated. — C.S. PEIRCE +»

13.1 g

SFE! fdaITAITS, SIwE (@I @I TETEd AR

(random experiment) TGAPTRS (events) S*HTOIR
AR RO TG SR FCAMR | SIS G A
sifefees, A.N. Kolmogorov (1903-1987) il @it Fosfm
7% (axiomatic approach) SITEG T G ABRAIE (A
AT 2 FATAYCAR SIS RO 9197 I | =018
S AT HBI (equally likely) TR g ASRKIE
FoRE ©g§ 92 A5 (Classical) OTG NCxJ AR
(equivalence) 2SR F99 | G2 AT AfFcafEce, v
(I BP1R@ (discrete) = O™ (sample space)-4F A
T IO TSR 3 3 | =IT1S SIS IR @
94 (addition rule of probability ) ST T | GG, S
@35 TG *S1&= A1 (conditional probability )€ Tt Pierre de Fermat
GG Jg1e] 4191 B %S WAl e T4 TG Sels (1601-1665)
ool BCOI9(H2 Wh0E «fb ave 27 @3k «fb (@20eE il (Bayes' theorem), TERHIR T
1@ (multiplication rule) @38 TGTCR T (independence ) JTS TR 20 | IRIGIS
IR TG 5% (variable) @ @3 TR W2 Al [eie (distribution) @3 (@1
TR IR 9T (mean) '@ (S (variance) @7 T 53g7) qiensTan B | @2
SR T S0, Sl @5 597l SPT@e T8R! fra=e TS &2 (Binomial)
Tt 7o 27, Afb SIrae 99 | G2 SR K, S SR A FA A AT
STEIY T G 40 (719, M @Il g R e =1 A |

13.2 *[$19= 7BI<+ (Conditional Probability)
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1 - ,
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11111
“3'sg s 2 (1Y
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_1,1.1.1.1
8 8 8 8 2
A1, E N F = {THH}
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©2fh AT ST A0 e @, 2 #IfRPRISre Gl e sTpTea s Reie Reaal
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wiefie, F-( w31 (7 R Riease 3030 E-93 it = %,
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S P(ENF)
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n(S)

% ST (@ (1) (34 20 MGG ©42 T2 P(F) = 0 wefie, F = ¢ 27 (&@2)
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(GRIRIK]

P(ENF)
P(F)
13.2.1 *O18i 7GI<NF 44fal (Properties of conditional probability)
1 IE, AW (! AR ARG G T (71 S- 9 AT IS 46 W61 E R F 29,

P(E[F) = @2 %[0S @ P(F) = 0

s TR «fote! o1
«5( 1 P(S|F) = P(F|F) = 1
SR i (@,
_PEnH _PE _

PO TpE TPE

EINES p(FF) = DECD _PO
” (FIF) = P(F) P®{F)

TR, P(S|F) = P(F|F) = 1

o3l 2 % G0 T O S- 9T AR TT (@~ G5 el A @38 B 3R S-AF ST 961
F @5 @ P(F) # 0 27, O
P((A U B)[F) = P(AF) + P(B[F) — P((A n B)[F)
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P((AUB)[F) = P(A[F) + P(BJF)
_ P[(AUB)NF]
S e, P(AUB)JF) = —

P[(ANF) U (BNF)]
P(F)
((TCHH (ZHR G FLCANCH IB I SN )
P(ANF)+P(BNF)-P(ANB N F)
P(F)

_ P(AmF)_I_P(BmF)_P[(AmB) N F]
P(F) P(F) P(F)
=P(A[F) + P(B|F) — P((ANB)|F)
T4 A @3 B 9o1a 27 it o4
P((A N B)F)=0
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mww@@m«qu
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4
P(ANB) 13
9
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SITHE N4 (ATF ST I FG (oia 2o | Tt AfS St &S @, (OleT! I @17
@11 R 3-9F G AT, R €2 AT A AL 2ET TSR T 2

TG 4T, A T (Ol IS 8T (1Al AT I 287 W61 @R B 767 “Cotat
FICET @ (T 7B 3-97 (5T 0T RET o1 | T P(A|B) fefar sce 20 |
Qe AT Y o S = {1,2,3,4,5,6,7,8,9,10}

OIR0, A=1{2,4,6,8,10}, B=1{4,5,6,7,8,9,10}
=3 ANB={4,6,8,10}
a9, P(A) = —=, P(B)=— @< P(ANB)=+
; 10 10 10
4
P(AnB) 10 4
HodR, P(A|B) = WZTZ;
10

Tz 4 T @5 FE QB 1000 S IR SICe 430 e 257 Aot | «@f wrietl wiite @,
430 ST S 10% e qiv! (facs Ao 6 | 7 oS et it @ Fibe M i
2o GG TR O3 ARSI F5® «ere sl ai! (RfATe 2l S G Sl
FO?

I 41 I E 26 TSI [4ibe Gvere i vt it sl 63 a9 9641 @<
F 251 05Reitd fodioe i€l aaee Aiferst 2eaia <61 IS P (E|F) Refrsare 23 |
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430 43
GED| P(F)= —=043 @3 P(ENF)=——=0.043 (&2
)= 1000 CPENB=10 (&)
oppy - PEND) 0043
RICEIN = = =0.
v (E[F) P(F) 043

Trzael 5 G0 SICel BRI fowais T 1l 2R10= | A @98 B 9615 FHeCol Sisesifzre a1
TR
A PO fNTwTo! 4 BTIR
B : 22w frstst 6 @3 s fowest 5 8oz |
B 54115 2fos{1<2 S50z 1 321 @iell AT, ©T A G505 So1=7 @I ool et |
SN[ T (BT ForreCers A< 261 21615 |

(LLA) (124) .. (1,6,4) 2,1,4) (2.2,4) ... (2,6,4)
G, A=41(314) 324) ..(3,64) (4,14) (4.2,4) ..(4,6,4)
(5,1,4) (5.2.4) ... (5.64) (6,1,4) (6,2.4) ...(6,6,4)

B = {(6,5,1),(6,5.2),(6,5.,3), (6,5.4), (6,5,5), (6,5,6)}

R ANB={(654).
G2 P(B) = —— @ P(ANB)= ——
’ B)= 216 T PACBT 506
1
P(ANB) 216 |
Jok,  P(AB) = =20
= AR~ "p®) "6 6

216

Twizac 6 G TSR BRI R (0w 1 200 €3k 4fb o7 31 TR0 (@, [@AE 281
8T @I FRATETTL (N9 Z6T 6 | Q2 4 FRAIT FAATE GFAIT GIIT * S A F0 2

TG 4Q A, E 26 4 AN INATE G417 €317 961 3% F 261 "€t WA 767 et
6’ REF 0! |

ElGH E = {(4,1),(4,2),(4,3), (4,4), (4,5),(4,6), (1,4),(2,4), 3,4), (5,4), (6,4)}
GER F = {(1,5),(2,4),(3,3), (4,2), (5,1)}

11 5
o AR, P(E) = 36 TRP(F) = o

G| EnF=1{24),4,2)}
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2
AL, PENF) = o
oA, Frefar T =
2
_ PENP 36 2
PER = 5 R
36

AT SNBSS 2SR AR Sy AHIOF ATATE AU (elementary)
OAPTEE ATOIE T A0 TR 932 (I A AR ST AR IR AR |
3l I, AN 0 @A T (HCR HATHTE AR GGAPTR I TSR 3 (RIS
G338 F<T| LR FA @C 2ATF 43 PR P(ENF) 3 P (F) TERPTZ 5o F1
2007 | 5! Sl Mfetiie Srizgeft Siiten S |
Trizac 7 936 J@t frwceR A9 R st | 3 @it @ e e@ afbiE s
forel w01 g af @fbte G 90, o @6 T =@

ATl A | OT20eT LI =FIBTS 4 SToFl g2 ]! =T (H) i
GTJ, G ToeIoF =817 TSIl el e T it 9 (H,T]
(551 6T G THAITG el ACE | < (1)
1411 27 B SR S el B ot (T.2)
A 1 2 A oHba’ (tree diagram) &1 2T | (5% (T) é gsg
SRR T (I T SRR (7l (AT A (T.5)

S= {(H,H), (H,T), (T,1), (T,2), (T,3), (T,;4), (T,5), (T,6)

(T,6)} Pa13.1

@4 (H, H) 9b® 3 @ ToF WrFesd el 261 (@€ G=R (T, 1) e I @ 225
TR et 267 (5oT <R | 251 =i 89iF 2o R4, LS
@A i=1,2,3,4,5,6 | s (1) < ’
wigfie, 8 5 GTfers <GP 32 Vs Va s (H,T)
(H, H), (H, T), (T, 1), (T, 2), (T, 3) (T, 4), (T, 5), (T, 6) (T.1)

Ya s i2(1,2)

G AR fm@mlliiiiii Vo2 .
<« 441271212’ 12°12°12 BT (1.3)
715 13.2 (=5 | (0.4)

41 T, F 25T FHATT G0 (Be1 28N ool IR B
=1 ZFIGTS 921 R 4 (A0 0T, REAR 70wl | O Y €0
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F={HT),(T.1),(T.2),(T.3), (T4, (T.5), (T.6)}
E = {(T.,5), (T,6)} 9RE N F = {(T.5), (T,6)}
Q3 P(F) =P({(H,D}) + P ({(T.D)}) + P ({(T.2)}) + P ({(T.3)})
+P ({(T,H}) + PH(T.5)}) + P(T.6)})
1 1.1 1 1 1 1 3

=t —t—t—F—F—+—==
4 12 12 12 12 12 12 4

1 1 1
GR PEEnF)=P{{(T,5)})+P({(T,6)}) = E+E=g

1. 2 E 9% F S5aPRZ @59 @ P(E) = 0.6, P(F) = 0.3 €k P(E N F) = 0.2 | ©IZCeT
P (E|F) @< P (F|E) fasfa sz |
2. IMP(B)=0.5 9 P (A N B)=0.32 77, 9 P(A|B) Fefa scatt |
3. I P(A)=0.8, P(B)=0.5 3 P(B|A) = 0.4 T, O fgferiesen e e
(i) P(A N B) (i) P(A|B) (iii) P(A U B)

4. 7@ 2P(A) =P(B) = % @<} P(A|B) = % 2T, ©0d P(A U B)-ag Ii e e |

5. 3 P(A) = % ,P(B)= % @32 P(A U B) =% 27, o fnaRes Tt e s

(i) P(AnB) (i) P(A[B) (iii) P(BJA)
6 (AT 9 7R AT 2AfSGTe P(E|F) Fefr sveat |
6. OF YACF (oI [Tl I 2T, @A

() E: oo Nt (28 $ritg | F : 2w it Mool (2o Srote
(i) E: AT Y0 (20 SLoTT, F : 700 @ 76 (28 STt

(iii) E : 5060 @ 56 G Suorm F : S0 G5 (5o BT
7. i YA G G 53 1 CACZ, ([T
() E:9f5 qm@ite G ety F : 4f5 JEITS (3T €I,
(i) E: @ 6o €T, F : (T (2@ ST,



10.

11.

12.

13.

14.

15.

AR 555

. 93 O FICF (oI 0ol 1 TR,

E : $OR [NT%091 4 6ToTT, F : 2w {5 fTste I 6 @R 5 6Ttz |

. @3 AN 2f[Ree T, IR € (@E GEIEETTSE O i3 TSR

E : @ 20T (R0 MIfCRIE, F : SR i wifS e |
QB FIET G GFH /T ACET SO 2! 07| 1 AT |
(a) GRS 9-GF (BT AT LS XS A ABI o767 FCAN, @A 7S =7 @
I A6 TR TN 5 2T |
(b) CRI91FET 8 RS ST TR foiefzr ST, T (e AF (@ AT A6 21T AN
AL 4 (TP (RITH] AR 2T |
G5 AT IO =R MO 2o : E= {1,3,5), F={2,3} ¢ G = {2,3,4,5}
AoAPTR R T
(i) P(EJF) @<k P(F|E) (i) P(E|G) 9% P(G|E)
(iii) P((E U F)|G) &= P((E N F)|G) Fefa scat |
N I (@, A TaTos R G AFF 2| GG IfeTP 28 TSI AR
o1 | 93 21 T g R AT, ot T ) iferet 2emr =618 ek T
203, I (reT AT @ (i) CRATH! P o1 Aot (i) I a3y i) 2o iferssl 2
GG TR IR G0 2! 71k N0 | 2 71k(B 30015 72w vy / e, 2001
e a1ey/ et 3, 500 5 72w agy A fioaast @2z 400 B o 2z oo
epifafeT e oifde | el apice(G (At T Trveeita «fo 2ps fodiioe < 2x ota, @ft
G ST 2 2 I TSR 0 T, I Afb (et At (@ 2heifE @6 7y A e 2
ST TR (F, 4o S0 =& THeid Tt 2l warretejen f[fen 1ozt 1o zaite
A1 TAIFCAIT @9 4° G2 o167 AGR! e ea |
G SO T FCCsia A3 Reava St | fWewteR T 3 3 B0, o@ =@l
[T Tt 01 43 A S QI TR BT O3 @I @i 5 I | Ymifore «
Ba1 (AR @2 Tod *ISi& TS e w1 I rew A @, AT G
O 2R 3 (I |

16 (AT 17 92 2 efebre fde Teals A= s :

16.

17.

M P(A) = % P(B) = 0, S P(A|B) 25

(A) 0 (B) %

(C) wPrRErS (D) 1
Mt A @R B €618 @ (@ P(A[B) = P(B|A), @
(A) AcB9A=B (B) A=B

©) AnB=¢ (D) P(A) = P(B)



556 sifeho

13.3 QI O 9JTed ToA{iwy (Multiplication Theorem on Probability)
1 TR, G0 T (1 S-9F AT T 9f6 70411 281 E @3 F 171%e2, E N F G616 E @3]
F To%3 q0b0% 2 WoA1{60s 31fo® 67 | widfie, E @3k F 9o Gai0e! 960R, @bt E N
F =il 91f6® 1 23 | E N F 264103 EF J07le 141 27 |

A2 SR EF W13 T81Re! el 1 2] 27 | Svizeragst, 7t o i o
GBI A, S 95 e G2 93 AW G2 o TSR el wnieE 7re +iifF |
SR TSI 2T I SN EF Soaifoa s e wace «iif 2 faey e zee -

sl e (@, <3 ot F 2fe5{132 9ibrz @it (rew 2R, @2 #IS E woaia =eidie
TSR P(E|F) ex v1fow w4l 23 @3 Gt el A

P(EJF) = %,P(F);to

3 A (ATF, S fo=ire #if
P(E A F) = P(F) . P(E[F) ()

GRIGY, S wifd @

P (FIE) = P(If (;)E),P(E)io

P(E NF)

a, P(FIE) = —p o (TRZENF=F N E)
R, P(E A F) = P(E). P(F[E) e

(1) @R (2) R & 9T T, D! A%

P(E N F) = P(E) P(F|E)

= P(F) P(E[F) @2 *T$ @ P(E) = 0 @k P(F) # 0 |
SRR TR A OCGF 0aF (3% (multiplication rule of probability) BT
Ao |
U], G SR (B CARRCE FIRIC SIS T |
Tuizac 8 @3 Mg 101 Fca a0ed @3 56 AW 9067 T6T TR | RN 7 FC AGH
(T3 Uf5 I6T T 217 9T (Sl 297 | (OeT] I 57 ToRe FICEN A06F RE TR 9 2
T 431 A, AL € TS (oleT! 71 56 FIE A067 2T 9o+ INF E G F | S
P(E N F) 91941 P (EF) 7 409 203 |
10

Q3 P(E) =P(awmw\%wwa):g
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ARITIS, 22 (SIe! TG B 06T @b 2ve wiele, E X6 95 +i7 #iafore @z 96
T 06T 518 515 AW T8 o1 S IR | =1 AL (Ole] Il HIce 9067 @it oreal
TE @2 *TS B (O IE FITA 06T 28T ASRA 97 52 W @b ¥y E «oife
3542 TR R ¥TS F ToI53 *ISi&ie] A1 NI |

9
wrefie, P(FIE) = 1

SR ST TN T AR, St AR
P(E N F)=P(E) P(F|E)

72 GF 4P oA (I TG ©CGH a7 77 (Multiplication rule of
probability for more than two events ) (T T (MR AT I T 9611 IW E, F @3¢
G =¥, O3 S5 9412

P(E N F N G) = P(E) P(FIE) P(G|(E N F)) = P(E) P(F|E) P(G|EF)

GBI, TG SOGH oI IS0 ii{h T2 @31 K qGAPTaLes S Tife
T (@S A |

oa1fb IBIR T TSI OTga Ao e 3fds g7 faferfis Swieaees sy i
AT
Trzael 9 SREeICd 5216 SR G 2ITRD (AT 2715w 7 S 27917 [ O Gi=l
23 | 2 {6 O AMe @ PO G (57l (ace) B TR, G721 Ao TSI F© ?
TR =1 AR AT (AT B SIS e RS 7o K G €8 IR0 (A Bl ©iAfs
(5% 26T AT A e 31fos 1 200 | 0153, S P (KK A) e sce 203 |
3, P(K) = %

agel, P (K|K) 2o Bo i e SIS ARl €3 ¥ITS (@ G e 2foncnE Bl
TR | QL FATBC SRS (52 — 1) = 51 16 O ek foai e =iz |

3
AR, PKK) = &

FRIE, P(AJKK) 2 TORRIE Sl b (53l 28T T8Ik @2 =106 @ 15 el

ST BieTl 20 | 92 SRS 5075 SieT v1fG (Gl =tz |

4
TR, P(AKK) = 5
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FTEIT SCGR IR T SIS, St 742
P(KKA) =P(K) P(K|K) P(AKK)
4 3 4 2
= —X—X—=——
52751 50 5525

13.4 %= 961 (Independent Events)

5215 O GF T 2ITFG (AT G0 O B “Krwif Kbl FCR1, @I G ToapR
TSI TSI ol G 4T (S 2R | I ‘G THRR O 5l 2% ¢ “G3:f6 (5
BTl TR0 2 IoAIEEE TS E @3k F a1 3o 41 27, 939
13 1 4 1
P(E) = 5—2—2613\ P(F):5_2:E
ORIT, TR (531 Bl 20T @2 To1160F E @33 F T©2 qH0% A0H 431 TF | ;o€

1
P(ENF) = =

1
AR, P(E[F) = 1

1
PENF) _s52
PEF 1

13

@29, P(E) = i=P(E|F),WWWN,FWWWEWW

AGRAIE AT FACA =1 | SN N S &,

1
P(E NF) :7:L:P(F)
P(E)

P(FIE) = 3

#\~|U‘

41, P(F) = % =P (F|E) (ACF &1 AT (F, E o110 G0 T F GO0 G017 TSNS
AeiiRe @ |

wiefie, 76 ol E @R F @S (2 OI7 S (@~ (0T @0 9oe1 To A1, S
I FEARFS OIS FC 1 | & LR TOAPTRCS F1 Toay] T &7 |

siee 2 4fo 9o E @<k F (& T8 761 203, I
P(FIE) =P (F) @2*0S @P (E) #0
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GER P(E|F) =P (E) @3*TS @P (F) #0
wieffe, @3 W@T P (E) = 0 €3k P(F) # 0 AP &I |
QU ABI] STG YOI s Sg e, St 413
P(E N F)=P(E) . P (F[E) (D)
I E @32 F 96a1a I 23, 903 (1) & el @l
P(ENF)=P(E) . P(F) (2
weffe, (2) W IR AL I SN GG oo R 28317 <@t fwgrete s «iifa
e 3 441 qF, E @R F 932 TG A0 AC TT 1 9o | O120eT E IR F oa%g
F& 24, 7% P(E N F) = P(E) . P (F) 27|
T
(i) E 93 F 96137 98 (dependent) 203 AW S i =t =27 wifie,
qw P(ENF)=P(E). P (F) =
(i) FCT I FI-T IGAPTZ € TR 72T WHPTCed & G0 [N Cofd 27 |
FIE SAOT TOAPTRT ASRAIT ACATT ARG 1 & S2RATT 217 72
AL %Y FOAPTLRR (T[] (TR S2ATIAB) AT AL 1 2 | S5, 774
{213 TOAPTILER I TN TN QT 1, G FIH IOaApT[Rd A=l T
2T AT | 91 T03, T 3R “DR91F 524 932 S g0 T 1 |
IR, GG R o IR TOIF S TSI ST O FUCA 2T 7J2F 200
A I @R RiSre e, wielfe, 76 2ol 2)2i3 oel A IO ST TS STz Ol
T FIR 7T AT |
(iii) o 2FIE T IeT 203 TW E @R F 90180317 &fS (e &, @2t E 9610
AL AT AN IT G F To1{0 ST K01 AT IS, TL A 710 A1 21
294 E 3% F ¥0e1RT FoioI IR T8IR_ 261 251l 4iod [efers Simmei aiiape
P(E) @} P(F)-«3 9%, widie, P (E N F) = P (E) . P(F)
(iv) A, B @R C 95+ fof siz=ig &= 2=, 7
P(A N B)=P(A) P(B)
P(ANC)=P(A) P(C)
P(B N C)=P(B) P(C)
GER P(ANB N C)=P(A) P(B) P(C)
Foa 2ve HPR{CRA &l AW ST FIT19JCaTIE W0 FHATE {6 79 =l &7, O
I IR TOAPTZ R T |
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Tzl 10 (6 00 =@ T 51 257 | 7 3-99 9jftress AR ST @3 oI E @)
YA €T G2 AT F e oo a1 23, ©0a E @3k F 2o+ Fie &1, fefr et 2

S SR Sl (@, a9 =02 S = {1,2,3, 4, 5,6}

Qe E={3,6},F={24,6} 9 ENnF={6}
2 1 31 1
= Z=—, P(B)==== gt P(EN F)=—
SR P(E)63,()62¢@\(m)6
~%e3 P(E N F) = P(E). P (F)
AL, E 3% F 961138 FI&I |

Trrzael 11 96 QM 0O 2RI Y219 b1l 247 | 41 T AN BITeT S AR S10° @3
HAIMTE A @R TaSI bIteT YA 7Y 610”2 =oaIfoee B e spfoe a1 2211 A @R B
OAIEE FIA el A S |

TR ST AT 36 IR GTITERS oaPTRIRES A TSI TSI 1o+ 63 RTAb® T4

18 1 18 1
P(A) = =5 @R P(B)=_-=

36 2 T36 2
G P(A N B) = P (TS 5ITeT S 741 STY)
_ 91
36 4
< P(A) P(B) = ~x~=1
@ (A) P(B) = X5 =7
B RTCEY P(A N B)=P(A) x P(B)
e, A G2 B G557 FIA |

Trizaet 12 foqfb @it @RI 5 w41 2o | ot e w2l foafs Ger @2 WGt E,
FALTF YO (2G GCF F @32 TG @96 2%’ a6t G Reaw«i w1 | (E,F), (E,G) 9.
(F,G)- 92 (SS19[TAR ST (I R 2 (o]t =ik 2
SR AREHIOT T (7<) 231 gt

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
GO, E = {HHH, TTT}, F= {HHH, HHT, HTH, THH}



UER
=TSl

IR

RINIER

IR

w1effe,

IR

AR 561

G = {HHT, HTH, THH, HTT, THT, TTH, TTT}
E~F={HHH}, E ~ G = {TTT}, F ~ G = { HHT, HTH, THH}

P(F) =

|~

2 1 1 7
PE) =37 =y PO=g

1 1 3
PENF) = 5. PENG) =2 PFNG) = ¢
P(E).P(F) =

1 1 7 7
X —=—,P(E)-P(G)=—X—=—
> (E)-P(G) 173

32

0 | —

1
4
1 7 7

P(F) . P(G) = EX§=E
P(E N F) = P(E) . P(F)
P(E n G) #P(E) . P(G)

P(F nG) =P (F).P(G)

oK, (E @3} F) T6%7 FIA, @R (E 9R G) 8 (F 4R G) 2 S&I« GoagsieT |
Trizac 13 3 E @3 F 96153 TR 27, O3 2w I @ E @3 F <138 FiRW 23 |
T (@RY E @3 F ¥oe1a Fidi, ©Rie Sl sif

59 13.3-9 (o 59 (2F @B 15 @, E N F @R
E N F' 267 297/ 5/9 S641 <R 2T, Es 2F

E=EnF)U(ENF)I

TodR,
4,

P(ENF)=P(E) . P(F) ()

(E'AF) S

P(E)=P(ENF) +PENF) | ENF) —EXE) (E'NF)

P(ENF')=PE)-PENF) Ba133
=P(E) - P(E) . P(F) [(1)-45 ARG |
=P(E) (1-P(F))
=P(E). P(F)

TR, E &3 F' <oe1rax FI& |
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| w59 |92, @ft MR QTS AT @, 3 E @3 F G6a1ag FiRe 23, O
(a) E'@3% F 96157 FA,
(b) E’ @R F' G657 FIA |
Trizac 14 M A 9% B 961 70 T 27, O3 A @R B-GF T FHATF GF6 WO A1
za 1- P(A)) P(B') |
STl SR,
P(A @38 B-93 & FA2ICF «¢F0) = P(A U B)
P(A) + P(B) — P(A N B)
P(A) + P(B) — P(A) P(B)
P(A) + P(B) [1-P(A)]
P(A) + P(B). P(A")
=1- P(A") + P(B) P(A")
=1-P(A") [1-P(B)]
=1-P(A) P (B

| oepfterat 132 |

1. 3@ P(A) =§ , P(B) =§,az<AaaaBW%ﬁ%®,wp(A N B) faefa

I

2. 52f6 IR G ANCHE (AT 76 O ARSI 3 ARG [7/ 71 0 il 2o | Tox
S T 06T 2SN AGRE! o S |

3. AfSRo T FC G0 FHAR A (AF TGS 15w fonft et szt 5
2o | % Ao A9 tet et ©itetl 23 o3 G R oo SejGan e 201, Sy,
«ft Jifos 21 27 | I 96 ATH 157 Ttz 5ezg 126 ot e 31 <=l = A,
o1z A RifeFa o St 2eaa e T e |

4. RN G YUl € G FCOE BF (1T 2e | 471 B A G0 28 @IS (28
SLITR R B 54116 251 ‘2IfbTe 3 SToTR’ | A <% B 611w TR eyl #1561 501 |

5. G FCCR BFE 1, 2, 3 MAIYT CHAYENT T 16 '8 4, 5, 6 FANYT 19T
TS 6 e b fzre 0 (=11 267 | 41 T, A Toifo 261 TR I @R B 7610 2&
R #0671 A @R B Toeraw i 2

3 3 1
6. @ = E @3 F 96417, P (E) =5 P(F) =15 SRP(ENF)= g—&?ﬁﬂ@lﬂ@l
E 93% F 961133 & Fi&e 2



10.

11.

12.

13.

14.

15.

AR 563

A @3} B 90 3 (T P(A) = % P(AUB)= % @3} P(B) = p &€ | p o7
TR ISR (i) 27T A2 (i) DT |

. W IR A G3R B I 95187 P(A) = 0.3 @R P(B) = 0.4-97 A TG | SIZCA

e e |
(i) P(A N B) (i) P(A U B)
(i) P(A[B) (iv) P(BJA)

1 1 1
. M A @3 B o 9ol @9 (@ P(A) = Z,P(B): 5 @R P(ANB) =5 T, O

P (A ST @R B %) fNefxr e |

1 7
A &% B 6% @9 @ P (A) = 5-PB)= 7 @R PATISIIBA) = |

12
A @3 B FI&Ie 51, 51271 S |
7 FA BN A @R B @we @A P(A) = 0.3, P(B) = 0.6 | ©I= fafeiRes s
ICREE IR
(i) P(A €% B) (i) P(A @3% B =)
(iii) P(A 124t B) (iv) P(AS2_I B-93 @3 73)
G35 T 2RI [STAIT (R0 27 | FAATF G S AR 2N AR fefzr
|
Q{5 ACH 105 T @3 8T 31T To1 TR | T (AT 95 I&1 S{e=74 I Coetl 27 |
s oapea TeRe! e !, 739 —
(i) T e ol & |
(i) 22 T A @R faor 71 e 23|
(iti) SIH T G FIC AR ST AT 27 |

N

1 1
A @32 B 7 FATe WA Aont AT 9 ASIK 26T IS 5 R

TO(R2 M FHTSI TP TN 50! FCH OCF, WHeA S qapmes Te=[«
fefr et :

(i) TP AN TR (i) O 5 3% @) s7piife F7stiaie Sz |
SRGEeIF 520 OIER G 210 (AT GG O Bl 29 | e @iqivre B
@R F G5%% FIH 2

(i) E:BEomiG e[

F : il o= Gat’
(ii) E : T icen 1063’
F : DIl o= qre’
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(iii) E : Bt oS e wie&i i@y
F : B ©ofs it =12t canteisr |
16. 93 @TEEE 60% Rl 2FF Mo T, 40% & AQWAG 20T G
20% T2 @ 3G Ton Aol AT | G Rt TrvReld Wi 9l % |
(a) G712 121 3G F1AMG T ATIF FASI[ eT A |
(b) W 1 2 AQAMAT 10T, ST O BTG AAWMAG 2T TSI oo T S |
(c) T GT G FAEQMAG #ITT, O O B AT 2T TSI ool S0 |
PN 17 G2% 18 7R 2ATH A5 Teaf =iz A |
17. T4 QIS0 LU 2FIC AT (e 27, O3 Afofb 2@t G I GNfers 74
ST AGIH] 20

1 1 1
(A) 0 (B) 3 © 13 D) 3¢
18. b 961 A @3k B FI& 73, I
(A) A &R B 9777 725
(B) P(A'B") = [1 - P(A)] [1 - P(B)]
(C) P(A) = P(B)
(D) P(A) +P(B) =1

13.5 (I2CSA S212lvj (Bayes' Theorem)
wfo el 1«93k 11 Reea et | it 1-9 25 st @3z 315 #11e1 77 itk @< Jtat 11-9 4 5 5w
@G3R 50 I 6T SNTE | G0 I61 TSI (- G{0 191 (ATF (ST T | SN (-l

el vt AR (Sdffe, % Y=t G5 TS it (e el 1) 20e @<f RS qrea et

(XA AMT) (S, TR el TS A | eIt 767 A (@, I S (e A &0
TN G 9t (AT (STl 20T, O St @66 1S A067 767 (oem it fefer
Fa0e oI | 759, 3 coren F@ba 76 el 1T, S [ oot q@f @M @S el (et
7191 11) (TS ST TSR el 20 AR 2 @i, S st 11 et [Reide e
e TS 203 93 GFH T06 TS Woa Gl AT | {2519 91feTsfn John Bayes' *$o0
TG AR IR oA TSI FefCzar sTemif st Feates | ea wifige @3 7@
(@SR By R iAo, T O o A 1763 A eviiie 2ies | (R0 Soieiin
ST €3 SF 2f5tel T 50 ST S 2A2TE G IAxwal 3 g 2fieifirs wetee 42 |
13.5.1 G5 g Fe¥F o1 (Partition of a sample space)
E,E, ..., E, S 456 (6 S Al (Te19 <5 Rrerees e 0, I

(@) E,nE=6¢,i%/.i,j=1,23, ...n

(b) E,VE, U.. UE =8 dxR
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(¢) P(E)>03=1i= 1,2, ..., n-9% & |

SOl <@l A, E,, E,, ..., E, S9N S YA (0T G0 [Retereis (@i 3
HAIITE AR Al (SIS (SISIN (pairwise) b, 5jef @32 Sy T8l RS 27 |

Tzl RN, SR (1T 2112 (- (T S <01l E 932 931 273 B/ 911 (71 S-«
G35 [Reie 4197 T, @RYSME NE = SR E U E =S & F 37|

5@ 13.3-93 (b 209, 46 F2(E &% FACo AT @I E @38 F @-&Il 716
ool T O S @I ARC I 4 {ENF,ENE,E' NF,E' NF'} @3 G560 71 (71 S-9F
@35 Rerem | @ft Tt T4 @0 2N @, T (IR @3 Koo (G Siwey (unique) 73 | €2
T (ifos for feTeme 7re #iita |

S G4 GF Sl el I, A e HGRAT S9N (Theorem of total
probability) R ARDS |
13.5.2 & JG<kNF ©24#im7 (Theorem of total probability)
4, {E,E,...E,} TS« (0o 4 [Rretere @3 W el (@ AfSB <N E L E ..
E, OIS | 401 A (@-(FIC G5 B+l T -4 AT T, SR

P(A) = P(E,) P(A[E,) + P(E)) P(A[E)) + ... + P(E ) P(AE)

=) PE,P(AE))
j=1
el SN MR A E L E,,..., E 261 S Tl (0 45{6 orer (5@ 13.4) | 77,
S=E, VE,U..UVE .. (D)
@GR E,NE=¢,i#j,i,j=1,2.,n
G, SIS (@, (-G DO A -7 &,
A=ANS

=ANn(E VE U..UE)
=(ANE)UANE)U..UANE)
SIFIE, AN E, @R AN E, 2T TS E, @K E -G8 TATG |
SR @i (@, i # j 49 @) E, G3% E, 2o vzt | e, s
i#j, i,j=1,2, ., nGHTNS A NE &RA NE, Rivzw|
Todd, P(AA)=P[ANE)UANE)U..UANE)]
=P(ANE)+P(ANE)+..+P(ANE)
Q4 TR 2JT°I7 7@ 20O S 473,
P(ANE)=PE)PAE) @9 P (E)#0Vi=12,.,n

Pa13.4
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AR, P(A)=P (E,) P (AE) + P (E)) P (AE) + ... + P (E )P(A[E,)

, P(A) =) P(E,)P(AE))
j=1
Trizael 15 93 JfF G sl SR 2T e | 4f€h 26 TSR 251 0.65 | I 457<5 =
T o fsfiol SIEfB A3 TN AT T ASKAI 27 0.80 G W 43195 e fstiel il
3T FNCH =T 28T A 0.32 | ol ST AIF FANCH A7l 28T ASR fFofz
R
T 4T, fvstiel o AfIS AN 7047 28T THT A GR 43(96 €T G616 2&7 B |
SR P(A) e Sa0e 209 |
SIS #113, P(B) = 0.65, P (43(€5 ol 2e317) = P(B') = 1 — P(B) = 1 — 0.65 = 0.35
P(A|B) = 0.32, P(A|B’) = 0.80
@TY B @R B TG A (74 -7 G35 STer 913w I, AR, e ABR
ICRIGEUSICIRRIEEY
P(A) = P(B) P(A|B) + P(B') P(A|B")
=0.65 x 0.32+0.35 % 0.8
=0.208 +0.28 = 0.488

S0, | fofsliel SIS A3 T =71 REAR TSI 271 0.488 |

QL ST (@RTEH ST R 932 2=ie T |

(FZ0TA T2l I E L E, ..., E, T 07 S-G3 n-41S ST IoeT1<1 RIS 20wl e,
SR E, E, ..., E (SOR (&R itz @ EUE,U .. UE =S 4R A T8 @-F
Sy A RS B, O

P(E,)P(A[E,)

P(E|A) = Li=1,2,3, ..., n -9 @0 N &

n

Y PEPAE))
j=1

2faTlel SR TSI G AT I S| S @
P(ANE,)

P(A)
P(E)PAE,)

= ) (TR T R )

P(EJA) =

P(E,)PA[E))
= (3T TSI G ={IT7 FeTI2Pe] 2T B

Y PE)PAE))
j=1
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TFy Wl ARSI Ao < 1 2 I ([SEE CHAA 2Ce 1 = |
E,E,..E oINS IeT 2 &% (hypotheses) |
TERA, P(E) -F E, a%@R 2704 7@7a (Priori Probability) T& |
*SIF AT, P(E,|A) -3 E, &0 Gexlei 78/ (Posteriori probability)
T & |
(RS THAAM P “FRETR” (causes) ABITT 7[0S T& & | (ARG E, A (7% S~
¢ Retem, @b g3 (@@ @36 1641 B, Akafbe 27 (Sl E, Woaiojeta a5 9641
SR WO IR XYAG G0 Toe12 WoTo AN | SO, ST 7T SHAWRCE G{6 KT
ol E, (1fix G iel”) Ihe11e1 IRl @il 0, T4 A T6e111D I5 1 TSI (e T |
e sifafPRfeTs Rrem Solsiitns 2T 23 | G0 ) SRS (e Suiggest=i
M Rge w1 AR |
Trzael 16 7191 -9 35 =1le1 @92 4T HICeT! To1 SN0, S o) G5(6 1o 11-9 56 w06t aag
610 T 61 SR | G0 6T ACATRGICI (HICA] G0 7190 (AT (el 7eT G (il (9feT F=iio
e | (oIl AT Jptal 1T (It SRR STIReT] fefar et |
ST LT A 1 #RCws €oe15 2eT E,, ol 1T (AT A=CHe 96116 281 B, G G6{ &11e] <51
T IHG 2T A |

O P(E) =P(E) = %

3
R P(A[E,) = P (19 I (/T (Tl I=T0 o151 REAN) = 5

5
AN P(A[E,) = P (19l II (A0 CTetl 6 wle 2€3) = T

@, 1ol 11 (A @D (ORI FASIA, TX 16 31fe1, ©1 221 P(E,|A) ([RTSH T2y
AT I S AT,

1 5
PEA) = P(E,) P(A[E,) 2 3
2 P(E,)P(A|E,)+P(E,)P(AE,) lx§+1xi 68
2 7 2 11

Trzacl 17 awve ot 92 38R A 1 11 93% [11-93 2fobre 1o w0 yut =itz 133 [-99
R TR w2 26 Fel@l, I 11 (0 SO FoR @l €3 A 11 (8 GF0 Fefoml 92 956
oI U1 SR | 9 G ARSI G5 I #1%w 61 G- G0 @l (79 B feleT | 3w Jaifs
Fo@I 2T, 1F & ACHS 1 JUTS Felqml 28 el 2



568 ifte
ST T A 1, 1 G2 111 A% S0 <o119)0sT TP E L E, @R E, |

O, P(E,) = P(E,) = P(E,) = %
e, (A TNl Ywifs T’ 26T AT 2 A |
LT P(AE)) = P (391 I (A7 Tottal @it «5f5 =7l i) = % =1
P(A[E,) = P (31 11 (3= it smift «<f5 el sqmr) = 0
P(A|E,) = P (I3 111 (AT Soital @b 51 7l i) = %
@, AT SIoiF @G 7o @l 26T AR
=5(y@ifS A1 1 (AT T AGIRI
=P(E||A)
@RS Ty 20, S Sl (@,
P(E))P(A[E))
P(E |A) =
(A = (&, PAJE,) +P(E,) P(AJE,) + P(E, P (AJE,)
1
3 2
1><1+1><0+1><l 3
3737 372

Trizac 18 M @ @, HIV 2317 fRsacaiaret fsfafesita e w23 :
G SR @ e @Te HIV SNSE St 90% -4 ¢Fea (ot =g = fog 10%
ST (AT A | (@ 7 EIF HIV T, I 99% -4 A e HIV-ive fNeifre 2 g
1% HIV+ive &1 708 | G376 1o Srei2iia S0 @ 0.1%-457 HIV S, © 200 G
I TATTSIR 151 07 HIV #4301 0% (el 267 R (@9iRwifde (Pathologise)
RS et @O HIV+ive | & @107 2F2T% HIV SIS 28319 TSI 39 2
T 4R o @b eiFesits HIV SIS 26314 5411 E 214 @) @iod HIV
AT +ive I AT IO A BN AP 1 27 ISR P(E|A) el a1 et | =i
i e 2o T HIV SIE 71 26317 9641 71 B’ 26 31 23 |

91593, {E, E'} 261 PRI 7667 @I Tl (T @ (6 freiere) | Sisat ifel @

0.1
- 0.1% =—=0.001
P(E) = 0.1% =

P(E') = 1 — P(E) = 0.999
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P(A|E) =P (G107 HIV AT +ive , (S SR @, EIH6 2FoATF HIV SSE)

90
=90% =—=0.9
20% =100
@22, P(AJE") = P (I=6a HIV #9917 +ive , (e TR (3,
@0 eFONTF HIV SIS «17)
1
=10 = — —
1% = 105 = 001
G, ([T G 20,
P(E)P(A|E
P(EA) = ®x I,) ;
P(E)P(A|E)+P(E")P(AJE")
- 0.001x0.9 90
"~ 0.001%0.9+0.999%0.01 1089
=0.083 S |

ISR, ARSI DS 0 eFeoitsF HIV SIS, (el ST (@ @Fhd HIV
AFI +ive RO TS 221 0.083 |
Twrzacl 19 375 (bolts) ToRT @ PR, GIFT A, B @38 C IABE 25%, 35% @38
40% 75 (S I | AT IHATART TNF 5%, 4% @GR 2% Gosief | Gesifns =5 oy
200 GFH 375 ARSI (1631 251 3R At giowlel “hextt caiet 175 ifeie B ol T zemia
AR O ?
SS9 40, B, B,, B, woe19/CeTl et -

B, - T (I A @il CefR |

B, : 56 (V¥ B ==l tof¥ |

B, : 956 (M= C =i<1l (o fdT |

TR, B, B,, B, %61 *RFR 52 G 7o Wl G iR QofaTl Sl (o GG
eI Soiiiof 3 |

1, 5% gl 2eqm oA E | E W51 B, @7 0wl 1=l B -6 Sfret Sl
B, 0] 06 | (7€ SR (7,

P(B,) =25%=0.25, P (B,) = 0.35 @3 P(B,) = 0.40
SI]IE, P(E|B,) =@ I3 g5l 267 T, (e =itz (@ afb (W A =i ted
=5%=10.05

g,  P(E[B,) = 0.04, P(E|B,) =0.02.
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SO, (FB0E S 20w, Sl 2113
P(B,)P(EB,)
P(B,)P(EB,)+P(B,)P(EB,)+P(B,)P(EB;)
0.35 x 0.04
0.25 x 0.05 + 0.35 X 0.04 + 0.40 x 0.02

0.0140 28

©0.0345 69
Trzacl 20 GG SRR S @3 GIANE (TRITS SR | S lted Sfwees] (At Gfb Sial
TR @, ST (G, 07, oI S OO Sy TG @ S FAGIRAN IAFCH

P(B,[E) =

2 .
05 1053 | 7 fSf @GTe, AT 93 FOICT S, OF MiE 2€TF AR ILFCH

11 1 .

73 Eﬁ@ﬂﬁ%ﬁﬂmﬂmwmmw,wwﬁmmww%ﬁ
(TR, 1T (R 20 (9167 | O3 ST (G ST A 0 2 2

TR AR BIERAT @I (TITS ([TS (M RSARF AL E 3R 30 IC1, BRI,
(G, T, B0 G=R IS ) A7 fCar S wo et IQS T, T, T, T, |

3 1 1 2
O[3( P(Tl) = E, P(TZ)IE,P(T:;):E GRS P(T4)=§ (m)

~ 1
P(E|T) = G ST SIPIRAIRE (MRS (IR T8Il = 2

1 1
e, P(E[T,) = 3 P(ET)) = 15 9 P(E[T,) =0, @y fof A FrerITe o=y

ST SN, OF (R 2T =1 |
TSR, ([RTEH T2 ZCe Sl AfZ,
P(T [E) = SIERRIY (TS (120e1, ©Ta S1 Gl e Sioiis ST |

_ P(T)P (E[T)
P(T,)P(E|T,)+P(T,) P(E|T,)+P(T;) P(E|T, )+ P(T,)P(E|T,)

3.1
10°4 3120 1
1

><1+—><i+g><0 40 18 2
3 10 12 5

311
10745
1

o, N TSR & >
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Trizac 21 TSI (@, GG @IF 4 AEI NP 3 A9 79y A A0 | (A 90 2@l Wewe!
T R (TSN (@ 6 TR | TG )2 6 S ASI[! ofz et |

I 4T @ G0 2 [T S T, 280 6 SLoR I 616 E G2 4731 6 Sl
ol S, 6 T oI & S, |

oY, P(S)) = 6 TOR TRl =

AN =

P(S) =6WWW=%

P(E|S,) = T2 ZFITS 912 6 BLIE, O G 6 ST &0 MBI |
= (EFOF M9 TN TSR = %
P(E|S,) = T2 ZRITS T2 6 T, O3 (G 6 Srote I T8Il
= Cﬂ1¢mﬂwm<ﬂlﬂﬂ@ﬁﬂ1=l—%=i
TSR, ([BCSH TN T, SN 712
P(S,[E) = 6 BTITZ (G IeTeT, T34 3Te)3 T 6 STorx «fos Tt
_ P(SPES))
P(S))P(E[S,)+P(S,) P(E[S,)

1
6 a1 243
1,351 8 8 3
4
3
o, e T8I 2o g
| e 13.3 |

1. @3 2ta 5 6 =eT @ 5 FICE I SR | 916 767 ARSI (O] 267 @R @b R
o 03 GO0 TR AG @ (€T 29 | THRG (Ol I @38 R [RG 9o
ST I&T SAI0T 1 25 GR O G 367 TCAVLSI (Ol 267 | o I=A(6 e
LG AGI FO ?
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sifee

. G AT 415 6T G3% 4 6 FITE 361 02 | Soig @it Afeirs 2 G # e @3 6 T ica

A TR | 767 W @3 et TrvReita FEifoe w7, 63 Afe (24 @3l <@ cote
7T | 1@ T Tiet 2T, it 2% AT (AT COeta AR el e |

. 936 T RrRdioe Ee af s 3w @ 60%  (RITHET AT bR 40%

RO A 1 | 516 QR A SAIFIT Fonzret (AR (@ RPOCE AP AT
AR 30% A (2 (grade) CATITE 3% RITHTE AT I @7 RrmAiom 20% A
(2T (ARICZ | T2 KITT @ TR (ATF ARSI G Rrid fdioe a1 2o
AR (7R (AT (BT A 62 2 | Rl (@ @ebtea Rl o s o 2

. 935 gy o7 A9 (multiple choice) G ATHT TEH (METNT AT G

R ZzTe! Tef St w12 Sl FE0Z | 4T, G (@ Te b St O AS R 251

3
7 T G G ST R OIS TSIl i | ST A1 4 i (@ Teafs e

IECE GG AT 2T TSI i | RS Telt @ S, O ASRE Y, (ST R
@ 1 b0 AT Ted R ?

. (6 S @t et ooy G0 AIHINE T 211 99% FeTeld, T4 AFOoATH

RIS SIPIE 23 | G e TR IR AT CFCG 0.5% 2161 AN (e
FeTzred (false positive result) 2! 213 (Sefie I G FIRIAN I 1w 0,
O SR (I @ IR el Qe8I 0.005) 1AW Gtz 0.1% eFerits
NS 2, O GG ATT (NPT 28R AR T 20 2 (WS ST @ O
AP FEANRFAL GAISE |

. ot Tmr otz | @3 251 12 (ze RS @l (A9 TSR fE (2T i), et el

AFANOTS (baised) @, 75% (0 (2 AT G TORID @[ (Unbaised) |G
@I (AF TR 430 @l f=i{5w S fTwe Tt 27 @R (ZT 2Bt ol T |
faifoe uif Tox e (zw RS zeam sTsiRal Fo 2

. @ M @A 2000 T FOIF 51, 4000 T (B NS BIete @7k 6000 S GIF

BIETCRS e FRACE | < TG 28T ABIRT TAFTH 0.01, 0.03 =R 0.15 | GG
TS G GO T ATTCZ | G GG oI HIeT 29T MBI 79 2

. O3 IR YT EFT A @32 B w0 | Seres 92 (IR (@ SLAIme T 60%

T3 (I A BLAMH I G 40% B GIRA B BeoAve 6 | TARG GIFE A =IR
Terifire wrar 2% gfbs)el @3z GIfRE B @it Seoiifrs wtara 1% gibs)ef 1975 Sestifre
TR G AT TGS AN T GRS A (AT G0 By ICABTSIR 1o 31 =70
@3 «@f5 gosyel stewt A | «ft G B ARt Besiifre 26317 e[ $ 2




9.

10.

11.

12.

13.

14.

AR 573

(I @6 9T (corporation) #AfHBIFRE TGHAITO I AT & 16 v Afoaf el
T | G2 € TSI W SRENCSR TSR] I 0.6 G3R 0.4 | T2, AW 2w 7o
TR R O GF6 e (ATGIE Ble] 2T ABIKA! 0.7 9% RSl e Siet® F0eT
S TSR 0.3 | TS 7ot =il el (ATOIS Bis FaF T8R! fefr ea |
N 1 G0 Aferl G0 vl FTasel w2et 1 7 07 92(6 5 =121 6 A, (1 93 @it
3 Q19 5 6 R (R© G A 2toj e ferfoiam et 1 7 (37 1, 2, 3 1=l 4 A1, (1 9o
AT G4 571 I GR F1f 5 (28 7 (Get 2t cotet ot fafsiaws e | 3 o1 o
GG (T AT, (1 2@ W 1, 2, 3 ST 4 AT AR F© ?

GG TRAVIEIR IR A, B @3 C e (I GIere IiTg | &S (I 5167 A,
1% o7} T2y Seoive 0, (AT ST HE (¥ 5Ies B @3 C AT 5% 9= 7%
o T2y Teoe S | A (MG AN 50% T3 1% S, B (NG T 30% AN
NG P GR C (G TS 20% HE G 0 | 4570 Gioojel 7y ety 2wy, @t A
7R TeAAifTe 2eTF TR F9 ?

52 & oI G(G 271TRE 200 G It AR (9172 | A0 SRS OiviojTe 2ro o
O Bl 28T G (741 (9751 (71 TR ©12 330+ (diamonds) | 2T OIS J207 26T
LERCIBEREC I

4
A GG LA | 45 @l TN T 25T | A I676T (3, 430 (2T BTIT=.

(A) : (B) . ©) L (D) 2
5 2 5 5
T A @R B 46 64 @971 20 @ A < B &R P(B) # 0, O 0w @I Afd 2
P(B
(A) P<A|B>=ﬁ (B) P(AB) < P(A)
(C) P(A|B) > P(A) (D) @AbE=|

13.6 WPTEA H6TF UAR G4 Q1! [Feiew (Random Variables and its Probability
Distributions)

ISR 2SS AN R T (R 7 T=21T (SR | 42 AT @Rl
CFLE N1 (ST W06 A€ WS erizpcere afo wied) e a1 932 fuffie
TriERel / AFFIYTEITS (AT TSI 0 TE SO0 AAITS ) i |

() %% =@ Tt S ufo 2@ ot R AN FD F=oltS SN2} 20w A |
(i) = ;| 50 A TNCHCA, 2T TIIF IR SN G0 Hi3re A1 |
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(i) 20/ T @ =15-9 66TF IR, A (TS ARSI 47 TG (GO #f7 =
@5 FR) (ORI 2, 415 T GO I 1271 GeCe Sl =Mielg) @3 @fo
GO @ Qo3 G (IC Ko s =17 |

TATATS RN ASFICOR, SR G0 T S0z A 21 2folb Faeecs a3
QIR AR Fefigel 0 | @2 A MG AT [fen e A s 2w [
oAk @b 3 551 | URITIS G T G HITER AT FAIFE G TS F(F @R ©1F
6T P18 551% (Random vairable) I0eT | G0 FPTE 5516 AT X Qi1 A6 T
2|

I i G ST 18R] =0 TR, D IS AR (@ IR 516 X 6100 IO
@B SCFFHCE I, T (G 2 G0 PTG 21 2N TP (SN2l T[] (T1R)
G35 (15 | 9T TPTE BT A ([~ (T AT AL 200 2N, AR, 97 72-CFals 2
W A GG (TG | SO, (B AT 5o (VN7 ARSI | (0O 20T
TG 4 G TSI 5AF 26 A0 A Ao RIS ST, T (g 261 IPTSA SA[HI
G T (7 |
TrZACHa 7, BT SIS G 7 A 97 G2 T 20 Ko S |
@2 AIHE T (™ 23 S = {HH, HT, TH, TT} |

M X (@ AN FRAIE 2P I, O X 267 Q{0 TS 5o G AT Fepeera
Gy, G W FICo (e 7T

X(HH) =2, X (HT)=1,X (TH) =1, X (TT) =01

GF8 T (T TR (@] IS beT LSS Tl ([0 AN | Swigger s, 4 Y
TATHR T (7] S G AT TP & (28-9F FRLJ 200 (G- R RPN
A |
©39 Y (HH) =2, Y (HT)=0,Y (TH)=0, Y (TT) =— 21

GBOI(F, G2 Tl (4 S-9 X @R Y 9o a1 ied b6 kel |
Twizdel 22 @Fe (@M% G {6 Jul foxaia Mews Far @io (2 (40 | 24l @e-a3 &)
(R ARBIES It 2 B (77 @3 2folb (BF-931 &y (7 ARGIEICE 1.50 BIvl (7 | <0
EN(HF oS Al FHiox AR X gl dpH 1 23 | (718 (@ X 267 G0 TP b @38
«ftezs AT T (e 9 STerERRICet 2 A |
I X G(H AL DL T G FATG 2SI TP G2 AL | AR X To] 4o
PTG 51 |
Qe @B AIROT T (1 25T

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

Oz X (HHH) = (2 x 3) 5% = 6 5=
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X(HHT) = X (HTH) = X (THH) = (2 x 2 — 1 x 1.50) 5i%l = 2.50 il
X (HTT) = X(THT) = (TTH) = (1 x 2) — (2 x 1.50) B = — 1 Bi=pl
@R X(TTT) = — (3 x 1.50) 5iF = — 4.50 Gi<l
@I, Rl (b RTETRITeS F ot @RIT | TSI, T (R 2 SAmIT= e, X
G GG ST T 2 | SNOGF, X B Tl (AT Q{0 ST 0 2AF 261
{~1, 2.50, —4.50, 6}
Trizact 23 @6 ot 2 6 At @3% 1 6 31167 761 =itz | @3 361 TSI I 2o @3
G5 R T I SRR I AN 2 | <2 2AfFaG =i sfmaigfe a1 27 | 7t X 13 Sate
S A0 TR 0 07, 0 X el e |
LI GO I TN W, w,, 7. @1 e el &1 | oa w3l (vifG 203
S= 1w, W, w, W, w, W, w, W, W I, W, I, T W, T W,, F'I'}

G o € ST e

X () = e IR FR2T |
HodR,

X(w, w, ) =X{w, w,}) = X({w, w,}) =X({w, w }) =0
X(w, rp) =X{w,r}) =X{rw ) =X({rw}) = 1a@R X({rr}) =2
GBI, X 25 GF6 A 5eTF T Nw9TeT 267 0, 1 9121 2.
13.6.1 57378 5e1C<Rd G9! [F@IeH (Probability distribution of a random variable)
S S S, S, e S, T 2RI SR 3 sifa FEiva s a5,
GEOIR @ b ARRIER 167 20 AT 14T S, £, ... [, AT 0 AL ALISCH
3,4,3,2,5,4,3,6,4,5
ST IR T SATRIR o S =R @ ARG e ik fform it X =i

A T AR | ™50, X TeT G TS bers A Tl Fgeel A<eers -

X(f) =3, X(f) =4, X(£) =3, X(,) =2, X(f) = 5,

X(f) =4, X(£) =3, X(f) =6, X(f)) =4, X(f,) =5
GBOIE, X ~9972,3,4,5 91 6 (&-(HTN T 20O A T S 701 (@it wAf711=(G v w1
TRZ |

G, X G W 20 2 34 f, #IRA( {iw w41 =71 X 97 54 3 =09 AT A4 £, f,,
f, AR Q- @6 oo T &7 |
ST, X =4, 7 £, £, 923l £, “ifzaaf v 41 27,
X = 5,744 £, 512l f,, A fiva w9,

R X = 6,34 £, “AfFaaf f<iva s = |




576 e
QR W 40 W @ 2felb #fam el fFHibe zarg, o £, ke

ifbe g TSR 2o % |

GBI, X G T 2 RETF ASR 2 % IWQW%{W‘?W%P(X=2)=%

SR, £, f, Sl £, 2R @@ GO b S TRl 281

3
P S D) = 15
3
G2OI(F, X G W 3 LEF AR = 0

IR feTte 2 P(X=3)=%

S, SR AR

3
PX=4 =P fo /) =19

2
PX=35)=P0f /o) =10

UER P(X = 6) =P({f.}) =%

GG IS BTCH MRS FCH ST S 2| TGN RIS 7778 be7p X 7
) [Frere 671 237 |

AT, AT betr X G TS| feter fweeel Aceie:
HLGEl 5 G0 AITG 5o X -4 ABIH| [eier o1 7T oF |

X : X, X, X,
P(X) P, P, p,
@A, >0, Y p =1,i=1,2,..,n
i=1

ABI AR X, X0, X, AT BETE X -G AGG N AR p, (i = 1,2,..., n) 26T WAST

TERASIREE

5T X &3 4T, x, -7 i TSl wiefie, P(X = x) = p,
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| 5 | 7 TSR b X -4 TSI AT A0 G0 A x, 7, O X = x,
T Wgmia a1 (oo g e (Regejretice) 19y 28 | ore9d), X -4F o9 x, REA[
TSI T [T, T, P(X = x) # 0 |

SRR TG 51 X G ABIRY T AN G, T (T 5T S oA STFE S 2F |
IO, GFT> TR RS ST( HFe B A0 T2 1 T |
Trzacl 24 TeNgee GMITA 52 5 OIR Gl A0 (A0S 2=7= 4ib O 4 dfewifsie B
BN 26T | GIF TR A @i folefar e |
TR (BRI AR 26T AT TS 567 | (A «@fb X @il 2fei 21 2o | 1593, X~ T
0, 1, 91241 2 TS A |

G, (RCRY P9 7§ Ao 0 Bl 20, J0R 76 OIs Bieffst =/l ub ==

A 2T |
AR, P(X = 0) = P( (5% 7 ¢ (5| 717)
= P(GF T ) x P(GF =)

48 48 144

52752 169
P(X = 1) = P((5F! 3% (5=l 7 91 (GGl 77 G (Gl
= P( (& @3 (5F! ) + P( (5F! 77 @R (5F)
= P(G). P((G=l 717) + P (G5l 77 . P((GF)
4,48 48 4 24

52 52 52 52169

@GR P(X =2) = P ((5Fl @3 (5=Y)
4 41
52752 169
e, Tl TSl e 2=
X 0 1 2

ooy | 14| 24| 1
(X) 169 169 | 169

TrizEd 25 OF (ST 2 foraia @Iel 20 2 6 2417 @2 71240 (&e (doublet) 2o TR
ere et
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SR 40 X G0 2@l @8 2| (ST AT FRRAITF 2P FC | TSI 7R (GG Ze
(1,1),(2,2), 3.3), (4,4), (5,5),(6.6)
5508, X-4T T+ 0, 1, 2, D12 3 20O 2F |

70 =T 92 M (ST T ASKA = % :é
1 5
7 e 47 R G 1 A TSI =1~ ==
AL P(X = 0) = P (432 7R (BTG 71 268) = 2 X 2 X 2 = 10
9 ( - )_ (L(] R C Q‘_)_6 p 6_216

P(X = 1) = P (931 452 7! (ST 9% 76 92 ! (ST )
551 5 5 5 1

SHX=X=+=X=X=—
6 6 6 6 6 6 6

P(X = 2) = P (70 @32 74! (S G 4> A3 TR (ST =7¥)

115151511(15]15
= —X=X—+=—X=X—4+=-X=X==3| = X—=|=—
6 6 6 6 6 6 6 6 6 6> 6) 216
GEN P(X = 3) = P (Fo=fs «=% 7122 (erlo)
1 1 1 1
= —=X—=—X—=—
6 6 6 216
GBI, Wl TR et g
X 0 1 2 3
oy | 12| I 15 L
X) 216 | 216 | 216 | 216
AGIRFRC ABIRAICER (@lofzwet

" 125 75 15 1
prz——+——+——+——
=TT 016 216 216 216

12547541541 216 _
B 216 216

1
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TrizAcl 26 TR TP 15 RWpIeT SaImIeiie (I G sl T 9Bt @Il
BT X 21 97f6® 21 27 | X ARl x -7 ST 08 20 TSI 19w 261 forsrg !, it
k 25 (T-(HITA TSRS L1 |

0-1, I x=0

kx, I x=1 22l 2
k(5-x), A x=3 =2l 4
0, S CFLa

P(X =x) =

(a) k<@ el ea |
(b) TSR TS ZCI T2, D FAATH 42 996! ATITA I 2 7535 42 9961 AwIeaien i 2

TR @ 92 9951 AT 1 2
T X 97 TSR RSS2
X 0 1 2 3 4

PX)[ 01 | & [ 2k | 2k | &

(a) SRS @ i"f =1

R\CE] 01 +k+2k+2k+k=1
e, k=0.15
(b) P (SN FIATE 12 TGB! 2T ) = P(X > 2)

=P(X=2)+P(X=3)+P(X=4)
=2k+2k+k=5k=5x0.15=0.75

P(gf 5 w2 961 AT ) =P(X=2)
=2k=2x0.15=0.3

P(SRI R0 @ 92 996t sem i Fcah) = P(X < 2)
=P (X=0)+PX=1)+PX=2)
=0.1+k+2k=0.1+3k=0.1+3x0.15
=0.55

13.6.2 759753 betced < (Mean of a random variable)

ST ITPYI, GG RIS G (g (A0 GFio G5 7127 =l[1 [Rge T4 AT, T
«foa sifFei Relem 20 9141 T (@0 AT | 9771 g 1271 257 TG, Sl IR LT,
S | G2 STeCBR0H, ST %G N W SCAG| 9 | 4 2o SRR G (6 Ao
T2 (FRIT ARSI KI7eN, T ORTIE GG TS Gt S Al SIS womt
P |
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@ 6 40l X G AT ber A ASRY AFRR & X, X, Xy, ..., X, W ST
TERAYTA =6 INF p,, P,y Paees p, | X -9 NS, p 71 SIS AT 23

Y x, p, wefle, X-a NG 2T X - TSI AL SIS o1, (A el T <6 T
i=1

SIS 7 SIS |
@B PTG 5eT X - NIF X -9 Aepi=l (expectation)s I&i 23, A E(X) @11
A 2T |

Gol, E (X) =p :inpi =x,ptx,p,t..+txp.
i=1

SIS FEN A (@, GO RIS 55 X -4F S A A 26 X7 ABI] A
TR AN SR ST HABIKAIR JeRFCE A |

TrEAel 27 4T SIS B ol 1 267 IR TS 567 X 2K 416 BT Bl AT
TG | X G T S e e et |

T G2 AT T oA 36 B G Tomia (x, ) S RIS gl a4,
@A x, = 1,2,3,4,5,6 9%y =1,2,3,4,5,6.

TSR 5o X Sidfie, 7 @ iw Tot WA WD 2, 3, 4, 5,6, 7,8, 9, 10, 11 521 12|

1
G, P(X=2)=P({(L,1)}) =£

2
P(X=3)=P(1,2), 2.D}) =3¢

3
P(X=4)=P({(1,3),(2,2), 3,0} =3¢

4

P(X =5)=P({(1,4),(2,3),(3,2), (4,1)}):£
5

P(X =6)=P({(1,5),(2,4),(3,3), (4,2), (5,1)}) ~36

6
PX=7)=P({(1,6).(2,5). 34), (4,3). (5.2). (6.} =3¢

5
P(X'=8) =P({(2,6), (3,5), (4:4), (5.3), (6,2)}) =3¢
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4
PX=9)= P({(3.,6),(4,5),(5.4), (6>3)})=%

3
P(X=10) =P({(4,6), (5:5), (6} =7 ¢

2
PX=11)=P({(56), (6.5} =3¢

1
P(X=12)=P({(6,0)}) =3¢

X -3 TSR eiee z&

XoQ@Ax (2 |3 (4|5 (67|89 |10[I1]I2

PO 36 136 |36 |36 |36 | 36 |36 |36 | 36 | 36 | 36
A CGER

" 1 2 3 4
=E(X)= P; =2X—4+3X—+4X—+5Xx—
B=EX) = Lxip; S2XZoAIX o dx oo SX o

i=1

+ 6><i+ 7 ><£+8><i +9><i+10><i+11><£+12><—
36 36 36 36 36 36

_2+46+12+20+30+42+40+36+30+22+12 _ 7
36

GBI, 76 AT TR Bl FRANYTER o7 NG 2o 7 |

13.6.3 3% AGA 561Cea (evnw (Variance of a random variable)

G FPTS BETCH NLF 6% TPTS bel(H [ blergel (Variability) TeITF SR
(I O (7 1] | TGSITTF A7 (SN (=6 2, O FAAG BETCe] el ST HCoT PRI
T | SR, (O IR ROIGgE TrTE G| eI T S ARFCS 2, T Newa X @3
Y-z Rereta (rite] 20 |

X 1

oo | W (0%)
[N \S I N

ol | o

oo | —

P(X)
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Y 1 0 4 5 6
| Ll 23] ]!
M 3 8 8 8 8
1 2 3 2 22
G0 = IX—42X—4+3X—+4x—=—=2.75
© B(X)= IXQrexgax gt aXe™3%
1 2 3 1 1 22
2 = —IX—+0X—4+4X—+5x—=6Xx—=—=2.75
R E(Y) 8 8 8 8 8 8

5o X @R Y 29 o, e Oitna st o7eli | @2 Reiemisjtena oa Soiitor (2tre @ft
e o 3 A (5w 13.5) |

P(X) P(Y)
Ys1 Ys
2/8 + 2/8
Wl 1" Nl
o, 1 2 3 4 ° = OI i 2 3 4 5 6
® (i)
o7 135

Y (A X (&SN 09, TSR HeTChe 9Tl (AT G0 AT SIS 2t |
ARPRUIT, ST S IR (@ (ST 2o SCRIR MR Rl 51211 Rifawe @6(G #Afastiad |
GPETFACI(I, GG HAPTG] beTC HeTEol S BRI F[ (SHICTR AR #Ifsti=t <1l
(TS 2T |
@l 7 4R G AT BeT X -4 A AT X, X,,....x, T AGIKAITET! I
px), p(x,),..., p(x ) MG pu=E (X) 267 X~ NC I NGF | X-GF (SAANCF Var (X) A
o, @I A I T, ANCS (WHgeel TR w1 =

o} = Var(X)=) (x,—w)’ p(x;)
i=1

S| TSI o, =EX - py



AR 583

- TP AT

c = JVar(X):\/Z(xi—,u)z p(x;)
i=l

~(F PTG 5% X -« 773 #1997 (Standard deviation) I 23|
G5 TS FAE (Ml el 3 Sroig @i 97 |
S S @,

Var (X) = ). (5 —1)* p(x,)
i=1

=) (7 +p*=2ux) p(x)

i=1

= Y po)+ Y pon) =Y 20 pix)
i=1 i=1 i=1

= ixiz p(x)+u? ip(xi)—Zuixip(xi)
i=1 i=1 i=1

= fop(x,.>+u2—2u{m Y p@)=1axR u=Y xp(x)
i=1

i=1 i=1

= inz p(x)—p’
i=1
n n 2
CREIR Var (X) = inz p(xi)—(z xX; p(xi)]
i=1 i=1

52, Var (X) = E(X?) — [E(X)]%, @I E(X2) = Z x” p(x;)

Trizact 28 G [ IR 2N FTo! 31 2051 S S2R[ 21 SR (v e A |
e AR AN o E S = (1,2, 3,4, 5,6} |

A Sl T 21 20 OIF 827 2l TRAN T X | OIR0E X ZoT G0 TS 561 (A0
1,2,3,4,5, 91 692 NF9YTEN &2 I |
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AN -

SR P(1) = P(2) = P(3) = P(4) = P(5) = P(6) =

oA, X G AG forer gef fmgsl

X 1 2 3 4 5 6

ooy L I N B I
X) 6 6 6 6 6 6
@ E(X)= Y. X p(x)
i=1
= 1x1+2xl+3xl+4xl+5xl+6xl:2
6 6 6 6 6 6 6
1 1 1 1 1 1 91
2= P4 22X =+ X442 X457 X—+6° x— = —
SR E(X?) S . - - ; =
wefe,  Var (X)=E (X*) ~ (E(X))’

91 (21 _91 441 35
:?_(?j "6 36 12
Trizacl 29 IRERSIE Ko 52 b O™ @6 2D (ATF GF A 76 ©FF (3, ==z =1
F(E GO 917 G BIeTl 2o | BTl O 95T IS TR 91T, (S 3% N 24120 fefer
A |
SN (A1 I S 7{5re ASHF AR 2 X 1 OIR0E X T6 G0 TeTed 5es (@6 0, 131 2
@2 WA &1%9 FHC AT |

48!

48 AR — 2
g4, P(X = 0) = P (a1 7)) = 52C2 _ 21(48 2)._48X47=@

c, 52! 52x51 221
21(52-2)!
4C 48C
P(X = 1) = P (46 et @<k «<ofb et =1m) =—5ic 1
2

 4x48x2_ 32
T 52%x51 221
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4
C, 4x3 1
R P(X =2)=P (6 qre) = = = =—
2C, 52x51 221

Tigfie, X 9 @I fTere zet

X | 0 | 1 | 2
88 | 3 |1

PO 201 | 221 | 221
@<, X -3 G T =E(X) = 3% P(%)
i=1
= Oxﬁ+1><£+2xL=£
221 221 221 221
A E(X) = ) % p(x)
i=1
= 02 @4_12)(24_22 L:ﬁ
221 221 221 221
g4, Var(X) = E(X?) — [EX)P2
_ 36 (34 _ 6800
221 (221 ) (221)°
R, s, = Var(X) = “gi?o =037
| Sttt 134 |
1. faeie @Hb @3 ATE berd TSRl e w31 fRge Sl | (o TeEe

AATF YT WG |
M| x [o 1 |2

PX)| 04 | 0402

i) | x [o |1 |2 | 3|4
Px)| 01 | 05] 02 [-0.1] 03
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sifee

iy [ Y [-1 To [1
P(Y)| 06| 01 02

i) [z |3 |2 |1 [o [
P(Z)| 03 |02 | 04 | 0.1 |0.05

. G #AIta 5 B 31eT @ 2 6 10T <61 S0z | #A1q (0 Y 361 TR ColeT] 26 | 4T

I I FRAE X T 2 71 2= | X9 TRy A9T H 2 X & 9o
G 5T ?

. NG N I (G @l 6 I 5 91 2, O X G (FC G AL S (Bl A TR

ST SIBACS A 51 8 | X G Iy A9 2

. et Tere Rerem R s

(i) 9= Y@ 72K 5 FAIT (2T-G7 727 |
(i) TS0 JRIT 9 AT T FAR (5T G 74 |
(i) <0 @l B I BT (FC = 727 |

. (G O BF! YRR FCHTHR SR AT AR A Rerer faefar e,

A A ! FKeelRie 1 2002
() 4 CCH 0TI A |
(i) TAATF I @ T |

6 5 b5 AIeTa TGS Ntz 5w 30 T A GG 516 (AT ARSI 7zl
30T 4 6 RT3 T ot 2R | 9ol AR A el Rrere e
Al

RFo1ef (biased) «<6fG 3@l 51 FC (vl (51T (T (BT 4 (BT (TS To I FTSR-A1 3 et |
T @G 1231 5 341 TS, (BT G AT AR eter foyefzr e |

. (B TS BT X G Il frerer] 2T gt 3

X 10123 [4]5]6 7
PX)| O | k | 2k| 2k 3k| k? |2k Tk*+k

Sz st
() k (i) P(X <3)
(i) P(X > 6) (iv) P(0 <X <3)




10.
11.

12.

13.

14.

15.

AR 587

. ITPTSA 5T X 7 G0 TR erer P(X) 26T st NG k28T (@- (I 1R

k, W x=0
2k, T x=1
3k, I x=2
0, AR

P(X) =

(a) Kk <aF = o < |

(b) ffTsE P (X<2), P(X<2),P(X>2)I

B oA @l foTa1E ST 2RI (28 -aF AT o1 e et |

5 2N @ A=l fNTwst a1 2ea0z | 3 ot gfote =2 edim k4t X e sgfoe st
IO X GF &AM (expectetion) fRefa e

A B LI TG TR (ATF ARSI (=947 1 307) 7f o171 ooy =11
2o | 4T 2N AR 9o S Aceibess X e v3fow w1 ze1 | E(X) fefar avea |

A R 6 2FEFNee) 2i SIS (SR AN AR @717 2l 7] 9oa @I
X facar 91fo 351 220 | X 93 (omsie @3 3T 91129 fovefar e |

G35 e #ioxe 15 & Rendia i 14, 17, 15, 14,21, 17, 19, 20, 16, 18, 20,
17, 16, 19 @3 20 I27 | 4G =i @eTeita 75w 1 2007 (@ AT i
fifo® zenz «a Frais FER 3k FEifve fMreidia @ X 2o afes w1
ZLACZ | TS 5673 X - AR TSI 1 201 2 X -4 90T, (Sl {3 A 212l
e e |

@I (@IS T G [iHS awR €3 @I ToAfIe Aw e e 70% F9om
FL L GR 30% 0 REANES! 0 | @) o) ARSI 5o 1 267 <R
@1 Rl 0 O @ SRt X = 0 403 (01 @< I (7 70 I O X = 1 4371
E(X) @3 Var (X) [T et |

e afef crca 7 Teafs e

16.

17.

@B #Ai1e oD ©tet 1, 4ib Ot 2 @R G316 Ot 5 (14l SieR. 2Ai{G feste 2l
ARANYCETIR TS 2T

8
(A) 1 (B) 2 €5 D) 3
RN (@O G0 ARG (AT ICRERSI Y6 O Dl TR | 0 I X 2 AN
GFR MR | O E(X) @ T 251

37 5 1 2
(A) 91 (B) I ©) I (D) I
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13.7 AT 2T @< f&siw ferem (Bernoulli Trials Binomial Distribution)
13.7.1 JIteife &t5%5! (Bernoulli trials)
LA P G w7 [oie 7fb Fenzeet I€ (dichotomous) 2 | SWiRRergg=l, (o
IR 5 1 20 @ A1 Bet (R, G316 Gestifne 9 gfbeiel’ a1 gfbe zre A, @i
AT TG L' A A ZC AT, G0 TG 0B KNl 20 2T A AT € 20 A, 916
PRI 2 29’ A 21 | G2 CFa9TEITS, ABRToSIE Femsfes @HLT AT (success)
@R BT SPEe” At LS (‘not success” or ‘failure’) I5T 2T | SHIZAFIA, 450
JWITS 531 T 19, T (T I AP €31 27, O (GeT €Il 2fel 71l 27 |

AT T S| (6 @l 5 1 A G102l T I Q1 Sl (I AL =l
e, O SR 6T G (B ATl (trial) @19 | v G0 3@, 431 A5, 4 19 53 1 291, O
ATHDIT AR 2 4 IR 2ATTT 2ATHH (0 155 1o 1Tt AP, T2 ATl | S’ |
G 2ATHDR T SR (T ATHDI PN (T TG | G AT ATHOR, Aeen
LI MBI I AT | 977 R AT T @G GfS et A, A TS
e At ol RETR wfefze 27, ©its AT+ 255! 0 |
e 8 G HITE 2 ATHHPRRCE AT 20! I 203, I @ojren fmferiie
*Sayatl o e
(i) AT AR AN 20 TA |

(i) AHHPTE AT O TR |

(i) =S ATED 3% G FeTrEa1 ARFCA : Ay =2 ULt |

(iv) @S AHHRAFETH TSR G52 AR |

TizRerFge, @ wFia 50 A e, 751 936f6 50 6 A 20551 owa, @it 2

AT IR AT (4T G0 I M) A ot (4f6 g 712) 2 @k 50 o Fesrom
G AR TSR (p) 92 A | AR, TR #1917 [MTolo)Te 2o1 Rk 7wl | 7W

1
TR ATATSH 2 4R 2B R T 1 (0 6 IRV @11 IS, O p = - 4%

q=1—p=%=332[/@?fﬂ@137ﬁ|

Trtzaet 30 76 et @R 9 o N F9 A @I sAi@ (At =7 76 IR corl 2@ | 7
(ORI AT AT 2ATHD! el A0, 720 2lfSA1 (O AT (orett 76

(i) 7= T (i) NGB SR I 2T |

T

(i) QT SATEDISTAIT AR I | T4 AT T (Ol T, S AT AGReA!
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(&= T, 1+ 1) =91 p = % 1 R AGH (COTETR) Ty G2 A | O, 53

FRNST AT 6T (1] 25T AT TT ATH! |
(i) T AR I I (SN 2, O AL ABHR AT (T, 16T Fe7) TSN

7 6 7
= 1 ,faom WE 3 AW AL (0T I&0 &7e] 2 4l s T ALY (leT =T

I T GR GRS | 2503, T 2ATHIT AP TSIl 3NN 1, J oI, A

A AT =T |
13.7.2 oo fa©1em (Binomial distribution)
@B @I B FIT AT [T 1 @A AT AT Petizret Ay (4G (@0) Al
SRS ((5eT) 2 | 4311 T AT ATSI Ay @R SPIECE IR S @R F 3 feffzel
T | W IR S TG 2ATHI T (6 Ao 0 T (AT Al o) fefrzr =i |
w9508, QI 2 Riew (Fa A0z @9 EfTeeita @i aRe

SFFFFF, FSFFFE, FFSFFF, FFFSFF, FFFFSE, FFFFFS

6!
@I, 6 AT @<k 4 B efora 17—, I @1 T | T (R

Tfsiame vt @56 AL P =0 1 9&0, 0, 1, 2,..., n TR AT ASIKE! ol G5{6 A @
SR AT G | 72- ALATF A AT AN AR A 777 F12 Ty @375 7@
919 2 ZCACZ, TNTS A AT GBI R 3R TSI CFGYTANE A 1 (A w3ifze
ANeT AT | 967 T STET SR foafS Atifer a5t ad 1f5e a3 #1 i o7 S, @A
AfST AR AFey R LT AT IAF p @R g = | — p | AIHHI TN Goa
(Sample space) GT50 To —
S = {SSS, SSF, SFS, FSS, SFF, FSF, FFS, FFF}
HAIFCETR A ZF G0 FATE 5o16 X G QBA A 0, 1, 2, [l 3 20 AT | APCER AR
TSI FRrerem(G o :
P(X = 0) = P(FIT 3%Fe 1) = P({FFF}) = P(F) P(F) P(F)
=q.q.q9=q T AU T |
P(X = 1) = P(4(5 7weT)
= P({SFF, FSF, FFS}) = P({SFF}) + P({FSF}) + P({FFS})
=P(S) P(F) P(F) + P(F) P(S) P(F) + P(F) P(F) P(S)
=p4q.9 +qp.q+qqp=3pg
P(X = 2) = P (%2(G 3%7) = P({SSF, SFS, FSS})
=P({SSF}) + P ({SFS}) + P({FSS})




590 sifeho

=P(S) P(S) P(F) + P(S) P(F) P(S) + P(F) P(S) P(S)
=pp.q.-+ pqp + qpp = 3p’q
@R P(X = 3) = P(fs=G #11%FeT) = P ({SSS})
=P(S) . P(S) . P(S) = p*
TR, X G ASIE! [Keie o1
X 0 1 2 3
PX)| ¢° | 3¢p | 3qp°| P’
SIRIGI, (¢ + p)’ @7 fasiw gl za1

q’ +3¢°p+3qp* + p’

&% I @ 0, 1, 2 T 3 GF AP ASIK TLUFC (g + p)? [gfon e, Ton,
TO @R 59 97 |

SRT, AP ¢ +p= 1,9l (R @, 98 TSRS AR (ot 1 |

GBI, Sl G2 PRIt Soidie 208 A @, n-RAF AR AD! R[S @it
A 0, 1, 2,..., n ATV AL, (¢ + p)" Kghex &2, @I, ... (n+ 1) ©F %% (A
2l1e 23 | 92 RS (FeTieeen) b estiel F0, STet S, 1 -S43 AT 205! RS @i
AIFIT x -FRASF AP TSI el 7 |

5508, x -TRAF AT (S) 9T CFE, (1 — x) ~FAF AT (F) AT |

|

4, xRS L (S) R (1 — ) TR A (F), 10— o ol e st 2w

2AfST CFCa, x-IRUF AFT GIR (11 — x) -FRAF SHAFCE AGIA T
= P(x -IRAJF ATFT) . P(n—x) -RAF AT
_ P(S).P(S)...P(S) - P(F).P(F)..P(F) _

x99 (n—x) A

X n—x
q

n!

O, n-ALAP AT B x-HLAF AT A 2o

n—ot? 1

a‘f’ nCpr qn—x
GOIF, P(x-TRAGS ARF) ="C p*¢"*, x=0,1,2,..n.(¢=1-p)
=50, P(x-TRAS AT, WL "C_p* " & (q + p)' Tar [gRew (x + 1) O AW

TSI, 1 -FRAF AT 2ATHD! T (T AR AP A A et =il
(q + p)-93 Taviv {GFS (AT (oite A1 |
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IR, x -FRATF AP [TG (THFC (TR A
X 0 1 2 X n
P(X) nCO qn n(:1 qrt—lpl nC2 qn—2p2 an qn—xpx nCn pn

TTAT G2 TR [RSIEH 1 93% p A6 (parameter) I§ 2% [eiem wits #1ffos,
JC AME 1 G3R p T N Gy ST 754 TSI Rrerermifs e Fre A7 |
x RAF AFE AR P(X = x) & P(x) Trle & 31 27 @R @ioiE @741 27
P(x) ="C ¢"p, x=0,1,..,n(q=1-p)
@3 P (x)-C 2ol ReISaa AGR S5 ( probability function) I& T |

n-FRAT AT ATHD! TT G0 oo [eie @< &fof atSe AwEa T8 p =,

B (n, p) @il 3fo® 41 23 |

BUA QL S FO9YTEN SRiZae S F |
Trizael 31 7 @3 AT JRICE 10 I 5 91 27, O A8 el 1 1 749

() Per=al e

(i) FAATF = @T T |

(i) T =0 @ T |
Il G T AR T 1 T A AT | 41 A, 10 ADIge 21 2o Tom
FRYICS X R 0 1 & |

1
5508, X @ n=109R p = 5 T G Tav [ele =g |

HOAR, PX=x)="Cq"p,x=0,1,2,.,n
GRI[a =10 —l =1 —l
i n= 5 p_2 B q_ _p - 2
0 1 10—x 1 x " 1 10
IO, PX=x)="C,|= —| ="c, | =
2 2 2
a0 pox—g e (1] LS
O PX=60="C ] T e 20 512

(i) P (0% =AM (2C) = P(X > 6)
=PX=6)+P(X=7)+PX=8)+P(X=9)+P (X=10)
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1\° 1)}° 1\° 1o L0

1°C6(5) +1°C7(5) +1°C8(5) +1°C9(5] +1°C10(5j
10! . 10! N 10! N 10! N & L _g
oixal )\ 71x31 ) L six2r )" Lo )" {101 )20 T 512

(iii) P (i =@ @8 ) = P(X < 6)
=P(X=0)+P(X=1)+P(X=2)+P(X=3)
+P(X=4)+P(X=5)+P(X=6)

10 10 10 10
_ 1 +10C1 1 +10C2 1 +10C3 1
2 2 2 2
10 10 10
1 1 1
wee3) 5] e

848 53

T 1024 64
Twiac 32 10% 75 O SR Gl GF9[5% O (AT 20T AR FNEE 107 &
(ST 257 | (OIaT! fEq9TAR W ST G & 75 26 TR ey Fea |
T &Rl IR, (ol 10 o o S 795 e Mt X 2kl o 741 261 | @Eg

SfF R M AT (ol 27, i AT0I 261 9H{ AT 2! |

10 1
~5w3, n = 10 G P=100"10

T X 3 fasin o =itz |

O, = 1-p=—
. q =70

G2, P(FA?ICF 40 0 &) =P(X > 1) = 1 — P (X = 0)

o (9)° 910
=1- CO(E =1—10—10

| Smfe 135 |
1. @3 ZRIF 6 A 0w T2 261 | M ‘93 Sy AL A 9o Al 2, O
B! 621, T4
() 5T tren ? (i) FNCH 5T Al 2
(iii) fE=s 516 Aoy ARz 2




10.

11.

AR 593

. O (ST TR 4 A9 WO 51 25 | T g @8 TR A STITs AiEe Km0 27,

ST {5 AT AN TSI ferefar e |

. TRsfeT sifasie T A 5% Qi I TG A= | 10 o 791 966 1 @afow (@7

OTT TG A A e et |

. SRGTSIE PN 52 6 OIER GG 210 (T e =2I= K SN 5o

(Ol 257 | $1F AR F 2, T

(i) 5T oo afelbe 2R (Spades) 22

(i) eTg 3 o EmRT e

(iii) CPICDE THRE T2

(I P Sestire G A 150 e IR2ET 77 75 (fuse) 2T TR
0.05 1937 5 5 3= 30 150 e T2Itaa =f7 71! e 61, 74

() 9FDeToZR|

(i) @FOT AP TSR

(iii) @FOT AR THEE |

(iv) FAATF G0 T (A |

. a3 AT 10 T 967 SN0 T 2O T 0 (AT 9 2T T T&ETHAIT (@~ Gl

G SR (F1 BNCR | T AT (AT A=A N SN 4 T 7o (0fe 27, O
I 0 =1 Bbfzre w17, @7 AR Fo ?

I G0 ST, Iey- eyl 2IEs 200 @ fereamtl w21 267 | 471 AT g6 =lg
o &St ez T e @3l Pmsireey @it 5 33 | 7ft Jmiirs @o T,
O (1 7Ty ew (v 3t (5 e, O e Tew ort | wweATeE 12 5 eva T o
(RS TR ez 3ea |

. GAF, X 97 oo [eieit 2o B(6,%) | (Fe (@ X = 3 561 W16 TSIy 2Afelis

(likely outcome) |
@fers : P(X =3) 281 @ P(x), x, = 0,1,2,3,4,5,6) 4= WX 2N |

. TRy ot Teage sl 73 st #iRi @b #iRriEia 2fS #iist et Tem @emig

SN ST SRS Al O S8 AfSS T& AT TSl 202
@3 S 936 #0150 T B1F6 37 30, AR AR ATSHOTS ATH AT FMA

Wﬁ | ST G TSR fF 20 T4 (31 (a) FNATTF G417 (b) 5 @521 (¢) FoATH

VA, FITH A2
G5 BRI 7 A7 T 51 2031 05 4319 5 “heia et e e |



594

12.
13.

14.

15.

sifee

G BHIE 6 I T 1 20 FAE 717 6 ANSAF TR el e |

@t ST AT (@, Testifns (WS Foten @@ 10% 3Hge | @ wrer 12 6 w@e «
AR TR 9 6 w2y QLT 2EA TSI T 2

Trva 2fs g #iis Tex vt e

100 5 3= sjf @ A 10 B gfogs | 5 6 AR @6 T3, @ AeRe ghge
QST TG 267

L 1y 9 9
(A) 10 (B) (5) ©) (E) D T

aaﬁaﬁ%ﬂﬁhfﬁﬂqmiwmawwmmiaé'nazﬁm@ﬂﬁﬁﬁﬁaﬂ?msﬁmmeaq

QS AR 267
s (4)1 (fj4l
(A) C4(§) 3 (B) 5] 3
s 1(4Y
© Clg(g) (D) @G|
fafax Srigga
Trlzad 33 Bl Q103 FoojteT 76w 61 [HeFa el 3o 966+ 511 2o :
q/H ¢
et At GG qAe
I 3 4 5 6
11 2 2 2 2
I 1 2 3 1
v 4 3 1 5

JOATTOIE G516 197 Do 1 Zo7 e {1 oe 197 (AT @ o7 052l Colet! 27 |

W (oI T FIET 28 O © A 111 (AT (O A F 2(J 2
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TG A AT A, E,, E,, E, G B, 251 507 A<l <041 -
A FhamEze ez E 3w e e

E, : 39 11 oo =1 E, : 391 111 3o ==
E,: a9 IV oo &
@Y TSI A fFifoe w1 20,
1
oG P(E) =P(E,) = P(E) =P(E) = -
R PAIE) = =, P(AIE,) = =, P(AE,) = = @ P(AJE,) = —
SR (AIE) = 15> PAE) = ¢ P(AIE) = = &R P(AE) = 1

PR 111 fifowen, 32 o6 wml <itg @ o F@6 S = P(E,A) | @Ree™
THAANTR AT,

P(EJA) = P(E,)-P(AE;)

P(E,)P(A|E,)+P(E,)P(A[E,)+P(E;)P(A|E;)+P(E,)P(AE,)
1 1

=0.165

—+—X
7 4 13

—X—+—X
4718 4

\
Twizacl 34 Bem e B(4,% -G NG ol S0 |
)

ixi
- 4" 7
=T 3 1. 1 1 1 1_4
S+ X+
44

- 1
I 1 E, X 2T ACA0R BeT< A B! [qore 251 B (4’5) |

4 4p- s g—1-122
> n ?p 3 \ q 3_3
o) 4—x 1 x
=R S, P(X=x)= 4@(;} (5) ,x=0,1,2,3,4.
Tffe X -97 feie 2o
5 P(x) x, P(x)
o) 4
4
C —_
0| waf3 :
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G TG (W)

3
Twizcl 35 GG IS G0 TS S T TR 1

32+48+24+4

4
=Y % p(x)
i=1

RSB GIO RO

23 2? 2 1
= 4><—4+2><6><—4+3><4><—4+4><1><—4
3 3

108 _4
34 81 3

| (1 FITF IO 9fe

BIANE TITS TH S FAATF GFAT GG FAFT ASRA! 0.99 7 NfEF 27 2
SR G T TG p A 9T DT | TRE, an%mammn IR AT

AT | &G AR, p = FTHIYLS SIS AT AGRA = — &?I\q TGP S =

FATABIAN =— | e, P(X =

G, (TSR,

4

e e

P (FIATF QAN TG Ao 1) > 0.99

w1effe,

P(x > 1)>0.99
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TR, 1-P (x=0)>099
1
4
| 1
al, C,— <0.01 =igfie, — <0.01
4" 4"
3l > 100 1
=pTTel (1) PR n 9F Porosl T 2e1 4 |
O3, IYFANG SR 4 I YA BN |

TrZa% 36 A <R B SR GRS A7 SNEIG G0 22l F0me S0 T ol 2= Sitra
S GFG GF0 “6” AT @32 0277 (RFABTe Tl 27 | M AT A &l 7 I o @
ST TSI TS I TSIl el et |

I 4 AT, S FAPerold (Mol 6° Sl IO G3R F Soretold (0wt <67 < =)
oI AP L |

1 5
wreaq, P(S)= o P(F)=g

P (22 (0071 A 3@ 03) = P(S) = é

A TR AR TR TR 0191 21T, T2 A 2= TR0 @3 B Sl Tt spreeT 231 |

SIS P (PO 0l A erieiie S = P(FFS) = P(F)P(F)P(S)= %xéxl

6 6
(3
= — X_
6 6

4
P(#1 fNC3FCo A &R #e 3(3) = P (FFFFS) =(§) (é) G GPEIFTOIA |

1 (5)(1 5\ (1
AN, P (A TFe® \ﬂ?@)=g+g E+E E+"'
1
6 6
T ]
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6 5
P(B @ElS I ) = 1~ P (A SR I0) = 1=5=17

TG W a+ar+ar+ ...+ art L, @A 7] < 12T, OF G2 SN e daifox

catorepeT % I SN T | (] RN SAISjo{ s @ A 1.3 AfRieifre <) |

Twizacl 37 Tl @b T AT ©IT it 1 27, O «fb 90% SZAT0 I SAW I |
Tt @fS AT A5 1 T 2T, O MG 40% eI TG SeAW L | 2[ega0ieT (AT
Tl T 80% T R AfSFeIta 391 23 | 7t @6 kv witeiterar of7, 7@ 216 ety
TG A FCH, OIS TFIA A0S ©IT TR 26 FERA| T 1 |

S 431 A, TFOH A1 2 16 22190 I SV RE T A

SRR <R 2F, TGO AT FRAATER 7ol B, 3R TSI RUi2/ 71 2671 <61 B, 2l

Ao 2|
Qe P(B,) = 0.8, P(B,)) = 0.2
P(A[B) = 0.9 x 0.9 «3& P(A[B,) = 0.4 x 0.4
S P(B |A) = P(B)P(AB))
! P(B))P(AB,)+P(B,)P(A|B,)
B 0.8x0.9x0.9 _@_095
0.8%x0.9%0.9+02x0.4x04 680
w117 13-97 7139 S
1. A @R BYG G g2 @ P (A) =0 | P (B/A) Nfazat, o
(i) B 97 93% T2 AZT (i) AN B=¢I

2. @G el o b A@I ST,
(i) TS B AT 28 ASR! el A, T Gl AT @ FHATF 93 7S
25 AT |
(i) TS AT AR 28T TR ez SN, TSI AT (@ (7 TS e |
3. Gl @ 5% 9T GRR 0.25% SR P I 5o TR0 | G571 G777 04 pol@ IS
ARSI 5w 27 | I3 T 2T 28T MBI T 2 (T ([ G2 233 @ 5f2a

FN AT ARCR |
4. 4T @ 90% @IS TS | LRSI 10 T @A GF0 TN A 6 T
TS 2eR TSR T T |

5. @ =iitg 25 B 3@ e 10 © 391 X hrgs uak w7+ 15 6 391 'Y orge 1
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T | 210 (ATF ARSI G 61 (SleTl 26 G Ie07 0% iR w0 @b
Afsriifere 1 2o7 | T GFTeIE 6 T 961 coletl =31, O TSI ez e, T2
(i) 3= 7@ X' oeyge 7@ |
(i) 2 Pa el s 'Y orgg z@ = |
(iii) F7CF 1 @'Y vrgs 23|
(iv) X' @R "Y' BZT 0T AT AT 2|
6. < A et (e afstfaom (hurdle race) , 9e 2fstaiaicr 10 & v

[ [ 5
ST T R | S AT Al S T P TSI | effstaidia 2 foa s

14| ST TS =l AR TSI o 2
7. O30 ZRICH AT IR T 1 201 Towel 1 513 Fomaa = 2l =% | el 3 oieeest
O T AN I e A |
8. M ISR G i fifoe w1 20 ora €3 wifz e 53 b ooz e et
[BREEI&IE:
9. b ATHR ATl OF SPTFETOIR ol | AFS! T ATHHR FAATH 4 6 7ot
AT TSI e e |
10. 936 T IO G0 AT Tl 53 T AMCS SABOTHF G0 (2C AN
TR 90% = S 2 2
1. @3B (R, T4 G0 7110 %[ 22! (W0l 11 22 03w T SPI0ET I8 TS G
DI #11® /0GR ST AR S @ Bil 2 | ffB e o @ ==l
SRR Twol S0 g 73 =T SIPTCT O34 (4ol (20T (VTR | IR0 €2 B SR
/ 2 2o M (Expected value) Fefm st |
12. 39, A6 ST witg @2 5B A A, B, C ¢k D 1t gt ave:

A A& e
GG Awt e
A 1 6 3
B 6 2 2
C 8 1 1
D 0 6 4

TSI G A5 5 1 267 @R ©f (ATF GF6 N (O 297 | I core
TS #1161 2@ @b TAFTH A A, B A9, C A (ATF (O TSR 70 204 2



600 sifeho

13. 31 GFe I ZUCAIT] SIS RS L% 261 40% | A0S 471 AT (3 Gie] 2%
IS BT AR ST 2ET JF 30% F0 @R ST @i @7 I 25%
TN A | (A GF FAAC GFE @ AN AERARLE SRR 76 R TR @
I D A5 20 A | (1S3 =T (@ SRS Reaoieia (it @it siww
! @M S (AT AR A5 @I Zwcaiest S AAvez (ofe | o et
3R (AL SEPIRERPIRT 28T AR T = |

14. M 936 oS Fow fAeffaess 2fsl Soma =20 = 1 ¥ &7, o Fefwsha 1=
LIS 2ETT AT F© 2 ( 47 7N @, Fefizasiog 2fol ot Fogeit v =i

. 1
T R &l et TSR 5 )|

15. @5 Camfen STt (assembly) A @3% B 46 7213 St W sifde | 57t sl
AR (T (TR TR Sl T

P(A 93 SpTFeTel) = 0.2
P( % B &5 opfFeTel) = 0.15
P(A @3 B @7 Sp7eTel) = 0.15
e FeRmIsE M|
(1) P(A G SPRFeTS! [B OR7RFeT 2RCR) (i1) P (%Y A G SPFeTN)

16. T2 AfTCs 3 631161 @32 4 16 1Tl TeT =Nt @3e 1141 AfTCs 4 16 3T (@3 5 6 Pitet 1
TR | G(0 Ie 1 712 et (AT 11492 AfeTC® F14 251 G ORI 119 AfeT (T 9(6 Ie
(oIl 29T | GFTA (O] T 116 F067 27 | Sl 211t 11 JeT16 ] 28T TSl
e e |

ffeiie 2fSt ariaAiis Teaft Fdiva w0 -

17. M A 932 B 9f6 9641 999 @ P(A) # 0 9R P(B | A) = | & —

(A) AcB (B) Bc A (C) B=¢ (D) A=¢

18. M P(AB) > P(A), O fNxfie @ 7o :
(A) P(BJA) < P(B) (B) P(A N B) <P(A).P(B)
(C) P(BJA) > P(B) (D) P(BJA) = P(B)

19. M A @ B 96 9641 @371 @ P(A) + P(B) — P(A @3¢ B) = P(A), ©&@
(A) P(BJA) =1 (B) P(AB) =1

(C) P(BJA) =0 (D) P(AB) =0
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ATALCF
«Q ST ST RN 25 —
¢ @f5 o E 9T S8 AR, T4 961 F qo07, ©f FE@fTe o7
P(ENF)
P(F)
¢ 0<P(EF)<I, P (E|F)=1-P (E[F)
P ((E U F)|G) = P (E|G) + P (FIG) - P ((E N F)|G)
¢ P(ENF)=P(E)P (FE),P (E)#0
P(ENF)=P(F) P (EF),P F) =0
¢ IME @R F I8« 27, o=
P(ENF)=P (E)P (F)
P (E[F) =P (E), P (F) # 0
P (FE)=P (F), P(E) # 0
¢ S FSEAE 21907 (Theorem of total probability)
€1 I, {E,, E,, ....E,} T T (0 46 Koo @R G E L E,, ., E,
AT TSR S | <=1 AT A ToIG 28T S G AN I G 16 Fo+1, O=CeT
P(A) = P(E,) P (AEE,) + P (E) P (A[E)) + ... + P (E,) P(AE)
¢ (32T TAAW (Bayes' theorem) I E,E, .. .E ToISTEN @I (@, T
ol S-9 G [Rere sioq SR SR E L E,, ..., E, &f® caer [fzq @3 E, UE,

12 =2

U...UE, =S 93 A 251 S« TIRH! I (I €oe1l, O

P(E|F) = , P(F) # 0

PE, | A)= nP(Ei)P(AlEi)
Y PE)PAE))
=1
¢ @36 e 5% (Random \jariable) 261 G310 AT SCAFS AT (F
(domain) 257 G0 PTG 2K TN (74 |
¢ G0 ITPTEI 5618 X IF TR Krorer 2a1 famfetfs ke et
X : X, X, x,
PX) : P, P, p,

@, p,;>0, Y p=1i=12,...n

i=1
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sifee

¢ €K IF, X T G0 PSS b1 IR A AFRE X, X, X, ..., X, WK

AGECT INSWE p,, p,, Py, -o p, | X-GT AL p QA ] b® 21 ©f T

n
inpi .
i=1

GO FPTE HeTP X G TRCP X G Aopll (expectation) € &1 2 €8 A6 E
(X) =R 3> |
1 TIE, X 251 G HPTS G| I ASRY eV x , X, .., x, TOIT S AL

1222
p(x), p(x,), ..., p(x)
€ TF, p = E(X) 2o X-93 94T | X-4F (v« (variance), Var (X) i

G 2, @171 b 2 @R ©f W@RO T = 6,2 = Var(X)=) (x; -’ p(x,)

i=1
NG 6 2= E (X — )
- R

0, =Var(X) =\/ 2 (%R p(x)

i=1

TG BeTh X G 375 #4129 (Standard deviation) J&1 27 |
Var (X) = E (X?) - [EX)]
G5 AT AIFIT AGDHISTAI (Trials) AT AT (Bernoulli trials) &1
23, Tt sfat s &g

(i) 2RI 20! TR TS A |

(i) ATHDI9CET FoF I FI& (independent) 20O T(A |

(ii) =S 2B 5 G Fetret AR | ATy w12t el |

(iv) 2T ATHDR AT TSR G2 AP |
AT Rerem B (n, p), @7 (F@, P (X =x) ="C, ¢ "*p, x =0, L., n
(g=1-p)

G cormiole
23| (LA TSI AR Al feont 3ferefb 1477 AT Dante's Divine Comedy

To{fFe @G TWy ARG 20Af%E | Geronimo Carden (1501-1576) € ‘liber de
Ludo Alcae’ ST =AMl (AT TAT G5 27! 1663 AN SRS 21 Z0afes |
FYF Y0 = BIoTe] 1 2 O3 AfS(B ToI SePeT (Fay(eTl (favourable cases) 21
fof @3 ot fcafecs |



AR 603

Galileo (1564-1642) F=(G 2@l (A= LRI I TeUIRCR R (TwIfes 80
FEREH | Galileo REaTe TR (@ T4 o6 =@l T+ 21 230 02 e FR2
Q91T 9 9T BT 10 (P 20T Bl 10 G #ATF SefPeT (FCas HRA, 9 2 26
LA AT (BT @ |

@2 il SReE Ziole, aft AFTe FiFe @ TSR Retaa =P e
TS| *OTHT Y2 IR, (1623-1662) @3k Pierre de Fermat (1601-1665) @
NI T IR | GG TN %‘jﬁn“@_, Chevalier de Metre, Pascal (F 9F
OIfGE 1T TR AN (! (AITE TR Ao S0 0! Ty 51 F0 AR
AT 1654 AT 7 G952 BT NI Pascal €< Fermat TSI itz 2 fofe
|9 AR | Pascal Sersifes A=fETS TP T S (@A Fermat @I
ARSI IRIT A |

5219 Dutch i@, Huygens (1629-1695), Pascal €3% Fermat @3 S AAR2IEF
QACACa FREEge A AR ARG G FSRAIT T4 22 TS "De
Ratiociniis in Ludo Aleae" 2 FARLE TS HCICH (AT FEIREI AT S5
BT ST SR 31141 AR |

TSR OTGS AT N2 FE(T 261 Jacob Bernoulli (1654-1705) & "Ars
Conjectendi" %H(5, A ©IF 95 2 6717 @27l Nicholes Bernoulli 1713 It
YIRS T | Fof @3f STore sgsil eI Rerem wifkems w0 3l fark [eiem
TR 2o | TR STea BT #S! STETaIay FISTH 1993 TN TR 1AL N.
Kolmogorov (1903-1987) AER=IF T : 1= &g awie I | 1933 Al 2o S
5%, ‘Foundations of Probability’ -9 ABIREIE 46 (16 2= 07 ToRI{e
T G @S @6 T =g a5 (classic) A Reafve |

— % —
L



10.

12.

14.

16.

18.

20.
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(SUPPLEMENTARY MATERIAL)

-7

7.6.3 J-(px+q) ax® +bx+c dx.

I AT A G} B GRS 164 S A0S

px+gq Al:di(ax2+bx+c):|+B

X

A(2ax +b)+B =
T ATH x T 29 GR YT AW G I, SN 212

2aA = pERAb+B=g¢

2 FAFFEIITA AN FCH, A G2 B G W AN A | S0, FAFEADCE (W70
Al 7 12

AI(Zax +b)Vax® +bx+cdx+Bj ax® +bx+cdx
= Al +BIL

R[] I, = f(2ax+b)\/ax2+bx+c dx

4GAl ax? + bx + ¢ = ¢, 90 (2ax + b)dx = d¢
3

LGN I %(azx2 +bx+c)>+C,

SIS, I j\/ax2+bx+cdx
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[T 328 FBIF 7.6.2 S| & SIS FNIeT 3G TR AT I ool w1
27|

oo, [ (px + )N ax® + bx + ¢ dx SRS SR fefe 41 2 |

Trigad 25 Wi [ef e J.X\/1+x—x2 dx

LI : oA Al 2iefsfb S, S fovete #AifF,

=
Il

A[%(l+x—x2)}+B

A(l-2x)+B

TSTATHS x O 29| G gIT 717 Qo] ICF, SEI 9418, - 2A =1 &R A+ B =0

(vl

1 1 & o
B AT AN I, S| AR, A= —5 R B= 5 eI e
I N

Ix 1+ x— x2dx = —%I(l—Zx)\/l+x—x2dx+%j\/l+x—x2dx

= _511"'512 (D

IRISIDIE I I = I(l—Zx)\/1+x—x2dx

M 1+ x — x> =t NS, O (1 — 2x)dx = dt

1 2 3
qeds, I = I(1—2x)V1+x—x2dx = _[tzdt=§t2 +C,
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3

2 2
= FU+x=2) +C,, @i ¢, 2 47|

2

IEEaCN I, = j\/1+x—x2dx=j\/%—(x—l) dx R S |

1
N[&)] x—5=t-wdx=dz

_ i(Zx—l)\/1+x—x2 +§sin_'(2x_1)+(?2,
@A C, T G35 |

()R QT G=& 1, 9= 31 IO oIl #Hig—

3
_[x\/1+ x —x’dx = —%(1+x—x2)5 +é(2x—1)\/1+x—x2
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C,+C
@A, c = —% 2 NP0 (R 3 |

STt 7.7 @ ATt fasferie wentere seee Fa
12, xx+x* 13, (x+DV2x*+3 14, (x+3)V3—-4x—x°

TeavE -

3 [ 2
12. %(x2+x)2 _(2x+1)8 r X +%log|x+%+\/x2+x|+c

x+,/x2+§‘+c
2

_ _ 2
x+2]+(x+2)\/32 Ax—x’ .

14 —1(3—4x—x2)% +Lsin™!
3 2 J7

3\/510
4 log

1 2 3. x 2
—(2x"+3)2 +-~V2x  +3+
13. g ¢ »¥+3

g 10

10.7 =% (e3TA4 (FeTid 99l (Scalar Triple Product)
G, b 9R . TEA @ @ oAb o391 G, b @R ¢, G IV G2 @0, 9

(bx.¢) 93 TR 4 Wi G -(bxc)-F a, b

@R ¢, (OFF ToAb (TR 9ol I 27 @R 323 [

A
b, ¢ (F[a b.2.]) a1 aFH T 2 | oG
SR S — z
0
V

[Zi D b‘,,E.,] =a '(E‘X»Ea)
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/a4 (Observations) :

1. @@Y, (bxc.) a3 (837, O g -( bx.c.) TEN 6 FaR A welie, [,
b,.¢.] T GH (Fa A |

2. wifsfeeltd, ol (3 CFela oo Wi el foal v (939 g , b <%

.. @t ﬁI(IS\o oo Affze BIEEIGIR Ie ANBHS TToeTs (parallelopiped) €3
e (6@ 10.28) | SFOATH, ANMSRCET CFawe], A AT TCCHATT

¥ o185 T, T [b x| | TSl wE b 4R ¢, AR IS TER SifeeT
JARE G 97 T9-SSTH! (projection), A ZE b x,&, AT AL G (TBEI

CRINGERICECRICY ﬁfé_"gil | TSR ANBRT TG (R TS
bX.C

Fn] |5 x.¢}=la.(b xe)l

3. WMa =g fra jra k bo=bivb, jrbk SR E=c i+a, j+c kO

ik
bx.¢.=\b, b, b,
C, C C

1 2

W

= (b2C3 - b3c2) i + (b3cl - b1c3) f + (blcz o bzcl)lg

R

Zz.(l;xE)=a1 (bye; —byc,) +a, (bye, —bcy)+as (bie, —byc))
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(o33 foaba v RANET (7ot (037 fonba oo wiv 2Rfes =g ) |

S N, d=ai+a,)+ak, b=bi+b,j+bk AR ¢=ci+c,)ik.
w4, f3F TAET A 7= SNl A3,

- 4a, (bzcs o bscz) + a, (bSCl o blc3) + a, (bICZ - bZCl)

= bl (a302 o azc3) + bz (alc3 - aSCl) + bs (azcl o aICZ)

b, b, b
=6 6 G

a a, da
=[b,é,a]

LCEIN ld,b,é]1=1b,é,al=[¢ab ]
5. foafs cogtaam &M 99 a.(b <) -4, T’ R FA' AT U [y
TS A |

2T,

= —(a@.(¢xb))
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Il
L |
QU
S
Q)
e

Il
S
—
Q
>
Q
N

=b.0=0 (RTCRY G xd =0)
7537 : o TN (SITET TR B2 @F A (&, TA 7-9F TGS Ful 37y |
10.7.1 =% (37 Foaw 26T 1S (Coplanarity of Three Vectors)
Totstiw 1 [ (039 6, b, GR ¢, IO Z(Q A @R (@KETNG I G- (b x 7)) =0

2|
eie @ AU W I @, G, b, 9R ¢, (ST ZE TAOAT |

T p @R ¢, AT (39 T, OIZCE, bxc=0 GROR d-(bxé)=0.

@RY 7, b G3R,¢, AT, O AM . @I, ¢, TG N 2, O hx,¢, d 9
T o719 T |

ek d-(bxc)=0.

RS, T S @ G- (bx&)=0130 g @GR hx ¢, Toad S (@3
2, OF Sl 92 FritE (fiwre A @ ¢ @R bx ¢, 2@ @% o371 /7% hx ¢,
(93T b GR ¢, OO (SIEH O 19 | TOAR, G, b, GR ¢, SN2 AT G2
R, Sigfie @t e | I G = 0 W, 9@ 4 @ @A g (oF7, Roow owa

b @R ,¢ A7 A ATGAT | A, I (hx,6) = 0 T, W@ p @R, ¢, TEN AN
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(93T GR OB, G, b 9K ,¢, T ANOAT | @FY @ @A 46 (03I 701 G0 =il

AT et SRRe ¥R O (O3 T G T @-FICT GFHF AL AT
T .. (SFAM'S €3 FANOE S_HeS T({ |
754 : fof (93T AT 28T *TSF AR FRAG [ ITIoatar 26T 16 Sl

4 @CO AT | 2FOATF, A, B, C @k D 51T [ Awwaiw 203 I AB,AC @3
AD (SFI9E ATl 27 |

Twizdd 26 AW a=20+j+3k, b = i+2j+k 93 ¢=3i+j+2k T O,
a.(bx¢c) e
2 1 3

TG WA AR a.(bxé)=|-1 2 1|=-10.
31 2

TRIERA 27 (NS @ G=7 —2]4+3k, b = 28 +3j—4k R ¢ = -3} +5k (ST
ST |

1 =2 3
TG 2 G S AR G . (b E) =l-2 3 —4|=0.
1 -3 5

OGS, GAN 1 LC TN AT @ d, b GR ¢ (SIS ATOAT |

Twizadt 28 A OF G =7 +3]+k, b=2i — ] —k CR ¢=\i +7] + 3k AT
T, O3 A 97 Wi fefg et |

TG : (@ARY d, b IR ¢ A ATORF (939, O Wl 24 [ d, ¢,b =0, iefie

I 3 1
2 -1 -1=0.
A7 03

= 1(=3+7)-36+0)+1(14+1)=0
= A=0.
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Twizad 29 e @, 50 [ A, B, C €33 D T S (€59 IAFTH

ACAN
4?+5f+2,—(ﬁ|—2],3{\+9?+42 «<qe 4(—i+ ]+kj IO |

S : TN SR S A BRI 7Y A, B, C @32 D A1 203 M oo (857 AB, AC
@3 AD ATelore 27, widie I AB, AC AD =0 =

@, AE =—(ﬁ?)—(4§\+5f+?<\j=—4?-6?—2?2
AN AN

AC :(3?+9?+42)-(4i+5j+2):-1A+4]A'+32

AR AD :4(—?+ ﬁ?]—(4?+5f+?):—81—]+3?c\

4 -6 -2
JeMmAB,AC AD =~ 4 3|=0.
-8 -1 3

o€, A, B, C @3R D AR+ |
TrizAe 30 2N S @, [G+b, b+¢ c+adl =2 la,b,cl.
I 2 S S,

[a +bh.b+C.C+ a}=(a+5).((5+a)x(5+a))
=(G+b).(bXC+bXd+CXC+CXa)
=(G+b).(bXC+bxd+¢xa) (ATZY

¢xc=0)

=d.(bxC)+ad.(bxad)+ad.(xad)+b.(bxZ)+b.(bxd)+b.(CXxa)
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=[a.b.¢|+|a.b.a]+[a.c.a)+[b.b.c]+[b.5.a|+[b.¢.a)

=2[5,5,c] (=?)

TRz 31 2 Bl 1 b, +d | =[a.b.c |+[a.b.d]
AN S S,

o~
@1 S S

X X

o) O

N/

+

Q

A

Nl

X

QU

N

W d=i-2j+3kb=20-3]+k ax c=3i+j-2k =ww | abc |fdf
AN
(Te : 24)

@S @, d=i —2]+3k,b=—2{ +3] -4k @R ¢ =i -3 + 5k ceFa5=N
ﬂﬂwaﬁfl

A f— J+K,30+ j+2k @R [+0] — 3k ST ARSI 2 O, ), @ W
fajefar <5l |

(Tea : L = 15)

NASE G=i + +k,b= @R E=c,i+c,)+cik o4

() WM ¢, =1 @R ¢, =2 TR, ¢, TR A AMCS G, b @R ¢ A 27|
(@W:c3=2)

(b) AM ¢, =—1 &R ¢, = 1 O, (AE @ ¢, GF G (SICA M ARFCS 2T Al
qACS G,b @R ¢ AT 2|

orals (@ Sialh R [ SRR (o34 i+ 8 j+12k,21 +4 j+6k, @

5i+87+5k @ AN

B0 &M A (3,2, 1) B (4, x,5), C (4,2,-2) @R D (6, 5, —1) TSR 20 x-97
e foefw et | (Ted 1 x=5)

e @ d,b 9R ¢ (SFTYA AT @, I d+b, b+¢ GR ¢+a
ATOfeTE 2T |




